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GRADED LIE ALGEBRAS OF MAXIMAL CLASS
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ABSTRACT. We study graded Lie algebras of maximal class over a field F
of positive characteristic p. A. Shalev has constructed infinitely many pair-
wise non-isomorphic insoluble algebras of this kind, thus showing that these
algebras are more complicated than might be suggested by considering only
associated Lie algebras of p-groups of maximal class. Here we construct |F\NO
pairwise non-isomorphic such algebras, and max{|F|,Ro} soluble ones. Both
numbers are shown to be best possible. We also exhibit classes of examples
with a non-periodic structure. As in the case of groups, two-step centralizers
play an important role.

1. INTRODUCTION

In a recent paper Shalev [Sh2] has shown that graded Lie algebras of maximal
class are more complicated than might be suggested by considering only associated
Lie algebras of p-groups with maximal class. A nilpotent graded Lie algebra L has
maximal class if it has class ¢ and dimension ¢ + 1. Thus,

L=L®Ly&- & L

with dimL; = 2 and, for 2 < i < ¢, dimL; = 1 and [L;—1L1] = L;. Shalev
shows that over fields with positive characteristic there are such algebras with
arbitrarily large soluble length. In this paper we exhibit many more examples,
and prove some structure theorems which show that for every field F with positive
characteristic there are max(|F|,Xg) isomorphism types of nilpotent graded Lie
algebras of maximal class over F'.

As usual we include under the heading ‘maximal class’ algebras L graded by the
positive integers; that is,

L=Li1®Ly®---DL;D...

with dimL; = 2 and, for 2 < 4, dimL; = 1 and [L;—1L1] = L;. These algebras
can be viewed as (projective) limits of nilpotent graded Lie algebras of maximal
class. They are just infinite-dimensional in the sense that, correctly interpreted,
all their proper quotients are finite-dimensional. Shalev ([Sh2], Theorem 1) showed
that there are insoluble algebras of this kind. We show that over every field F with
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positive characteristic there are |[F|¥ isomorphism types of graded Lie algebras of
maximal class (Corollary 9.4).

As with p-groups with maximal class (and indeed finite coclass), the two-step
centralizers C'(L*/L**?), where L’ is a Lie power, play an important role [Bla]—in
fact more so because, in a sense described in Section 3, graded Lie algebras of maxi-
mal class are determined by their two-step centralizers (Theorem 3.2). We associate
with every graded Lie algebra of maximal class L over a field F a (coefficient) se-
quence of elements of the projective line Fo, over F. The coefficient sequence of
the graded Lie algebra M, of maximal class, which comes from pro-p-groups with
maximal class is the constant sequence (0,...). All terms of a coefficient sequence
except 0 are isolated (Lemma 3.3). There are further strong restrictions on the
coefficient sequences (Section 5).

The algebras constructed by Shalev are (just) infinite-dimensional algebras based
on some finite-dimensional algebras of Albert and Frank [AF]. Their coefficient
sequences are periodic with period length p™ — 1, where p is the characteristic. We
call a graded Lie algebra of maximal class whose coefficient sequence is ultimately
periodic centralizer periodic.

The basic construction, which we call inflation, is described in Section 6 (we are
indebted to Aner Shalev and Georgia Benkart for drawing our attention to the work
of Block [Blo] in which this construction is also used — and hence, to its use in the
fundamental paper of Zassenhaus [Z]). The inflations of the algebra M are soluble
and have period length a power of the characteristic. Inflation can be reversed by a
process we call deflation (Section 7). Every just infinite soluble graded Lie algebra
of maximal class deflates to M (Theorem 8.3). On the other hand, deflation is not
necessarily reversed by inflation. Still we get that a graded Lie algebra of maximal
class is soluble if and only if it is centralizer periodic with period length a power
of the characteristic (Theorem 8.2). It follows that there are max(|F|,Xg) soluble
graded Lie algebras of maximal class over F. And there are the same number of
insoluble centralizer periodic ones (Proposition 6.3).

In the work on groups of finite coclass there is the notion of a covered group, one
in which all maximal subgroups are two-step centralizers (see [M2] and [Mal). Some
of our results are similar to some in [M2]. There are no groups of maximal class
which are covered; in fact they have at most 2 distinct two-step centralizers. There
are covered graded Lie algebras of maximal class for every finite (Proposition 6.2)
and every countable field with positive characteristic (Theorem 9.2).

These we obtain by repeating the inflation process countably many times, via
an inverse limit (Section 9). The same procedure allows us to construct graded Lie
algebra of maximal class that are not centralizer periodic. This answers a question
of Shalev [Sh3, Problem 28], and is further evidence that graded Lie algebras of
finite coclass in positive characteristic are distinctly more complicated than the
analogous groups. In characteristic zero, the situation appears to be much better
[SZ].

Our results are inspired by, though independent of, computations (Section 10).

2. PRELIMINARIES

An algebra of mazximal class is a graded Lie algebra

L= éLi
=1
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over a field F, where dim(L;) = 2, dim(L;) < 1 for ¢ > 2, and [L;L1] = L;4; for
all ¢ > 1, or equivalently, L, generates L as an algebra. All subalgebras and ideals
will be taken to be graded.

It is sometimes useful to consider the Cartesian product

L= ]O_O[Li
i=1

instead of the direct product (or sum). When this is done, the algebra acquires a
topology by taking the Lie powers
L'=]]L;

Jj=i
that is, the terms of the lower central series, for ¢ > 2, as a fundamental system of
neighbourhoods of 0. With respect to this topology, L is complete. All subalgebras
and ideals will be taken to be graded and closed in this case. We will use the
topological setting only in Section 9, where it allows us to consider inverse limits.
On the other hand, we use the discrete setting in Section 4, for uniformity with the
paper of Shalev [Sh2] we are building upon there.

Algebras of maximal class are either finite dimensional, or just-(infinite dimen-
sional), that is, all their proper factors are finite-dimensional. In fact, if M # 0 is
an ideal of L, take 0 # m € M N L;, for some i. Then M > ®j>iLj, so that M
has codimension at most 1.

We denote by F, the finite field with g elements, for ¢ a prime-power. When F
is a field, we write Foo = F U {0}.

A notation like

ay, a’12n7 (a’37 aZ)OO’

where a; are arbitrary elements, and m, n are non-negative integers, denotes the
sequence

a1,a2,...,02,03,04,...,04,03,Q4,...,04,03,04,...,04,... .
T T T T
We say such a sequence is periodic, a period being in this case as,ay, ..., a4, and a
n
pre-period being ai,as, ..., as.
——

The Jacobi identity iI;n Lie algebras
[ulyz]] = [uyz] — [uzy],

and its consequence

will be used without specific mention.
We will also use several times Lucas’ Theorem [L]. Let a and b be two non-
negative integers, and p a prime. Write a and b in p-adic form,

a=app" + ap_1p" "+ +a1p + ao,
b=bpp™ +bp_1p" "+ + bip + bo,
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that is, with 0 < a;, b; < p, for all 5. Then we can compute the binomial coefficient

modulo p as
a A, Ap—1 ay ag
= . d p).
() =G Grr) - () G no
This is easily proved by comparing coefficients in the polynomial equality over Fy:
(14+8)% = (L4 P")a (14 P)2 (1 4 t)%.

As a simple example, if ¢ is a power of p we have

()= (") =1 wmean

Our standard references for groups and Lie algebras are [Hu] and [Jac].

3. TWO-STEP CENTRALIZERS

Let L = @,~, L; be an algebra of maximal class over the field F of positive
characteristic p. In this context, the two-step centralizers

CL (Li / Li+2)

are equivalent to the centralizers in L, of the homogeneous components L; for i > 2,
as

Cr (Li /Li+2) = Cp, (L;) + L2,
Therefore we define the two-step centralizers to be the subspaces of Ly
Ci = O, (Ly),

for ¢ > 2. Now Cj is a subspace of L; of dimension 1, except when L is finite
dimensional, of class at most ¢, so that C; = L; in this case. The sequence of
two-step centralizers is the sequence (C;);>2. If one of the terms of this sequence
equals L1, then so do all the following ones. In this case we may omit all the terms
of the sequence following the first Lq; if we do this, the sequence is infinite if L is
infinite dimensional, and has length ¢ — 1 if L is finite dimensional of class ¢. The
abelian algebra of maximal class L = L1, of dimension 2, has an empty sequence of
two-step centralizers.

Now consider the set C = { C; : i > 2 }\{L1} in an algebra L. If C has n elements,
we say that L has n (distinct) two-step centralizers. We also number the distinct
two-step centralizers in order of occurrence, so Cs is the first two-step centralizer;
if Cy =C5 =+ = Cg_1 # Cf, we say that Cy, is the second (distinct) two-step
centralizer, and so on. It is to be noted that we will apply ordinal numbers to
two-step centralizer in this sense only.

Let M = F[t] be the (abelian) Lie algebra derived from the ring of polynomials.
Consider the derivation D of M given by multiplication by ¢, that is, fD = t¢f for
f € M. Let M be the Lie algebra Fx + M, where x induces the derivation D on
M. Write y = 1 € M. Let M; = Fx + Fy. It is easily seen that M; = Ft*~!, for
¢ > 1, and that Cpq, (M;) = Fy for ¢ > 2. Note that M has a presentation with
generators x and y, and relators [y x - - -z y|, for i > 1. We recall that a Lie algebra

L is said to be metabelian when [LL] is abelian. When F is a prime field F,,, this
is the graded Lie algebra associated to the unique infinite pro-p-group of maximal
class. We first have
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3.1 Lemma. If all the two-step centralizers distinct from L1 coincide in the algebra
L of mazimal class, then L is a factor of M.

Proof. Let Cy = Fy and let © € L1 \Fy. Then L is generated by {z, y} and satisfies
the defining relations of M, and is thus a quotient of it. |

It follows that every metabelian algebra is a quotient of M, and M is the
unique infinite-dimensional metabelian algebra of maximal class. In fact, let L
be a metabelian algebra of maximal class, and Fy = Cs. Choose z € L1 \ Fy, so
that Ly = F - [yz], and [yzy] = 0. We have, by induction on 4,

0=Illyg -alys]] = vz -zyz] - [yz- - -zyl = -[yg- -y,
i i it+1 it+1
for all 4 > 1, so that Fy is the unique two-step centralizer. We call M the infinite-
dimensional metabelian algebra of mazximal class.

It follows immediately from the standard theory of p-groups of maximal class
([Hu, III.14]) that the family of algebras of maximal class associated with the pro-
p-groups of maximal class consists of the infinite-dimensional metabelian algebra of
maximal class over F,,, of its quotients, and, for p > 3, of one algebra for each even
dimension 6,8, ...,p 4+ 1. The latter algebras are associated with the exceptional
p-groups of maximal class, those that have two distinct two-step centralizers.

One can actually show that the sequence of two-step centralizers of an algebra L
of maximal class determines the isomorphism type of L in all cases. To formulate
this precisely, we have to be able to compare the two-step centralizer sequences of
two algebras, and say when they are the same. We do this by attaching a canonical
form to the sequence of two-step centralizers.

Choose a non-zero element y in the first two-step centralizer of a non-abelian
algebra L of maximal class. If there are no other distinct two-step centralizers,
we have already seen that L is determined. Suppose then that L has at least
two distinct two-step centralizers, and choose a non-zero element x in the second
two-step centralizer. If there is a third distinct two-step centralizer, then one can
assume, possibly replacing x, say, with a scalar multiple of it, that the third distinct
two-step centralizer contains the element y—z. Now all two-step centralizers contain
a uniquely determined element of the form y — ax, for some a € F,, where we
understand y—oox = . This procedure amounts to introducing an affine coordinate
on a projective line.

Define the coefficient sequence of L to be the (normalised) sequence (;);>2 in
F, where Cr, (L;) = F- (y — ajx). A simple calculation shows that the coefficient
sequence depends only on L. We say that two algebras of maximal class have the
same sequences of two-step centralizers when their coefficient sequences, determined
as above, are the same. We have

3.2 Theorem. An algebra of maximal class is determined up to isomorphism by
its sequence of two-step centralizers.

Proof. We show that the coefficient sequence of the algebra L uniquely determines
a presentation of L, or equivalently its adjoint representation on L2. If all two-step
centralizers of L coincide, we have just seen that L is a factor algebra of the unique
infinite-dimensional metabelian one. So assume L has at least two distinct two-step
centralizers, and write the two-step centralizers in the canonical form described
above.
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We first have that L is generated by x and y. We have Lo = Fusy # 0, where
us = [yz]. We define recursively, if L; # 0,

[ui_lx] if [ui_lx] 75 O,
U; =
[ui_ly] if [ui_lx] = O,

so that L; = Fu,; for all 4 > 2. This completely determines a presentation of L in
terms of x, y and the u;. In fact, if Fx # C;—1 = F - (y — ax), for some a € F, we
have

[ui—1y] = [ui—1, ax + y — ax] = afu;—12] = auy,
so that the action of z and y on the u; is completely determined in any case. [

We will say that an algebra of maximal class is periodic if its sequence of two-
step centralizers is (ultimately) periodic. For instance, the infinite-dimensional
metabelian algebra of maximal class is periodic. And a finite-dimensional algebra
L of maximal class is also periodic, as the elements of its sequence of two-step
centralizers ultimately equal L.

It follows from the above theorem that over a field F there are at most |F
algebras of maximal class, and max{|F|,Ro} periodic ones. We will see that these
bounds are actually attained over every field F of positive characteristic (6.2 and
9.4(1)).

We now need the following simple lemma.
3.3 Lemma. IfCy = C;_1 # C;, and the class of L is at least i+2, then C;y1 = Co.

Proof. Let Cy = Fy, and C; = Fz, for some y,z € L;. We have Ly = F - [2y], so
that [zyy] = 0. If 0 # w € L;—1, we have from our assumptions on the two-step
centralizers

o

0 = [ulzyy]] = [uzyy] — 2uyzy] + [uyyz] = [uzyy].
Now [uzy] # 0, so that L;11 = F - [uzy], and our claim follows. |

There is another method which is very useful for describing algebras of maximal
class, especially those with two distinct two-step centralizers. In the sequence of
two-step centralizers of an algebra of maximal class, the first two-step centralizer
occurs in contiguous subsequences, separated by isolated occurrences of a different
two-step centralizer. We call each of these subsequences a constituent of the algebra.
More precisely, a constituent is a subsequence

(Ci, Ci+1, .. .,Cj)

of the sequence of two-step centralizers such that Cy = C; = Ciy1 = -+ = Cj,
but Cj11 ¢ {C5, L1} and either i = 2, or C;_; # C>. We make more precise
statements on the pattern of constituents in Section 5. Note that if L has exactly
two distinct two-step centralizers, the sequence of its constituent lengths determines
the sequence of two-step centralizers, and thus the isomorphism type of L. In the
case of two distinct two-step centralizers, the constituent sequence turns out indeed
to be the most practical way of describing the algebra.

We mention at this point that it will sometimes be convenient to add formally a
first element Cy to the sequence of two-step centralizers of an algebra of maximal
class. This will be a one-dimensional subspace of L;, which is not necessarily a
two-step centralizer. If C7 = Cs, the length of the first constituent thus has to be
increased by one.
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4. THE ALGEBRAS OF ALBERT-FRANK-SHALEV

Albert and Frank [AF] have constructed certain simple algebras over a prime
field F,. They depend on four parameters a,b,n and p, where 0 < a < b < n, so
that n > 2. The algebra of Albert and Frank S = AF(a,b,n,p) corresponding to
these parameters has dimension p™ — 1, and is described below. Shalev [Sh2] shows
that the algebras S can be given a cyclic grading

p"—1

S=p si
=1

where dim(S;) = 1 for all ¢, and that there is a (non-singular) derivation D of S
such that S;D = S;;1 cyclically. Let S; = Fpu;. Consider the algebra obtained by
extending S by D, and tensoring with the polynomial ring F,[t],

(S+F,D) @ Fylt],
and let L = AFS(a,b,n,p) be the subalgebra spanned by u; ® ¢, D ® t. It is easy
to see that L is an algebra of maximal class, with
Li=F, (u1@t)+F, - (Dat), Li=F, (u;®t") fori>1,

where subscripts are taken cyclically.

In this section we shall show that the algebras of Albert-Frank-Shalev have two
distinct two-step centralizers, and we will describe their constituents, as defined
in the previous section. We claim that the algebra AFS(a,b,n,p) has a periodic
sequence of constituent lengths

20— 2, (pr — 1" 2) if a =0,
20 — 1, (p* — 1)P""72,2p% — 2,
b—a e
((pa _ 1);0 —27 2pa _ 1)10

Here, as explained in the preliminaries, an exponent s denotes repetition s times of
the basic pattern. If s = 0, the pattern is omitted altogether. Note that we make
use of the possibility of regarding the first constituent in two different ways.

For instance the algebras AFS(0,1,n,3) have constituent length sequence

(4,2)°  forn =2,
(4,27 for n = 3,
(4,2%5)%°  for n = 4.

b W o
2 — 1) —2) if a > 0.

The algebras AFS(1,2,n,3) have constituent length sequence
(5,2,4,2,5,2) for n = 3,
(5,2,4,(2,5)7,2)> forn =4,
(5,2,4,(2,5)%5,2)> for n = 5.
The simple Lie algebras AF(a,b,n,p) of Albert and Frank [AF] are defined as

follows. Let a, b, n, p be as above. Let S be a vector space of dimension p”™ — 1 over
Fyn, having a basis {e, | z € F}.} indexed by the non-zero elements of Fyn (we

also put eg = 0). We make S into a Lie algebra over Fp,» by defining a Lie product
on the basis elements and extending linearly, via the formula

[6967 ey] = f(x,y) Exty,
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where f: Fpn X Fn — Fpn is the bilinear form defined by

Flo,y) ="y —a"y?"
It is clear from the definition that AF(a,b,n,p) depends on n and p, and on the
cosets a + nZ, b + nZ. Therefore it makes sense to define AF(a,b,n,p) for all
unordered pairs of integers {a,b} with a £ b (mod n). So for instance we can
regard the algebra AFS(0,b,n,p) as AFS(b,n,n,p).

We will make a sharper statement later.

It is known that S is a simple Lie algebra over F,., but Shalev shows in [Sh2]
that S is actually defined over the prime field F,,. Indeed, another basis of S is
given by {fo,..., fpn—2}, where

fi = Z xiewa
mGF;n
for 0 <4 < p™ — 1, and, according to Proposition 2.4 of [Sh2] (but see also below),
the multiplication constants of S with respect to this basis belong to the prime
field. Hence

p"—2

S = Z pri
i=0

is an F-Lie subalgebra of S, which we shall denote by AF(a,b,n,p).
As remarked in [Sh2], it is convenient to put

Uj = fi—pa—pbs
for all j (viewed modulo p™ — 1), because S; = F,u; form a cyclic grading of S.

Also, S has a derivation D, such that u;D = w4, for all j.
In terms of the u;, Proposition 2.4 of [Sh2] asserts that

[Upa 4 pp s Upa] = Uspa b,
(Rel) [upa+pb, upb] = —Upa4opb,

[Upapp,uj] =0 otherwise.
Note that these relations, which describe ad(upa,p) on S, together with the rela-
tions u; D = wj;yq for all j, form a finite presentation (in terms of the generators
Uo, - .. , Upn—2, and D) for the split extension of S by D, as a Lie algebra over F,,
(because L is generated as a Lie algebra by wya,» and D). This yields a proof of
the fact, mentioned above, that S is defined over the prime field.

A remarkable fact is that, once n and p are fixed, the isomorphism type of

AF(a,b,n,p) depends only on the distance between the two subsets a + nZ and
b+ nZ of Z, that is to say, on

min{b — a,n + a — b}.
More precisely, for any a,b we shall set up an isomorphism

6:AF(a,b,n,p) — AF(a—1,b—1,n,p).

In fact, let S = AF(a,b,n,p) be as above, and let §' = AF(a —1,b— 1,7, p) have
a basis {e/, | * € Fj.}, with Lie multiplication given by

[6;7 e?y] = f/(xvy) efr-{-yv
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where

-1 a—1

Flay)=a"y" =y

Thus f(x,y) = f'(zP,y?), and one easily checks that the map

§:ey ey

defines by linear extension a Lie algebra isomorphism of S onto S . Furthermore,
if f/ and u] denote the elements of S’ defined in the same way as f; and u; do
for S, then &(fi,) = f/, and 6(u;p) = u}. Hence & restricts to the desired isomor-
phism 6, which sends w;;, to u;. Furthermore, if D’ denotes the derivation of S’ =
AF(a—1,b—1,n,p) such that u}D' = “3‘+1 for all 7, then the derivation of S which
corresponds to D’ under the isomorphism 6 is DP. This will be of relevance in
Section 7, when we shall describe the process of deflation for algebras of maximal
class. It is perhaps worth mentioning, however, that our formulas for the constituent
lengths sequence will show that the algebras of maximal class AFS(a,b,n,p) and
AFS(a—1,b—1,n,p) are not isomorphic, unless a =0, b =1 and n = 2.

Now we proceed to the determination of the two-step centralizers, and hence
the constituent lengths, of L = AFS(a,b,n,p). By the very definition of L, this
reduces to finding the action of ad(u1) on the basis {u;} of the simple Lie algebra
S = AF(a,b,n,p). In fact, if we define the coefficients a; € F), via

[uj, u1] = @jujp1
(where subscripts are taken cyclically modulo p™ — 1), then
Cs,+%,0(S:) = Fp - (u1 — a;D),
and, in turn, for ¢ > 2,
Cr,(L)=Fp (u1 @t —a;D ®1).
We also put
[w), upa] = Bjujtpe,

and, recalling that in characteristic p the p-th power of a derivation is itself a
derivation, we find that

b
[Upaypbs Uj] = [tpa, us] DY — [Upa, ujipe].

From formulas (Rel) we deduce that

1 itj=p%

Bjapp — B = -1 if j =9,

0 otherwise.
Starting from the known value 8, = 0, we may find all coefficients 3; recursively,
for example by the following argument. If the coeflicients §; are arranged cyclically,
with 3; immediately followed by (3,0, then this cyclic sequence will split into a
sequence of 0’s, starting with f,,, and ending with 3,., followed by a sequence of

1I’s. We shall compute the value of B pa; for 0 < j < p™ —1 (note that we know
Bppypa = 1). We shall write

j=ip"+r,



4030 A. CARANTI, S. MATTAREI, AND M. F. NEWMAN

with 0 < i < p"~? and 0 < r < p® (note that the pair of values i = p"~° — 1,
r = p® — 1 is never attained, since j < p” — 1). We observe that the smallest
non-negative multiple of p? which is congruent to j modulo p™ — 1 is

ip® +r+r(pt — 1) =p"( +rp" ).

In particular, for j = 2p® — (p® + p?) = p® — p?, such a multiple of p® will be
pP(p™ — p" ), and for j = p* — (p® +p*) + (p" — 1), it will be p°(p" —2). It
follows from our previous discussion that B, . ; = 0 if and only if

pn _ pn—b+a S i+ ,rpn—b S pn _ 2,
which is equivalent to
142
pn—b '
Now the inequality on the right is actually superfluous, as j < p™ — 1. We conclude
that

(B) lgpb-l-pa-l‘j = {

pP—pt<r<p’-—

0 ifr>pb—p2,
1 otherwise.

Now the case a = 0 is easily settled by noting that o; = 3; for all j then.
Explicitly, we have a; = 0, and agpe = 0 for 2 < k < p™~°, while the remaining
aj are 1. Hence AF'S(0,b,n,p) has only two distinct two-step centralizers, namely
Cy = Fp - (u1 — D), and Cyp = Fpuy. The constituent lengths can be found by
counting the number of 1’s between two consecutive 0’s, in the (cyclic) sequence
(cj). Thus we see that AF'S(0,b,n,p) has constituent lengths sequence

n—b_9\ o0
(2p" —2,(p" —1)P" 7).

We shall now turn to the case a > 0. A relation between the coefficients («;)
and (3;) can be found by computing the commutator [upei1,u;] in two different
ways, namely

[upet1,uj] = [Wjtpe, ur] = [uj, ua] D7,
and
[upet1,uz] = [0, tpe] — [ug, upe]D.
This gives us the relation
Qjpe — 5 = Bjp1 — By,
for all j. After a change of indices, and taking into account our previous computa-
tion of the coefficients 3;, we obtain

1 ifr=0,
— — T
Qpb4ape—14j — Apbppe—14j = OBprgpetj = Bprgpe—145 = =1 if r =p” —p*,

0 otherwise.

It is not difficult to deduce that

Qipb 4 opa—1 ifr = Oapaa"' 7(pb—a _2)pa’

Qpbopa—145 = .
prrep / Qpbopa_1 — 1 otherwise.
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Since we know that

0= patpp = Qpotppi(pn—1) = Cppyape —14(pm—pe)s
we conclude that

1 ifr=0,p%...,(p"" % —2)p,
[67%) a_ ;=
PRt it 0 otherwise.

This proves that AFS(a, b, n,p) has exactly two distinct two-step centralizers. Note
that the above formula specializes to (B) when a = 0. However, in contrast to the
case a = 0, when a > 0 we have as = 0 (since a can be written as abyope 145, for
some 0 < j < p" — 1 with 7 = p® — 2p® 4 2), and thus the first two-step centralizer
is Cy = Fpuy, and the second distinct two-step centralizer is C2pb =F, (u1 — D).
By counting the number of 0’s between consecutive 1’s in the sequence (¢;), one
sees that the constituent length sequence for AFS(a,b,n,p) when a > 0 is

2p" =2, (p" — 1) "2, 2p" — 2,
(" =17 22t =17 (0 - )P 2t - )
Here we take advantage of the possibility of taking formally an extra centralizer

C to write the constituent length sequence in the more convenient purely periodic
form stated at the beginning of this section.

5. CONSTITUENTS

Let L = @,>; L; be an algebra of maximal class over the field F of positive
characteristic p. In this section we describe the possible lengths of constituents.
Let Cy = Fy be the first two-step centralizer in L. If there are no more two-step
centralizers distinct from C5, we have seen that L is uniquely determined. Thus
suppose there are at least two distinct two-step centralizers. Assume that Cp, = Fx
is the first occurrence of the second distinct two-step centralizer. Therefore

Fy=C,=C3=---=Cp_1 # C, =Fuz,
and L has class at least k + 1. We begin by showing
5.1 Lemma. k is even. If the class of L is at least k + 2, then 2p divides k.

The first part of the lemma reflects a well-known property of exceptional groups
of maximal class ([Hu], I11.14.9 and I11.14.12), and relates to [M2, Lemma 3.1].

Proof. We have L; = F - [yg---z] for i =2,... .k, and Lyy; =F - [yz---xy]. If

1—1 k—1
k =2h+1 is odd, then
—_— .« o — ( — h .« e
0=[lyg---zllyz---z]] = (-1)"[yz- - zy]
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Therefore k is even. Thus we have

O0=llyg -allye -]

k/2 k/2

::I:( k/2 )[yx~~~xya:]

k/2—1 S~
k—1

k
=+ B [yx- - xyx].
k—1

Since Cy # Co, we have by Lemma 3.3 that Cs centralizes Ly =F - [yz- -z yl.

k—1
Since by assumption Lyi1 is not central, we have in fact Co = Ciy1, and
[yz---zyx] # 0. From the above calculations we obtain that p divides k/2. O

k—1
We note that because the characteristic has to divide k we have

5.2 Corollary. An algebra of mazximal class over a field of characteristic zero is
centre-by-metabelian.

Because of Lemma 5.1, we can write the length of the first constituent in the
form 2gn — 2, where ¢ = p”, with h > 0, and p does not divide n.

5.3 Lemma. If p is odd, L has first constituent of length 2gn — 2, and L has class
at least 2qn 4+ q + 1, then the second constituent has length q — 1.

Proof. First we have, for 0 < j < q—1,

[yx...xyx...xy] :O
2qn—1 7

To prove this, work by induction on j. The case j = 0 is given by Lemma 3.3. For
j > 0 write j + 1 = Bp', with 3 # 0 (mod p). Note that as j < ¢ — 1, we have
pt < @, so that j +p' <2¢—1, and [yz---xy] = 0. Therefore

Jj+pt
0=[ly oz Jlyg- -zl

2qn—pt—1 Jj+pt

0 (T e o

e
2gn—1 7
This implies [yz---xyx---zy] =0, as
2qn—1 7
j+p' Bp*+p' -1
<pt ):( o =3 #£0 (mod p),

by Lucas’ Theorem.
Finally we show that [yz---zyz---2] = 0. Since the class of L is at least
S~ =~

2gn—1 q
2qn + q + 1, we will obtain that

Fz = CQqn 7é Fy = CQqn+l == CQqn+q—l 7é C12qn+q = an
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so that the second constituent has length ¢ — 1 as claimed. Because gn+ (¢ —1)/2
is an integer, and

0=y ez lly o -z ]

qn+(g—1)/2  gqn+(g—1)/2

—+ (qn * ((‘;_ 1)/2) [y%/_lx,y&/_,]

Lucas’ Theorem gives

(qn+ (qq— 1)/2) =n#0 (mod p),

so that our claim is proved. O

5.4 Lemma. Suppose n > 1.

1. Ifp is odd, then L has class at most 2gn + q.
2. If p=2, then L has class at most 2qn + 2q — 1.

Part (1) of this lemma is related to part (a) of Corollary 4.4 of [M2].

Proof. Asn > 1, we have [yz---zy] =0, so that
—
2q—1

0=(ly z-zllyz - zyl]

2gn—q—1 2q—1

2q—1
~ (™, )[yx ez
2gn—1 q—
2q —1 -1
Since (q _ (1t ) = 1 (mod p), we obtain [yz---zyzx---xy] = 0.
q q 2gn—1 1
qn— q—
This concludes the proof when p is odd, in view of Lemma 5.3.
Suppose now that p = 2. The only value j < 2¢ — 1 such that ¢ divides j + 1 is
j =q — 1. Since we have
[yl‘...xyx-.-xy] :0
2gn—1 q—1
here, the proof of Lemma 5.3 shows that

lye---zyg---xzyl =0
2gn—1 7

for all j < 2q — 1.
Now

O=[y ¢ zlly g -z

g(n+1)—1 g(n+1)—1

= (D T e el

so that Logn424 =0, as

(q(nq: i)q— 1) _ (q;l(:zI;) _ (nﬁ 1) — 020 (mod2). O
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We may summarize the above in the following theorem.

5.5 Theorem. Let L be an algebra of maximal class over a field of characteristic
p. If the class of L is large enough, then the first constituent has length of the form
2p" — 2, for some h > 1. If p is odd, then the second constituent has length p" — 1.

This theorem, and Lemma 5.3 above, are related to Theorem 4.1 of [M2].

Because of this result, we will confine ourselves from now on to algebras of max-
imal class whose first constituent has length 2q — 2, where ¢ = p" is a power of the
characteristic p. We are therefore covering in particular the infinite-dimensional
case. The number ¢ = p” will play an important role in the description of the
structure of L: we call it the parameter of the algebra L.

Note that the Albert-Frank-Shalev algebra AFS(h,h+1,n,2),for 1 <h <n-—1,
has parameter ¢ = 2" and second constituent of length 2g—2, so that the restriction
on the length of the second constituent of Theorem 5.5 really does not apply to
p=2.

We can now state

5.6 Proposition. Let L be an algebra of mazimal class with parameter ¢ = p".
Then the lengths of the constituents of L can only assume the values

2qg — 1, and 2¢g —p°—1, for 0<s<h.

We will show in the next section that all these numbers actually occur as con-
stituent lengths in some algebra of maximal class.

Proof. Let L be an algebra of maximal class with parameter ¢ = p”. Let the first
two-step centralizer be C, = Fy and the second one be Cy; = Fz.

First note that ¢ — 1 is a lower bound for the length of a constituent. This is
basically a calculation we have already employed. In fact, proceed by induction on
the occurrence of constituents, the base being provided by the statement about the
length of the first constituent. Consider the constituent starting at C;4y,41, where
m > q — 1 is the length of the previous constituent (C;,Cit1,...,Citm—1). Let
0#wu € L;—y,or u=czifi =2 We have thus L;1,, = F - [uyz---z]. We claim

m

that

= <9q —

[wyg---zyz--—-xy]=0 forl<j<qg-—1,
m j

h h finiti f i for 1 < j .

so that by the definition of constituents [uyz---zyz---z] #0for 1 < j < ¢

m J+1

Proceeding by induction on j, write j + 1 = SBp', with 8 # 0 (mod p). Since

j+1 < ¢, we have p* < ¢, so that j+pt < 2g—1. Also, 1 <p! <p" 1 <g—1<m.
Thus we have [yz---zy] =0, and

—

J+pt
0=[luyz-allyg: 2yl
m—p* j+pt

— (_1)1” <] ";tp y]7

where the binomial coefficient is congruent to 8 Z 0 (mod p). It may be worth
noting that the situation is more delicate here than it was in the similar argument

m J



GRADED LIE ALGEBRAS OF MAXIMAL CLASS 4035

in the proof of Lemma 5.3, as we might have that both [uyz---zy] and [uyz - - - 2]
SN—— S——
m m+1
are non-zero here.

Next note that 2¢ — 1 is an upper bound for the length of a constituent. As
above, consider the constituent starting at C; 4,41, where m > g — 1 is the length
of the previous constituent (C;, Cit1,...,Citm—1). Let 0 # u € L;_1, and write
v = [uyz---x]. We have thus L;+,, = Fv. We want to show that the following

m
constituent has length at most 2¢ — 1.
We have [y ---z] = 0. Thus if [vx] = 0, we have
—
2q
0=[olyg - -al] =[vyg -],
2q 2q
so that one of the two-step centralizers Ciym+1, ..., Citmt24 must be Fax.
3 =0 f L Fy,Fz}. h e =
So suppose [vz] = 0 for some z € Ly \ {Fy,Fz}. We have [yz---zx] = 0, so
2g—1
that
0=y -z =[lyz- -
2q—1 2q—1 2q—1
Suppose, by way of contradiction, that Ci1m+1 =+ = Citm+y2q = Fy. Thus
2q—1
(2q—1
Ce — —1) e . = 0.
[velyz--- 2]] Z( ) < i )[vxz zyz---2z] =0
2g-1 =0 i 2q-1-j
It follows that
0=[lyz - zlz] =[vyz-- -z,
2q—1 2g—1
so that either one of the centralizers Ciym41,. .., Ciymt2q—1 18 Fz, or Cipmioq =
Fz, a contradiction.

Now suppose by induction (C;, Cit1, ..., Citm—1) is a constituent of length m =
2q — p® — 1, where we admit formally s = —oo and p~>° = 0, to take care of the
case m = 2q — 1. We want to show that the length of the next constituent can only
assume one of the stated values. Proceeding by way of contradiction, we may thus
assume that the next constituent has length n, with ¢ — 1 < n < 2¢ — 2.

Write n + 1 = @pt, with 8 # 0 (mod p), so that we have pt < ¢q. Suppose
n+pt = @B+1pt—1>2¢—1 = 2p" — 1, so that B > 2p"~* — 1. Since
Bpt = n+1 < 2¢ — 1, we have also 8 < 2p"~*, so that the only possibility is
B=2p"t—1, and n = 2¢ — p* — 1, one of the allowed values.

Therefore we may assume n + p* < 2q — 1, so that [yz - -z y] = 0. We have also

——
n+pt
2q —p® —pt — 1> 0. Take as above 0 # u € L;_1. We get

0=[uy z--z Jyz- - zy

2q—p*—pt—1 n+pt

¢ (n+ pt
= (-1 < ot >[uy Tz yz -yl
2q—ps—1 n

a contradiction. O
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When p is odd, we can actually make a slightly stronger statement, which extends
Lemma 5.3.

5.7 Lemma. If p is odd, and the class of L is large enough, then a constituent of
length m > q — 1 is followed by a constituent of length ¢ — 1.

Proof. f m > q¢—1, we have m > 2g—q/p—1 > q, as ¢ > 2, so that, in the notation
already employed,
0=luyz- - zllyz- 1|

N N~
m—gq 2q

=0 (g ve ol

x-..x
—— 7~

m q

where the binomial coefficient is congruent to 2 # 0 (mod p). |

6. INFLATION

In this section we describe a construction procedure for algebras of maximal
class. The arguments we employ here are self-contained, but the construction itself
goes back to Zassenhaus [Z] and Block [Blo].

Let F be a field of positive characteristic p. Let € be an element with minimal
polynomial X? over F, and consider the extension Fle]. Now let M be a graded
Lie algebra over F, and consider the tensor product

M'" = M @r Fe],

which can be seen as a Lie algebra over F or F[e]. Given a derivation D € Derg(M)
of degree 1, this extends naturally to an element of Derg.j (M 1), which we also call
D. We now construct a derivation £ € Derg(M "), with the property that EP = D.
It is well known that in characteristic p the p-th power of a derivation is again a
derivation.

Consider a graded basis B of M over F. Then the elements

X2

be S
7!

form a basis for M over F, as b ranges in B, and p > i > 0. If w is the original
grading on M, we see that
i

w'(b® j—!) = pw(b) —i

defines a grading of M.
Let 0 be the “standard” derivation of F[e] defined by €0 = 1, so that 0 = ig'~!
for i > 0, and 19 = 0. Consider the element of Derp (M)

E-De—" i1g0
=D® —— +1®0,
(p—1)!
in the notation of [Blo, Theorem 7.1], that is, F acts on the basis b ® €¢/i! by
i i-1
b S b ifi>0,
E- 1! (1 —1)!
: ep_l
b®1—bD®

(p—1!
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It is easy to verify that E has degree 1, and that E? = D. We call E the p-th root
of D, and write E = D'/?.

What is important here is that the inflation of an algebra of maximal class is an
algebra of maximal class. Let L be an algebra of maximal class over the field F,
and let M be any maximal ideal of L. Choose an element s € L; \ M, and consider
the derivation D = ad(s) € Derp(M). We define the inflation of L at M to be
the algebra ML which is the extension of M1 by an element s’ inducing on M the
derivation E = D'/P. As above, M is a graded algebra.

Take an element 0 £ ¢t € M N Ly, and define

t'=t® S eM!
(p—1)! '
As above, F is a derivation of M of degree 1. To show that ML is of maximal class,
it suffices thus to show that s’ and ¢’ generate ML, or equivalently, [MLy, ML;] =
M[,..q for all k > 1. In fact we have, for b in a graded basis of M,
i gi—1

C dl=bo—
bogpsl=be

and thus [MLy, s'] = MLj1, if i > 0, or equivalently if

k=w'(b® j—,) — pw(b) —i £ 0 (mod p).
If ¢ = 0, we have
gp~1
(p =1
If this is zero, then [bs] = 0 in L, so that either Fb is the centre of L, and Fb® 1 is
the centre of ML, or Cy,(;y = F's. In the latter case [bt] # 0, so that

b®1,s]=[bs]®

S P

R bt R ——
(p— 1! (p— 1!
is non-zero. So in all cases we have [ML;, ML,] = ML, for all k > 1.

Observe that if L has class ¢ then L has class cp.

The above construction may appear to depend on the choice of s, but all choices
lead to isomorphic algebras. In fact, suppose without loss of generality we choose
s+t instead of s. The underlying ideal being in both cases M, it is enough to show
that the elements s’ 4 ¢ and (s +t)’ induce the same derivation on M. Here the
element (s -+ t)" induces on M the derivation ad(s + t)'/?. Now if i > 0 one has

beLt]=phe1,te

i ci—1 citp—1 ci—1 i
b —,8 +t]=b® ——— + [bt =b =[b® — t)’
bo s’ +t]=b® Fy + i © — ® oy =~ b e+

asi+p—12>p. We also have

bol,s+t]=pb1,s]+ b 1,t]

gp—1 gp—1
=[b,s]® m-f— [b,t]@m
S
=1[b,s+t® m

=bel,(s+1t)].
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Next we describe how two-step centralizers behave under inflation. It is handy,
when going from an algebra L to its inflation ML, to consider the linear map
Ly — ML, defined by as + 8t — as’ + pt’, for a, 3 € F, in the above notation.
This allows an easy description of ML via its sequence of two-step centralizers. To
do this, we first take advantage of the possibility of prepending a first element
C1 to the sequence of two-step centralizers of L. We choose here formally Cy =
Cr,(L1) = M N Ly = Ft, in the above notation. It is now easy to see

6.1 Lemma. 1. Ifi =0 (mod p), then
Cup,(ML;) = Cr,(Lisp)".
2. If i 20 (mod p), and i > 2, then
Oy, (ML;) = O, (Lo) = Ft.

Note that the element ¢ determines M = Ft + ,., L;, and conversely M
determines Ft = M N L;. We may thus speak equivalently of inflating L at M or
at Ft or at t. We also write ML = L.

Also note that if we identify the elements of L, with the elements of ML, = 'L,
via the prime operator, Ft is the first two-step centralizer in ML. If Ft was already
the first two-step centralizer in L, the number and order of occurrence of distinct
two-step centralizers in L and ML is the same. If Ft was a centralizer other than
the first one, the number of distinct two-step centralizers in L and ML is the same,
with Ft moving to the first place in the order of occurrence. Finally, if Ft was not
a two-step centralizer in I, then L has one two-step centralizer more than L, with
the first two-step centralizer in L occurring as the second distinct one in ML, and
SO on.

This identification makes it possible to consider inflating for instance the abelian
algebra L of maximal class with respect to a finite sequence t,,,t,_1,...,t; of non-
zero elements in Lq. In particular, if the ¢; are pairwise linearly independent, so
that F has at least n — 1 elements, one sees with Lemma 6.1 that in the resulting
algebra N of maximal class the i-th two-step centralizer is F¢;, and that it occurs
first as ON(NQPi—l)

Now in analogy with the case of groups (see [Ma]), we say that an algebra L
of maximal class is covered if the set {C; : i > 2} consists of all one-dimensional
subspaces of L1. If F' is a finite field with n — 1 elements, we can construct covered
algebras, starting with the abelian algebra L of maximal class, and inflating all
n subspaces of dimension 1 of L; to two-step centralizers. The covered algebra
constructed this way has class p™. It is however not hard to see that the smallest
covered factor of this algebra has class 2p” ! + 1.

We have obtained

6.2 Proposition. Over a field of positive characteristic p and order n there are
covered algebras of mazimal class of class 2p™ + 1.

We return to this theme in Section 9.

Now consider inflating the abelian algebra of maximal class L with respect to
four distinct subspaces of L of dimension 1, for fields with at least 3 elements. We
obtain an algebra of class p* with four distinct two-step centralizers. We have noted
that we may put these four two-step centralizers in canonical form as

Fvava ' (y _x)7F ! (y —ozx),
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where x and y form a basis of L = Ly, and the value o € F \ {0,1} is uniquely
determined by the isomorphism type of the algebra. Therefore two algebras of this
kind are isomorphic if and only if they have the same value of a. We thus see
that if the field F of characteristic p is infinite, there are infinitely many pairwise
non-isomorphic algebras of maximal class of class p* which have a factor of class
2p® + 1 with four distinct two-step centralizers.

We also have

6.3 Proposition. Over a field F of positive characteristic there are max{|F|,Ro}
periodic, insoluble algebras of maximal class.

Proof. The algebras of Albert-Frank-Shalev deal with the case of F finite. If F is
infinite, it suffices to start with an algebra of Albert-Frank-Shalev, and inflate it
twice with respect to suitable elements, to obtain an insoluble algebra with four
distinct two-step centralizers. By the above, we get |F| pairwise non-isomorphic
algebras. O

There is another ‘projective’ description of the transformation of two-step cen-
tralizers when going from L to ML which is sometimes useful, and deals with the
coeflicient sequence. Let this sequence be («;);>2 for L. We recall that we have set
the first two distinct two-step centralizers to be Fy and Fx, and the third distinct
one, if it exists, to be F - (y — z). The two-step centralizer C; can then be written
uniquely as F(y — «; - x), for a; € Fo, where we understand y — oo - = 2. Here
too we have chosen Cy = Ft as above. Now if (a});>2 is the coefficient sequence for
MJ,| we have as above o, = 0 if i Z 0 (mod p) and i > 2, whereas

o =1-— o%’
if ¢t is a nonzero multiple of y — Sz, where § # 0,00. If 3 = 0, then a;n» = ay,
whereas for 8 = co we have

It is also easy to see what happens to the length of constituents under inflation.

The inflation of an algebra L with parameter ¢ with respect to the first two-
step centralizer has parameter pg, and a constituent of length m in L becomes a
constituent of length pm +p — 1 = p(m + 1) — 1 in the inflation.

In the inflation with respect to an element which is not already a two-step cen-
tralizer, the parameter becomes p, and all constituents except the first one have
length p — 1.

In the inflation with respect to a two-step centralizer which is not the first one,
the parameter is also p, and the length of a constituent other than the first one is
either p— 1 or 2p — 1.

In the particular case of an algebra L with two distinct two-step centralizers Fy,
Fzx, inflation replaces a constituent of length m with a subsequence of constituent
lengths 2p — 1, (p — 1)™~!, and the first constituent by the subsequence 2p — 2,
(p —1)%973 where q is the parameter of L.

Hence

6.4 Lemma. In an inflated algebra over a field of positive characteristic p, all
constituents except the first one have length m = —1 (mod p).
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We are now able to prove the following converse of Proposition 5.6.

6.5 Theorem. Let p be a prime number, h > 1, and 0 < s < h. Then there exists
an algebra of mazximal class with two distinct two-step centralizers over the field Fy,
with parameter p*, and a constituent other than the first one of length 2p" —p* — 1.

Proof. Given the ambiguity on the length of the first constituent, we will realize
2q — 1 and 2q — 2 as lengths of constituents which are not the first ones.

In fact, proceed by induction on h. For h = 1, the algebra AFS(1,2,3,p) has
constituents of all possible lengths p — 1,2p — 2,2p — 1. Assume we have algebras
L=, L0 ..., L" with two distinct two-step centralizers such that L*® has parameter
p”, and at least one constituent of length 2p” —p* —1, where we understand p~> = 0.
By inflating L® with respect to the first two-step centralizer, we obtain an algebra
with parameter p"*1, and a constituent of length

p(2p" —p* —14+1) —1=2p"" —p~T 1.
This leaves out only constituents of length 2p"*! — 2. But such a constituent
appears in the algebra AFS(h+1,h+ 2,h+ 3, p). Note that our inflation method

can provide algebras with at most three different constituent lengths, as in the
Albert-Frank-Shalev algebras we use as starting points. O

7. DEFLATION

An algebra L of maximal class can be recovered from any of its inflations N =
ML, In fact, choose any element z € N; which does not lie in the first two-step
centralizer. Let ¢ denote an element that induces on @, Ny, the derivation
ad(z)P. Then the algebra -

N'=F(+ PNy

i>1

is clearly isomorphic to L. Actually, the definition of N! makes sense for every
algebra N of maximal class; we call Nt the deflation of N.

We claim that deflation does not depend on the choice of the element z. In fact,
let Fy be the first two-step centralizer in N. To prove our claim, we will show that

ad(z+y)? =ad(z)? +ad([yz - - - 2]),

p—1

as derivations of @121 Nip. In fact, let 0 # u € N;p. Because the minimum length
of a constituent is p — 1, we have that

. 0 d .. -0

[ug---z] # an [uz:---2zy]

i i—1
for all 1 < ¢ < p, except possibly for exactly one value iy, for which we have
[ug---zy] # 0, whereas we do not make any assumption about [uz---z]. If there

e and N~

’Lo—l ig
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is no such 7g, we thus have

vad([yz---2]) = [ulyz---

so that

vad(z4+y)P =[u, 24+ y,..., 2+ Y]
—_———

P
=Juz - -z] =uad(z)?

In the other case

wadllye ) = (00 (0T gy
jo—1

19— 1 :
p—1 10 p—io
— [uz...zyz...z]’
S~
io—1 P—1io

so that

vad(z+y)P =[u, 24+ y,...,z + ]
—_———

(g
p ig—1 p—io
=u(ad(z)? +ad(fyz--- 2])).
p—1
It also follows that N' is of maximal class. We have N} = Fz/ + Fy/, and
Nil = N;p, for ¢ > 2. Now if all the two-step centralizers

Cip, Cipt+15 -+, Clig1yp—1
are different from Fz, then for 0 # u € Ny, we have
0# [u2] = [ug---z] € Nuyryy = Niy
P
If Ciptio—1 = Fz # Fy, for some 1 <y < p, then
_ _ _
0% fug-- 39z = lulye---2) = [wy'] € Ngsnyp = Ny,
i0—1 p—1io p—1

Note that in this case exactly one of the above two-step centralizers is distinct from
Fy, as constituents have length at least p — 1.
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It is not difficult to compare two-step centralizers in L and its deflation Lt. As
in the case of inflation, define a linear map

"L — L%,
az+ By — aC+Blyz- -2,
p—1
for a, B € F. Let C; = Cp,(L;) and C} = CL%(L%).

We have

7.1 Proposition. 1. If all the two-step centralizers Cip, Cipy1, - .., Cliy1)p—1 equal
Cy =Fy, fori > 2, then

Cpi(Ly) =Fy'.
2. If there is a 1 < iy < p such that Cipyiy—1 = F - (z — ay), for some «, then
Cpi(L) =F - (' —ay)).
Proof. Note that, as above, exactly one of the above two-step centralizers is thus

distinct from Fy.
The first possibility is clear. As to the second one, we have, for 0 # u € Cjp,

[, 2" — ayf] = [u] — afuy']

=luz---z]l—auzg---zyz--- 2

P io—1 P—io
=ug--z,2—ay,z -2
<~ <
io—l p—io
=0. O

Note the following immediate consequences

7.2 Corollary. 1. In going from L to L', no centralizer can disappear except

possibly the first one.

2. Suppose that in going from L to Lt the first centralizer disappears. Then L
has parameter p, and all constituents except the first one have length p — 1.

3. Suppose that in going from L to L' the first centralizer becomes the i-th one,
for some i > 1. Then L has parameter p, and all constituents, distinct from
the first one, leading to the first occurrences of the second, third, ..., i-th
centralizer in L have length p — 1.

In general, it is not true that inflation is the inverse of deflation. It can happen,
as we now show, that (L) 2 L for all 0 # t € L;. In fact, by our observations
above, an inflated algebra with parameter ¢ and two distinct two-step centralizers
has no constituents, except the first one, of length 2q — 2.

Now it follows readily from the theory we have developed for the Albert-Frank-
Shalev algebras that

7.3 Proposition. For 0 < a < b <n, and p a prime, we have
AFS(a,b,n,p)* = AFS(a—1,b—1,n,p),
where we understand AFS(0,b,n,p) = AFS(b,n,n,p) in the left-hand term.
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Therefore all algebras of Albert-Frank-Shalev can be obtained via deflation from
another algebra of this kind. However, they have more than one constituent of
length 2g — 2, while, as we have shown above, all algebras obtained by inflation
have only one constituent of length 2¢ — 2.

On the other hand, we have

7.4 Proposition. If an algebra of maximal class L with parameter q¢ has at most
one constituent of length 2q — 2, then it can be recovered from its deflation N = L}
with a suitable inflation.

Proof. In fact, all constituents except the first thus have lengths congruent to p —1
modulo p. Hence values i for which C; # Cy are spaced apart by multiples of p.
The first such value is 2q, where ¢ is the parameter of the algebra. Since this is
itself a multiple of p, we obtain that C; = Co = Fy in L, for i« Z 0 (mod p). It
follows that L & y/(Ll), as the two algebras have the same sequence of two-step
centralizers. O

We can use deflation to show

7.5 Lemma. Let L be an infinite-dimensional algebra of mazimal class over a field
of positive characteristic p. Suppose the i-th distinct two-step centralizer appears
for the first time as Cp,(L;). Then j > 2p'~', and the bound is attained.

We consider infinite-dimensional algebras to avoid the exceptional behaviour of
the second distinct two-step centralizer in low-dimensional algebras, as in those
coming from the exceptional groups of maximal class ([Hu, I11.14.24]).

Proof. We proceed by induction on 7. The case i = 1 is clear and the case i = 2 is
settled in Lemma 5.1. Suppose L is an infinite-dimensional algebra of maximal class
in which the ¢-th distinct two-step centralizer T, for some ¢ > 2, occurs as early
as possible as T' = Cp,, (L), and suppose by way of contradiction that k& < 2p*~!.
In the deflated algebra L', it is readily seen that the earliest occurrence of T as a
two-step centralizer is as T = C’L{(L%k/p]), with [k/p] < 2p*=2. If T is the i-th
distinct two-step centralizer in L', we get a contradiction, as [k/p] < k.

So suppose T is the (i — 1)-th distinct two-step centralizer in L. By the de-
scription of centralizers in L', this can only happen if all occurrences of the first
centralizer in L prior to T vanish during deflation, and in turn this can only happen
if all constituents in L leading to T', except the first one, have length exactly p — 1,
so that L has parameter p. It follows that k is a multiple of p. By induction, we
have [k/p] = 2p'~2, so that 2p'~! —p < k < 2p'~! and k is not a multiple of p, a
contradiction. O

8. SOLUBLE ALGEBRAS

In this section we will be concerned with the soluble algebras of maximal class. A
finite-dimensional algebra of maximal class is nilpotent, and thus soluble. We will
therefore take all algebras of maximal class in this section to be infinite-dimensional.

Let L = @;2, L; be an algebra of maximal class over a field F of positive char-
acteristic p. Note first that if L is soluble, then it is abelian-by-(finite dimensional),
as the last non-trivial term of the derived series will be an abelian ideal of finite
codimension, since L is just-(infinite dimensional).

We begin by proving
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8.1 Proposition. Let L be an infinite-dimensional, soluble algebra of mazimal
class. Let M = @, L; be the mazimal abelian ideal of L, or M = Cf, (@122 Li)

if L is metabelian. Then M is a free k-dimensional module over a polynomial ring
F[t], and L/M embeds into Endgp)(M).

Proof. We employ an argument modelled on one from [Sh1].

If L is metabelian, then L is the unique infinite-dimensional metabelian algebra
of maximal class, as constructed in Section 3. So suppose M = @,., L;, with
k>2.

Let 0 # 7 € Ly. Since M is the maximal abelian ideal, 7 does not centralize M.
Let z be any element of L, and m € M. Since [rz] € M, and M is abelian, we have

i>k

0 = [m[rz]] = [m7z] — [mzT].

We claim [Lg417] # 0. Assume, by way of contradiction, that [Liy17] = 0. Let

0# mg € Lgy1, and 0 # m € Lgys41, for some s. Then there are z1,...,25 € L4
such that m = [mo, 21, ..., 2s]. Thus
0=[mo,7,21,...,2s)
= [mo, 21, Ty .-+, 2s)
= [mo, 21, -, 25, T)
= [m7],

so that 7 centralizes M, a contradiction. It follows that [Ly117] = Lag+1, and more
generally, by the same argument, that [Ls7] = Lgyg, for all s > k. Completing the
proof is now a straightforward matter. The Lie algebra morphism

¢ :L — Endp (M),
z = (u = fuz]),
has kernel M. The element ¢t = ¢(7) centralizes ¢(L) in Endg (M), so that ¢(L) C
Endgp(M). Now if f is a polynomial with coefficients in F, it is easy to see that

uf(t) = 0 for some 0 # u € M implies f = 0. Therefore F[t] is a polynomial ring,
and M is a finite-dimensional, torsion-free F[t]-module. O

Clearly if Cs = Fz, for some s > k, then
[Lsyrz] = [Ls7z] = [Lsz7] =0,

that is, Csy1x = Cs. It follows that the sequence of two-step centralizers of L is
periodic, with period length k, starting with Cy41. Therefore there are at most
max{|F|,Rg} soluble algebras of maximal class.

We can actually make a stronger statement on the periodicity of soluble algebras
of maximal class.

8.2 Theorem. Let L be a non-metabelian algebra of maximal class over a field F
of positive characteristic p. The following are equivalent:
1. L is soluble.

2. L is periodic, of period a power of p, namely

CLI (Ll) = OLI (Li-i-Pm )7
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for some m, and for all i > k, for a suitable k. Furthermore, if k and m in
(2) are chosen to be minimal, then k = p™, and L**' is the mazimal abelian
ideal of L.

Proof. Without loss of generality, we may assume L is uncovered; tensoring with
a suitable extension field will ensure this. Let z € L; be an element that is not
in any two-step centralizer, ¥y # 0 an element in the first centralizer, and define
u; = [yz---z], for i > 2, so that L; = Fuy, for ¢ > 2. For i > 2, let [u;y] = ayuiy,
i—1
for some «; € F. Clearly L is periodic if and only if the sequence («;);>2 is periodic.
Suppose L is soluble, and let L*¥*! be its maximal abelian ideal. Let p™ > k.
Then for ¢ > k we have
0 = [usupmia] = [uilyz - - - 2]
p
= [wiyz- -z —[uig-- -2y
p’V?‘L p’V?‘L
= (i — 04i+pM) Uitpm 41,
so the sequence («;);>2 is periodic, of period a power of p. Note a consequence of
Proposition 8.1: if LF*1 is the maximal abelian ideal of L, then
Cp(LY) = LM, for all i > k.
Take the smallest m such that there is a k for which
0 = Qiqpm for all i > k,

and take k to be minimal with this property. Then the above calculation, read
backwards, shows that

[wiupm41] =0 fori >k, and  [upupmy1] # 0.
By means of
[wivj 1] = [uilujz]] = [uiu;z] = [uizu;]
it is easy to prove by induction on j that
[uju;] =0 for all ¢ > k and j > p™,
and that
[uru;] = —[ugupm41] #0  forall j > p™.

The latter equality yields k& < p™, and the former shows that LP" ! is abelian,
whence L is soluble.
Furthermore, we deduce that

CL(LPm-i-l) _ Ll~c+17
and hence L**! is the maximal abelian ideal of L. But then k is a period of L, and

thus it is a multiple of the minimum period p™. As k < p™, we obtain k = p™,
concluding the proof. O

Note that the codimension of the maximal abelian ideal of a soluble algebra
decreases under deflation, unless the algebra is metabelian.
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In fact, let this codimension be k& + 1 in an algebra L. If L is not metabelian,
then & > 1. In the deflated algebra L', the codimension of the maximal abelian
ideal is at most

E+1= {EW :
p
This is less than k + 1. In fact we have

1 k+1
[iw <El
p p
Now (k+1)/p+1 < k+1if and only if (k+1)+p < (k-+1)p, that is, k(p—1) > 1,
which always holds.

This implies

8.3 Proposition. Soluble algebras of maximal class reduce to a metabelian one
under repeated deflation.

Conversely, we can construct soluble algebras of maximal class by repeatedly
inflating a metabelian one. In fact, one has the easy

8.4 Lemma. If L is a soluble algebra of mazimal class, then so are all of its
inflations.

Proof. This can be seen directly from the definition of inflation, or exploiting the
characterization of soluble algebras of maximal class in terms of their periodicity.
|

To provide an example, let us construct a set of cardinality Ny of infinite-
dimensional soluble algebras with two distinct two-step centralizers, for p = 3.
Here we make use of the description of inflation we have given in the previous
section. We start with the metabelian one. We first inflate it with respect to any
element not in the first two-step centralizer, to get an algebra with constituent
length sequence 5,2°°. Now we inflate with respect to the first, resp. to the sec-
ond, two-step centralizer to get algebras with constituent length sequences 16, 8>,
resp. 4,23, (5,2)>. Repeating the argument, we get four algebras with constituent
length sequences

52,26, 4,21 (5,27), 16,83, (17,8), 4,23,(5,2)3,(5,24,5,2),

and so on. Note that in writing the constituent length sequence this way, although
the period is correctly displayed, periodicity may occur earlier than the writing
appears to suggest.

In the next section, we will construct some more infinite-dimensional soluble
algebras of maximal class with parameter ¢, and exactly one constituent, distinct
from the first one, of length 2¢ — 2.

9. LiMITS

In this section we illustrate a way of constructing further infinite-dimensional
algebras of maximal class by using inverse limits.

A first straightforward application of this method allows us to construct soluble
algebras of maximal class with two distinct centralizers and parameter ¢ = p”,
which have exactly two constituents of length 2¢ — 2. By Lemma 6.4 such algebras
cannot be obtained by inflation.
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Let N = AFS(h,h+k,k+n,p), for h,k,n > 1. Here we consider h and k fixed,
and n variable. Consider the factor algebra M of N with class p"t5+" 4 2p”; it
has constituent length sequence

2p" — 2, (p" — 1P 2, 2p" — 2, ((p" — 1P 2 2ph — 1)

Since the constituent length sequence of an algebra of maximal class with two
distinct centralizers determines the sequence of two-step centralizers, and thus its
isomorphism type, these algebras M (™ form an inverse system. The limit algebra
has constituent length sequence

k_ k_ 0o
2p — 2, (p" — )P "2 2 — 2, (" — 1)P 2 2p" — 1),

and is thus periodic, with period p"**. By Theorem 8.2, it is soluble.

For instance, for p = 3 we get the following algebras with two distinct two-step
centralizers, besides those already constructed in the previous section. For h = 1
and k = 1 we get the algebra with constituent length sequence 4,24, (2,5),
and period 9. This algebra inflates to the two algebras 16,8,14,(8,17)*° and
4,235,2,5,23 (5,2,5,2%)°, both of period 27. For h = 1 and k = 2, and h = 2 and
k =1, we get two more algebras of period 27, with constituent length sequences

4,27, 4,(27,5)>® and  16,8,16,(8,17)>,

and so on. In the same way, for all primes p and for each field F of characteristic
p we are able to construct

m—1
2m—1 4 Z 2m_i_1i
i=1

pairwise non-isomorphic, infinite-dimensional, soluble algebras of maximal class
with two distinct two-step centralizers and period of length p™.

We now describe a slightly more complicated process of taking limits of algebras
of maximal class. This involves repeating the inflation process countably many
times.

Let L be an algebra of maximal class, and 0 # t € Ly. Recall that if we identify
L and 'L; via the prime operator, we can describe the centralizer sequence of 'L
in terms of that for L.

This identification allows us, as seen before, to define the inflation of an algebra
L with respect to a finite subsequence (t1,...,t,) of a sequence 7 = (¢;);>1 of
non-zero elements of Ly as follows:

(st =t (aotdp) = (2 (D)),

It follows from our previous observations that the sequence of two-step centralizers
of L up to class p™ is completely determined by the sequence (t1,...,¢,) alone.
Therefore the isomorphism type of the class p” factor (1)L of (t1tn)f, jg
also determined by (t1,...,t,), and so (1:--*)L(") is isomorphic to the class p”
factor of the algebra

(t1,etntn)], — 1 ((tz,...7tn+1)L) )

We obtain that (*1t)L(") is a homomorphic image of the class p™*! factor algebra
(t1,tni 1)L (n+H1) of the algebra (F1--tn+1[ Tt follows that the algebras (t1:tn)[, (%)
with the described homomorphisms, form an inverse system.
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Now consider an infinite sequence 7 = (¢;);>1 of non-zero elements of L;. We
define the algebra 7L as the limit of the inverse system (f1--tn)[ ("),

It is easily seen that distinct sequences may lead to isomorphic algebras. To
ensure a one-to-one correspondence between sequences 7 and isomorphism types
of algebras "L, we consider a set of normalized sequences, by going projective as
before. Fix a basis u,v for L = L, and consider the set 7 of sequences 7 = (¢;);>1
with the following properties:

1. For each i > 1, we have t; = u — a;v for some a; € F,. Here we understand

as always u — ocov = v.

2. tl = Uu.

If not all ¢; equal u, then the second element in order of occurrence in 7 is v.
4. If not all t; equal u or v, then the third element in order of occurrence in 7 is
u— 0.

@

The two-step centralizers in "L are Ftq,...,Ft,,... in this order of occurrence.
Ft,, for n > 1, occurs for the first time as a two-step centralizer as Crr, ("Loyn-1).
It follows that "L uniquely determines the sequence 7 € 7. Also, it follows from
the descriptions of two-step centralizers in an inflated algebra, and from our nor-
malization of sequences 7, that 7 € 7 uniquely determines the sequence of two-step
centralizers, and thus the isomorphism type, of L. We thus have

9.1 Proposition. There is a one-to-one correspondence between sequences T € T
and isomorphism types of algebras "L.

A presentation for an algebra "L, where 7 = (¢;);>1, can be read off, as de-
scribed in Section 3, from the following description of the two-step centralizers
Ci = OTLI(TLi):

i=0 (mod p/~1) and i#pit,
C; =Ft; if and _ _
i £ 0 (mod p?) or i=p.

As a first example, if we take 7 = (u,u, u,...), we obtain that "L is the infinite-
dimensional metabelian algebra of maximal class.

More interestingly, with this construction we are able to prove

9.2 Theorem. There are covered algebras of mazximal class over every field of
positive characteristic which is at most countable.

This we obtain simply by taking 7 to be a sequence (u, v, u—wv, ...) which includes
generators for all 1-dimensional subspaces of Lj.

We now see which sequences 7 € 7 correspond to periodic algebras. Note first
that if 7 = (¢1,t2,...) € 7, then

(L)t ="'L,

where 71 = (t2,t3,...). Here it is not necessarily true that 7t € T. Conversely, we
also have

t1 ((t27t3,...)L) — (t1top )],

Suppose now "L is periodic, with (not necessarily minimal) period k. It is easily
seen that the deflated algebra ("L)! has period k/(k,p). After a finite number m
of deflation steps, we will obtain an algebra N with period k¥’ = k/p™ coprime
to p. By the above remark, the resulting algebra is still of the form N = °L, for
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some sequence o, and thus it is obtained by inflation. But we have seen that in an
inflated algebra which is not metabelian, all constituents have lengths congruent
to —1 (mod p). Counting also the trailing two-step centralizer of each constituent,
we see that the period of an inflated algebra must have length a power of p. This
contradicts (k',p) = 1, unless k¥’ = 1. If ¥’ = 1, o is a constant sequence, and
N is the infinite-dimensional metabelian algebra of maximal class. By the above
remarks, "L is obtained from L by a finite number of inflation steps, and it is
therefore soluble. Also, 7 is an ultimately constant sequence. Clearly there are
max{|F|,Ro} such sequences. We have obtained

9.3 Proposition. For T € T, the following are equivalent

1. "L is periodic.
2. 7L s soluble.
3. T s ultimately constant.

9.4 Corollary. Over every field F of positive characteristic there are

1. |F[®o (non-periodic) algebras of mazximal class, and
2. max{|F|,No} infinite-dimensional, soluble algebras of mazimal class.

As mentioned in the Introduction, the existence of non-periodic algebras of max-
imal class answers a question of Shalev [Sh3, Problem 28].

A particularly interesting class of examples is provided by the algebras of max-
imal class, which we are tempted to call fractal, that are transformed back to
themselves by a finite number of deflation steps. The algebras of Albert-Frank-
Shalev are examples of periodic algebras with this property: this follows easily
from Proposition 7.3. The algebras we construct here are non-periodic, and have
the additional property that they are transformed back to themselves also under a
suitable finite sequence of inflation steps.

The simplest example of this kind is 7L, with 7 = (u,v,u,v,...). Here (L)} is
isomorphic to 7L, and "L inflates to itself with respect to the second distinct two-
step centralizer Fv. To construct this algebra, one starts by inflating the abelian
algebra of maximal class with respect to two independent elements, and then keeps
inflating with respect to the second distinct two-step centralizer. For the prime
p = 3, this algebra has constituent length sequence

4,23,(5,2)3,(5,24,5,2)%, (5,24, (5,2)1,5,2%,5,2), ...

In fact, we obtain this sequence by starting with an algebra of class 7 with two
distinct two-step centralizers with just one constituent of length 4, and applying
repeatedly the transformation, described in the section on inflation, that replaces
a constituent of length m with the subsequence 2p — 1, (p — 1)™~1. This example
can be generalized to the algebras "L, with

T = (Uy ooy U Uy U Uy e Uy Uy ey Uy ),

for n > 1. Such an algebra reduces to itself after n deflation steps, and no fewer.
Other examples of algebras that deflate to themselves are obtained by considering
sequences like

7= (u,v,u —V, U, V, U — V,...).
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10. COMPUTATIONS

None of the results of this paper rely on computer calculations. Still, a lot of
computational work went into the writing of this paper. We report on it briefly
here.

Our first computer calculations made use of a simple-minded GAP program [S+]
to calculate the constituent lengths in some of the Albert-Frank-Shalev algebras.
This lead to the results in Section 4.

We made use of the ANU p-Quotient Program [HNO] to compute with graded
Lie algebras over a prime field, as explained elsewhere [CMNS].

To simplify the exploration of algebras of maximal class with two distinct two-
step centralizers, we built a small C preprocessor, called ppi (for prepare pQ input),
which produces the input needed by the ANU p-Quotient Program from a descrip-
tion of the sequence of constituent lengths. This allowed us to explore these algebras
to class 127 (the limit under the then current version of the program). The theory
developed in this paper is able to account for the algebras we observed in this way.
We constructed ppi so that, in producing the presentation to be used as input file
by the ANU p-Quotient Program, it exploits our theory. Therefore the final output
acted as a confirmation of the correctness of our results, and actually allowed us to
spot a couple of mistakes in earlier versions of this paper.
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