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LINKING NUMBERS IN RATIONAL HOMOLOGY 3-SPHERES,
CYCLIC BRANCHED COVERS AND
INFINITE CYCLIC COVERS

JOZEF H. PRZYTYCKI AND AKIRA YASUHARA

ABSTRACT. We study the linking numbers in a rational homology 3-sphere
and in the infinite cyclic cover of the complement of a knot. They take values
in Q and in Q(Z[t,t~1]), respectively, where Q(Z[t,t~1]) denotes the quotient
field of Z[t,t~!]. It is known that the modulo-Z linking number in the rational
homology 3-sphere is determined by the linking matrix of the framed link and
that the modulo-Z[t,t~!] linking number in the infinite cyclic cover of the
complement of a knot is determined by the Seifert matrix of the knot. We
eliminate ‘modulo Z’ and ‘modulo Z[t,t~!]’. When the finite cyclic cover of
the 3-sphere branched over a knot is a rational homology 3-sphere, the linking
number of a pair in the preimage of a link in the 3-sphere is determined by
the Goeritz/Seifert matrix of the knot.

INTRODUCTION

Let KUK U---UK,, (m > 1) be an oriented (m + 1)-component link in the
three sphere S3. If the linking number 1k(K, K;) is even for all i(= 1,...,m), then
there is an unoriented, possibly nonorientable surface F bounded by K disjoint
from Ky U---UK,,. Let G, be the Goeritz matriz [5], [6] with respect to a basis
a = (a1,...,a,) of Hi(F), i.e., the (i, j)-entry of G, is equal to lk(a;, 7a;), where
Ta; is a 1-cycle in S® — F obtained by pushing off 2a; in both normal directions[]
Let Vo, (K;) = (Ik(K;,a1), ..., Ik(K;, ap)). Ford,j (1 <4,j < m, possibly i = j) we
define

Ar (K Kj) = VoK) G Va (KT,
and Ap(K;, K;) = 0 for a 2-disk F. Note that A\p(K;, K;) = Ap(Kj, K;). The
number Ap(K;, K;) is independent of the choice of a basis and S*-equivalence class
of F in $3 — (K, U K;) (Proposition 2.1), and if i = j it is an invariant of links
(Corollary 2.4).

If Ik(K, K;) = 0 for all i(= 1, ...,m), then there is a Seifert surface F' of K with
FNn(KiU---UK,) = 0. Let M, be the Seifert matriz with respect to a basis
a = (a1,...,an), i.e., mi; = lk(al,a;)(= lk(a;, a; )), where af means a curve that
is obtained by pushing off in the £-direction. Let G4, be the Hermitean matrix
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*2a]- can be thought as the double cover of a; lying in the boundary of the regular neighborhood
of F.
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(1 —w)My + (1 —w)MT, where w(#£ 1) is a root of unity different from a root

of the Alexander polynomial of K. Since Go, = (w — 1) @M, — MY), Go is
nonsingular. For ¢,j (1 <i,5 < m, possibly i = j) we define

Ap (K, Kjiw) = VoK) Go L Va (KT,
and Ap(K;, Kj;w) = 0 for a 2-disk F. Let Gq(t) = tM, — MX. Then we define
Ar(Ki, K (8) = Va(K)Ga(t) " Va (KT,

and Ap(K;, K;)(t) = 0 for a 2-disk F'. Let My be a (p — 1)n x (p — 1)n matrix
defined by

My, + MT ~-MT @) 0]
—M,, M, + MT :
Mpo = 10) o) )
: - M, +MI  —-MT
0 @) —M, M, + MT

where O is the n x n zero matrix. Note that M, , is a presentation matrix of the
first homology group of the p-fold cyclic cover of S3 branched over K [I0]. Let
Vp’fa(Ki) = (0(k—1)ns Va(Ki),0p—k—1)n), where 0; is the 1 x I zero vector. When
M, is nonsingular, i.e., the p-fold cyclic cover of S3 branched over K is a rational
homology 3-sphere, we define

APV (K, K) = VE (KM, LVE ()T,

p.aVpa
and )\gf’l)(Ki,Kj) = 0 for a 2-disk F. Note that \p(K;, Kj;w) = Ap(Kj, K;;w),
AP0 K = AP, K, and Ap(Ky, K;)(E) s equal to Ap (K, K;)(t™1)
up to multiplication by a unit of Z[t,t~']. We shall show that Ar(K;, K;;w),
Ar(K;, K;)(t) and )\gf’l)(Ki,Kj) are independent of the choice of basis and S-
equivalence class of F' in S — (K; U K;) (Proposition 3.1), and if i = j, then
Ar(K;, Ki;w) and Ap (K, K;)(t) are invariants for links (Corollary 4.2). The defi-
nitions of Ap(K;, K;), etc., were given by Y.W. Lee [14], [T5]. But his definitions
require some additional conditions. We make his definitions more general.

Let M be a rational homology 3-sphere and K; U K5 a 2-component oriented
link in M. Then there is a 2-chain F' in M such that F' bounds c¢K7, where cK; is
a disjoint union of ¢ copies of K7 in a small neighborhood of K;. We define

P leg,

c
where F'- K5 is the intersection number of F' and Ky [21]. It is known that this
linking number is well defined and lkp; (K7, K2) = lkps (Ko, K7). Note that lkgs is
the same as the linking number 1k in the usual sense.

Let S be a 3-manifold whose boundary is composed of some tori. Let S, and Ss
be 3-manifolds obtained from S by Dehn fillings with respect to systems of curves
wand § on 05, respectively. Suppose that both S, and S5 are rational homology 3-
spheres. In Section 1, we show that the difference of the linking number lkg, —lkg, is
determined by a matrix obtained from p and ¢ (Theorem 1.1). It generalizes a result
of J. Hoste [7] proved for integral homology 3-spheres. As a corollary, for a rational
homology 3-sphere M obtained by Dehn surgery along a rational framed link in
S3, we obtain that the linking number lk,; is determined by the linking matrix of

Ikp (K7, Ko) =
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the framed link (Corollary 1.2). This was shown by J.C. Cha and K.H. Ko [3] for
integral framed links. It is known that the linking number modulo Z is obtained
via the matrix; see [6] for example. Our results do not require ‘modulo Z’.

In Sections 2 and 3 we show that, for a 3-component link K U K; U Ky with
Ik(K, K;) even (resp. = 0), Ikx, (K, K1) (resp. lkx, (K, Kji)) is determined by
Ar (K, K;) (resp. )\gf’l)(Ki,Kj)) (Theorems 2.3 and 3.2), where X, is the p-fold
cyclic cover of S3 branched over K, and K;;, (C X,) is a component of the preimage
of Kz

Let X be the infinite cyclic cover of the complement of a knot and 7 a covering
translation that shifts X, along the positive direction with respect to the knot.
Let K7 U K5 be a 2-component oriented link in X, with 7°K; N Ky = () for all
i € Z. Note that there is a 2-chain F' in X, such that

OF = U Rt K,
keZ
where the c¢;’s are integers. Then we define

MF.thK
Zhegk (Z otk 2) e Q(Z[t,t71]).
S

Since Ho(Xoo;Z) = 0 [2], this is well defined. We do not need to treat this link-
ing pairing modulo Z[t,t~']. Note that lkx_(7K;, K;) = lkx_(K;, 7 'K;) =
tlkx_ (K;, K;).

In Section 4 we show that, for a 3-component link K U K; U Ky in S with
(K, K;) = 0, lkx_ (K, Kj;) is determined by Ap(K;, K;)(t) (Theorem 4.1),
where K (C Xo) is a component of the preimage of K;. For a parallel copy
K] of K; with Ik(K;, K]) = 0, the linking pairing ﬁ<Xoo (Kik, K}},) is called Kojima-
Yamazaki’s n-function n(K, K;;t) [12]. This means the linking pairing is obtained
via the Seifert matrix of K. It is known that the linking pairing modulo Z[t,t 1]
is determined by the matrix [LI], [I6], [25]. Our result does not require ‘modulo
Z[t,t']". As a corollary we have that (1 — t)A\r(K;, K;)(t) is equal to Kojima-
Yamasaki’s n-function (K, K;;t) and that (1 — t)A\p (K1, K2)(t) + 1k(Kq, K2) is a
topological concordance invariant of K U K; U Ky up to multiplication by t*".

lkx_ (K, Ks) =

1. RATIONAL HOMOLOGY 3-SPHERE

Let S be a 3-manifold with a boundary composed of n tori, T2, T3, ..., T?. Sup-
pose that g = (u1, 2, .., in)? and 6 = (61, 62, ...,5,)T are two systems of curves
(written as columns), p;, §; C Tf, such that the intersection number u;-6; = g; # 0.
Furthermore we suppose that p and ¢ represent two bases of Hy(S;Q). This con-
dition can be restated as: Dehn fillings of S with respect to p and § give ratio-
nal homology spheres S, and Ss, respectively. Since i and 6 represent two bases
(1] = ([pa], [pals s [n]) T and [6] = ([01], [02], ---, [0n]) T of H1(S;Q), there is an nxn-
matrix B = (b;;) changing the basis, which is an invertible matrix with rational
coefficients such that §; = Z?Zl bijuj or for short [8] = Blu] (and [u] = B~1[d]).
Let J; (resp. J;) be the core of a solid torus attached to T? in S, (vesp. Ss). Let
G = (gij) be an n x n-matrix with g;; = lkg, (J;, J;) for i # j and g;; = bii/q;.
Note that b;;/g; is a Dehn surgery coefficient used to change S, to Ss. In particular
[0; — biipti] is zero in Hy (S, — Ji; Q). We call G = (gi5) a surgery-linking matric
from S, to S5. We can consider the surgery-linking matrix H = (h;;) from Ss to
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S, in an analogous manner, i.e., h;; = lksg(ji, j;) for i # j and hy; = bii/(—qi),
where b;; is the (i, j)-entry of B~!. Note that ¢; = p; - 0; = —6; - j1;. Let Q be a
diagonal matrix with ¢;; = ¢;. Then we have the following theorem.

Theorem 1.1. (1) B=QG and B~' = -QH.
(2) For a two component oriented link K1 U Ky in S,

lks,; (K1, K2) — lkg, (K1, K2)
= —(ks, (K1, 1), .., Iks, (K1, J,))G (kg (K2, J1), .., Lks, (K2, J,))".

In Theorem 1.1(2), the case that both S, and Ss are integral homology 3-spheres
was shown by J. Hoste [7].

Before proving Theorem 1.1, we formulate a useful corollary. Let J; U---U J,
be an n-component oriented link in S3. We say that J; U--- U J, is a (rational)
framed link if every component J; is equipped with a rational number p;/q; with
pi,qi € Z. Let N; be a small neighborhood of J; in S® such that NV; N N; =0 for
i # j. Let m; be a meridian of N; with lk(m;,J;) = 1 and [; a longitude that is
null-homologous in S3 — .J;. Then we obtain a new 3-manifold M in the following
way: Remove the interiors of the solid tori Ny, ..., N,, from S2, attach 2-handles
D% X [0, 1],...,D% X [0,1] so that [8Dz] = pz[mz] + qi[li] S Hl((‘)Ni) (Z = 1,...,n),
and cap it off with 3-balls. We say that M is obtained by Dehn surgery along the
(rational) framed link JyU---UJ,. Let G = (g;5) be the linking matriz of the framed
link, ie., g;; = lkgs(J;,J;) if i # j and g; = p;/¢i. Since G is a surgery-linking
matrix from S® to M, by Theorem 1.1(2), we have the following corollary, which
was shown in [3] for integral framed links.

Corollary 1.2. Let M be a rational homology 3-sphere obtained by Dehn surgery
along a rational framed, oriented link J; U --- U J, in S®. Let G be the linking
matriz of the framed link. Then for a 2-component oriented link K1 U Ko in the
complement of the framed link,

lkps (K, Ko) — lkgs (K1, Ko)
= —(lkgs (K1, J1), ., Ikgs (K1, Jp))G ™ (lkgs (Ko, J1), ... Ik gs (K2, J, )L . O

Proof of Theorem 1.1. (1) By the definitions of G and H, we have by; = ¢;gi;
and b; = —qih;. We may assume i # j. Since [§] = B[u], each dj; is ho-
mologous to dZZ=1 bippre in S for some integer d. This implies lkg, (0;, J;) =
lkS#(ZZﬂ bik ok, J;) = bij. Meanwhile d; is homologous to ¢;J; in the solid torus
attached to T? since p; - 6; = q;. Therefore lks, (04, J5) = ks, (q:Ji, Jj) = ¢igis-
Notice that &; - u; = —p; - 6; = —q;. By the same arguments as above, we have

bij = ks (X birdn, J3) = Tk, (i, J;) = lksy (—qidiy Jj) = —qihij.
(2) Since dK}, is homologous to d > | lkg, (K, Ji)p; in S for some integer d,
there is a 2-chain Fj in S that realizes the homologous above. This implies that

K "
kg, (K1, K2) — 1 y 2 lkg, <Z lksu(Kl, Ji)Mi;K2>
i=1

n

n
Tksy | > Tks, (K1, Jiis » ks, (Ko, Jj)p;

i=1 j=1

= Y kg, (K, Ji)lks, (Ko, J;)ks, (1, 1)

i=1 j=1
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and

F - K
1kS,‘,(K17K2) _ 1d 2 _ 5, (Zlkslt Ky, J; /.L“K2>

ks, [ D ks, (K1, Ji)ui, ) Iks, (Ko, Jj)n;

i=1 j=1
where lkg; (pi, 1s) and lkg, (pi, ;) mean the linking numbers of p; and a parallel
copy of u; in T;. Hence we have

n n
Iks, (K1, Ka) — lks, (K1, K3) = ZZ W (K1, i)k, (Ko, Jj) ks, (i 1)

Since p; is homologous to —qui in the solid torus attached to Tf and since dp; is ho-
mologous to dZZ:1 b0 in S for some integer d, ks, (i, ) = ks, (—qiJi, —q;J5)
= qiqjhi; for i # j and lkg, (i, i) = ks (—=qidis >op_y bieOk) = —@ibii = qigqihii.
So we have lkg, (1i, ;) = ¢igjhi; for any ¢,j. Theorem 1.1(1) completes the
proof. O

Remark 1.3. In Theorem 1.1(1), the assumption that both [u] and [d] are bases of
H,(S;Q) is not necessarily needed. We can obtain the same result if [i] and [d] are
bases of the same subspace of Hy(S; Q).

Remark 1.4. (a) Let K1UK> be a 2-component oriented link in an oriented manifold
M each of whose components represents an element in TorHq(M). For a 2-chain
F in M with OF = cK1, we define

F-Ks

lkM(Kl,KQ): EQ.

Since [K3] is in TorH (M), (¢ F U (—cF")) - K3 =0 for any 2-chain F’ with 0F’ =
c'K1. This implies that lkys is well defined.

(b) Let M be an oriented 3-manifold. We define a function mul: Hy (M) — Z as
follows: For an element a € Hy(M), let mul(a) be the greatest common divisor of
the integers in {a- F|F is a 2-cycle in M }. We put mul(a)=0if a- F = 0 for any F.
Set T(H1(M)) = {a € Hi(M)|mul(a) = 0}. Note that Tor(Hy(M)) C T(H(M))
for any M and that Tor(Hy(M)) # T(H1(M)) for some M, e.g. M = St x S1x[0,1].
Moreover, we note that, for a compact 3-manifold M, T(Hy(M)) = Hy(M) if and
only if M can be embedded in a rational homology 3-sphere. Let K U K7 be a 2-
component oriented link in M such that K; represents an element in Tor(H;(M)),
and let ¢ = |Tor(H(M))|. For a 2-chain F' in M with 0F = cK;, we define

Ly (K1; K) = F - Ky (mod mul([K])).

Since (F'U (—F")) - K is divisible by mul([K]) for any 2-chain F’ with 0F' = cK7j,
Ly ( 5 K) is well defined. In the case that [K] € T(Hy(M)), that is mul([K]) = 0,
we may delete ‘modulo mul([K])’ from the definition above. If [K] € Tor(H;(M)),
then Ly (K13 K)/c = 1kp (K7, K). O

Remark 1.5. R.H. Kyle [I3] showed that for any symmetric integral matrix M, there
is an integral unimodular matrix P such that PM P7 is a block sum of a nonsingular
matrix and a zero matrix. This guarantees that any closed oriented 3-manifold M
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is obtained by Dehn surgery along a framed link JyU---UJ,, UJj U---UJ! in S3 of
which the linking matrix is a block sum of a nonsingular matrix B and a zero matrix
O, where B (resp. O) is the linking matrix of J;U---UJ, (resp. J{U---UJ.,). By
arguments similar to those in the proof of Theorem 1.1(2), we have the following:
For a 2-component oriented link K; U Ky in S® — J;U---UJ, UJ; U---UJ/ each
of which component represents an element in TorH; (M),

lkps (K, Ko) — lkgs (K1, Ko)
= —(lkgs (K1, J1), ., Ikgs (K1, Jn)) B~ (Ikgs (Ko, J1), ..., lkgs (K2, J,))' . O

2. DOUBLE BRANCHED COVER OF S°

Let KUK, U---UK,, be an (m + 1)-component oriented link in S and F and
F’ unoriented surfaces bounded by K without intersecting Ky U - -+ U K,,. These
two surfaces are S*-equivalent rel. Ky U ---U K,, if they can be transposed into
each other by the following operations: (1) attaching a half twisted band locally,
(2) attaching a hollow 1-handle (1-surgery), and (3) deleting a hollow 1-handle (0-
surgery), where these operations can be done in the complement of Ky U---U K,,.

By the argument similar to that in the proof of Theorem 1 in [14], we have the
following.

Proposition 2.1. Let KUK U---UK,, (m > 1) be an oriented (m+1)-component
link with the linking number 1k(K, K;) even for any i(= 1,....m). Let F and F’
be unoriented, possibly nonorientable surfaces bounded by K that does not intersect
KiU---UK,,. If F and F' are S*-equivalent rel. K; U K, then A\p(K;, K;) =
e (K, KG).

This theorem implies that Ap(K;, K;) is independent of the choice of a basis of
H,(F).

Remarks 2.2. (1) Let K U K7 U K3 be a split sum of a trivial knot K and the Hopf
link K7 U Ks. Let F be the Seifert surface of K illustrated in Figure 1 and D a
disk bounded by K with D N (K; U Ka) = 0. Then Ap(Ki, K2) # Ap(K1, K2).
It follows from Proposition 2.1 that F' and D are not S*-equivalent rel. K7 U K.
On the other hand, M. Saito [20] showed that, for an oriented 2-component link
K U K, with Ik(K, K1) even, any two unoriented surfaces bounded by K without
intersecting K7 are S*-equivalent rel. Kj.

(2) In the next section, we will define S-equivalence, which is an orientable
version of S*-equivalence, rel. Kj U K for Seifert surfaces for K in §%\ (K; U K3).

FIGURE 1.
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FIGURE 2.

FIGURE 3.

As a special case of [17, Lemma 4] or [9] 4.1.5 Proposition|, we have that two
Seifert surfaces for K in S\ (K; U K») are S-equivalent rel. K; U K if and only
if they are homologous in H2(S?\ (K1 U K3),0N(K);Z), where N(K) is a regular
neighborhood of K in S3\ (K; U K3). O

Proof of Proposition 2.1. Let 8 be another basis of Hi(F). Then there is a uni-
modular matrix P such that 8 = aP, Gz = PTG,P, V3(K;) = V,(K;)P and
V3(K;)T = PTV,(K;)T. Thus we have

Va(Ki) G5 'Va(K)) T =Va(K) PP G (PT) T PTVa (Kj) T = Va (K:) Gy Va (K5) T

We may assume that F’ is obtained from F' by attaching a half twisted band or
by attaching a hollow 1-handle.

In the case that F” is obtained from F by attaching a half twisted band, let a
be a cycle as illustrated in Figure 2. Let o be a basis of H1(F) and 8 = (a,a) a
basis of Hy(F"). Then we have

Gﬁ: . ’

Va(K;) = (0, Vo (K;)) and Va(K;) = (0, Vo (K;)). Thus we have
Va(Ki)Gg ' Va(K))" = VoK) G, Vo (K;)"

Suppose that F” is obtained from F' by attaching a hollow 1-handle. Let a and
b be cycles as illustrated in Figure 3. Let a be a basis of H1(F') and 8 = (a,b,«) a
basis Hy(F'). Then we have
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Va(K;) = (0,1k(K;, ), Vo (K;)) and Va(K;) = (0,1k(K;,b), Vo (K;)). Then it is not
hard to see that there are unimodular matrices P and @ such that

o010 --- 0

100 --- 0

PGyQ=1] 0 0 ,

Do Ga

00
Vs(K:)Q = V3(K;) and PVs(K;)T = V3(K;)T. Thus we have

Va(K)G5 V(KT = V(K (PGsQ) ™ Va(Kj)" = Va(Ki)GL ValK;)T.

This completes the proof. ([

Let KUK;UKj be an oriented 3-component link with k(K K;) even (i = 1, 2).
Let F' be an unoriented surface bounded by K that does not intersect K7 U Kos.
According to the construction by S. Akbulut and R. Kirby [1], we may assume that
the double cover Xs of S® branched over K is obtained from two copies M; and
M of S3-cut-along-F by gluing each to the other along their boundaries suitably.
Let Kix and Kok (k= 1,2) be the preimages in M}, of K; and K, respectively.

Theorem 2.3. For any i,j,k,1 ((i,k) # (4,1)),
Ik, (Ko, K1) — (1= 6;)0ulk(K;, Kj) = (=1)°Ap(K;, K;),
where 1k(K;, K;) = 0.
We note that lkx, (K1, Ki2) = Ap(K;, K;) for each ¢ and |lkx, (K11, Ko21) —

lkx, (K11, Ka2)| = |lkx, (K12, Ko1) —lkx, (K12, K22)| = |2Ap (K1, K2) —1k(K1, K2)|.
Since Kj;i’s are the preimage of K;, we have the following corollary.

Corollary 2.4. Both A\p(K;, K;) (i = 1,2) and |2\p(K1, K2) — 1k(K1, K3)| are
invariants of K U K1 U Ks. O

Now we denote Ap(K;, K;) by Ak (K;).

Remark 2.5. Let K U K; be an oriented link, K7(2,1) the (2, 1)-cable knot of Kj.
Since 1k(K, K1(2,1)) is even, we can define

(L) = i)\K(Kl(Z, ).

Note that Mg (K1) = A\ (K1) if Ik(K, K1) is even. Let K U Ky U---U K, be an
(m + 1)-component oriented link. Then we define

MK U UKy) =Y Mg (K).
i=1

Thus we have an invariant for oriented links. O

Proof of Theorem 2.3. Let F be an unoriented surface bounded by K with F' N
(K1 U Ks) = (). Then we may assume that F' is a surface as illustrated in Figure
4(a) or (b). Let a; be a curve in F' as in Figure 4(a) or (b) (i = 1,...,n). Then
(a1, ...,ay) is a basis a of Hy(F). By [I], we have that the double branched cover
X5 is obtained from S3 by Dehn surgery along an framed oriented link J; U---U.J,
with 1k(J;, J;) = lk(ai, Ta;) for any i # j and with the framing of J; equal to
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an-1 an

(a) (b)

FIGURE 4.

Ik(a;, Ta;) for any i. By the construction, we note that K11 U Ko U K12 U Ko9 is in
the complement of the framed link in S3, lkgs (K, Kj1) = dpilkss (K;, K;) and

Vo(K;)  ifk=1,
(1k53(K¢k, Jl), ...,1k53(Kik, Jn)) - { —V(Y(y([zi) ifk =9.

By Corollary 1.2, we have the conclusion. O

3. CYCLIC BRANCHED COVER OF S3

Let K UKy U---UK,, be an (m + 1)-component oriented link and F and F’
Seifert surfaces of K that do not intersect K7 U--- U K,,. These two surfaces are
S-equivalent rel. K1 U ---U K, if they can be transposed into each other by the
following operations: (1) attaching a hollow orientable 1-handle (1-surgery), and
(2) deleting a hollow 1-handle (0-surgery), where these operations can be done in
the complement of Ky U ---U K,,.

By the argument similar to that in the proof of Proposition 2.1, we have the
following theorem.

Proposition 3.1. Let KUK U---UK,, (m > 1) be an oriented (m+1)-component
link with k(K,K;) = 0 for any i(= 1,...,m). Let F and F' be Seifert surfaces
of K that do not intersect K1 U ---U Kp,. If F and F' are S-equivalent rel.
Ki UKJ‘, then )\F(Ki,Kj;w) = )\F/(Ki,Kj;w), )\F(Ki,Kj)(t) = )\F/(Ki,Kj)(t)
and /\%C’l) (K,L', KJ) = /\gc,’l) (Ki, KJ) U

This theorem implies that Ap(K;, Kj;w), Ap(K;, K;)(t) and /\gf’l) (K;, K;) are
independent of the choice of a basis of Hy(F').

Let KU K3 U K3 be an oriented 3-component link with 1k(K, K;) =0 (i = 1, 2).
Let F be a Seifert surface of K with F'N (K; U K3) = (0. By [I], we may assume
that the p-fold cyclic cover X, of S® branched over K is obtained from p copies
M, ..., M, of S® by identifying F x [0,1] C M; and F x [—1,0] C M;4; suitably
(¢t =1,...,p—1), where F x {0} = F. Let Ky; and Ky be the preimages in My,
(k=1,...,p) of Ky and Ka, respectively.
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Theorem 3.2. For any i,j,k,1 ((i,k) # (4,1)),
kx, (Kik, K1) — (1 — 6,3)001k(, K;)

SR ) N (0 K )
APV (K K - A (KK if2<k<i<p-1,
APV (R KG) - ABD (G K) ifk=1,2<I<p-1,
=9 A k) AP (R K if2<k<p—1, L=p,
—)\g’l)(Ki,Kj) ifk=1=1,
AETPU(KG K) ifk=1=p,
,\g’p’l)(Ki,Kj) ifk=1,1=np.

Proof. Let F be a Seifert surface of K with FN(K;UK>) = (). Then we may assume
that F is a surface as illustrated in Figure 4(a). Let a; be a curve in F' as in Figure
4(a) (i =1,...,n). Then we may regard that (ai,...,a,) is a basis « of Hy(F'). Let
M, be a Seifert matrix with respect to a. By [I], we have that the p-fold cyclic
branched cover X, is obtained from S* by Dehn surgery along an framed oriented
link Ji; U---Udpr U U1y U+ UJdyp_1) with the linking matrix is equal
to My o. By the construction, we note that K1 U Ko U --- U Kj, U Ky, is in the
complement of the framed link in S3, lkgs (Kix, Kji) = dgilkss (K, K;) and

(kgs (Kiky J11)s o kgs (Kiy Jn1 ), ooy Tkgs (Kik, J1(p—1))s - 1ks3 (K iy Jr(p—1)))

Vi (Ki) if k=1,
=q Ve (K)) if k= p,
—VINE) + VEL(K) if2<k<p-1.

By Corollary 1.2, we have the conclusion. ([

4. INFINITE CYCLIC COVER OF THE COMPLEMENT OF A KNOT

Theorem 4.1. Let KU Ky UKy be an oriented link with 1k(K, K1) = 1k(K, K3) =
0 and F a Seifert surface of K with F N (K, U Ks2) = 0. Let (Xo0,p) be the
infinite cyclic cover of the complement of K, Fy a component of p~1(F), and K
a component of p~1(K;) contained in a subspace bounded by TFFy and TFT1F,
(1=1,2, k€ Z). Then

Tkx (K1k, Kor) — Ik(K1, K2) = (1 — t)Ap(K1, K2)(t).

Here 7 is a covering translation that shifts X along the positive direction of
-1
p(F).

_ Take a parallel copy K] of K; in S3 with 1k(K;,K!) = 0. Then we have
Ikx (K, K},) = (1 — )Ap(K;, K))(t) = (1 — t)Arp(K;, K;)(t). Meanwhile we
note that

kx, (r" Ky, 7" Kop) = ™ "lkx_ (K1k, Kox)
=t""((1 — t)A\p (K1, K2)(t) + 1k(K7, K2)).
Hence we have the following corollary.

Corollary 4.2. (1) Ap(K;, K;)(t) is an invariant of K U K; and so is
Ap(Ki, Kisw).
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(2) (1 = t)A\p(K1, K2)(t) + Ik(K7, K3) is an invariant of K U Ky U Ky up to
maultiplication by t*". O

Remarks 4.3. (1) As we mentioned in the Introduction, for a parallel copy K
of K; with 1k(K;, K!) = 0, the linking pairing lkx_ (K, K7,) is called Kojima-
Yamazaki’s n-function n(K, K;;t). Thus n(K, K;;t) = (1 — t)Ap (K, K;)(t), and
hence Ap(K;, K;)(t) is a topological concordance invariant. A different way to
calculate the value of Kojima-Yamazaki’s n-function was given in [g].

(2) By the argument similar to that in [I2] Proof of Theorem 2], we see that
Tk (K1, Kog)(= (1 — t)A\p(K1, Ko)(t) +1k(K;, K»)) is a topological concordance
invariant of K U K3 U K5 up to multiplication by t=n i ([

Let Ag(K;)(t) and Ak (K;;w) denote Ap(K;, K;)(t) and Ap(K;, K;;w), respec-
tively. Note that Ax (K;)(@) = (w — 1) Ag (K5 w).

Remark 4.4. For an oriented 2-component link K UK and for the untwisted double
K1(2) of K1, we define

- MK k(K Ky) =0,
A (K)(t) :{ Me(Kr(2)(f)  otherwise.

For an (m + 1)-component oriented link KU K7 U --- U K, we define

Ar(K1U- U Kp)(t) = f:XK(Ki)(t).
i=1

Hence we have an invariant for oriented links. ]
By the definition of the linking pairing, we have the following lemma.

Lemma 4.5. Let X, be the infinite cyclic cover of the complement of a knot and
KUK U UK, (resp. KUK]U---UK)) an oriented (m + 1)-component
(resp. (n + 1)-component) link in Xoo. If there is a 2-chain F such that OF =
KiU---UKn,U(=K{)U---U(=K}), then

kx (K,KiU---UK,)=lkx_(K,K/U---UK')+ K- F
and } )

kx (K U---UK,,K)=1kx_(K|U---UK! K)+K-F.
Here Tkx (K, Ky U---UKy) = 37 Thx (K, K;) and Thx (K1 U - UK, K) =
S lkx (K, K. O

Let K be a knot and F a Seifert surface of K. We may assume that F' is a
surface as illustrated in Figure 4(a). Let aq, ..., a,, be curves as in Figure 4(a) and
M = (my;) the Seifert matrix of F' with respect to a basis [a1], ..., [an]. Take curves
b1, ..., by so that lk(a;,b;) = d;; for any ¢,j as illustrated in Figure 4(a). Then we
have the following lemma.

Lemma 4.6. Let (X, p) be the infinite cyclic cover of the complement of K, Fy
a component of p~1(F), and by, a component of p~1(b;) contained in a subspace
bounded by T*Fy and T Fy (i =1,...,n, k € Z). Then lkx__ (bir,bjx) is equal to
the (i,j)-entry of (1 —t)(tM — MT)~1.

*U. Kaiser pointed out that the invariant ﬁ(xw (K1k, Kok ) was given by U. Dahlmeier [4].
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Proof. We denote by t both a covering translation and a unit of Z[t,t!] since it
is well known that there is natural correspondence between them. Take curves
af, .., @i so that lk(a;,b;) = lk(a; ,b;) = 0 for any 4,j. Then a; is homologous
to Ik(a;,a1)by + -+ + lk(a}, an)b, and a; is homologous to lk(a; ,a1)by + -+ +
Ik(a; , an)b,. Moreover there are surfaces Ej' and E; that realize these homologous
such that B NF = E; NF = () and E; (resp. E; ) is bounded by —a; (resp. a;)
and some copies of b;’s (j = 1,...,n). Then we have

[af] [01] [ay] [b1]

S LS N Y I VA I

] )\ laz ]
Let A; = a; x [~1,1] be an annulus in S® with 04; = +a; x {£1} = :I:a?E and A;x
a component of p~1(A;) with A, Nt*+1EFy # (. Then we have 0A;, = ta;, — aj,
where ai is a component of p’l(af) contained in a subspace between t*F, and
thH1Fy. Let Ef (resp. Ej;) be a component of p~}(E;") (resp. p~!(E; )) contained
in a subspace between t*Fy and t*1F. Let By, = E,UAU tE;,;. Then

[0B1] [D14]
: =@M -MT) [
[0Bnk] [brk]
Set G(t) =tM — MT. Since G(t) is nonsingular, we have
[0B1k] [b1k]
det(G(1))G(t)™" : = det(G(t)) :
[0Bn] [bnk]

Set det(G(t))G(t)~' = (L;;(t)). Since the boundary of each By is a disjoint union
of some copies of bji’s and tb,i’s (j =1, ...,n), L1 (t)B1x U- - - Ulin (t) Bk is a 2-chain
of which boundary is a disjoint union of t°b;;’s (s € Z, j =1, ...,n). Hence we have
O(l;1(t)B1g U+ - Ulin () Bk ) = (det(G(t))bix) U U Cijs(tsbjk U (—tsbjk)).
1<j<n,s€Z
Note that UlSan,SEZ Cijs (t°Djk U(—t%bj1)) bounds a disjoint union A of embedded
annuli in X —p_l(F). Since By -bji = Ajr bjr = 0ij, Bk -tbjr = As-thjr, = —0dy;
and By, - t°bj, = 0 for any 4, j and s(#£ 0,1), we have
ts((A Ul (t)Blk y---u lzn(t)Bnk) . tSbJ‘k) . (]. — t)lij (t)

T, (bi, bjr) = = .
Xoo (birs by % det(G(t)) det(G(t))
This completes the proof. (Il

Proof of Theorem 4.1. Tt is not hard to see that there is a 2-component link K; UK}
in $3—F such that K5 and — K cobound a surface Fy in S3—F and 1k(K;UK%) = 0.
Let Eoi (resp. K3j,) be a component of p~*(Ey) (resp. p~!(K})) contained in a
subspace between 7FFy and 7! F,. Then, by Lemma 4.5, we have

kx_ (K, Kox) = lkx (K, K)) + Kik - Eok
= lkx (K, Kb,) + K1 - Eo
= lkx (K, Kby) + k(K Ko).
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FIGURE 5.

Let By (resp. F2) be a Seifert surface of K; (resp. K3) in S% such that By N K} =
K1NE; = () and EyUFE5 intersects F as illustrated in Figure 5. Let N (F) be a small
neighborhood of F' and Ep = Ej, —intN(F) (p = 1,2). Let EJ; be a component of

p_l(Eg) contained in a subspace between 7% Fy and 7%t F;. We note that

n
OE7, = K1z U U(—lk(Kh a;)bix, U ;b U (—cibig))
i=1
and
8E§k = Kék U U(—lk(Ké, ai)bik Ud;b; U (_dzbzk))
i=1
By Lemma 4.5, we have

n
lkx (K, Kby,) = lkx (U(lk(Kh a;)bi, U (=cibir) U cibir), Kék)
i=1
= Ik(Ky, a;)lkx (bik, K5y
1

%

3

n
= Ik(Ky,a)lkx., | bik, U (Ik(K%, aj)bji U (—dsbji) U dibp,)

i=1

3

= k(K1 a;) Z k(K4 a)kx_ (bik, bjk)-
i=1 j=1

Combining this and Lemma 4.6, we have
Tk, (g, Kby) = (1= )Ar (K1, K5)(8).

Since Ap(K1, Ka)(t) = Ap(K1, Kb)(t) and lkx_ (K1, Kog) = lkx (K, K3,) +
Ik(K7, K2), we have the required result. O

5. CONNECTIONS BETWEEN Ag AND SIGNATURES

Let K be a knot and D a disk intersecting K transversely in its interior with
|K N D| = 2. Performing 1/n-Dehn surgery along 0D, we obtain a new knot K.
Note that if 1k(0D, K) = 0 (resp. # 0), K11 (resp. K+1) is obtained from K by
changing a F-crossing into a +-crossing. Then we have the following two theorems.
These results were partially shown by Lee [14], [15]. We modify his proofs.

Theorem 5.1. If1k(0D, K) =0, then the following hold:
(1) n(1 —w)(1 —@) Ak (0D;w) # 1 and Ag (0D, w) is a real number.
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F

-(2n+1)-half
twists

FIGURE 6.

(2) ow(K,) =o0u(K) — 2n/|n| (resp =0, (K)) if and only if
n(l —w)(1 —@)Ax (0D;w) > 1 (resp. < 1).
(3) n(l—w)(1 -=W)Ax(9D;w) = — Vi, (V=11 = w])/Vr (V1|1 - w]) +
(4) n(t —1)Ax(9D)(t) #
(5) Axg, (t) is equal to (1 — (t — DA (0OD)(t) Ak (t) up to multiplication by a
unit of Z[t,t71].
Here o, is the Tristram-Levine signature [23], Vi (2) is the Conway polynomial,
and Ak (t) is the Alexander polynomial.

By combining (2) and (3) in the theorem above, we have the following corollary.

Corollary 5.2. Suppose Ik(0D,K) = 0. Then o,(K,) = 0,(K) — 2n/|n| (resp.
=0,(K)) if and only if Vi, (vV—1|1 —w|)/Vik(vV—1|1 —w|) <0 (resp. >0). O

Remark 5.3. Note that a crossing change of a knot K is realized by +1-surgery
along the boundary of disk D with |[K N D| = 2 and 1k(0D,K) = 0. By the
corollary above and the induction on the unknotting number of a knot, we have
that Vi (vV—11-w|)/|[Vk(V-1|1-wl|)| = V=175 for any knot K. This implies
that o, (K) # 0 if Vg (V1|1 —w|) < 0. (]

Theorem 5.4. (1) 2nAg(0D) # 1.
(2) o(K,) = o(K) — 2n/|n| + n|lk(0D, K)| (resp. = o(K) + n|lk(0D, K)|) if
and only if 2nAg (0D) > 1 (resp. < 1).
Here o(= 0_1) is the signature of a knot in the usual sense [24], [I§]

Proof of Theorem 5.1. We note that there ia a Seifert surface F' of K with FFN D
is an arc as illustrated in Figure 6(a). We construct a Seifert surface F’ of K,, from
F as illsutrated in Figure 6. Let a be a basis of Hy(F). Let a and b be cycles as
illustrated in Figure 6. We may assume that 8 = (a,b, @) is a basis of Hy(F’).

Then we have

0 1-@ e(1—-w)V,(0D)
l-—w —n(l-w)(1-w) 0 0
Gpw= 0 :
e(1 —w)Vy(0D)T : Gaw

B
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where € = 1 or = —1. This matrix is congruent to
1/n 0 e(1 —w)V,(9D)
0 —n(l-w)(1-w) 0 0
_ 0
Gy = .
5(1 — w)Va((‘)D)T : Goz,w
0
Let
1 0 —e(1 - w)V,(0D)G L,
01 0 0
u=100
Do I
0 0
Then we have
1/n—(1-)(1-w) A (0D;w) 0 o -+ 0
0 —n(l-w)(l-w) 0 --- 0
UG;L T = 0 0
: : Gow
0 0

Thus Ag (0D, w) is a real number. Since this matrix is nonsingular, Ax (0D;w) #
1/n(1 = )(1 —w). Moreover

. 1/n—(1-o)(1 —w)Ag(0D;w) 0
o, (Kp) = sign ( 0 (1 —D)(1 - w) + o, (K).

This implies (1) and (2).
Since (4) follows directly from (5), we shall prove (5). By the argument similar
to that in the above, we have

0 t etVy(0D)
-1 —n(t—1) 0 0
Gs(t)| = 0
—eVo (0D)T : Ga()
0
—t/n(t — 1) + tAx (OD)(t) 0 0 - 0
0 —nt—-1) 0 - 0
_ 0 0
: : Goz(t)
0 0

= t(1—=n(t—1)Ag(0D)(t))|Gu(t)|.
Thus we have (5).
In the proof of (5), replace Gy (t) and Gg(t) with t M, —tMI and t’lMg—tMﬁT,
respectively. By the argument similar to that in the proof of (5), we have

Qk, (t) = (1 —=nt"' =)V (dD)(t M, — tMI) 'V, (D)) (1),

n
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where Qg (t) = [t71M, —tMZT|. Put t = /=1(1 — w)/|1 — w|. Then we have
V—=1(1 —w) V=1(1 —w)
Ok, | ——————= — .
" 11— w] 11— w]
Since Qk (t) = Vi (t —t~1), we have
Vi, V-11-w|)=(1-n(l —w)(1 —@0) g (0D;w))Vk(V—1]1 — w)).
The fact that Go (= (1 —©)M, + (1 —w)MT) is nonsingular implies

Vr(V=11 —w|) = Qx(vV—1(1 —w)/|1 — wl|) # 0.

) = (- alt - ) - @xoDs)e

Hence we have
Vi, (V-1 —w])
Vi (V-1[1 - wl)

This completes the proof. O

n(l —w)(1 —@)Ag(0D;w) = + 1.

Proof of Theorem 5.4. Let F', F', a and (3 be the same as in the proof of Theorem
5.1. The only difference is that the surfaces are not necessarily orientable. Then
we have

0 1 eVa(0D)
1 —2n 0 - 0
Gp. = 0
eV (0D)T Ga
0

By the argument similar to that in the proof of Theorem 5.1, this matrix is con-
gruent to

1/2n—Ag(@D) 0 0 -+ 0
0 —2n 0 --- 0
0 0
: : Ga
0 0

Since this matrix is nonsingular, Ax (0D) # 1/2n. Moreover

o(K,) = sign ( 0 o,

where e(F") is the normal Euler number of F' [6]. Since e(F')=e(F)+2n|k(0D, K)|,

) +sign(Ga) + %e(F’),

1
sign(Go) + ie(F') =o(K)+ n|k(0D, K)|.
This completes the proof. (I
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