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ON POWER SUBGROUPS OF PROFINITE GROUPS

CONSUELO MARTINEZ

ABSTRACT. In this paper we prove that if G is a finitely generated pro-(finite
nilpotent) group, then every subgroup G”, generated by nth powers of elements
of G, is closed in G. It is also obtained, as a consequence of the above
proof, that if G is a nilpotent group generated by m elements x;, ..., xm,
then there is a function f(m, n) such that if every word in x*! of length
< f(m, n) has order n, then G is a group of exponent n. This question
had been formulated by Ol’'shansky in the general case and, in this paper, is
proved in the solvable case and the problem is reduced to the existence of such
function for finite simple groups.

A group G is called residually finite if it has a family of normal subgroups
{Ni}icr such that G/N is a finite group and ,;; N = 1. The set of normal
subgroups may be taken as basis of a topology over G. So a profinite group
is a residually finite group that is complete with respect to the above topology,
that is, an inverse limit of finite groups.

The main well-known facts that we will use about a profinite group G are
the following:

(i) A profinite group G is compact.

(ii) A profinite group G is (topologically) finitely generated by elements
8s---,8m if H=(g,..., gn) is a dense subgroup of G.

For definition and basic properties of profinite groups see [1, 4 and 6].

Let G be a (topologically) finitely generated profinite group. By G*, n > 1,
we denote the subgroups of G generated by all nth powers ¢”,a€G.

A. Shalev conjectured that for any n the subgroup G” is closed in G. This
is the same as saying that for arbitrary integers m > 1, n > 1 there exists an
integer N = N(m, n) such that in an arbitrary m-generated finite group G
every product of nth powers of elements of G can be represented in the form
at---ay,where a;€G, 1<i<N.

Let us show, for example, that the existence of a function N(m, n) implies
that G" is closed.

The subset M = {a]---a}:a,, ..., an € G} of G is closed as the image of
the compact G x --- x G under the continuous map (a,, ..., ay) — af---ay.
Now we can consider the finite nilpotent group G/H , where H is an arbitrary
open subgroup of G and so we have G"H = M H , which implies that G" lies
in the closure of M . Hence G" =M .

In this paper we prove Shalev’s Conjecture when G is a pro-(finite nilpotent)
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group. A group is said to be pro-(finite nilpotent) if it is an inverse limit of finite
nilpotent groups. In particular, every pro-p group is pro-(finite nilpotent).

Theorem. Let G be a finitely generated pro-(finite nilpotent) group. Then the
subgroup G" is closed in G.

In view of what was said above, actually we will prove that for arbitrary
integers m > 1, n > 1 there exists an integer N = N(m, n) such that in
an arbitrary m-generated nilpotent group G every product of nth powers of
elements of G can be represented in the form af---aj}, where g; € G, 1 <
i<N.

Lemma 1. Let G be an arbitrary group generated by m elements x; , ... , Xp .
Let H be a normal subgroup of G of index < d . Then we can choose a system of
coset representatives of the subgroup H in G among words x3'---x! , k <d.

lk 4
Proof. We have to prove that an arbitrary element g = x3'---x3' is com-
parable modulo H to some word of length <d. Letus suppose that s>d.

Consider the following d+1 words: x;; ,xﬂxil ~--’x;ilx1il ) 14 - Since

|G: H| <d at least two of these words are comparable modulo H . Thus there
exist two subwords v’ and v” of g such that v’ is a beginning of v” and
v'H = v"H. Hence the subword v'~'v” of g lies in H. Cancelling this
subword out we get gH = g H, where g is a word in xF' of length < s.
This proves the lemma.

Lemma 2. Let G be an arbitrary group generated by m elements x,, ... , Xm .
Let H be a normal subgroup of G of index <d . Then we can choose a system
of generators of the subgroup H among words x'xE! .- xE!, k<2d +1.

lk b4
Proof. By Lemma 1 there exists a complete system of representatives of cosets
of the subgroup H in G, g, &, ... such that every representative g; is a
word of length <d in x*‘ For an arbitrary element g € G, let ¢ denote the
representative g; such that gH = g;H . It is known (see [3 Lemma 7.2.2]) that
the subgroup H is generated by all elements g;x; Zix; ! . Every such element
is a word of length < 2d + 1. The lemma is proved.

Lemma 3. There exists a function f(m, n) such that in an arbitrary nilpotent
group G generated by m elements x, oo Xm the subgroup G" is generated

by elements v", where v = xF'xE'x' , k < f(m, n).

Proof. Let ®(G") be the Frattini subgroup of the group G". It is known that
the quotient group of a nilpotent group modulo its Frattini subgroup is abelian
(see [3]). It is also known that any system of generators of the group G" modulo
®(G") generates G". Hence, without loss of generality we will factor ®(G")
out and assume that the group G”" is abelian.

The positive solution of the restricted Burnside problem (see [7, 8, 9]) implies
that there exists a function h(m, n) such that for any m-generated nilpotent
group G we have |G: G"| < h(m,n).

By Lemmas 1 and 2 we can find a system of coset representatives {g;} of the
subgroup G" in G and a system {h;} of generators of the subgroup G”" such
that every representative g; is a word of length < h(m, n) and every generator
h; is a word of length < 2h(m,n)+1.
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For an arbitrary representative g; and an arbitrary element # € G* we have
(gih)" = gi"h&"l_lhgi . h&h

where x? = y~lxy. Since the group G" is abelian, the expression F(g;, k) =
h& 'h& 7 ... h&* where g is fixed is additive with respect to &, that is,

F(gi, hih2) = F(gi, h)F (g, ha)

Hence the subgroup G” is generated by g and F(g;, hj) = g "(gih;)".
Now it remains to let f(m, n) = 3h(m, n) + 1. The lemma is proved

Lemma 4 (see [1, p. 33])). If H is a nilpotent group generated by elements
a,,...,a,, then every element of the commutator subgroup (H, H) to a prod-
uct of the form (g1, a1) -+ (84, as) With &, ..., 81€H.

Proof of the theorem. Let G be a nilpotent group generated by x;, ..., X, . Let
V1, ..., Vs beall words in xF! of length < f(m, n), s < (2m)/(m:"+1 By
Lemma 3, the subgroup G”" is generated by elements v}, ..., v} . An arbitrary
element @ € G" can be represented in the form a = (v;’)"l -(vM)%b, where
k>0,1<i<s and b€ (G",G").

Now, from Lemma 4 it follows that there exist elements g;,..., g € G"
such that

a= (b (wPYe(gr, v)- - (&, vP)
= (vf)" - (VR (v ) P - (0B P
Thus a is a product of < 3s element and each of them is an nth power. We

let N(m, n) = 3(2m)/(m-m+1  The theorem is proved.
Lemma 3 has the following corollary.

Corollary. Let G be a nilpotent group generated by m elements x,, ..., Xm.
If every word in xE' of length < f(m, n) has order n, then G is a group of
exponent n.

This assertion can be extended to all solvable groups.

In [5] A. Y. Ol'shansky formulated the following question: Is it true that
there exists a function N(m, n) such that if G is a finite group generated by
m elements Xx;, ..., X;, and all words in x,?“ of length < N(m, n) have order
n then G is a group of exponent n?

Ol'shansky noted that the existence of such functions for sufficiently large
n would imply the existence of a nonresidually finite hyperbolic group (the
well-known problem of M. Gromov [2]).

In fact, Adian and Lysenok proved that if F = F(x,,..., xn) denotes
the free group in a finite set of free generators, v,,..., v, is a finite num-
ber of words and p is a sufficient big prime number, then the group G =
(*1,..., xmlvy =1, ..., v7 = 1) is an hyperbolic group. If the existence of the
function N(m, p) in the question posed by Ol'shansky was known, the above
group, where v;, ..., v, are the set of words in x}*! of length < N(m, p),
can be proved not to be residually finite considering the following steps:

1. If H <G has finite index, then G/H is a finite group generated by m
elements a;, ..., am (a; = x;H) and satisfying that every word of length <
N(m, p) hasorder p. So G/H has exponent p and the existence of a function
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f(m, p) bounding its order (|G/H| < f(m, p)) is known by the solution to
the restricted Burnside problem

2. There are only finitely many normal subgroups of a given index r. So
there are only finitely many subgroups of G of bounded index.

3. If G were residually finite, then it would be finite, which is known not to
be the case when m > 2.

In what follows we will show that Ol'shansky’s problem can be reduced to
the case when G is a finite simple group, which is, however, the most difficult

part of it.

Propesition 1. Suppose that there exists a function Ngi(m, n) such that if G is
a finite simple group generated by m elements x,, ..., x, and all words in

x*! oflength < Nyi(m, n) have order n then G is a group of exponent n. Let

N(m, n) = max(h(m, n?), Ngi(m®™"+2 n)(2h(m, n) + 1)).

Then for an arbitrary finite group G generated by m elements x,, ..., Xn
such that every word in x' of length < N(m, n) has order n, the group G
has exponent n.

Proof. Let us show first that G” = (G")". The quotient G/(G")" is a group of
exponent n2. Hence, |G/(G")"| < h(m, n?).

Since N(m, n) > h(m, n?) it follows that the group G/(G")" has exponent
n,so G"=(G")".

Suppose that G" # (1) and let M be a maximal normal subgroup of the
group G" such that M # G". Then either G"/M is a cyclic group of prime
order or G"/M is a simple group. By Lemma 2 the subgroup G” has a
system of generators {g;} such that every g; is a word in x*' of length
< 2h(m, n) + 1. There are not more than m2*™."+2 djstinct words of this

length. Because of the choice of the function N(m, n) every word in g' of

length < N;;(m"™:m+2 ') has order n. Hence, by our assumption, the quo-
tient group G"/M has exponent n. Thus, (G)" C M, the contradiction. The
proposition is proved.

This proof implies the following

Corollary. Let G be a solvable group generated by m elements x, , ..., xm. If
every word in xE' of length < max(h(m, n?), 2h(m, n)) has order n, then G
is a group of exponent n .
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