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ESSENTIAL COHOMOLOGY AND EXTRASPECIAL p-GROUPS

PHAM ANH MINH

ABSTRACT. Let p be an odd prime number and let G be an extraspecial p-
group. The purpose of the paper is to show that G has no non-zero essential
mod-p cohomology (and in fact that H* (G, F;) is Cohen-Macaulay) if and only
if |G| =27 and exp(G) = 3.

1. INTRODUCTION

Let p be a prime number. For every p-group K, denote by H*(K) the mod-
p cohomology ring of K. A mod-p cohomology class of K is called essential if
it vanishes on restriction to every proper subgroup of K. Let Fss(K) be the
ideal of H*(K) consisting of such classes of H*(K). As observed in [3], the study
of Ess(K) could provide interesting information for H*(K) (but, in contrast, it
seems in general rather difficult to obtain elements of Fss(K)). For instance,
Ess(K) # {0} implies that the depth of H*(K) is just the rank of the center of K
(see [B] and [5)); furthermore, with the condition that H*(K) is Cohen-Macaulay,
it follows from [I] that Ess(K) # {0} if and only if every element of order p of K
is central (a way to obtain some element of F'ss(K) in this case was shown there).

We are now interested in extraspecial p-groups G. For p = 2, it was proved by
Quillen ([I7]) that H*(G) is Cohen-Macaulay and Ess(G) = {0}, except for the
case G = @Qg, the quaternion group of order 8 (this fact also follows from Adem and
Karagueuzian’s result, as (Jg is the unique group in which every element of order
2 is central). However, the situation is quite different for the case p > 2—which
is assumed from now on. Consider first the case |G| = p; it follows from [8], [9],
[10], [16] that Ess(G) # {0} (so H*(G) is not Cohen-Macaulay) if and only if
exp(G) > 3. In order to generalize this fact, in this note, we prove

Theorem. If G is an extraspecial p-group, then Ess(G) = {0} iff exp(G) =3 and
|G| = 33.

It follows that the unique extraspecial p-group which has no non-zero essential
cohomology is the one of order 27 and of exponent 3. In each of the remaining cases,
H*(G) is not Cohen-Macaulay and the depth of H*(G) is just 1; we also point out
some non-zero essential classes of G (it turns out that, if |G| = p° or exp(G) = p?,
there exists such a class of G belonging to Im Infg/ ? with Z the center of G).

The note is organized as follows. In Section 2, given an extraspecial p-group G of
order p*"*!, we shall consider G as a subgroup of the central product I',, = C,2 ¢ G
and give a sufficient and necessary condition for the fact that Resg" (&) # 0 with
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¢ € H*(I'y). The proofs of the theorem for the cases exp(G) > p or |G| = p°,
which are rather simple, will be given in Section 3. Section 4 is devoted to the case

exp(G) = p.
2. THE GrouP I',,
Let us recall that an extraspecial p-group G is of order p*"*1 (n € N) and is
isomorphic to one of the following central products of groups:
E,=Ee---eFE (n times),
M, =MeE, 1,
where
M = (a,b|a?” = b = 1,b ab = a'*?),
E = (a,bla’ =V = [a,b]’ = [a,][a,b]] = [b,[a,b]] = 1)

are extraspecial p-groups of order p®. Note that

2 _
cxp(G) = {p ,  for G =M,
D, for G = E,,
and M,, = M,,_; e ML.

These groups can be obtained cohomologically as follows. Let V be a vector
space of dimension 2n 4 1 over the prime field F, with basis e,a1,...,a2,. Let
x,T1,...,T2, be a basis of HY(V), dual to that of V, and let y = Bx,y; = B; with
(3 the Bockstein homomorphism, so

H:H*(V) :E[x7x1ﬂ"'7x2n]®Fp[y7y1a"'7y2n]

with Efu,v,...] (resp. Fp[u,v,...]) the exterior (resp. polynomial) algebra over F),
with generators u,v, ... of degree 1 (resp. 2). Consider the central extension
(Ty) 0—-F, 5T, >V -0,

with factor set z = z, = y + 122 + - - - + Tap_1T2,. Via the inflation map, = and
the x;’s can be considered as elements of H!(T',,). Given a subgroup K of T',,, with
soml? abuse of notation, we also denote by 2 (resp. ;) the element Resy (x) (resp.
Resp (24))-

It is easy to show
Lemma 1. (i) T, =Cp oM, =Cj20E, =T,,_; ¢ M.

(ii) M, = Ker (z + a), E, = Ker z and I',,_; x Cp, = Ker «, with o a non-zero
linear combination of x1,...,%oy. O

Then Cp2 = ﬂle Ker x; is a subgroup of I';,. Let w be a generator of H2(sz),
SO

H*(Cp2) = Elz] @ Fpw].
Set G, = Cp2 x E,,. By the Kiinneth formula, we have
H*(Gn) = H*(Ep) ® Elz] @ Fp[w].

As T’ is the central product of C)2 and E,, there exists a central subgroup U, of
order p of G,, such that G, /U, =T, and the factor set of the central extension

1-U,—G,—1I,—1
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is just y. Consider the following commutative diagram:

O | | |
1 Un Gn T, 1

whose rows are central extensions and whose vertical arrows are inclusion maps.
Pick elements s,t of H*(U,) satistying H*(U,) = E[s] ® P[t]. It follows from [I1]
(see also [2]) that ¢ can be chosen so that Res%,f”; (wx1)=t.

We now use the following notation. Given a ring R and elements r;s,--- € R,
(r,s,...) will denote the ideal of R generated by r,s,.... The main result of this
section is the following.

Proposition 1. If £ € H*(T,,), then ResE: (&) #0 iff z€ ¢ (y).

Proof. Set X :Infg: (€). As Ker Infgz = (y), it follows that X = 0 iff 2§ € (y).
Write X = Y w'®s;+ Y wlr®t; with s;,t; € H*(E,). It is clear that Res]gz (&) #0
iff Inflg,’yle”Res]E: (&) # 0. So, by the commutative diagram (1), Res]gz (&) # 0 iff
Resg,f”;XJE7L (X)) # 0, which is equivalent to the fact that the s;’s are not all equal to
zero, or equivalently, € ¢ (y). The proposition follows. O

For convenience, given a central extension of groups
(K) 1-A—-K—-C-—1,

denote by {E,.(K),d,} the Hochschild-Serre spectral sequence corresponding to the
extension (K). We now recall some results given in [12], [13] (see also [2] for n = 1)
concerning {FE,(T',,),d,}. As usual, denote by P¢ the Steenrod operations. Set

Z =i(F,) CcCprCly. Sov= Resg"2 (w) is a generator of H?(Z). Let
Xy =21%2 ... Tapn—1T2n,

m="Pr . PRz

n
i—1 i—1
— D p
= (w2198, — w205 1),
Jj=1

m—1

Em =PPP P2
n
= Z(ij—lygj - y2jy§jf1),
j=1

1<i<n+1,1<m <n,be elements of H*(V). We have
Theorem 1 ([2], as corrected in [I3, Rk. 2.11(ii)], [12]). (i) We have

Eoo(Tn) =H"(V)/(2,m,72,&) @ Fp[v”]
p—2
& Fp X1 ®FprX:) ® ZFp[vp]vi.

i=1
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(ii) Formn > 2,
Eop1(Tn) =H"(V)/(2,m, &1, Anta) © Fp[v”]

p—2
® (FpXn @ FpaX,) @ > Fplo?]o’
i=1
with An = 21‘1.232 . i‘gi_l.ftgi e X2 —1T2n - O

=1

Let W be the vector subspace of V' given by W = Ker(x — x1). We then have
the central extension

(M,,) 1-Z—-M, - W —=0

with factor set 2/ = 2], = y1 + 122 + + - - + Tap_122,. Following [10], [12], we also
have

Proposition 2 ([10], [12]). (i) We have
Boo(My) = Eapi1(My) =H"(W)/(', 82") @ Fp[v”]

@ (Fplyo)ar @ Fplyz]12) @ FploP]oP ™!
p—2
@ (Fpr1 @ Fpri22) ® Z Fp[vP]v’.

i=1
(ii) Formn > 2,

Eopi1(My,) =H*(W)/(¢, B2/, BP' B2, By, - P'32") @ Fp[v*]

p—2
D (Fp$1$3$4 e Top—1T2n D Fan) (9 X:IF;,,[UP]’Uz
i=1
. n A A
with Bn = Z$1$3$4 e X2;—1X25 .. . X2n—1T2p - O

i=2
We also prove
Proposition 3. If{ € H*(I',) and || < 2n+ 2, then € € Im Infy. .
The proof of the proposition is divided into the following lemmas. Set
R=E[z1,...,%m| @Fp[t1, ..., tm],
and let

m
pifl .
0"':5 xjtj , 1< <m,
j=1

be elements of R. Denote by 7 ,, the set consisting of subsets of k elements of
{1,...,m}. For every element I = {i1,...,ix} of Zg,, with i1 < -+ < i, set
Tr = Tq ... x5and zg = 1.

Lemma 2. For X e R and 1 <k <m,

(i) f X -a1...a =0, then X € (ou,..., 0,21/ € Tn—kt1,m);
(ii) of X -ar =0, then X € (0, @1 ... Tm)-
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Proof. (i) We argue by induction on m. The case m = 2 is obvious. Assume that
(i) holds for m — 1.

If K = m, then
t1 tm
o
A .. Oy = . . T1...Tm;
m—1 m—
P oo

so X € (z;]1 <i <m). Suppose that k < m. Write
a; = o + Tt
with o = Z;n;ll :cjtﬁi_l, 1<4i<m,and
X=X"+X"zp,
with X', X" free of x,,. Since Xay...a; = 0, we have

0=X'a)...a},
k L
0= (—1FX"a} ...+ XY (-1)F 5 o) ...a]. ..

i=1
By writing
X' =t fid
X" =tlgr+ -+ g
with f;, g; free of t,, 71 < -+ <71j,81 <--- < 84, we have
(2) (1Mt g, ol + 12 T fiad Lol = 0.

Consider the following cases:
e r; +pF~1 > s from (2), fjof...a}_, = 0. By the inductive hypothesis,

fie (@, ...,00_1, Tm—kt1,m—1). Since o = o — mmtf,rl, we have X = 71 f1 +
cee t:,{_lfj,l mod (zm, a1, ..., Im—k+1,m). S0 we may suppose that f; = 0.
o 7 +pF 1t < s from (2), g ...af = 0. By the inductive hypothesis,
g; € (0/1, ceey a;c,Im,;wn,l). So Tmgi € (al, . ,Ozk,.’[m,kJer).
o r;j+pF 1t = s;: from (2), ((=1)***~1g,al +f;) ... a},_, = 0. By the inductive
hypothesis, f; = g}, mod (o], ..., 0} 1, Zm—kt+1,m—1). Since o, = a; — xmtfrz_l,
we have f; = g}, mod (Zm, 0, ..., 0k-1,Lm—k+1,m). SO we may suppose that

fj = gia,. Since
. . . k—1
= t1gi(a), + th, wm)
= t,] giu,

we may then suppose that f; =0 and g; = 0.

The above arguments show that we may reduce to the case X’ = 0. It follows
that X”o) ...a}, = 0. By the inductive hypothesis, X" € (of,. .., &% Zm—km—1)-
Hence 2, X" € (o1, ..., 0k, Zn—k+1,m)- (1) is proved.
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(ii) We again use induction on m. The case m = 1 is trivial. Assume that (ii)
holds for m — 1. As above, write

X=X"+X"z,,
with X'/, X" free of x,,. Arguing as above, we may reduce to the case X' = 0.
It follows that X”«) = 0. Bu the inductive hypothesis, X" € (&, 1 ... Zm—1).

Hence z,, X" € (g, @1 ... Tpy).
The lemma is proved. [l

Lemma 3. Let 1 <k <n and let Y1,...,Y) be elements of H*(V).

(1) IfYi€ + -+ Yibx = 0, then Vi € (€1, ..., Ep1).
(ii) Assume that

Y= > wrfry ).

Ic{1,...2n}
#(I)<2n—k+1
We have:
(iia) ifYom 4+ -+ Yene =0, then Yy € (’171, ce ,nk);
(iib) if Yi € Mizy (m:), then Yi € (m...mn);
(iic) fYilr + -+ Yi_1€k—1 + Yene = 0 with 1 < £ < mn, then
Yk € (77[;51; cee 75](571)'

Proof. (i) For 1 <i < k, write

}/;: Z x]f[(i)(yvylv"'van)'
Ic{1,....2n}

Then, for every I, we have

k
> & =o.
i=1

According to [I8], &1,...,&; is a regular sequence in P. So the above equality
implies fl(k) € (&,...,&k—1). Therefore Yy, € (&1,...,&k—1)-

(iia) It follows that Yy ...mx = 0. By Lemma 2, Y, € (01, ..., Mk, Zon—k+1,2n)-
So Yi € (nla s 77719)'

(iilb) We use induction on k. For k = 2, X 4+ Yne = 0 implies Ymyne = 0.
By Lemma 2, Y € (1,12, Zon—1,2n). S0 Y € (m1,m2). Write Y = am + bnz. Then
Yo =Yy = amne.

Assume that (iib) holds for & —1 > 2. As Yy € (), (n:), it follows from the
inductive hypothesis that Yy, = Yn; ... mr—1. Write Yy = Xng. Then Yy ...1n, = 0.
By Lemma 2, Y = c1my + -+ + cpng. So Vi = (=1)*Legmy .. .m.

(iic) Again, we use induction on k. Y1&; + Yan, = 0 implies Y17, = 0. By Lemma
2, Y1 € (ne). Write Y1 = eng. Then (¢ + Y2)n, = 0. By Lemma 2, ¢&1 + Ya € (n);
hence Y5 € (n¢,61).

Assume that (iic) holds for k — 1 > 2. As Yime&s + -+ + Ye—1meée—1 = 0, it
follows from (i) that Yy_1m¢ € (&1, ..., &k—2). By the inductive hypotheses, we may
write Yi—1 = c1&1 + - - - + cp—2€k—2 + cx—1m¢. Hence

Y1+ c1&p—1)61 + - + Ye—2 + ck—28k—1)Ek—2 + (Y + ck—1&k—1)10 = 0.

By the inductive hypothesis, Y + ck—1&k—1 € (&1, ..,&k—2,7m¢), and hence Y}, €
(glw-'agk—lan@)' O
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For 1 <i<mn+1,0 <k <n, denote by A, the ideal of H*(V') given by
TGl < <) if & =0.

Lemma 4. IfX = Z#(1)<2n72k+1 J?]X[(yl, - ,ygn) and ng S Ak,j—l with 1 <
J<k<n, then X € Ay 1.

Proof. Write

k j—1
X& =aoz+»_ami+ »_bi&
i=1 i=1
with a;,be € H*(V). Since y = z — 122 — -+ — Tap—1T2,, We may suppose that
a;,bp, 1 <i<k,1<{<j—1,are free of y. It follows that ag = 0 and

J—1
(3) X&m e =Y bi&im - .
i=1

We now argue by induction on j. For j = 1, it follows that X&n1 ..., = 0.
Hence X1y ...n, =0. By Lemma 2, X € (n1,...,7).

Assume that the lemma holds for j —1 > 1. By Lemma 3 (i) and by (3), there
exists ¢; € H*(V') such that

Xm..mp=cb&1+ - +cj—1§-1.
Therefore, by Lemma 3 (i), cj—17 € (&1,...,&j—2), for every 1 < i < k; by Lemma
3 (iic), ¢j—1 € nigk(fla ...,&j—2,m;). By writing
cji_1=di§1+ -+ dj2&_2+dn .. i
=eli + -+ ejag ot en;,
we get
[(e1 —di)& + -+ (ej—2 — dj—2)§j—2]m ... = 0.
By Lemma 2, (eq — di1)é1 + -+ - + (ej—2 — dj—2){j—2 contains 7; ...n; as a factor.
Hence en; € (\,<;(n¢). By Lemma 3 (iib), ¢;—1 € (&1,...,&—2,m ... m). So we
may suppose that ¢;_1 € (1 ...7m). By writing ¢;_1 = en1 ... i, we have
(X —cgj-)m ... = 1€y + -+ ¢j-2j2.

By the inductive hypothesis, this implies X —c{;_1 € Ay j—2. So X € Ag j—1. The
lemma follows. U
Lemma 5. If X = Z#(anf% i X1(y1,- -, Y2n) and Xn, € Ap_q g1 with 1 <
k<n+1, then X € Ag 1.
Proof. Write

k—1
X = aoz + Y _(aini + bii).
i=1
Arguing as in the proof of Lemma 4, we may suppose that a;, b;, with 1 <7 < k—1,
are free of y. It follows that ag = 0 and
k—1
X =Y (ams + b:&).

i=1
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Furthermore, we may suppose that every b; is of form

bi= > anbl

#(I)<2n—2k+1

Therefore, applying Lemma 4 yields by—1 € Ay ;—2. Hence, by induction, we need
only consider the case
k—1
Xy =bi&+ Y ams.
i=1
This implies b1&1m1 ...mx = 0. So biny...nx = 0. By Lemma 2, by € (n1,..., 7).
The lemma follows. O

Let us now consider the Hochschild-Serre spectral sequence {E,(T'y),d,}. It
follows that, for k < 2n + 2,

@7 k,0 *,2pr
E Egpiq CEyL @ @ Eopiy -
iti=k r>1

By Kudo’s transgression theorem, for m < n, 1 ® v?" (resp. N, ® vpmfl(p_l))
survives to Fopm 11 (resp. Eopm—1(p—1)41) and

dopm4+1(1 ® vpm) = Nm+1,
m—1,
dagr 111 (1m © 07" 07D) = g,

Lemma 6. For k <2n+2 and 1 <m < n, we have

0,7 k,0 *,2p"r
Y By, CEpm o @ET
itj=k r>1

Proof. By the structure of Esp11(T'y), the lemma holds for m = 1. Suppose that
the lemma holds for m = s > 1. Let ¢y = X ® v?" be an element of Es(T),)
surviving to Egpet149, with 1 < £ < p—1 and |X|+20p° = k < 2n + 2. So
dops+1(¢) = (X111 ® v"VP" must be hit by images under the differentials of
elements of degrees less than 2n + 2. By the inductive hypothesis and by Kudo’s
theorem, these images belong to the ideal A, ,; hence so does X7sy;. Since in
E5(T,,) we have y = —(x129 + -+ - + Tap—1%2,), We may suppose that X is free of
y. As | X| <2n+42—2p° < 2n—2s —2, by Lemma 5, this means that X € Agyq ;.
So ) = 0in Eopeya if £ <p—1. If £ = p— 1, write 1 = Y111 ® vP P~Y. Then

daps (p—1)+1(¥) = =Y &1 € Asp1,s. Arguing as above, we may suppose that Y
is free of y. By Lemma 4, as |[¢| < 2n+ 2, we have Y € Agpq5. So ¢ =0 in
Eops(p—1)+2- The lemma follows. O

Proof of Proposition 3. It follows from Lemma 6 that £ either belongs to Im Inf‘F/n
or represents an element of EX?P"". As 2p" > 2n + 2, the fact that |¢] < 2n + 2
implies £ € Im Inf}/”. The proposition follows. O

3. THE CASE exp(G) > p OR |G| = p°

We first consider the case G = M,,. Consider G as a subgroup of I, by setting
G = Ker (z —z1). If n =1, it follows from [I0] (see also [4]) that H*(M) contains
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a non-zero essential element, namely X;. Assume inductively that 0 # X, 1 €
Ess(M,,—1). As M,, = M,,_; ¢ M, we have the following central extension:

0—-F,->M,-1 xM—-M, — 1.
The fact that H*(M,,) contains non-zero essential elements follows from
Proposition 4. 0 # X,, € Ess(M,,).

Proof. Let K be a maximal subgroup of Ml,. As dimg, H(K) = 2n — 1, it follows
that the product of any 2n elements of H'(K) vanishes. Hence Resy"(X,) = 0,
which implies that X,, € Ess(M,,). Furthermore, as Inf%::_lxM(Xn) = X,_1 X
Zon—1T2n # 0in H*(M,,_1 x M) by the inductive hypothesis, it follows that X,, # 0.
The proposition is proved O

By Theorem 1 (i), X7 and X; are non-zero elements of H*(I'1). By considering
the central extension 0 — F, — I',_y x M — I',, — 1, and by using the same
argument given in the proof of Proposition 4, we also have

Proposition 5. The elements ©X,, and X,, are non-zero elements of H*(I',,). O

Our next task is to prove that the theorem holds for the extraspecial p-group
G = E,. Consider E; as a subgroup of I'; as in Lemma 1. Let @ be the element of
H*(V) defined by Q = Q37 — Q3] with
P’ P’
i Yi Yi —Y; Yi
BT —= Qa1 (ys y,)ziz J
BRI Py — Yy

(so ngl is nothing but the Dickson invariant of order 2(p? —p) with variables y;, y;),
and set 7 = z122Q. Tt follows from [19, Th. 8.25] that 0 # n € H*(Ez). The case
G = E, is then proved by the following:

Proposition 6. n € Ess(Ez).
Proof. Let K be a maximal subgroup of Eg, so K = ExC,. If Res]i2 (x3wy) =0, it is
clear that Res}? (xlngéf) = 0; we can then assume that Res32 (z314) # 0. Choose
a basis uy, ug, ug, us of H'(Eg/Z) such that K =Ker w4, 172+ 2374 = uiua+usuy,
ReSIIE(2 (x122) = urug + uyug and ResIIE(2 (z3w4) = —uqus. This implies that ujug =0
in H*(K). By setting v; = Bu;, we have

Resy2 (1) = (urtiz + u1ug)(Qa,1(v1, vz + v3) — Qa1 (v3, v1))

= U1U,3(Q271(U1,’U2 + Ug) — Q271(U3,U1)) as Uiug = 0 in H*(K)

Set Y = Q2.1(v1,v2 +v3) — Q2,1(vs, v1). Following [T3] Proof of Lemma 1.10], Y
contains v5 —vov? ! as a factor. As ui(v) —vev? ') = =P B(urug) + 0P Blurus),
we have Res? (1) = 0. So n € Ess(Ez). The proposition is proved. O

For exp(G) > p or |G| = p°, Propositions 4 and 6 tell us that there exist non-

zero essential cohomology classes of G which belong to Im Inf},. Furthermore, if
G = My, then [12, Proposition 1.9] and [13] Theorem 3.10] tell us that

x3rgN and (ysz4 — yaxs)N

are also non-zero elements of Ess(My) with N = (g5 " — 2~ ) (5" — 2 1). We
can then end the section by the following

Question. For G #E, is it true that Ess(G)N Im Infl, # {0}?
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4. THE CASE exp(G) = p

We first point out some mod-p cohomology classes of I';;, by using the following
argument given by D.J. Green [6]. Let K be a p-group containing C' as a central
subgroup. We have the central extension

(K) 1-C—-K2K/C—1,

On the other hand, by considering the extension

(K x C) 1-CL5KxCL K1

with £(c) = (1,¢),j(k,c) = k,c € C,k € K, we have the commutative diagram
1 c - KxC0—— K 1

(4) | 3 B
1 C K ® . K/C 1

with u(k,c) = ke,k € K,c € C. The Hochschild-Serre spectral sequences corre-
sponding to these extensions are of the forms

Ey(K) = H*(K/C)® H*(C) = H"(K),
Ey(K xC)=Ex(K xC)=H"(K)® H*(C).
Furthermore, vertical arrows in (4) also induce a map {u, : E.(K) — E.(K x C)}

between spectral sequences with ps = (Infg/ 1 H*(C))-
The following is due to D.J. Green.

Proposition 7. Forr > 2,
Im(d, : E.(K) — E,(K)) C Ker InfX/“ @ H*(C).

Proof. Let £ € E,(K) and write d.(§) = Y ¢; ® ¢;,¢; € H(K/C),v; € H*(C).
We can suppose that the 1;’s are linearly independent in H*(C). From the commu-
tative diagram (4) and from the fact that d, : E.(K x C) — E.(K x C) vanishes,
we have

> (6) @ ¥y = e (dr(€)) = dppr(6)) = 0.
So ¢; € Ker Infg/ ¢ The proposition follows. O

Since dapt1(vP) = n2 in Eopy1(Ty) (resp. P132" in Eapiq(M,,)), it follows from
Theorem 1 and Proposition 2 that A, @ vP € Eapy2(T'y) and B, @ vP € Eap1o(M,).
We then get
Proposition 8. For1 <i<p-—2,

(i) if n > 2 then x123%4 ... Tap_1T2n @ v X @ U, 3%4 . .. Ton—1Tan @ VP and

B,, ® vP represent non-zero elements of Eoo(My,);
(i) X, ®v",2X, ®v" and A, @ vP represent non-zero elements of Eoo(I'y,).
Proof. Note that, in H*(W), we have
T3Ty ... Top_1T2n - P B2 = (2324 ... Ton_120,) (Y 22 — yha1)

—1 —1
= (2374 ... Ton—1Ton) (P22 + yb " B2 — yb Ty1aa)

(
(2324 ... Top_ 179, ) (2" P20 + yg_lﬁz' — yg_lz'mg)

€ (¢, B2).
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So dopt1(x324 ... Tapn—1T2n, @ VP) = 0. Therefore xgxy ... Ton—1T2, @ VP survives to
E(M,).

By Proposition 4, X,, # 0 in H*(M,,) implies that X,,, z1x324 . .. To,—122, and
B,, are not elements of Ker Infl\% . Similarly, Proposition 5 shows that X,,,z.X,

and A,, are not elements of Ker Inf}/”. The proposition follows from Proposition
7. O

For n > 1 and for 1 < i < p — 2, let us pick elements X,,; € H2"+)=1(M,,)
and Y, ; € H*"+)(T,) which represent respectively z12324 ... T2, 122, ® V' €
Eoo(M,,) and X,,@v" € Ex(T,); for n > 2, pick elements X, ,—1 € H2"+P)=3(M,,),
Zpp—1 € H*@FP)=2(M,) and Y, ,—; € H*"+P)=2(T,,) which represent respectively
B, ®P € Eoo(M,,), 2324 . .. Zop_1T2, VP € Eo(M,,) and A, ® vP € Eo(T'y,) (the
existence of such elements follows from Propositions 2 and 8). In particular, define
Yl,pfl by

Yi,p—l - NKer xo—T (’LU)

with A/ the Evens norm map (note that Kerzy = Cp2 xC),, C I'1, so, by the Kiinneth
formula, w can be considered as an element of H?(Ker 27)).
We now define the following subgroups of T';,:
M, = Ker(z — 1),
I _,=Kerzy, 21,1 x Cp,
1 =Kerxg, NKer(z —z1) (soM,_; ®M,_1 x C, for n > 1),

‘T,—1 = Kerazg NKer(x — 1) 2T, _1,

'T)—2 = Kerzo NKer xg, NKer(z — 1) 2 T),_2 x Cp (for n > 2),

with the convention that 'y = Cp2. Therefore 'T,,_o = M;,_; N‘T',_; and Ty =

Cp2 x Cp. If K is one of the above subgroups, then K contains Z as a central
subgroup and we have the central extension

(K) 1-Z72—-K—K/Z—1.

For convenience, we also define the elements Yy,; € H?(I'g),1 < i < p—1, by
Yo = w’. With some abuse of notation, by the Kiinneth formula, the Yo_1
(resp. Xn—1,i,Zn—1,)’s are considered as elements of H*(I',_,), H*('T',,_1) and
H*(‘Ty—1) (resp. H*(M/,_;)). We have
Lemma 7. Forn>1and 1 <i<p—-1,1<j<p-—2,
(1) Res&f; (Yoj) +22Xn; € Im Infyy ;if n. > 1 then ReSII;,H’L (Yop—1) +x2Xp p—1—
Znpp—1 €Im Ian%L ;
(ii) if n > 1 then Res%vlg’;_l(Xn,i) —zY,_1; €Im Infﬁ?i:i/z;
(iil) Res??L_l(ij) belongs to Im Infr?:i/z;
(iv) Yo, & (y); furthermore, there exists no element & € H*(T'),) satisfying
Y, = y§ mod Im Inf}/”.

and

Proof. (i) and (ii) follow by considering the restriction in spectral sequences and by
the structures of Eopt1(M,,) and Egptq(T'y,) given in Theorem 1 (ii) and Proposition
2.
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(iii) Set T, :Resll:? (Y,.i). Since y2,—1Yn; €Im Inf{ | it follows that
n—1 n

Iy
Yan—1Tn,i = Respy » (Y2n—-1Yn4)

belongs to Im Infy /7. As H*(T5,_1) = H*(Th-1) ® E[r2n—1] ® Fplyan—1], Tn,i
also belongs to Im Inf. I"I/Z.

n—1

(iv) Assume that there exists ¢ € H?"*1(T',,) such that

n—1

y& = xY, 1 mod Im Inf‘r/n .

By Proposition 3, ¢ € Im Inf}/n. So y¢ € Im Inf}/n. Hence 2Y,; € Im Inf}/n7 a
contradiction.
Assume inductively that (iv) holds for ¢ — 1. For ¢ > 2, we will prove in Lemmas

10, 11, 16 and 17 that tr1” | (Vi) = AiY41,-1 mod Im Inff, | with 0 # \; € F,.
Let ¢ be the element of Im Inf‘F/n+1 satisfying tr?iﬁﬂ (Vi) = AiYo41,i—1+¢. Suppose
that 2Y,, ; +7n = y&, with £ € H*(I';)) and n € Im Inf‘F/n. So

+1

F,
XitYoq1,i-1 +x¢ = xtrp” (Vi)

n+1

r/ . r/
= trp! (Y, +m) since trpr (n)=0

= tr?”’ (¢)

n+1

=yt (€).

n+41

Hence \jxY,41,i—1 = ytrgi+1 (&) — xz¢, which contradicts the inductive hypothesis.
(iv) is then proved.
The lemma follows. O

Further properties of X,, ; and Y;, ; are given by the following lemmas. The first
one follows from Theorem 1, Proposition 2 and [14, Theorem 1.1].

’ ’

Lemma 8. trﬁ:‘l(Xn,M) (resp. trll::‘l(Yn,Li)) represents an element of
E%2 (M) (resp. EX2(Ty,)), with j < i. O

Lemma 9. For 2 < i < p— 1 we have trgé (Yo;) = AY1,—1 mod Im Inf¥1, with
0 75 A € Fp.
Proof. Consider the commutative diagram

H*(Cy2 x C) —=— H*()

Res J/ l Res s

H*(Zx C,) —— H*(E)

tr

We have Resgltrgé (Yo,:) = trgxc” (v?). Following [8] (see also [16]), trgxc” (v') is a

non-zero element of H*(E)\Im Infg/ Z . So, by Theorem 1, trll:él’ (Yo,i) represents an

element of the form \zjze @ vV 1 € ng(i_l)(I‘l), with 0 # A; € F,. The lemma
follows. O

In the following two lemmas, p is assumed to be greater than 3.
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Lemma 10. For2<i:<p—2,

i (X1,1) = A X2,,—1 mod Tm Tnff},
and

trll:i (Y1) = \;Y2 ;-1 mod Im Inf}/27

with \; given in Lemma 9.

Proof. Set Z; = Res{?&ﬁtrﬁi (X1,i). By the double coset formula and by Lemma 7
(ii), we have

Z; = rDOResipd (X1,0) = D0 (@1 Vo) = D0 (Vo o).
By Lemma 9, Z; represents
Niz1wazy @ vt € E320-D (1)),
By Lemma 8 and Proposition 2, this means that trﬁi (X1,i) represents
Nizrzzzs ® vl € E3207D(My).
The first part of the lemma follows from the definition of X5 ;_;.

On the other hand, by setting Y; = Resll;f2 trll:i (Y71,:), by the double coset formula,
we have

Y; = trﬁé Resllg,ﬂl/1 (Y1)
= trﬁi (—z2X1 ) by Lemma 7 (i)
M/
= —J)QtI‘M; (Xl,i)-

As shown above, trﬁ; (X1,) represents \;zir314 ® vl € ng(i_l)(Mg), so Y;

represents \;z1ToxT3Ts ® v € E&Q(i_l)(Mg). By Lemma 8 and Theorem 1 (ii),
this means that trgé (Y1 ;) represents \;z1z2x314 ® 0171 € Eéf(lfl)(ljg). The last
part follows from the definition of Y5 ;1. The lemma is proved. O

In general, we have

Lemma 11. For2<:i¢<p-—2andn > 2,

"~ (Xno1) = AiXp i1 mod Im Infl}
and
Fit*l \4
tan (Yn—l,i) = AiYn,i—l mod Im Infpn,
with \; given in Lemma 9.

Proof. We argue by induction on n. The case n = 2 follows from the above lemma.

Assume that the lemma holds for n — 1. Set Z; ZRGS{\{E’;?IU%:*I (Xn-1,i)- By the
double coset formula, we have

Tp_ My, _
Z; = tngn_fReS,an2 (Xn—1,)
— "2 (@Y 2,) by Lemma 7 (if)

’
I,
= xtrTn_f (Yn,Q’i).
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By the inductive hypothesis, trzgz:f(Yn 2.4) = Ai¥n_1,—1 mod Im InfT” 1z
So Z; and A\;xY,,_1,-1 represent the same element of J R 2(i- 1)( I'h—1). The
first part follows from Lemma 8 and Proposition 2.

Finally, by setting Y; = Resy’ trF” '(Yn—1,:), we have

Y; —trM” 1Res v 11(Yn_17i)
= trM" '(—=22Xn-1,;) by Lemma 7 (i)

M’

= —J?gtr " I(Xn—l,i)-

As shown above, trM” Y(Xn-1,i) = AiXpi—1mod Im Inff{,lﬁ/n. So Y; and —Ajze Xy i1

represent the same element of Ear ’Q(i_l)(Mn).T he last part follows from Lemma 8
and Theorem 1 (ii). The lemma is proved. O

We now calculate tr?Z’_l(Yn_Ll). In so doing, let us recall the determination
of the transfer map on bar cochain levels. Let L, K be subgroups of I',, with
Z C L C K and let D = {d} be the set of cosets of L in K. For each d, specify
a representative d of d such that L = 1 and d d’ dd’ ~' € Z. The transfer map

t~rf< :C*(L) - C* (K) is determined in [20] as follows:
trK.f Z flx
deD

e f(Cry e ) = > F(@0 A0 Y Al 1 €adly il )
deD

for f e C*(L),¢; € K.

Some properties of t}f( were given in [I4]. Note that, if L is a direct factor of K,
then t~rf( is the zero map. Furthermore, if M is also a subgroup of I';, containing
Z, we can choose representatives of the cosets of M in KM, and those of K N M
in K, so that the double coset formula
(5) Res%MfrAIgM = t~r§mMResAK40M
holds at the cochain level.

Since v € E5(I",_4) is transgressive, there exists a 2-cochain ¥ of '}, _; satisfying
|z =v,00 = Bzp_1 (see e.g. {15] for a determination of such a cocham) It follows

from [14, Lemma 1 4] that trF" '(Bzn—1) = 0, hence (5tr "HD) = trF" Y(60) = 0;
in other words, trr "~1(v) is a 2-cocycle of T',,. Set T = [trF” "(9)] € H?(T',,) and let

€,a1,...,02, be elements of '), satisfying eZ =e,a,Z = a; (recall that e,aq,...,as,
was deﬁned in Section 2 as a basis of V' of which the dual is z,z1,...,z2,). We
have

Lemma 12. 7 = —x9,_1ZT2,.

Proof. Write
5 HiTT + 5 MijTiTj + E ViYi
1<i<2n 1<i<j<2n 1<i<2n

with ;, pij, vi € Fpy (note that, in H*(T'y,),y = —(z122++ - -+ 22,—172,)). Consider
the double coset formula (5) with M = T),_; and KM = T',, (this means that
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don, € K). For K = (€,a;,a;,02,) with 1 < ¢,j < 2n — 2, as @, commutes
with every element of K N M, we have t~r§mM = 0,80 g = popn = v; = Vo, =
fij = pion = 0. For K = (€,a;,a2n—1,82,) with 1 < ¢ < 2n — 2, we have
K=2T, xC,KNM = Cp X Cf, and Res¥,,(0) = w; by a direct verification,
we can show that trf"M(w) = y, therefore [ﬁémM(w)] =y = —Zap_1Top, SO
Mon—1 = Mio2n—1 = Vop—1 = 0 and p2y—12, = —1. The lemma follows. O

1—\/
Lemma 13. Forn > 1, trF:’l(Yn_Ll) —X,,; hence Res]E"trF” "(Yn-1,1) =0.

Proof. A cocycle representing Y;,_1 1 can be chosen as follows. Since z1x2 ... Z2n—3-
Ton—2-Bzn—1 = 0in H*(I'),_,/Z), there exists a cochain f of I}, _,/Z (considered as
a cochain of I, _; via the inflation map on cochains) satisfying  f = z122 ... 2x2,_3"
Ton_9 + Bzp—1. Furthermore, it follows from the definition of ¢ that

(x122 ... Tan_3Tan—2 - V) = T1T2 ... Tan—3T2n—2 - BZn—1;

hence §(x123 ... Tap—3%on—2 -0 — f) =0. Clearly g = 122 ... Top_3%T2n—2-0— f is
a cocycle representing X,, ® v € E(T'},_;). Hence

Y11 —[g) € Im Infn /7,

Wthh implies that trF” Y(Yo—1,1) is represented by trF” '(9). By [14 Lemma 1.4],

trF" (g9) = 2122 ... Ton_3Tan—2- trF" '(2). So [trF” (9)] = z122 .. . Top—3T2n—2°D.
The lemma now follows from Lemma 12. O

Arguing as in the above proof, we can also choose a cocycle representing X,,_1 ®
vP (which is non-zero in Eo (I}, _;), by Theorem 1, Propositions 5 and 7), as follows.
AsvP € Ey(T),_,) is transgressive and dap41(vP) = P'Bz,_1, there exists a cochain
vP of T/, such that vP|; = vP, and 6vP = P Bz, 1. Let h be a cochain of T, _,/Z
satisfying 6h = P'B2z,_1 - X,u—1. We have
Lemma 14. k =k, = 0P-21%3 . . . Top_3Tan—2—h is a cocycle representing X,_1 ®
vP and ReSE”trF” '([k]) = 0.

Proof. 1t follows from the deﬁnltlons of vP and h that k is a cocycle representing
Xo_1 @7, Set X = Reshrtrp ([k]); then X = [(r5" ™" “Resy” ! ., (k)] by the
double coset formula. Denote also by vP (resp. h) the restriction of the cochain
vP (resp. h) to E, 1 x Cp. By [14, Lemma 1.4], ti ]E:*lxc"(h) = 0; hence X =
[t E” 1%Cp (VP-2173 . .. Tap—3T2,—2)]. Note that, in H*(E,_; x C,) we have X,,_1 =
Xn—o(x122 + -+ + Tapn_3%2n—2) and x122 + -+ + Top_3%2,—2 = 0, so there exist
cochains ¢ of (E,,—1 x Cp)/Z and b of E,,_1 x C,, satisfying
0b=z122 + -+ + T2n_3T2n 2,

T1X2 ... Top_3L9n—9 = T1L9 . .. Loap—5L2n—a * 0D+ OcC.
Hence
VP - 1T ... Top_3Top—2 = VP - X122 ... Ton_5Lop—4a - Ob + VP - Oc

= —0VP - X1X2 ... X2n_5T2p—4 - b— O6VP - ¢ mod Im 4.
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So X = —[tr Eﬂ e ?(6vP - 21T . . . Top—5Tan—4 - b+ S0P - ¢)]. Following [14 Lemma
1.4], g™ (80P - ) = 0 and & En-1XCr(5b) = 0. This implies that trg" " (b)

is a cocycle of E,, and

X =Py 1 Xn_o-[frg

" (b))
Arguing as in the proof of Lemma 12, we can show that [tr E” 1XCr ?(b)] = 0. Hence
X = 0. The lemma follows. O

With some abuse of notation, we also denote by @ (resp. vP) the restriction of ¥
(resp. vP) to M, ;. So §(9) = B2/, _, and 6(vP) = P'Bz/,_, in C*(M,_,). Let i be
a 1-cochain of M/, satisfying 6() = 2},_,. It follows from the proof of Proposition
8 that there exists a cochain d of M,_;/Z such that

6d = 2324 ... Top_329n 2 (P82 — 122’ | — ygflﬂz:l,l +yb Y02 )
= 0(x324 . . . Top_3Ton_o(VP + xgz'f;llﬁ — o — b aan)).
So, for n >3, ¢ = 2324 . . . T2y —3Ton—2(VP + 292'0_ 11u — b 15— yg_lxga) —disa
cocycle of M, _, representing Z,_1 ,—1. We have
Lemma 15. Forn > 3,

/

M
trM:’l(Zn,Lp,l) € ImInfg/ﬂn .

Proof. It follows that trﬁ:’l(Zn_l,p_l) = [t}x”’l(q)]. By [14} Lemma 1.4],

n

’

M, My, ne
try" " (Zn—1p-1) = T3Ta . .. Ton_3Tan—2([try" " (0P)] + 225 1[trM (@)
ML,
z[trM H(@)])

(note that trM” ' maps each of vP, 1, ¥ to a cocycle). Since each of tr " 1(fup),

— b [trMn HOIE . !

&ﬁ: (o ) trM” '(@) is of degree < 2p, it follows from the structure of E2p+1(Mn)
that [trM" Y(0)], [ﬁﬁ:’l(ﬂ)] and the cup-product of zszy...Zop_3%2,—2 with

[‘&ﬁn ' (vP)] belong to Im Inf}j . The lemma follows. O

Lemma 16. There exists a non-zero A € IF,, such that trgi (Yip-1) — AYa 0 €
Im Infy, .

Proof. Set K = Kerzo NKer(x —x4) C T and X = trll:i (Y1 p—1). So K 2 M x

Cp, K NT} 2 C3 and Resj? (X) = trl;( mKRes?%nK(Yl,p_l). As Res?%mK(Yl,p_l) =

-1

vP —oy!™ ", we have

Resje (X) = trd ™ (0F — oyf 1) = el M (07) — e (0?7,

A direct verification shows that trFK/ mK(v) = ys, 50 Res2(X) = —yayt ™" # 0.
Hence X # 0.

Suppose that X € Im Inf¥2. Since y4X = 0, y4X must belong to (z,m1,72,&1).
Write

(6) yaX = az + by + cn2 + pés
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with a,b,c € H*(V) and p € Fp. Multiplying (6) by z1z2z324 yields péy € (y,y4).
Hence p = 0. Multiplying (6) by 19 yields y4 Xns € (2,m1). So, by [I3, Lemma 2.4],
Xn2 € (z,m,X2). Since Xy is of degree > 4, it follows that Xny € (z,m). By
[13, Lemma 2.14], X = ey mod(z,n) with e € H?P~2(V'). Write

(7) eyys = a1z + bym + c1m2.
Multiplying (7) by mine yields
€YYaninz = a12Mmn2
= arymnz — a1 X281

So a1 € (y,21,...,%4). Therefore by € (y,z;z;) and ¢; = 0. By [13] Lemma 2.4],
we have ey € (z,m1, X2). Since ey is of degree > 4, it follows that ey € (z,171). So
X € (z,m), and hence X =0 in H*(I';), a contradiction. The lemma follows. O

Lemma 17. Forn > 3,

M/
n—1
try

(Xn—1,p-1) = AXp p—omod Im Infl\%L
and

trll:i’l(Yn_Lp_l) =AY, p—omod Im Infl‘fn,
with \ given in Lemma 16.

Proof. Consider the case n = 3. Set X :Res{\fiztrﬁé (X2,p—1). By the double coset
formula, we have

X = trfgéReSE\E (X2,p-1)
= trfgé (Y1,p—1) by Lemma 7 (ii)
= a:trfgzl (Y1,p-1)-
It follows from Lemma 16 that X and AxYs,_o represent the same element of
E&Q(p”)(‘rg). By Lemma 8 and Proposition 2, it follows that trﬁé (Xop-1) =
AX3,—2 mod Im Infyy . Similarly, by setting ¥ = Resg/fstrll:é (Y2,p—1), we have
Y = trﬁé Resll;ﬂl%2 (Yo p—1)
= trﬁé (—x2Xop—1+ Z2p—1) by Lemma 7 (i)
= —atry? (Xap1) + g (Zap1).

As shown above, trﬁé (X2p-1) = AX3p_omod Im Infif . So, by Lemma 15, Y
and —Azr2 X3 p—o represent the same element of E&Q(pﬁ)(Mg). By Lemma 8 and
Proposition 2, it follows that trll:i (Ya,p—1) = AY3 —2 mod Im Inf¥3.

Assume that the lemma holds for n — 1. Set Z :Resylg’;_ltrm:’l (Xn—1,p-1). By
the double coset formula, we have

Z = tr" *Resiy” . (Xn-1,p-1)
— tr" (@Y 1) by Lemma 7 (ii)

’
I
= xtrTn_f (Ynfg,pfl).
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By the inductive hypothesis, trg:’:f (Yo—2,p-1) = AY;_1 -2 mod Im InfT” 1z
So Z and AzY,_1 p_2 represent the same element of Ei? L2(p— 2)( I'y—1). The first
part follows from Lemma 8 and Prop051t10n 2.

Finally, by setting Y = Res;;" trF” '(Yn-1,p—1), we have
Y = tI‘Mn 1RQSM7/L 11 (Yn—l,p—l)

M’

ftrM" Y—xoXn—1,p-1) +trM” “(Zn-1,p-1) by Lemma 7 (i)
= —xgtrM:’l (Xp—1,p-1) + trM:*1 (Zn—-1p-1)-

As shown above, trﬁ"‘l(){n_l p—1) = AX,, p—omod Im Ian . So, by Lemma 15,

Y and —Ax2.X,, 2 represent the same element of E2n 2(p— 2) (M,,). The last part
follows from Lemma 8 and Theorem 1 (ii). The lemma is proved. O

Let
DFZC*( 1) O F”lC*( 1) D ...

be the filtration of C*(I'},_;) introduced by Hochschild and Serre ([7]) corresponding

to the central extension (I, _;). Let us recall that

- c*(Th_y) for i <0,
S FiC™(Ty,_y) fori>0,

where F'C™(T/,_;) =0 for i > m; and for 0 < i < m, FIC™(I),_,) is the group of
all m-cochains f for which f(g1,...,gm) = 0 whenever m—i+1 of the arguments gy,
belong to Z. It is clear that the conjugation by a = as, on C*(I'},_;) is compatible
with the Hochschild-Serre filtration. We then have the induced conjugatlon on the
Hochschild-Serre spectral sequence {E,.(I'), _;)}. As the action of a on E5*(T'),_;)
satisfies “xp = xx, 1 < k < 2n—1, and “v = v+ ya,_1, it follows from the structure
of Egpi1(I,_;) that Y1 ; and ®Y,,_1,; represent the same element of Eo (I, _;).

Hence

a _ i—j i—j—1
®) Yori—"Yari= > mVer ¥ 1t > ViVao1¥ 1 T22n-1
0<j<i 0<j<t

mod Im InfF

FiCH(T!

n—1

n— 1/Z

.,L,1

with p;,v; € Fp. We have
Lemma 18. Forn > 2 we have Y11 —*Y,—11 =0.

Proof. Set K = Kerza,_2 NI, _;. Since the transfer commutes with the conjuga-

tion and Im Ian” 1/
and 17, we have

is invariant under the action of a, by Lemmas 9, 10, 11, 16

a K a
Yno11—-"Ye1= trpgl_l(Yn72,2 —*Yn_22)

up to a non-zero constant multiple. By Lemma 13, tr{f, » (Yi—2,1) = —X,,—1; hence
trfs 71(Yn_271y2n_3) =0 and tr{f, 71(Yn_271x2n_3) =0 in H*(I,_;). The lemma
follows from (8) and from the fact that trf, _1Inf§/ Z 0. O

We now have
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Lemma 19. Forn>2and 1 <i<p-—1,

aP~?!

Yaori + Yacri -+ Yo = 0;

hence

/

r
Resp/  trp! ™ (Yao1,) = 0.
Proof. Since 1 4+a+ -+ +aP~! = (1 — a)?~!, we need prove that (1_“)p71Yn_17i =

0. For 1 < k < p—1, by (8 and by Lemma 18, (1_“)kYn_17;C = 0. Since

r b
Resll:ft1 trF:’l(Yn,l,i) —(1-a)P™! Y,—1,i, the lemma follows. O

Forn>2and1<i<p—2,set kp,; = ResE:tr?Z’l(Yn,l,Hl). The proof of the
theorem is completed by the following fact.

Proposition 9. 0 # £, ; € Ess(E,) with1 <i<p—2 forp >3, andi =1 for
p=3.

Proof. It follows from Proposition 1, Lemmas 7 (iv), 9, 11 and 17 that s, ; # 0 in
H*(E,). Let K be a maximal subgroup of E,,. K is then of the form E,,_; x C,.

Let L be the central product of K and C)2 = ﬂle Kerz;. It follows that L is a
subgroup of I'), containing K and L =1',,_; x C,. Therefore

r,_
Resy” (Kn,i) = Resi trp ™ (Voo 141)
’
= Resf(ResE”trll::’l (Yo—1,i41)-

Hence, if I',, =T _ L, it follows from the double coset formula that

n—1
nr’, I _
Res]i" (Kni) = Resktr, 1ResLsz_1 (Yo—1,i+1)-
By Lemma 1, there exists a non-zero linear combination « of z1,...,xs, such
that L = Ker . Consider the following cases:
® a = g9, 1+ with 7 a linear combination of x1,...,Zo,_2,x2,: it follows
. . Lnr’ .
that T, =T ;L and LNT),_; =2 T, is a direct factor of L. Hence ter "1 s
the zero map. We have
Lnry,_ I
Res? (ki ;) = Resktr;] 1ResLnF1;L71(Yn—1,z‘+1)
::0;
® o = (i, +y With v a non-zero linear combination of x1, ..., Z2,—2 and p € F):
it follows that LNT,_; = H X {aG2,—1) for a subgroup H of I';,_q with H =T}, _,. If

’
n—1

p > 3, it follows from the proof of Lemma 7(iii) that Reszmr/ B

f(LﬁF;_ /2

(Yn—1,i+1) belongs

to the ideal generated by Im In Lor, ; since
LT z Lot
ImInfimr;(":’ll)/ C Kertan e

it follows that
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If p = 3, by Lemma 14, there exist ¢ € H>(LNTY,_;),% € H'(LNT’,_;) such that

I . . ..
Res; v (Yn_1,2) is a linear combination of

nry,_y
kn-1], Yn-21-¢, Yn_o1- -zt

(LT, _1)/Z
LTy,
Lemmas 13 and 14, it follows that

; since ¢, belong to Im Inf(LLmr}F,i“l)/ z

n—1

and an element of Im Inf , by

LT r
Resk ter "‘1ReSL’%‘Fl;L_1(Yn,172) =0,
s0 Res3? (K1) = 0.
Finally, the case a = x3, follows from Lemma 19. The proposition is proved. [
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