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Table 5. Averaged values c}; and cjy (in 10" Nm~2) of
calcium formate complying with symmetry group m3m
and TOEC of cubic calcium fluoride

Ca(HCOO), CaF,
ey =(Ccpy + €33 + €33)/3 3.634 16-357
Cia=(cps + €33 + €3)/3 2.128 4401
Caa = (Caq + €55 + Coe)/3 1695 3.392
Cin = (c111 + Cazp + €333)/3 —36-6 —124.6
Ciin = (€112 + Caa3 + Cp33 + Cpyy + €1 + €33)/6  —20-4 —40-0
Cla3 = Cip3 —-27.7 —25-4
Clas = (Craq + Cass + C366)/3 —6-9 —12.4
Clos = (Caaq + Cyss + Crgs + Caaq + Cyss + C269)/6  —4:4  —21.4
Case = Cass —5-4 -7-5
cin/ch —10-07 —7-62
Cliafeny —5.61 —2.45
Cin/ch —7.62  —1.55

formate reflect the existence of general rules valid for
any type of stable crystals.
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I. A Mathematical Model. Statistical Errors
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Abstract

A mathematical model based on a convolution formula
has been derived which shows the effect of in-plane
(horizontal) collimation on the shape of a measured
profile h(w) in the Bond method. With simplifying
assumptions the profile has been presented in an
analytical form. The effect of the width of collimator
slits d,, d, on the variance 02w, of the peak position w,
was considered based on the model. From the method
of analysis used by Wilson [Br. J. Appl. Phys. (1965),
16, 665-674], the variance ¢%w, was estimated for the
profile approximated by a least-squares parabola. It has
been found that for certain collimation parameters a
minimal value of o?w, is obtained, and the conditions
of the optimal choice of collimator slit widths from the

0567-7394/81/030364-05$01.00

point of view of statistical errors have been given. An
example of the application of such conditions has been
presented.

1. Introduction

A new design of Bond diffractometer constructed in
this institute (Lukaszewicz, Kucharczyk, Malinowski
& Pietraszko, 1978) is used more for investigations of
the relative changes of lattice constants (for example as
a result of changing temperature to investigate phase
transitions) than for measuring their absolute values. In
such measurements there are no high requirements
regarding systematic errors and accuracy, Ad/d,
analysed in part II (Urbanowicz, 1981), but they

© 1981 International Union of Crystallography
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concern the precision of measurements, od/d, deter-
mined by statistical errors, independent of the syste-
matic ones.

The precision od/d (od is the standard deviation of
the interplanar spacing d) for Bragg angle € depends on
the standard deviation o€ in Bragg angle:

od/d = cot 8 d6. (1

Thus, an essential problem is to obtain the required
precision of 6.

In the Bond (1960) method, the angle 6 is deter-
mined from the measurements of two symmetrical peak
positions w} and wy':

0=|lwh)— wyl/2—90°|. )
Thus
06 = (0’wy/4 + 6% wy [4)". 3)
Assuming owjy = ow{ = ow,, we obtain
060 = \/2/2 ow, = 0-7071 0w, @)

The variance o?w, depends on the shape of the
measured profile, the peak definition and the method of
scan. This dependence was examined by Wilson (1965)
and Thomsen & Yap (1967). A prerequisite in their
considerations is an assumption that

0*N=N, (5

where N is the number of counts.

According to Wilson (1965), an estimation of the
variance 62w, when the profile A(w) is treated with a
least-squares parabola, can be written (with the
symbols of the present paper) as

02wy = Ch(w,)/ 1" (wy)]?, (6)

where

C=3/2p2?) (6a)

depends on the method of scan, p is the number of
measuring points at one side of the peak position (the
total number of points is n = 2p + 1), 2 = pdw, and dw
is the length of one scanning step.

A formula analogous to (6) is obtained by Wilson
(1965) to estimate the variance of peak position in the
case of the midpoint-of-chord procedure. The coeffi-
cient of proportionality C, however, is different from
that given by (6a) and is a few times (in practice about
4.5 times) larger. An advantage of the midpoint-
of-chord procedure, however, is a less-biased deter-
mination of the peak position for asymmetrical pro-
files.

The aim is to make ow, as small as possible. The
commonly used way to diminish ow, is to obtain a
sufficient number of counts by increasing the counting
time At of every scanning step or by increasing the total
number of steps, n. Both methods are time-consuming.
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For measurements of temperature dependences,
however, when it is necessary to carry out several series
of measurements with good temperature stabilization,
the total measurement time, T, of one profile,

T = ndt, Q)

should be shortened to a minimum.

It has been found in the present work that there is a
possibility of decreasing ow, by affecting the shape and
intensity of the measured profile #(w) by collimation.

2. The profile measured in the Bond method as a
convolution. The determination of the functions g(a)

and f(w)

To analyse the effect of collimation conditions in the
Bond method the measured profile A(w), determined
by a number of physical and apparatus factors, can be
presented as a convolution of two functions: (1) g(a),
dependent on the collimator length L, and widths d,, d,
of its exchangeable slits, i.e. the angular distribution of
the primary beam intensity; and (2) f(w), the original
function, taking into account all the remaining factors.
The convolution has the form

h(w) = j f(@) glw— o) dw'. ®)

The function g(a) describes the intensity associated
with individual ray direction o within the primary
beam. Since the form of g(a) cannot be found from a
simple experiment (a rather sophisticated method was
proposed by Blake, Barrus & Fenimore, 1976) it was
determined theoretically by geometric and algebraic
analysis and then verified indirectly by experiment.
The procedure for determining g(a) is illustrated in Fig,
1. The intensity corresponding to a given angle a,, is
assumed to be directly proportional to the number of
quanta from the part of the tube focus surface (here the
sector x, — x,,) seen at this angle:

xg(ap)
gla) =k, |

Xa(ap)

iy (x)dx, 9)

where i (x) is the tube focus emissivity along the X
axis, and k, is a coefficient of proportionality.

The integration limits x, and x, depend on the angle
a, the width of slits ¢, and d,, the width of the focal
spot along the X axis, and the distance of the first and
the second slit from the focus (L,, L, + L,, respec-
tively). The limits are determined by the conditions

x, =max {—d,/2 — Lia, —d,/2 — (L,+ Lya, —s/2}
(9a)
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Xg=min {d,/2 — L,a,dy/2 — (L, + L)a, s/2}

and

(9b)

Xz—x,>0

(9¢)

is required for the condition that g(a) > 0.

The shape of the f(w) function can be obtained by
measuring the profile A(w) with very narrow colli-
mator slits or by deconvolution of the A(w) function
when g(a) is known.

3. Assumptions

For the purpose of variance analysis a knowledge of
h(w) in an analytical form is necessary. To obtain this
form the following simplifying assumptions have been
made:

(1) f(w) has the form of a Cauchy function which is
a good approximation for a silicon single crystal of
almost perfect structure:

f(@)=F/{1 + [2(w— wp)/ w2},

where w;is the half-width;

(2) the widths of the slits d, and d, are small in
comparison with the focus size s and the integration
limits do not depend on the focus size

(10

d(1+L,/L))+d,L,/L, <s; (11)

i(x)
X4 Xp

N
N
—s/2 0 5/2 §§
W v L, X, 0%z
d2

—d,/2

L,

TR

—d,/2 dy/2

Cark On

z

Fig. 1. Theoretical determination ef the angular distribution g(a) of
the primary beam intensity.
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(3) the real distribution of i,(x) is replaced by a gate
Ixl < §/2

function #;(x)
Py S’
l.=
Tolo,  Ixl > §/2,

where S and § are parameters selected according to

(12)

s/2

f (i, — £)? dx = minimum (13a)
—s/2
and
s/2 §/2
f i(x)dx = f £.(x) dx. (13b)

—s/2 —$/2

It has been calculated that for small slits the error of
determination of the half-maximum width w, of A(w),
with this assumption, is +1%, while the error of the
peak-height H determination is +5%.

With the assumptions (2) and (3), g(w) has the form

Kw, +w), —o<w<—w,
gw)=<K(w,—w), —w,<w<w, (14)
Kw,—w), w<w<w,
where
K= k] SLzs (140)
w, =4, +d,)/L, (14b)
w,=%1d,—d,l/L,. (14¢)

Combining (8), (10), (14) and, for simplification of
notation, substituting
2(w—wp)wy=x, 2w,/0,=%;, 2w,/w,=x, (15)

we finally obtain

h(x)=A{x[tan"'(x + x,) + tan"(x — x,)]
+ x,[tan~'(x + x,) — tan~'(x — x,)]
— x[tan~!(x + x,) + tan™! (x — x,)]
— x,[tan~!(x + x,) — tan~!(x — x,)]
+3In[1 + (x — x,)2] =3I [1 + (x — x,)?]
+4In{1 + (x + %) =4in [1 + (x + X))},
(16)
where
A =0-5Fk, SL, w, (16a)
The peak height of this function is

H = h(0)=2A4[x, tan"' x, — x, tan"! x,
+4In (1 +xH—3In (1 + x3).
(16b)
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g(w) is often described in a still simpler manner as a
gate function, §(w):

Kw,,
o,

where w, is the mean divergence of the primary beam.
In this case the result of the convolution is

lwl < w,

) 17

§(w) =
lwl > w,

h(x) =4 x,[tan~!(x + x;) — tan~!(x — x;)], (18)
where
X3 =2w3/w;, x,= 2w,/ wy. (18a)
The peak height of A(x) is
h(0)=H =24x,tan"! x, (18b)
and its half-maximum width, w,, is
wy = w1 + x})'2, (18¢)

which is easy to estimate.

It is necessary, however, to relate the parameters w,
and w, with the collimation parameters d,, d, and L,. If
£(w) is treated as an approximation of g(w) given by
(14), satisfying a criterion similar to that given by
(13a), (13b):

f [g(w) — §(w)]? dw = minimum, (19)
while " "
fg(w) dw= fg(w) dw, (19a)
—w1 —w3
the following relations are obtained:
w;y = [(0} + w)/2)V2 = (d} + d})/(2L,),  (20)
w, = (0} — w3)/[2(w} + wW)]V? (20a)

=d, d,/[(d@? + d})V* L,).

Equations (18b) and (18¢) jointly with (20) and (20q)
give a quick and good estimate of a peak height and its
half-maximum breadth for narrow slit widths d,, d,.

4. The minimum variance conditions

The second derivative in the peak position for the
profile given by (16) is

d?n 2\?d?
dw? w;] dx?

s

Substitution of (21) and (1654) into (6) gives the
dependence between 62w, and collimation parameters

x? — x?
1+ xH(1+ xzz)'

21
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[closed in x, and x,, (15) and (14b), (14c)] in the form

02wy = C; V(x1,%,), (22)
where
C, = (C/24) (w;/2)%, (22a)
V3 (x,,x;) = [2x, tan™! x, — 2x, tan™! x,
+In(1 + x3) —In(1 + x2)] (1 + x2)?
x (1 + x3)%/(x3 — x)2 (22b)
It has been calculated that for
x, =113, x,=0, (23)
the factor V"%(x,,x,) has its minimum value
V3(1-13,0) = V2(x;,X,) 0 = 3-46,  (23a)

so the minimum standard deviation (ow,),,, is

(00e)min = V/Cy V (X1, = 1-86 \/C,. (23b)

The conditions for optimal collimation parameters, d,
and d,, resulting from (23), (15) and (14b), (14c¢) are

d =d, (24a)

d, = 0-565L,w,. (24b)

5. An example

The 444 reflection for a silicon single crystal has been
measured with Cu Ka, radiation (6 = 79° 18’ 45").
Collimation parameters were L,=297mm, d,=d, =
0-05 mm; the focus size s = 1 mm, so assumption 2
(formula 11) was satisfied. The scanning parameters
were At = 4 s, n = 21, dw = 10”. The measured profile
has the peak height A(w,)= 1215 counts and the
half-width w, = 457". The following questions arise.

I. What is the standard deviation ow,?

II. What is the value of (0wg)y,» When optimal d,
and d, are used (all the remaining factors are
constant)?

III. How to choose collimator slits (as small as
possible) to obtain the precision od/d = 10757

The following values, based on the formulae given in
this paper, were obtained.

w; = (0-05 + 0-05)/297 = 1-68 x 10~*rad = 34.7"

(from 14b)
w,=0 (from 14c¢)
w, = 24-6" (from 20)
w,= 456" (from 18¢)
x; =0-152 (from 15)
x,=0

2x,tan!' x; — In(1 + x?) = 0-0231,
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)

A =52600 (from 16b)
C,=0-193 (from 22aq, 6a)
02w, =0-193 V*(x, x,) (from 22)
0wy = 0439 V(x,,x,) ["']. (25)
Since cot 8 =0-188,

od/d=0-188 g6 = 0-133 ow, (from 1,4). (26)

The dependence of ow, on the width of the collimator
slits d, and d, is shown in Fig. 2. Values of ow, for
various combinations of d, and d, available in practice
are marked with points.

The resulting values are as follows.

L.

V(0-152, 0) = 6-705, (from 22b)

1o d,_(mm)

Fig. 2. The influence of the collimator slit d, on the standard
deviation ow, of the peak position wj as a function of d,.
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0wy =2:94" = 14.25 x 10~°rad,  (from 25)

od

7: 1-895 x 1078, (from 26)
when the measured profile is treated by a least-squares
parabola. In the case when the midpoint-of-chord
method is used, the variance would be about 4-5 times
greater.

II.
(0We) i = 0-439 V.,

=0:439 x 1-86 =0-816" ~3-956 x 10~ rad,
(frgm 25)

d
% —0-526 x 10-5, for d, = d, — 0-378 mm.

(from 26)

III.

0wy =7-519 x 10~%rad = 1.55"”. (from 26)

This value of gw, can be obtained approximately from
Fig. 2 ford, = d, = 0-10 mm.
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