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Design and construction of a solar-
powered, thermoacoustically driven,
thermoacoustic refrigerator

Jay A. Adeff, Thomas J. Hofler

Department of Physics, Naval Postgraduate School, Monterey, CA 93943, USA
adeff@nps.navy.mil  tjhofler@nps.navy.mil

Abstract: A thermoacoustically driven thermoacoustic refrigerator powered
by solar thermal energy has beewrcassfully built and tested. A 0.457 m
diameter Fresnel lens focuses sunlight onto the hot end of a 0.0254 m
diameter reticulated vitreous carbon prime mover stack, heating it to 475°C,
thereby eliminating the need for the most troublesome component in a heat
driven prime mover, the hot heat exchanger. The high intensity sound waves
produced by the prime mover drive a thermoacoustic refrigerator to produce
2.5 watts of cooling power at a cold temperature of 5°C and a temperature
span of 18°C.

© 2000 Acoustical Society of America
PACS numbers: 43.10.Ln, 43.35.Ud [HEB]

Introduction

Recent research efforts in thermoacoustic refaggn have moved away from the use of
electrodynamic loudspeakers as a source of the high intensity sound waves required to power
these devices. In particular, the authors have been successful in building a thermoacoustically
driven thermoacoustic refrigerator (TADTAR), which is powered by electric heater cartridges
delivering 600 watts of heat at 450°C directly to the hot heat exchanger of the prime mover
section, while producing 90 watts of useful cooling power at a cold temperature of 0°C. With
this device, the reliability of thermoacoustic refrigerators has been substantially increased
because of a lack of moving parts associated with an electrodynamic loudspeaker. However,
a new problem has been created as a result of the elevated temperatures at which the prime
mover must operate.

A heat driven TADTAR requires that the prime mover’'s hot heat exchanger be
capable of functioning at very high temperatures. In fact, the hotter this heat exchanger is
capable of operating, the more efficiently the prime mover will function. The reader is
referred to Swift's review and tutorial on thermoacoustic endilvesa complete description
of the physics behind thermoacoustic engines. There is, however, a fundamental temperature
limit to any material used for the heat exchanger. Copper, the most commonly used material
because of its low thermal resistance, is capable only of withstanding temperatures up to
450°C before becoming too soft to maintain its structural integrity. High temperature alloys
such as stainless steel require specialized fabrication techniques, which can be costly and time
consuming and are not always readily available to researchers on a tight budget. Worse yet,
these materials typically have very high thermal resistances relative to copper. Another
possibility would be to apply electric heater wires directly to the hot end of the stack.
However, the authors felt that the simplest solution to this problem was to replace the prime
mover hot heat exchanger and any associated heater elements with direct solar heating.
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Direct solar heating of the prime mover

The idea to use sunlight concentrated and focused by an optical lens as a source of thermal
energy, is not new. People have made use of just such a device for cooking food or heating
water for many years. It is no great surprise, therefore, that a thin plastic Fresnel lens can be
used to focus sunlight directly onto the hot end of a thermoacoustic prime mover or, better
yet, directly onto the hot end of the prime mover stack. In the latter case, no heat exchanger
is required to transfer the heat to the stack.

Reticulated vitreous carbon (RVC) was introduced by the authors as a stack material
for thermoacoustic enginésteplacing previous materials such as plastic roll stacks in
refrigeratord and wire mesh stacks in prime movéran RVC stack is not only easier and
less labor intensive to produce, it also has the ability to withstand extremely high
temperatures in non-oxidizing environments making it an ideal material for high temperature
prime movers. In addition, RVC has a random fibrous structure that eliminates any optical
path for light to penetrate directly through it, which is particularly attractive for direct solar
heating.

Experimental Apparatus

A low-powered prototype of a small temperature span, solar thermal powered TADTAR was
designed, built, and tested at the Naval Postgraduate School in a period of only six months
with the aid of a graphical numerical thermoacoustic engine simulation program developed by
Purdy and Hofler. The goal for this project was to build a compact device capable of
producing five to ten watts of cooling power at 0°C and prove that a solar powered
thermoacoustic refrigerator is not only possible but potentially very practical, simple, and
reliable.

The project’s objective was not necessarily to optimize the design of the refrigerator.
Rather it was to arrive at a simple design that would have a high probability of working the
first time out and produce a measurable amount of refrigeration. The resonator vessel
measures just 0.318 m in length and has a stack diameter of 0.0254 m. A 0.457 m diameter
Fresnel lens with a focal length of 0.61 m was used as the solar collector, delivering an
estimated 100 watts of solar thermal power of heat energy to the prime mover. A 60-pore per
linear inch (ppi) RVC stack was used for the prime mover, whereas a conventional plastic roll
stack with a plate spacing of 0.38 mm was chosen for the refrigerator. To keep the device
entirely solar powered, solar voltaic cells were used to power electric cooling fans impinging
on external heat sinks to reject heat from the prime mover and refrigerator ambient heat
exchangers. The final design, shown in Figure 1, is of a half-wave resonant tube with
pressure anti-nodes at the closed ends.

- 31.57cm
29.91cm -

la—6.36CM— gy
2.59¢cm

PRIME-MOVER REFRIGERATORH
STACK PRIME-MOVER STACK
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220 N
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@ 1.16¢cm
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Fig. 1. An assembly section of the solar powered TADTAR
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L39

The solar TADTAR is designed to operate with an inert gas mixture of 18% argon
and a balance of helium at a pressure of six bar absolute. The two ambient heat exchangers,
the refrigerator cold heat exchanger, and their respective flanges were all made of copper,
whereas the remainder of the resonator was made of stainless steel. Thin walled stainless
steel tubes were used for the stack sections to limit heat conduction along the resonator wall,
while still providing enough strength to withstand temperatures of up to 600°C without the
danger of rupturing. A fused quartz window was located in the prime mover end plate to
allow the focused sunlight to be projected directly onto the hot end of the prime mover stack.
The diameter of this window was kept to a minimum by locating the focal point of the Fresnel
lens close to the window. Three thermocouples were inserted directly into the heat
exchangers, and a fourth was attached to the outside of the prime mover resonator wall at a
location corresponding to the hot end of the prime mover stack. Finally, high temperature
ceramic fiber insulation was used to cover the entire prime mover tube. Figure 2 shows the
TADTAR ready to operate.

Al =

Fig. 2. The solar powered TADTAR ready to run.
Measurements

The solar-powered TADTAR was run during the first two weeks of October when there was
approximately 650 W/mof solar heat flux available or 100 watts from the solar collector
itself. A microphone placed at the refrigerator end of the resonator indicated that a peak
acoustic pressure amplitude of 4.3% of the resonator mean pressure or 26.5 kPa was being
generated by the prime mover. This was obtained with the hot and ambient ends of the prime
mover at an equilibrium temperature of 480°C and 35°C, respectively. The procedure for
quantifying the refrigerator's performance was to measure the cold heat exchanger’s
temperature as a function of time while the device was cooling down and again while it
warmed back up to room temperature after being shut off. These measurements could then be
used to estimate the cooling power and heat9eak.

The rate at which heat is pumped away from the cold end of the refrig€pasex,,
can be determined from the following relation:

dT,

QTOTAL:d_,;:Cp ' (1)
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wheredTy/dt is the time rate of change of the refrigerator’s cold end temperatur€,asd
the total heat capacity of the cold end. The heat capacity is determined by multiplying the
measured mass of the cold end by the heat capacity of the material from which it has been
fabricated.

The time rate of change of the refrigerator’s cold end temperature can be obtained by
assuming that sections of the cool-down or warm-up data can be fitted with an exponential
curve having the form

Te() =Ty + Ae /T, @)

where T¢(t) is the cold temperature as a function of timejs the time at which the
experiment begins, anmdis the cool-down time constanTy is a limiting temperature value
that would be achieved in steady state equilibrium for very long time values. This limiting
value is at or near room temperature for the warm-up data and is defifgg, dsit it is the
limiting coldest temperature observed for the cool-down data and is defifigg,as

The fact that the cool-down data can be fitted with an exponential curve is purely an
empirical result and not derived from a theory for the thermoacoustic refrigeration
mechanism. Taking the time derivative of Eq. (2) gives

dlc _ A ~t-tpr - 1
= = — ' 3
praal —(AT()) 3)
whereAT(t)= T(t)-To. Substituting Eq. (3) into Eq. (1) gives
-C
Qrora =—PAT()=KAT(1) ()
or
kK=—"e, (5)
T

where K is defined as a total thermal conductance. The physical val@ @r the
refrigerator cold end is 70 Joules per degree centigrade.

For the warm-up dat&,_ is a conductance representing the total heat leak from the
ambient end of the refrigerator stack to the cold end. For the cool-down data, wedefine
as a thermal conductance, which corresponds to an “excess cooling” power given by the
difference between the total cooling power of the refrigerator and the heat leak power from
room temperature. The conductances are

K =—2 (6)
and

Kee=—" (7)

cd

where 1,,, and 14 are the warm-up and cool-down time constants, which are obtained by
fitting an exponential curve of the form of Eq. (2) to the warm-up and cool-down data.
Figure 3 shows a plot of the refrigerator cold end temperature as a function of time,
along with a curve fit to the data having the form of Eq. (2). Figure 4 shows a plot of the
warm-up data taken immediately after this cool-down run, as well as a curve fit to the data.
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Fig. 3. A plot of the refrigerator cold heat exchanger temperature as a function of time
showing the data and an exponential fit to the data.
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Fig. 4. A plot of the temperature difference between the refrigerator’'s ambient and cold heat
exchangers as a function of time after the refrigerator had been shut down.

From the curve fits in Figures 3 and 4, the numbers obtained for the cool-down and
warm-up time constants are:

Tq=281s (8)
and

Tou = 509 s, 9
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from which the total conductances are obtained:
Kee = 0.249 W/°C, (20)

Ky = 0.138 W/°C. (11)
The total cooling power is then
Qrc™Qec Q=K AT +K AT,y - (12)

At the largest span observed by the refrigeratakTef = 17.7°C andATgc = 0, the total
cooling power was therefore 2.5 watts. Figure 5 shows a plot of the cooling power as a
function of the cold heat exchanger temperature.
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Fig. 5. A plot of the refrigerator total cooling power as a function of the cold heat exchanger temperature.
Conclusions

Based on these measurements, we believe that solar-powered thermoacoustic refrigeration is a
viable technology worthy of further investigation and significant improvements can be made

in the cooling power available. This could be accomplished by using a larger solar collector
to increase the amount of solar power available and improving the design of the heat
exchangers and insulation. Such a device could be valuable in geographical areas where
sunlight is abundant year round but electrical power is not. Ice could be manufactured during
daylight hours and used to store perishables within an insulated icebox.
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ACOUSTICAL NEWS—USA

Elaine Moran
Acoustical Society of America, Suite INO1, 2 Huntington Quadrangle, Melville, NY 11747-4502

Editor's Note: Readers of this Journal are asked to submit news items on awards, appointments, and other activities about
themselves or their colleagues. Deadline dates for news items and notices are 2 months prior to publication.

New Fellows of the Acoustical Society of America

Charles R. Greene—For contributions Avraham Hirschberg—For contribu- Stephen E. McAdams—For contribu-
to the understanding of the effects of tions to understanding flow dynamics in tions to the perception and cognition of
noise on Arctic marine mammals. musical instruments and in the human music.

voice.
Pranab Saha receives award from Michigan sic Dept., Univ. of Central Florida, P.O. Box 161354,

Orlando, FL 32816-1354; Tel.: 407-823-5116; E-mail:
kkoons@pegasus.cc.ucf.gdu

67—28 July First International AutoSEA Users Conference, San Di-
ego, CA[Vibro-Acoustic Sciences, Attn: Ali Behnam,
12555 High Bluff Dr., Suite 310, San Diego, CA

Society of Professional Engineers

ASA member Pranab Saha was selected as the “2000 Outstandin
Engineer in Private Practice” by the Michigan Society of Professional En-
gineers and the American Consulting Engineers Council of Michigan. Dr.

Saha received his Ph.D. in Mechanical Engineering with a specialty in 92130; Tel.: 858-350-0057; Fax: 858-350-8328;
acoustics from Georgia Institute of Technology. He is a Principal Consultant E-mail: info@vasci.com; WWW: www.vasci.com/
and Co-owner of Kolano and Saha Engineers, Inc., an independent, profes- company/events/asyc/

sional engineering company located in Waterford, Michigan. 2—-4 August 2000 Ultrasonic Transducer Engineering Conference,

University Park, PAK. Kirk Shung, NIH Resource on
Medical Ultrasonic Transducer Technology, Pennsylva-
. nia State Univ., 231 Hallowell Bldg., University Park,
USA Meetings Calendar PA 16802; Tel.: 814-865-1407; Fax: 814-863-0490;
E-mail: kksbio@engr.psu.ediu
Eighth Annual Conference on the Management of the
Tinnitus Patient, lowa City, IA[Richard Tyler; Tel.:

Listed below is a summary of meetings related to acoustics to be heltél_23 September
in the U.S. in the near future. The month/year notation refers to the issue in

which a complete meeting announcement appeared. 391-356-2471; E-mail: tyler@uiowa.edu; WWW:
www.medicine.uiowa.edu/otolaryngology/news/néws
2000 22-25 October IEEE Ultrasonics Symposium, San Juan, Puerto Rico
22-24 June 2000 Binaural Hearing, Hearing Loss & Hearing [R. Almar, 896 Buttonwood Ln., Altamonte Springs,
Aids, lowa City, IA [Richard Tyler; Tel.: 391-356- FL 32714, Fax: 407-290-5181,; WWW:
2471; E-mail: tyler@uiowa.edu; WWW: www.uffcsymp2000.org
www.medicine.uiowa.edu/otolaryngology/news/n¢ws  4—8 December Joint Meeting: 140th Meeting of the Acoustical Society
13-16 July ClarinetFest 2000, Norman, QBr. Keith Koons, Mu- of America/NoiseCon 2000, Newport Beach, CA
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[Acoustical Society of America, Suite 1INO1, 2 Hun- 4-8 June
tington Quadrangle, Melville, NY 11747-4502; Tel.:
516-576-2360; Fax: 516-576-2377, E-mail:
asa@aip.org; WWW: asa.aip.drg

2001
30 April-3 May 2001 SAE Noise & Vibration Conference & Exposi-
tion, Traverse City, M[Patti Kreh, SAE Int'l., 755 W.
Big Beaver Rd., Suite 1600, Troy, M| 48084; Tel.: 248-
273-2474; Fax: 248-273-2494; E-mail: pkreh@sad.org
Deadline for submitting abstracts: 14 July 2000.

7-10 October
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141st Meeting of the Acoustical Society of America,
Chicago, IL [Acoustical Society of America, Suite
1INO1, 2 Huntington Quadrangle, Melville, NY 11747-
4502; Tel.: 516-576-2360; Fax: 516-576-2377; E-mail:
asa@aip.org; WWW: asa.aip.drg

2001 IEEE International Ultrasonics Symposium Joint
with World Congress on Ultrasonics, Atlanta, G .
O'Brien, Electrical and Computer Engineering, Univ.
of Illinois, 405 N. Mathews, Urbana, IL 61801; Fax:
217-244-0105; WWW: www.ieee-uffc.org/20p1
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ACOUSTICAL NEWS—INTERNATIONAL

Walter G. Mayer
Physics Department, Georgetown University, Washington, DC 20057

Papers published in JASJ (E)

A listing of Invited Papers and Regular Papers appearing in the latest

issue of the English language version of ffrurnal of the Acoustical Soci-

September 2000
3-6

ety of JapanJASJE), was published for the first time in the January 1995 13-15
issue of the Journal. This listing is continued below.

The March issue of JASH), Vol. 21, No. 2(2000 contains the fol-
lowing contributions:

T. S. Hsu and K. A. Poornima, “Temperature prediction of the voice coil of

a moving coil loudspeaker by computer simulation”
K. Okanoya, “Perception of missing fundamentals in zebra finches andt8-22
Bengalese finches”
A. Preis, M. Ishibashi, and H. Tachibana, “Psychoacoustic studies on as?9-1
sessment of floor impact sounds”
K. Shinoda and T. Watanabe, “MDL-based context-dependent subword
modeling for speech recognition”
T. Otsuru and R. Tomiku, “Basic characteristics and accuracy of acoustic
element using spline function in finite element sound field analysis”
K. Oku, A. Yarai, and T. Nakanishi, “A new tuning method for glass harp 3-5
based on a vibration analysis that uses a finite element method”

International Meetings Calendar

17-21

October 2000

3-6

Below are announcements of meetings to be held abroad. Entries |oré"-2_14

ceded by art are new or updated listings with full contact addresses given
in parenthesesMonth/yearlistings following other entries refer to meeting
announcements, with full contact addresses, which were published in prev

ous issues of théournal

June 2000
5-9

6-9

14-17

July 2000
4-7

9-13

10-13

10-14

August 2000
28-30

31-2
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International Conference on Acoustics, Speech and

Signal ProcessingICASSP-2000, Istanbul.(Fax: +1

410 455 3969; Web: icassp2000.sdsu)esl99

5th International Symposium on Transport Noise

and Vibration, St. PetersburgFax: +7 812 127 9323;
E-mail: noise@mail.rcom.yu6/99

IUTAM Symposium on Mechanical Waves for Com-

posite Structures Characterization Chania. (Fax:

+30 821 37438; Web: www.tuc.gr/iutani0/99

7th International Congress on Sound and Vibration

Garmisch-Partenkirchen(Fax: +49 531 295 2320;
Web: www.iiav.org/icsv7.html12/98

19th International Congress on Education of the
Deaf & 7th Asia-Pacific Congress on DeafnesSyd-
ney. (Fax: +61 2 9262 3135;
www.iced2000.com4/00

5th European Conference on Underwater Acoustics
Lyon. (Fax: +33 4 72 44 80 74
www.ecua2000.cpe)fr12/99

5th International Conference on Mathematical and
Numerical Aspects of Wave Propagation Santiago
de CompostelalWeb: www.usc.es/waves2008/00

INTER-NOISE 2000, Nice. (Fax: +33 1 47 88 90 60;
*New Web: internoise2000.loa.espci.6/99
International Conference on Noise & Vibration Pre-
Design and Characterization Using Energy Methods

(NOVEM), Lyon. (Fax: +33 4 72 43 87 12; Web:

www.insa-lyon.fr/laboratories/Iva.htmn6/99

Web:

Web:

16-18

16-20

November 2000
24-27

August 2001
28-30

September 2001
2-7

10-13

October 2001
17-19

September 2002
16-21

0001-4966/2000/107(6)/2941/1/$17.00

5th French Congress on Acoustics—Joint Meeting of
the Swiss and French Acoustical Societietausanne.
(Fax: +41 216 93 26 734/99

International Conference on Noise and Vibration
Engineering (ISMA 25), Leuven.(Fax: +32 16 32 24
82; E-mail: lieve.notre@mech.kuleuven.ag.t/99
Acoustical Society of Lithuania 1st International
Conference Vilnius. (Fax: +370 2 223 451; E-mail:
daumantas.ciblys@ff.vu)l8/99

47th Seminar on Acoustics(OSA2000, Zalew Solin-
ski, Poland.(E-mail: osa@atena.univ.rzeszow.g/00
*Tone Wood Forum, Quesnel, BC, Canadal. Griffin,
Island Mountain Arts, P.O. Box 65, Wells, BC
VOK 2RO, Canada; Fax+1 250 994 3433; Web:
www.imarts.com

WESTPRAC Vil , Kumamoto. (Web:
cogni.eecs.kumamoto-u.ac.jp/others/westpr&J8
EUROMECH Colloquium on Elastic Waves in
NDT, Prague. (Fax: +420 2 858 4695; E-mail:
ok@bivoj.it.cas.cz 10/99

International Conference on Newborn Hearing
Screening Milan. (Fax: +39 2 23993367/.60; Web:
www.biomed.polimi.it/nh20002/00

2nd Iberoamerican Congress on Acoustics, 31st Na-
tional Meeting of the Spanish Acoustical Society,
and EAA Symposium Madrid. (Fax: +34 91 411
7651; E-mail: ssantiago@fresno.csig.&2/98

6th International Conference on Spoken Language
Processing Beijing. (Fax: +86 10 6256 9079; Web:
www.icslp2000.orgy 10/98

*21st Tonmeistertagung(VDT International Audio
Convention), Hannover, GermanyConvention Office
VDT, Am Zaarshaschen 9, 51427 Bergisch-Gladbach,
Germany; Fax+49 2204 21584; Web: www.tonmeis-
ter.de

INTER-NOISE 2001, The
internoise2001.tudelft.nl6/99

Hague. (Web:

17th International Congress on Acoustics(ICA),

Rome.(Fax: +39 6 4424 0183; Web: www.uniromal.it/
energ/ica.html10/98

International Symposium on Musical Acoustics
(ISMA 2001), Perugia. (Fax: +39 75 577 2255;
E-mail: perusia@classico).if.0/99

32nd Meeting of the Spanish Acoustical SociefyLa
Rioja. (Fax: +34 91 411 76 51; Web: www.ia.csic.es/
seal/index.htm|10/99

Forum Acusticum 2002 (Joint EAA-SEA-ASJ Meet-
ing), Sevilla. (Fax: +34 91 411 7651; Web:
www.cica.es/aliens/forum2002/00
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REVIEWS OF ACOUSTICAL PATENTS

Lloyd Rice
11222 Flatiron Drive, Lafayette, Colorado 80026

The purpose of these acoustical patent reviews is to provide enough information for a Journal reader to
decide whether to seek more information from the patent itself. Any opinions expressed here are those of
reviewers as individuals and are not legal opinions. Printed copies of United States Patents may be
ordered at $3.00 each from the Commissioner of Patents and Trademarks, Washington, DC 20231.

Reviewers for this issue:

GEORGE L. AUGSPURGER, Perception, Incorporated, Box 39536, Los Angeles, California 90039
RONALD B. COLEMAN, BBN Technologies, 70 Fawcett Street, Cambridge, Massachusetts 02138
DAVID PREVES, Songbird Medical, Inc., 5 Cedar Brook Drive, Cranbury, New Jersey 08512

5,933,509 5,943,431

43.38.Ja BAND PASS SPEAKER 43.38.Ja LOUDSPEAKER WITH TAPERED SLOT
George Wu, Simi Valley, California COUPLER AND SOUND REPRODUCTION
3 August 1999(Class 381345 filed 18 April 1997 SYSTEM

In a sealed/vented bandpass system, the loudspeaker is buried inside
the enclosure and a removable panel must be provided to install the speaker. .
This invention configures the design as a sealed box nested in a shell. The Florida )
space between the two defines the front chamber and the vent. The assembly 24 August 1999(Class 381309); filed 6 March 1997
is held together by two bolts and no airtight gaskets are required. A simple, Conventional loudspeakédrl is mounted to baffle boarii4. Sound is
squirted through a small aperture and emanates from a miniaturized Karlson
tapered slot couplet5, which looks somewhat like the pouring spout on a
box of salt. The patent asserts that this little gadget has the miraculous

Alan Weiss and Thomas Brown, both of North Lauderdale,

clever idea. However, the patent document is not content with simplicity. It
would have us believe that, “The present invention is a breakthrough in the
new generation of tight and focused bass...driving all the sound waves
through and out a sound wave focusing pocket.” Oh well, the geometry is
still clever.—GLA

5940 347 property of maintaining uniformly wide horizontal coverage and well-
! ! defined vertical coverage regardless of frequency. The patent was issued so

43.38.Ja DIRECTED STICK RADIATOR it must be true.—GLA

Hans-Joachim Raida, Koelm, Germany and Oscar Friedrich
Bschorr, Munich, Germany

17 August 1999(Class 367139); filed in Germany 26 November
1996

An elongated mechanical delay line is driven at one end by an electro-
dynamic actuator and terminated at the other end by passive or active
means. In between, a multiplicity of “transformer elements” convert me- 5,952,620
chanical energy into acoustical energy. By adjusting propagation velocity
and the properties of transformer elements, a variety of directional charac43.38.Ja OMNI-DIRECTIONAL SUB-BASS
teristics can be achieved. The patent includes numerous charts, diagramsQUDSPEAKER
and impressive math equations.

So far, so good. However, the inventors assume that such a device not
only can be smaller and more efficient than an array of conventional loud-
speakers, but can have virtually unlimited bandwidth extending from infra-
sonic to ultrasonic frequencies. There is no hint that a prototype has actually
been built or tested, but every conceivable variation is covered in at least By configuring the Bose two-chamber bandpass dedinited States
one of the 63 patent claims.—GLA Patent 4,549,631as a generally spherical enclosure, the inventors have

Peter A. Hamilton and Mikhail Malkovitch, assignors to Sonic
Systems, Incorporated
14 September 1999Class 181153); filed 22 October 1997
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at hand is a fairly complex method of equalizing a practical multi-channel
playback system in which loudspeakers are not located symmetrically in
relation to the preferred listening location.—GLA

LR

5,970,152

43.38.Vk AUDIO ENHANCEMENT SYSTEM FOR
USE IN A SURROUND SOUND ENVIRONMENT

Arnold I. Klayman, assignor to SRS Labs, Incorporated
19 October 1999(Class 3811); filed 30 April 1996

The inventor holds several previous patents relating to stereo sound
enhancement. This latest invention is intended to improve 5.1 multi-channel
sound reproduction by using dynamic electronic processing to create a more
diffuse surround sound field and smoother panning between the five full-
range loudspeakers.—GLA
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5,945,642
43.38.Zc ACOUSTIC HORN

Satinder K. Nayar et al, assignors to Minnesota Mining and
Manufacturing Company
31 August 1999(Class 181184); filed 13 March 1998

Funny, it doesn’t look like a horn. Most readers will assume that an
acoustic horn operates in air. In this case, however, the horn is a machine
tool made of solid aluminum or titanium. It is used to couple mechanical

managed to achieve nondirectional propagation of very low frequencies.
What won't they think of next?—GLA

5,930,373 energy at ultrasonic frequencies. The invention is an improved design incor-
43.38.L.c METHOD AND SYSTEM FOR ENHANCING 12.X_\
UALITY OF SOUND SIGNAL
Q e

Meir Shashoua and Daniel Glotter, assignors to K. S. Waves
Limited
27 July 1999(Class 38199); filed 4 April 1997

777
AR AN

Stimulated by a suitable series of harmonics, the human hearing

mechanism will perceive a fundamental frequency even if the actual funda- 20_’\&\6
mental is absent. The phenomenon has been used to generate “synthetic 10 \\ —18a
bass” in pipe organs and later in radio receivers and phonographs. This \ &
patent brings the concept into the computer age with sophisticated psycho- S -
acoustic algorithms. The invention is interesting and the patent is clearly “
written.—GLA ~ &
16- N <
5,943,427 ~ &
&
43.38.Vk METHOD AND APPARATUS FOR THREE S P
DIMENSIONAL AUDIO SPATIALIZATION Q
~ = -18b
Dana C. Massieet al, assignors to Creative Technology Limited -
24 August 1999(Class 38117); filed 21 April 1995 ~ &
The patent describes a sophisticated method for generating virtual “ &

sound sourcegincluding moving sourcgsfrom two speakers. “Three-
dimensional audio spatialization capabilities can be provided to video
games, multimedia computer systems, virtual reality, cinema sound systems,
home theater, and home digital audio systems.”—GLA

N

porating cutout=20 distributed along its length, thus establishing a natural
5949 894 resonance frequency lower than the nominal halfwave frequency of the
' ' device.—GLA

43.38.Vk ADAPTIVE AUDIO SYSTEMS AND SOUND
REPRODUCTION SYSTEMS 5,899,443

Philip Arthur Nelson et al, assignors to Adaptive Audio Limited 43.40.Vn PASSIVE-ACTIVE VIBRATION ISOLATION
7 September 1999 Class 381300); filed 18 March 1997

One general class of playback equalization methods uses adaptive
digital filters to simultaneously correct time and frequency domain irregu- as represented by the Secreta\_ry of the Navy
larities. The result can be startlingly effective so long as nothing changes, 4 May 1999(Class 267140.19; filed 22 October 1996
including temperature, humidity, and the exact positions of loudspeakers  An activated air mount is described. The foundation plate of the pas-
and listener. Numerous previous patents address the problem of opening @pve air mount is equipped with vibration sensors and inertial actuators. The
the listening area while retaining the benefits of equalization. The inventiomominally collocated sensors and actuators are used in a feedback control

Jen-Houne Hannsen Su, assignor to the United States of America
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system to reduce transmissibility of the mount. A similar approach is dis- 5,792,999
cussed for use with elastomeric mounts, and for controlling multiple re-

sponse directions of the foundation plate.—RBC 43.50.Gf NOISE ATTENUATING IN PORTED
ENCLOSURE

Finn Arnold and Stephen R. O’Dea, assignors to Bose
Corporation
11 August 1998(Class 181141); filed 23 January 1997

5,906,254 Yes, a Helmholtz resonator can be used to attenuate the noise2 fan
43.40.Vn ACTIVE SYSTEMS AND DEVICES without blocking the flow of cooling air passing over electronic circult8y
INCLUDING ACTIVE VIBRATION ABSORBERS

28 24 30
(AVAS) 1 ( / [
Warren E. Schmidt et al,, assignors to Lord Corporation 14 I l r l r
25 May 1999(Class 188379); filed 11 October 1995 ~—~=_18 _r 16
A flexibly-mounted active vibration absorb&kVA) is described that 2?
has a secondary controllable mads. If the passive resonance of the mass N

M, of the tuned absorber is insufficient to control the input vibration, a
secondary mashl; is vibrated at a frequency, amplitude, and phase suffi-

[ Syl

Y

22
7 23
//// 2. 127 24
—~ b It can also do double duty by being combined with the bandpass speaker
= ‘ 13

/ J

-24 \J\ 17 s system from which it was derived.—GLA
7 g 7
Prds” . _’f*l9 43.50.Ki METHOD AND APPARATUS FOR MULTI-

- CHANNEL ACTIVE CONTROL OF NOISE OR
My s ) VIBRATION OR OF MULTI-CHANNEL SEPARATION
OF A SIGNAL FROM A NOISY ENVIRONMENT

Felix Rosenthal, Annandale, Virginia
29 June 1999(Class 38171.1)); filed 3 December 1996

~l:\ A frequency-domain algorithm for multi-channel feedforward control
- 10 or signal separation is described. The approach calculates the expected val-

ues of the reference-to-reference and reference-to-residual cross-spectral-

cient to make up the deficiency in mal,. Many embodiments are de-  yonsity (CSD) matrices. These matrices, together with an estimate of the
scribed that depict variations on the first spring used for flexibly mountingp ot transfer matrix, are used to solve for the control-filter coefficients. In

the AVA, the actuators used to drive the AVA, and features of the attach+,ger to account for possible ill-conditioning of the reference-to-reference
ment to a vibrating member.—RBC

CSD matrix, singular-valued-decomposition and thresholds are used to im-
prove the conditioning of this matrix prior to solving the Wiener-filter equa-
tion for the control filter coefficients.—RBC

5,984,062
43.40.Vn METHOD FOR CONTROLLING AN 5,978,489
ACTIVE TRUSS ELEMENT FOR VIBRATION 43.50.Ki MULTI-ACTUATOR SYSTEM FOR ACTIVE
SUPPRESSION SOUND AND VIBRATION CANCELLATION
James E. Bobrow and Faryar Jabbari, both of Irvine, California Eric Andrew Wan, assignor to Oregon Graduate Institute of
16 November 1999Class 188379); filed 24 February 1995 Science and Technology

An active truss element and control law are described to dissipate 2 November 1999(Class 38171.1; filed 4 May 1998
energy during the motion of a structure, such as a building excited by seis-  An alternative algorithm to the Widrow Filtered-X LMS algorithm for
mic excitation. A decentralized switching control law is used along with afeedforward control is presented. The algorithm filters the error signals, as
compressible fluid in the truss element. The truss element retains its maxapposed to filtering the reference signals, to obtain the drive signals for the
mum stiffness, but has a resettable nominal unstressed length. Energy #&tuators. For multiple-input—multiple-output systems, the algorithm is
absorbed in the working fluid of the truss element through heat transfer telaimed to provide a significant reduction in computational complexity. It is
the environment when the nominal length is reset. The control law issimilar, if not the same, as the control algorithms described by Strothers and
claimed to be insensitive to changes in structural parameters such as magsliott in United Kingdom Patent Applications 9222102.7 and 9405953.2.—
stiffness, and damping.—RBC RBC
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5,987,144 5,940,798

43.50.Ki PERSONAL ACTIVE NOISE 43.70.Dn FEEDBACK MODIFICATION FOR
CANCELLATION METHOD AND DEVICE HAVING REDUCING STUTTERING
INVARIANT IMPULSE RESPONSE

John F. Houde, assignor to Scientific Learning Corporation

Christian Carme and Alain Roure, assignors to Technofirst; 17 August 1999(Class 704271); filed 31 December 1997
Centre National de la Recherche Scientifique _ It has long been known that auditory feedback of a stutterer's voice
16 November 1999(Class 38172); filed in France 4 April 1995 with a delay on the order of 50 ms will significantly reduce the stuttering.

An active control system is described to reduce the local sound fielddowever, the improvements disappear when the feedback is discontinued.
around the head of a passenger sitting on an automobile or aircraft seat. TH&IS system, based on a newer model of human speech control mechanisms,
system uses speakers and residual microphones located within a cavity in
the seat near the passenger’s head. Remote reference sensors are filtered by 70
a digital controller to generate drive signals to the speakers. A LMS-based L
algorithm is used to minimize the mean-square response of the residual
microphones. The system supports plant identification as well as control
functionality. The authors claim that the mechanical design of the seat cav-
ity holding the speakers and microphones is such that the plant transfer
functions are invariant relative to passenger head location.—RBC

5.991.663 adds a small amplitude perturbation to the feedback. This “tricks” the vocal
' ' tract controls into reducing an internal gain setting. The beneficial effects
43.64.Me MULTIPLE PULSE STIMULATION are said to persist after the auditory feedback is stopped.—DLR
Laurence Irlicht and Graeme Clark, assignors to The University 5,946,649
of Melbourne
23 November 1999Class 60757); filed 17 October 1995 43.70.Dn ESOPHAGEAL SPEECH INJECTION

A cochlear implant stimulation strategy seeks to change the time dofNQISE DETECTION AND REJECTION
main response of a patient’s neural system for acoustic stimuli to an ap-

proximation of that of a normal-hearing person to the same stimuli. A table Hector Raul Javkin et al, assignors to Technology Research
look-up is used after analysis of the electrical signals produced by the acous- Association of Medical Welfare Apparatus

tic signals to identify portions of the signal corresponding to one of a group 31 August 1999(Class 704203); filed 16 April 1997

of predefined features. The resultant are stimuli to be presented via the

electrode array.—DAP United States Patent 5,890,111, reviewed previously, described a

method for reducing disturbing, artificial noises generated by an esophageal
speech device. This patent presents an alternative method for achieving the
same result. A FFT analysis is done of the esophageal speech. A few rules

5,991,417 testing timing and spectral features detect normal speech, injection noise, or
silence.—DLR

43.66.Ts PROCESS FOR CONTROLLING A

PROGRAMMABLE OR PROGRAM-CONTROLLED 5.930.747
HEARING AID FOR ITS IN-SITU FITTING
ADJUSTMENT 43.72.Ar PITCH EXTRACTION METHOD AND
DEVICE UTILIZING AUTOCORRELATION OF A

Jan Topholm, assignor to Topholm & Westerman ApS PLURALITY OF FREQUENCY BANDS

23 November 1999(Class 38160); filed 2 May 1995

To prevent acoustic feedback oscillation in fitting persons with more Kazuyuki lijima et al,, assignors to Sony Corporation
severe hearing losses, an automatic adjustment is made on the maximum 27 July 1999(Class 704207); filed in Japan 1 February 1996
gain in at least one of several frequency bands via continuous monitaring This device is similar to the traditional autocorrelation pitch detector,

situ of ear canal SPL. If oscillation is still detected at the lowest gain Ievels,except that there are two of them. One channel follows a high-pass filter, the

or if too much background noise is detected, the fitting processes stopgiher, a low-pass filter. Pitch evaluation steps following each autocorrelation

automatically. —DAP determine the best pitch estimate based on the known error characteristics of
each channel.—DLR

5,991,419 5,930,749
43.66.Ts BILATERAL SIGNAL PROCESSING 43.72.Ar MONITORING, IDENTIFICATION, AND
PROSTHESIS SELECTION OF AUDIO SIGNAL POLES

Richard Brander, assignor to Beltone Electronics Corporation WITH CHARACTERISTIC BEHAVIORS, FOR
23 November 1999(Class 381312); filed 29 April 1997 SEPARATION AND SYNTHESIS OF SIGNAL
CONTRIBUTIONS

A binaural hearing aid fitting is described in which a miniature, low-
current rf wireless link transceiver operating from a 1.1-V power source
couples processed signals from one side of the head to the other. Algorithms Machines Corporation
that utilize differences between signals from both sides of the head enhance )
directionality, cancel noise from the sides of the wearer with adaptive or 27 July 1999(Class 704228); filed 2 February 1996
fixed processing, and spread out signal source locations perceptually. The  This audio signal classifier computes the transfer function poles from a
system may either be asymmetric using one signal processor for the twlinear prediction analysis of each frame. Based on a characterization of the
outputs, or may use two signal processors for the two outputs.—DAP pole movements, the frame is then analyzed into different audio compo-

Stephane Herman Maes, assignor to International Business
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nents, such as speech, music, a particular background signal, etc. Those i-2 i-1 i i+1
poles contributing to the target signal are extracted, allowing the target FRAME

signal to be cleaned up, substantially reducing the unwanted signals.—DLR
10000 l
1
INPUT VOICE 0 |
SIGNAL Xs
-10000
5,933,805 ' |
SUB-FRAME PWR. 5007 ’ ]
43.72.Ar RETAINING PROSODY DURING SPEECH SHORT PD. AVG. PAs i , AUI[T{
ANALYSIS FOR LATER PLAYBACK ot—b—tr iyl |
Dale Bosset al, assignors to Intel Corporation problem of failure to detect a voice start when it occurs very late in a
3 August 1999(Class 704249); filed 13 December 1996 frame.—DLR
This is a version of what was known in the 1970s as a phoneme
vocoder. A segmer(phoneme classification is performed using recognition
technology. There is a brief mention, without elaboration, that recognized
words, phrases, or sentences might be useful for error correction at the
phonetic level. Each segment is transmitted with pitch, amplitude, and du-
ration information from a prosodic analysis. At the receiver, standardized 5,946,650
baseline values, such as average pitch or amplitudes, may be inserted. These
are referred to as “voice fonts.”—DLR 43.72.Ar EFFICIENT PITCH ESTIMATION METHOD

Ma Wei, assignor to Tritech Microelectronics, Limited
31 August 1999(Class 704207); filed 19 June 1997

This speech pitch tracker begins simply enough with center clipping
and low-pass filtering. These are followed by a series of error checking
5,937,374 procedures, including auto- and cross-correlations in adjacent, variable-

length windows, finding the minima of functions of those correlations and a
43.72.Ar SYSTEM AND METHOD FOR IMPROVED final test for pitch doubling—DLR
PITCH ESTIMATION WHICH PERFORMS
FIRST FORMANT ENERGY REMOVAL FOR A
FRAME USING COEFFICIENTS FROM A PRIOR

FRAME
John G. Bartkowiak and Mark A. Ireton, assignors to Advanced 5,937,070
Micro Devices, Incorporated
10 August 1999(Class 704209); filed 15 May 1996 43.72.Dv NOISE CANCELLING SYSTEMS
This linear prediction(LP) vocoder is mostly of traditional design, Chris Todter, San Diego, California, et al.
including the use of a switched pulse or noise excitation source. The novel 10 August 1999(Class 38171.6); filed in Australia 14 September

element is a look-ahead pitch analysis. From the LP coefficients of the 1990

=t This active noise cancelling system uses one or more additional mi-
3485 B pere Trettormat crophones positioned so as to pick up the output of a loudspeaker in the

P perod
W period communications loop. The loudspeaker cone resonance and other transfer
J’\ A ‘ﬂ,. i AAVAVAUA“WA‘IW M \‘M%

\’/ VV V v VV V 56 Earphone

2008 H Load Speaker

K' ] or "

Noise
Cancelling

Ear
previous frame, a two-pole spectral model is extracted. This model is used

to prefilter the next frame, improving the accuracy of the pitch estimate on
that frame prior to the normal LP analysis.—DLR

Source

Microphone
5,937,375
43.72.Ar VOICE-PRESENCE/ABSENCE

52 Block
I
51 Avdio Line AMP|
DISCRIMINATOR HAVING HIGHLY RELIABLE 8l

LEAD PORTION DETECTION <v'>//f,

Kazuo Nakamura, assignor to Denso Corporation External 2-Way

10 August 1999(Class 704215); filed in Japan 30 November 1995 Mouth Audio Communication

This voice presence detector uses an improved method of detecting tHfgnction characteristics are determined when the system is not in use for
beginning of an utterance. Each frame is divided into four subframes and apeech. An on-line, adaptive noise compensation computation is also
speech energy computation is performed in each subframe. This avoids described.—DLR
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5,933,808 "The cat sleeps.”

43.72.Ew METHOD AND APPARATUS FOR oeSouwe D UX k AE t s 1 Y p s
GENERATING MODIFIED SPEECH FROM PITCH-
SYNCHRONOUS SEGMENTED SPEECH e

WAVEFORMS

George S. Kang and Lawrence J. Fransen, assignors to the United 2
States of America as represented by the Secretary of the Navy normal

3 August 1999(Class 7042798); filed 7 November 1995

The patent describes a method of identifying the pitch period of a 3
speech signal for purposes of pitch, rate, or other alterations of the signal. A breathy
running histogram is computed from a low-pass filtered version of the input
L) oLd L | |
PITCH PERIOD T g = R =
STARTING POINT 3 24 E & E & E ]
26 126 ] 73 ] ] g o
wiu PERIOD "r_/y 5
normal stress breathy

dB| /501 dB &503 dB /505
T frequency frequency frequency
WW/\N from synthesizers, such as used in typical text-to-speech systems. The dis-

cussion seems to concentrate primarily on the spectral rolloff of the source.

CENTROID HISTOGRAM  LOCAL MINIMUM In addition to adjusting the rolloff, the device can switch or fade rapidly
SAMPLES /82 LOCATION a /99 between sources.—DLR
(b) CENTROID HISTOGRAM WAVEFORM
5,935,193
signal. A local minimum of the histogram indicates a suitable cutting point
according to a centroid definition.—DLR 43.72.Ja CAR NAVIGATION SYSTEM

Masahiro Saiki, assignor to Matsushita Electric Industrial
Company, Limited
10 August 1999(Class 701211); filed in Japan 7 September 1995

This automobile navigation system includes an elaborate audio system

5,937,381 used for playback of the synthesized navigation data. Various voices are

used to indicate different functions. Synthesized spatial patterns and ampli-

43.72.Fx SYSTEM FOR VOICE VERIFICATION OF tude variations for the voice source can be used to indicate the direction of
TELEPHONE TRANSACTIONS referenced objects, oncoming traffic, etc.—DLR

William Yee-Ming Huang et al, assignors to ITT Defense,

Incorporated 5,940,791

10 August 1999(Class 704247); filed 10 April 1996 43.72.Ja METHOD AND APPARATUS FOR SPEECH
This speaker verification system for telephone use is based on knOW%NALYSIS AND SYNTHESIS USING LATTICE
speech recognition technology with improvements to speed up operatior).
An applicant is prompted to speak one of about 24 predetermined phrase .ADDER NOTCH FILTERS
Speech recognition methods, including Viterbi decoding, are used to seg-
ment the input speech and to attach phonetic labels. Only segments with
matching phonetic labels are compared in the speaker verification steps.—
DLR

Christopher 1. Byrnes and Anders Lindquist, assignors to
Washington University
17 August 1999(Class 704219); filed 9 May 1997

A speech analyzer is presented which recovers both poles and zeroes
in the spectrum model. As this reviewer understands the presentation in
thick patentese, the method consists of performing a standard all-pole analy-
sis, inserting zeroes according to one or more simple procedures, and then

5,930,755

43.72.Ja UTILIZATION OF A RECORDED SOUND
SAMPLE AS A VOICE SOURCE IN A
SPEECH SYNTHESIZER

Mark L. Cecys, assignor to Apple Computer, Incorporated
27 July 1999(Class 704260); filed 11 March 1994

The patent makes the assertion that the complicating factors in the
design of a voicing source for a formant synthesizer have been identified
and mastered such that segments of real speech or various nonspeech sounasing an iterative spectral matching loop until a satisfactory pole-zero
can be appropriately adapted for use as a high-quality voicing source. l&pproximation has been reached. The final speech spectral filter is imple-
true, this would provide new degrees of flexibility and output speech qualitymented in an augmented lattice configuration as shown in the figure.—DLR
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5,940,797 5,940,794

43.72.Ja SPEECH SYNTHESIS METHOD UTILIZING 43.72.Ne BOUNDARY ESTIMATION METHOD OF
AUXILIARY INFORMATION, MEDIUM SPEECH RECOGNITION AND SPEECH
RECORDED THEREON THE METHOD AND RECOGNITION APPARATUS

APPARATUS UTILIZING THE METHOD
Yoshiharu Abe, assignor to Mitsubishi Denki Kabushiki Kaisha

Masanobu Abe, assignor to Nippon Telegraph and Telephone 17 August 1999(Class 704253); filed in Japan 2 October 1992
Corporation What this patent refers to as a boundary estimation problem is what is

17 August 1999(Class 704260); filed in Japan 24 September 1996 mgre commonly called phonetic segmentation. Utterance boundary detec-

The patent describes in some detail the prosody controls for a text-totion is not the issue. What is done is a preliminary mel-scaled cepstral
speech synthesizer, while only briefly mentioning a clearly inadequate phoanalysis of each speech frame. Based on stability of the coefficients across a
netic segment synthesis strategy. Prosodic information is combined from &mall number of nearby frames, the frame is assigned a probability of rep-
word dictionary lookup, extracts from recordings of human speech, and &esenting a phonetic transition. The resulting transition probability assign-
fairly elaborate syntactic analysis. The primary application is the adaptatiofiments are then used to improve the performance of the following segment
of prerecorded synthesis materials when changes are required but the origlassifier.—DLR
nal speaker is no longer available.—DLR

5,946,651

43.72.Ja SPEECH SYNTHESIZER EMPLOYING
POST-PROCESSING FOR ENHANCING
THE QUALITY OF THE SYNTHESIZED SPEECH

5,937,384

43.72.Ne METHOD AND SYSTEM FOR SPEECH
RECOGNITION USING CONTINUOUS
DENSITY HIDDEN MARKOV MODELS

Kari Jarvinen and Tero Honkanen, assignors to Nokia Mobile
Phones
31 August 1999(Class 704223); filed 13 June 1996

10 August 1999(Class 704256); filed 1 May 1996
Disclosed is a method for improving the perceptual quality of the . . .
speech produced by a code-excited linear prediction vocoder receiver. Thlﬁ uthheeg;t]egit ﬂzlscg'nb;saahggéioiﬂgc:rkér\?pr;%\gggﬂm ;a gaf:ngstﬁezn an
method is particularly suitable for a vocoder having a split excitation code- p P 9 - - quenc
book, with a fixed part and an adaptive part. A correction or enhancemer‘c‘?peeCh recognizer, especially in the case where sparse fraining data has

Xuedong D. Huang and Milind V. Mahajan, assignors to
Microsoft Corporation

signal is derived from the adaptive codebook and is added to the overa |m.|tgd the de_ﬂnltlon of some of the H.MM density functions. The avallable_
- . . - raining data is used to train context-independent HMMs for each phonetic
original codebook output, either before or after spectral information is added ". ; ; )
. . . . nit as well as the set of available context-dependent HMMs. An estimate is
by the short-term LPC filter. Said to have the greatest effect during voice - . )
. S ) hen generated to indicate the probability that an undefined context would be
intervals, the enhancement seems to operate primarily by cleaning up the : : PP .
. A approximated by the available training information.—DLR
pitch periodicity.—DLR

5,930,753
5,937,385
43.72.Ne COMBINED FREQUENCY WARPING AND
SPECTRAL SHAPING IN HMM BASED 43.72.Ne METHOD AND APPARATUS FOR
SPEECH RECOGNITION CREATING SPEECH RECOGNITION GRAMMARS

CONSTRAINED BY COUNTER EXAMPLES

Alexandros Potamianos and Richard Cameron Rose, assignors to
AT&T Corporation Wilodek Wlodzimierz Zadrozny and Nandakishore Kambhatla,

27 July 1999(Class 704256); filed 20 March 1997 assignors to International Business Machines Corporation

One of the primary sources of difference in an individual's speech as 10 August 1999(Class 704257); filed 20 October 1997
compared to an ensemble of speakers is a shift in the frequencies of corre-  Most speech recognition patents deal with problems in the phonetic
sponding formant patterns. However, accounting for the frequency shift$natching area. This one concerns a less commonly seen area, that of gram-
alone is not sufficient. This patent covers a method of combining frequencynar management, or more specifically, automatic grammar management.

Based on a set of sample phrases, a trial grammar is proposed to cover the

KH set of utterances allowable at a certain point in the dialogue. The full set of

_-WH incr | yaL.

mel-scale fillerbanl

A Si i o MOVE MONEY TO CHECKING
W,AM ol Er |- 102 - Aiene ipet A" MOVE MONEY TO SAVINGS
[ I Lm..m — TRANSFER T0 OPERATOR

6 . TRANSFER MONEY TO  CHECKING
—- o0 IpcT | TRANSFER MONEY TO SAVINGS

mel-scale filterbank

shifts with linear spectral amplitude changes to improve recognition acrospossible phrases is then generated using that grammar and a machine or
speakers. Frequency shifting is done in the cepstral coefficient space, whileuman judge identifies the nonapplicable counter examples. These are fed
spectral warping is done by adapting the HMM mixture Gaussianback into a grammar revision step, which produces an updated grammar.—
parameters.—DLR DLR
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5,937,383 5,946,653

43.72.Ne APPARATUS AND METHODS FOR 43.72.Ne SPEAKER INDEPENDENT SPEECH
SPEECH RECOGNITION INCLUDING INDIVIDUAL RECOGNITION SYSTEM AND METHOD

OR SPEAKER CLASS DEPENDENT - , ,

DECODING HISTORY CACHES FOR FAST WORD V\lllrl:::a:)r:lporl\;tEZael Campbell et al, assignors to Motorola,
ACCEPTANCE OR REJECTION 31 August 1999(Class 704243); filed 1 October 1997

A matrix processing method of speaker-independent speech recogni-
assignors to International Business Machines Corporation tion is presented._ A set of cepstral_ coeffl(:len_ts and their derivatives are

10 August 1999(Class 704255); filed 2 February 1996 expanded by_a high-order polynomial expansion. For (‘ex‘ample, a fou_rth—

) ) o order expansion of 12 cepstral and 12 derivative coefficients results in a

This strategy for rapid keyword decoding is intended to speed up proyector of 20 475 elements for each speech frame. These vectors are operated
cessing in a speech recognizer, especially in a large, multi-user systegy, py various summation, product, and normalizing steps, resulting in a final
where one server handles voice inputs from many users. A small cache gfpt product which indicates the recognized speech phrase.—DLR
recently recognized words is checked first, before resorting to checking

Abraham Poovakunnel Ittycheriah and Stephane Herman Maes,

against the full vocabulary. The score of the new input against the cache 5,930,748
items is compared to the original scores when those cached items were first
recognized.—DLR 43.72.Pf SPEAKER IDENTIFICATION SYSTEM AND
METHOD
John Eric Kleider and Khaled Assaleh, assignors to Motorola,
Incorporated
5,943,647 27 July 1999(Class 704219); filed 11 July 1997
43.72.Ne SPEECH RECOGNITION BASED ON The patent descr_ibes a _me?hod of a_dapting a speaker identificati_on
HMMS model called Row Action Projection. In this method, a cepstral vector is
expanded by all product terms to some polynomial order. For example, a
Jari Ranta, assignor to Tecnomen Oy second-order expansion of 12 cepstral coefficients would have 91 terms. The
! R A expansions of all frames for a large number of speakers are processed to
24 August 1999(Class 704251); filed in Finland 30 May 1994 compute error terms by which initially randomized 91-element speaker

This speech recognizer uses dual-model hidden Markov models whicimodel vectors are updated. Interestingly, the entire patent text contains no
have one model in each state for the usual first-order features and a seconthth formulas. Instead, all vector and matrix operations are described in
model in each state for the time derivatives of each of the features.—DLRfairly clearly written text.—DLR

2952 J. Acoust. Soc. Am., Vol. 107, No. 6, June 2000 Reviews of Acoustical Patents 2952



Experimental validations of the HELS method
for reconstructing acoustic radiation
from a complex vibrating structure

Nassif Rayess and Sean F. Wu
Department of Mechanical Engineering, Wayne State University, Detroit, Michigan 48202

(Received 31 July 1999; revised 7 August 1999; accepted 9 February 2000

This paper presents experimental validations of the Helmholtz Equation Least S¢d&ileS)
method[Wang and Wu, J. Acoust. Soc. Arhi02, 2020-20321997; Wu and Wang, U.S. Patent
Number 571280%1998; Wu, J. Acoust. Soc. Aml07, 2511-25222000] on reconstruction of the
radiated acoustic pressures from a complex vibrating structure. The structure under consideration
has geometry and dimensions similar to those of a real passenger vehicle front end. To simulate
noise radiation from a vehicle, a high fidelity loudspeaker installed inside the structure at the
location of the engine is employed to generate both random and harmonic acoustic excitations. The
radiated acoustic pressures are measured over a finite planar surface above the structure by a
microphone. The measured data are taken as input to the HELS formulation to reconstruct the
acoustic pressures on the top surface of the structure as well as in the field. The reconstructed
acoustic pressures are then compared with measured ones at the same locations. Also shown are
comparisons of the reconstructed and measured acoustic pressure spectra at various locations on the
surface. Results show that satisfactory reconstruction can be obtained on the top surface of the
structure subject to both random and harmonic excitations. Moreover, the more measurements and
the closer their distances to the source surface, the more accurate the reconstruction. The efficiency
of the HELS method may decrease with increasing of the excitation frequency. This high frequency
difficulty is inherent in all expansion theories. @000 Acoustical Society of America.
[S0001-496600)03005-9

PACS numbers: 43.20.Tb, 43.20.Rz, 43.40.Rj, 43.50[¢BB]

INTRODUCTION by a simplex-y translator. Hence a preferable way is to take
measurements over small planar surfaces that enclose the

Since its first publication, the Helmholtz Equation Leastsource at the closest possible distances.

SquaregHELS) method? has been used to reconstruct the  The present paper demonstrates experimental validations
radiated acoustic pressure fields from complex vibratingof the HELS method on a complex structure with dimensions
structures in both exteridf and interioP regions. In these and geometry similar to those of a real vehicle front end. To
studies, general three-dimensional structures are considersinulate noise radiation from a passenger vehicle, white
that contain sharp edges and corners and abrupt changes woise is generated by a high fidelity loudspeaker installed
surface contours. Acoustic radiation is simulated by applyingnside the structure at the same location as the engine. The
harmonic forces to arbitrarily selected surfaces on the struaadiated acoustic pressures are measured by a condenser mi-
tures under consideration and determined by using the finiterophone sweeping over a planar surface at certain distance
element method(FEM) and boundary element method away from the structure. These measured signals are taken as
(BEM). The radiated acoustic pressures are collected in thmput to the HELS formulation to reconstruct the acoustic
field and taken as input to the HELS formulation, and thepressure distribution on the structure surface, and the values
reconstructed acoustic pressures on the source surface andlinus obtained are compared with those measured at the same
the field are then compared with the benchmark values. locations.

These investigations® show that the HELS method en- The ultimate goal of the present investigation is to de-
ables one to reconstruct the radiated acoustic pressure fieldelop an effective tool for the design engineers to diagnose
everywhere with a few expansion functions, and is relativelynoise sources and assess noise performance of a complex
insensitive to measurement locations. Reconstruction can babrating structure such as a passenger vehicle, aircraft cabin,
done by taking field pressures over either conformal or plamachine tool, etc. Such a diagnosis is important for it may
nar surfaces that enclose the vibrating structure. Results imot only yield insight into better modifications of structural
dicate that the accuracy of reconstruction is higher for a coneesigns to lower noise radiation, but also provide a means to
formal measurement surface than a planar %féis is  visualize acoustic radiation paths, thus enabling the engi-
because a planar surface often extends beyond the near-figlders to tackle noise problems more cost-effectively.
region and makes the input data less accurate. However, B&K® has developed the State Transformation of Sound
measurements over a conformal surface require a properfield (STSH method! which combines the Near-field
programmed robot arm which may not be easily realized inAcoustic Holography (NAH)8° for reconstructing the
practice, while those over planar surfaces can be facilitatedcoustic near field and BEM-based Helmholtz integral for-
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mulation for the acoustic far field. This method has also been  Theoretically, the HELS formulation is exact for a sphe-
adopted in the LM$ Acoustic Holography softwaté to  roidal surface. However, in engineering applications most
produce images of noise source locations. However, STS#brating structures are of arbitrary shapes. Section IV shows
has a major defect in that it assumes the acoustic pressutieat for a nonspheroidal but smooth surface, satisfactory re-
field radiated from any source to be equivalent to that from aonstruction of the radiated acoustic pressure fields can be
finite planar surface. This assumption is mathematically in-obtained by using the HELS method. This is not surprising
defensible, which renders STSF suitable for a planar surfackecause one can always approximate the acoustic pressure
within an extremely close distance to the source. Even sdijeld radiated from a nonspheroidal surface by using an ex-
visualization of acoustic pressure is limited to the size of thepansion of spheroidal functiont$ For example, one can use
measurement plane on one side. For a nonplanar source, tigiflipsoidal functions to describe the acoustic pressure fields
assumption is wrong and the resulting images may be falsgienerated by chunky objects of aspect rakogz—1:1:1,
regardless of projecting backward or forward. Moreover, re€longated surfaces ofy:z—1:1:10, flatsurfaces ok:y:z
construction of the acoustic pressure field is done on a spatiat 1:10:10, or both elongated and flat surfaces of aspect ra-
sampling basis. Consequently, its applicability may be lim-tios x:y:z—1:10:100. Among the coordinate systems, the
ited and become increasingly inefficient at higher frequenspherical coordinates are often selected because the corre-
cies. sponding wave functions are readily available in the math-
Theoretically, one may replace the acoustic pressur@matical libraries such as IMSL subroutines. On the other
field radiated from an arbitrary source by that from a controlhand, analytic expressions for spheroidal functions in oblate,
surface which completely encloses the source. If the acoustierolate, and elliptic coordinates are not available and the
pressure distribution on this enclosure is specified, saysorresponding numerical computations can be extremely
through microphone measurements or numerical calculdime-consuming. In this paper, we use spherical coordinates
tions, then the radiated acoustic pressures anywhere, incluéP reconstruct acoustic pressures radiated from a nonspheri-
ing the source surface can be reconstructed by using a BEM:2l surface.
based Helmholtz integral formulation. Examples of such ~ The main objective of the present paper is to validate the
have been shown in both exteridor and interiot>'® re- HELS method experimentally and to examine its effective-
gions. ness and robustness under a simulated working environment.
However, this integral approach has many shortcoming4 engineering applications, one may often encounter practi-
as pointed out in Ref 1, the major one being due to the facgal difficulties in carrying out noise diagnostics. For ex-
that BEM can only depict acoustic pressures at the certaidMPple, in some cases it may not be possible to take measure-
nodes discretized on the surface. To avoid aliasing and adhents at very close distances and the near-field information
quire certain resolution in reconstruction, one must have &ay be lost in the input data, while reconstruction must be
minimum number of nodes per wavelength on the surfacélone in the region where the near-field effect is predominant.
and take the same number of measurements in the field. ThetPmetimes, it may not even be possible to take a sufficient
by solving a matrix equation the pressure amplitudes at th@umber of measurements. Needless to say, these restrictions
nodes on the surface can be determined. Since the number 8fll affect the accuracy of reconstruction. Such adverse sce-
discrete nodes increases with the excitation frequency an@@rios are embedded in the present investigation, and the
complexity of the source geometry, this technique may pelesults thus obtained are demonstrated and discussed.
come impractical for a finite-sized object, for example, an
engine or a vehicle front end in the low-to-mid frequency
regime. This is because the corresponding number of meé{—THEORY

surements needed to reconstruct the acoustic pressure field The HELS method assumes that the radiated acoustic
would be too large to make this process cost-effective.  pressure from a vibrating object in an unbounded fluid me-

Unlike STSF and BEM-based techniques, the HELSdium is expressible in terms of an expansion of certain basis
method employs an expansion of spheroidal functions to refynctions®1®

construct the acoustic pressure field. The number of expan-
sion terms determines the number of measurements, which is
small when the source geometry is spherical or its aspect

ratio is close to unity,x:y:z—1:1:1. For example, for

sources radiating primarily combinations of monopole andVNerep(x,«) is the complex amplitude of the acoustic pres-

dipole sounds, reconstruction can be accomplished by usin“?t”e atany field point and angular frequenay, p andc are
four expansion terms or taking four measurements in thé e density and speed of sound of the fluid medium, respec-

field, regardless of the excitation frequency. For generaflVély, Wj are the basis functions obtained by the Gram—
chmidt orthonormalization on the source surfa@@ with

sound radiation, the number of expansion terms may b } i
large. However, the high-order terms represent the smalf€SPect to the particular solutions to the Helmholtz equa-

scaled effects, which do not contribute to the far field and'®":

which may have been lost in the measurements and cannot

be recovered anyway. Therefore these high-order terms cdii(Xs, @), ¥j(Xg,w))= leﬁi(xs,w)‘l’j(xs,w)dsy

be neglected and the total number of measurements remains

relatively small. Xg € dB, 2

J
f)(x,w)=pcgl Ci¥(x,), (1)
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TABLE |. Relationship among indiceis j, n, andm. Front-end huck

Field microphone

] " m cosne), sin(me) Speaker :
: Reference microphone

1 0 0 1 Microphone frame

2 1 0 1

3 1 -1 sing

4 1 1 cosp

5 2 0 1

6 2 -1 sing

7 2 1 CcOoSsp

8 2 -2 sin(2)

o 2 2 cos(2)

Cutout view

where ; can be expressed in any spheroidal coordin&tes.

In particular, one can write); in spherical coordinates @s FIG. 2. Schematic of the test setup.
(X, @)= thy (1,0, pw) =hp(kr) Py y(cose)
COS(mQS) [T]JXJ{C}JXIZ{D}Jxlv (5)
X sinma)’ 3 where[T];«; represents the transformation matrix that cor-

. relates the measured data to the reconstructed acoustic pres-
wherehp(kr) and P, n(cos6) denote the spherical Hankel sures andD};,; contains the measured information, whose
functions and Legendre functions, respectively, &rdw/c elements are given, respectively, by

is the acoustic wave number. Table | shows the relationships M
among the indicesi(j,m,n) for the first nine expansion o ‘ .
functions. TI,] pCmE:l \I’m,l(xm-w)q,m,J(Xm:w) (68
The coefficientsC; in Eq. (1) are determined by requir- "
ing the assumed-form solution to satisfy the boundary con- B A
dition p(xy, w) at the measurement poiry, Di—mE:l P(Xim, @)W i (X ). (6b)
J
PCJZO CiWim,j (Xm @) = P (X, ). @ 1 ALGORITHM
If a J-term expansion is used in E¢), thenM mea- Figure 1 shows a flow chart of the computer model thus

surements must be takeME&J). To enhance the accuracy developed. The input data include the geometry and dimen-
of reconstruction, the least-squares method is utilized tsion of a structure and measured acoustic pressure signals.
eliminate the first-order errors incurred during this processThe former is needed to generate the expansion functions via

Accordingly, we obtain the following equatidn an orthonormalization process, while the latter is used to
Input measurement Input surface Input measured data
locations (r.,,8,,.4,,) meshes Pulrs6,.8,)
y A
Compute v, Generate W, using the S;t up matrices
i P Gram-Schmidt ~ortho- » [1] and [D] in
using Eq. (3) >chn Ea. (6
normalization Eq. (2) q. (6)

FIG. 1. Flow chart of the computer program for the
HELS method.
y

Solve coefficients
{C} using Eq. (5)

Input reconstruction / Reconstruct the acoustic
locations (r,6,¢) / E?;;“};:fi(ell)‘ls p(r.0.9)
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FIG. 3. Effect of the vehicle buck on the resulting acoustic pressure field
Solid line: Without buck; Dashed line: With buck.

determine the associated coefficients. Once these expansi
functions and coefficients are specified, the acoustic pressu
anywhere can be approximated by Et).

The acoustic pressure signals have two components: an
plitudes and phases. The former can be obtained by takin
auto-correlation of the acoustic pressure signals measured

any field point, while the latter can be determined by taking L

Measured
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W 46-458
B 44-46
W 42-44
W 40-42
W 38-40
o R -, 0 36-38

03436
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0 W 30-32
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G 100 90 & 70 60 S0 40 30 20 10 0
Buck width {cm)
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i}
= SPL (di3)
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W 46-48
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W 38-40
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G
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FIG. 5. Comparison of acoustic pressure distributions on the buck top sur-
face subject to random excitation at 323 Hz.

cross-correlation of the signals measured at the source and
field points, respectively.

Note that the HELS method imposes no restrictions on
the measurement locations, so long as they do not overlap
each other. For example, the radiated acoustic pressures can
be measured over either conformal or planar surfaces. Test
results have shown that measurements over a conformal sur-
face always yield more accurate reconstruction than those
over a planar surfaceThis is because a conformal surface
ensures that all measurements are taken in the same region,
thus guaranteeing a consistent accuracy in the input data. On
the other hand, a planar surface allows measurements to ex-
tend beyond the near field, thus making the measured signals
less consistent and prone to errors. However, measurements
over a conformal surface require a properly programmed ro-
bot arm that may not be easily realized in engineering appli-
cations, while those over a planar surface can be facilitated
by a simplex-y translator. Therefore, a preferred way is to
measure acoustic pressures over a control surface that con-
sists of several small planar surfaces enclosing completely
the source at the closest possible distances.

Since the expansion function; are frequency depen-

FIG. 4. Comparison of acoustic pressure distributions on the buck top sudent, the associated coefficiery must be solved repeat-

face subject to random excitation at 256 Hz.
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do-loop in the computer program that covers the entire fre- As pointed out above, taking more measurements at
guency range of interest. Because of the simplicity of thecloser distances around the source can improve the accuracy
mathematics involved, the numerical computations are vergf reconstruction. In this investigation, measurements were
fast. For example, computations for solving the coefficientdaken at certain distances away from the source and measure-
C; associated with al-term expansion J<100) over an ment area barely covered the top surface of the buck. Con-
800-line spectrum can be completed on an IBM Computesequently, some near-field information may be lost in the
with a Pentium processor 1l 500 MHz within a few minutes. measurements. These data were used to reconstruct the
acoustic pressures on the buck surface, which was dominated
by the near-field effects. Therefore it would be unrealistic to
. TEST SETUP expect a perfect reconstruction because the problem was ill-

In this paper, noise radiation from an engine installegP?S€d- Such an ill-posedness difficulty exists in most inverse

inside a vehicle front end was simulated. Since a real vehicIQrOblems' :
front end was not available, a replica was built. Figure 2 The presence of the buck structure further complicated

depicts such a structure modeled from a real, full-size vehicl he acoustic pressure field generated by the speaker. Figure 3
front end. also known as a front-end buck. This buck had lustrates the comparison of the noise spectra with and with-
similar sh’ape and sizes as a real one. but wiih the windshiel®Yt the structure. Results show that the buck structure acted
tires, and rear-view mirrors removed in order to fit inside a'ke a series of bgnd-pass f!lters: W't.hOl.Jt the buck, Fhe spec-
12 in. by 12 in. by 6.5 in. fully anechoic chamber in the trum was essentially a straight line, indicating a white noise

Acoustics, Vibration, and Noise Contr@dAVNC) Laboratory as expected. With the buck, however, th_e sound pressure
at Wayne State University. levels were greatly reduced except at certain frequency bands
The replicated buck was made of a skeleton of 6_mmthat coincided with the structural resonance frequencies, at

steel rods machined and welded together in the shape Ofvgmch the transmission losses were minimum. Therefore, the

vehicle front end. Attached to this skeleton was a layer ofresence of the buck and its interaction with sound signifi-
thick wire mesh, followed by a layer of papier-oié and cantly changed acoustic radiation from the loudspeaker,

finally by another layer of joint compound to yield similar wh|cL2 In trn n}adfz ricopstrugtlonhmore d|ff|cult.d th
hardness and rigidity as those of sheet metal in a passenger ecause of a lack of a microphone array and the corre-
vehicle. Care was taken to provide ample space inside th onding multi-channel signal analyzer, data acquisition was

buck and to leave the undercarriage area unobstructed. Th ne by using two microphones, one fixed in the proximity

buck was then screwed on wood posts in the anechoic chari? the speaker and the other i_n the fie_ld. Accordingly, mea-
ber at a height consistent with that of a real vehicle. A high_surements were taken one point at a time and the data were

fidelity loudspeake(Electro-Voice, Inc. was installed inside recorded in a desktop computer. At the end of each recording

the buck at the same location as that of an engine. Th(éyC|e' the field microphone was moved to a new location

speaker was connected to the B&K Multi-channel Signal_manua”y'. This required enterlng_ the anggho!c chambgr, slid-
g the microphone along the rail, repositioning the rail, and

Analyzer Type 3550. Signals were generated by the HPY | d closi he chamber d Th : Id
8904A Multifunction Synthesizer DC-600 kHz and amplified _exm_ng and closing the chamber door. ese actions wou

by the B&K Power Amplifier Type 2712. Both random and mewtably disturb the setup and make the mp_ut data suscep-
harmonic signals were generated and the radiated acouslri'?Ie fo errors, no matter how careful one might be. Pains-

pressures were measured by the B&K Prepolarized Free-fielt(?kIng efforts were made to maintain repeatability O.f the_
Microphone Type 4188, measurements. Even so, there were random fluctuations in

Figure 2 also shows the schematic of the test setup Hertge signal levels that would make the input inconsistent over

measurements were taken over two planar surfaces above t éong period of time. To circumvent this difficulty, transfer
“hood”: one at 12 cm(called measurement surfacnd the unctions rather than the acoustic pressures were measured

other at 1 cm(called reconstruction surfaceThe measure- Prietd.m( Xm » )
ment surface was 110 cm long and 90 cm wide and con-  G(Xy|Xef; 0) = ————, (7)
tained 120 measurements with an interval of 10 cm between Pref(Xref, @)

the neighboring points. The reconstruction surface had theshereG(x.,|x.ef; @) represents the transfer function between
same dimensions as those of the buck top surface on whiahe acoustic pressure at any measurement location
120 measurements were made for the validation purpose. Prieidm(Xm, @) and that at the refereng@edX,ef, ). Once
Note that while the HELS method could produce imagesG(XMxref;w) were collected from all measurement points,
of acoustic pressures on the entire buck surface under th@e zcoustic pressures were obtained by multiplying the
present test setup, the accuracy of reconstruction on oth@fansfer functions by the acoustic pressure at the reference,
surfaces may not be as accurate as that on the top sdrfacewnich in effect was equivalent to using a microphone array

are incomplete, thus they should not be used to reconstruct

the whole gcoustlc pressure field. To obtain a satlsfactor)(v_ RESULTS AND DISCUSSIONS

reconstruction of the acoustic pressures over the entire sur-

face, measurements must be taken over a control surface that In this investigation, two sets of data were collected. In
completely encloses the souft&herefore, we choose to the first set the buck was excited by random signals. The
focus our validation on the top surface of the buck only.  resulting acoustic pressures collected on the measurement
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FIG. 6. Comparison of acoustic pressure distributions on the buck top surFIG. 7. Comparison of acoustic pressure distributions on the buck top sur-
face subject to random excitation at 379 Hz. face subject to random excitation at 586 Hz.

surface were used to calculate acoustic pressures on the igxpansion functions which may yield the best reconstruction
construction surface. These reconstructed acoustic pressur@ih a minimal number of expansion.

were then compared with the measured values at the same Since the exact values of the acoustic pressure distribu-
locations. In the second set the buck was excited at 372, 488on on the source surface are unknown a priori, there is no
576, and 644 Hz simultaneously, which corresponded to &ay of determining the optimal expansion numbers analyti-
small coupled resonance, nonresonance, large coupled ressally. However, for the HELS method to become a viable
nance, and anti-resonance frequencies, respectisel/Fig. noise diagnostic tool, it is imperative to develop certain pro-
3). These experiments allowed us to test the effectiveness of
the HELS method in reconstructing the acoustic pressure
fields under both random and harmonic excitations.

Because of the errors involved in the measured data du¢ sp -
either to the loss of the near-field effect or to measurement
uncertainties, the matrix equatigd) was ill-posed. Under M7
this condition, increasing the number of expansion termsg
may not necessarily enhance the accuracy of reconstructiorg
In fact, it may even worsen the accuracy since any addition”
of expansion terms may introduce new errors to E5).
Results indicated that the accuracy of reconstruction on the 3¢ |
source surface increased with the number of expansion term
up to a certain value, then decreased monotonically thereaf 25 —— ——
ter. On the other hand, the accuracy of reconstruction on the 200 250 300 350 400 450 500 550 600 650 700 750 800
measurement surface increased monotonically with the num Frequency (Hz)
ber of expansion terms. This is beca}u.se. the errors on t G. 8. Comparison of acoustic pressure spectra at a point halfway between
measurement surface have been minimized by the leasfe center and the right edge on the buck top surface. Solid line: Recon-
squares method. Hence there exists an optimal number @fructed; Dashed line: Measured.

40 -

35 4
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FIG. 9. Comparison of acoustic pressure spectra in the middle of the redf/G- 11. Comparison of acoustic pressure spectra at the front-right corner
edge on the buck top surface. Solid line: Reconstructed; Dashed line: Med" the buck top surface. Solid line: Reconstructed; Dashed line: Measured.
sured.

Obviously, this optimal expansion numbdg varies
cedures that may lead to optimal expansion numbers for theith the number of measurements and the excitation fre-
given test setup and measuremerBaich procedures are de- quency. In general, the higher the frequency, the larger the
scribed as follows. value ofJy. Consequently, the efficiency of numerical com-

First, we setn=1, which corresponds td=(n+1)?
=4 (see Table)l solve a 44 matrix equation(5) to deter-

mine the corresponding coefficier®, use them to recon- Measured

struct acoustic pressures on the measurement surface, a
calculate thé/L||2-norm of the errors with respect to the mea- SPL (dB)
sured values at the same locations. Next, we increase tt B 53-66
expansion number by ond=J+1, and repeat the above T M60-63
steps to get the neylL||?>-norm of the errors. Because of the 2 m57-60
measurement uncertainties, tfig|2-norm of the errors may T, W54-57
fluctuate with respect to the expansion numbBerHence S H51-54
curve-fitting is employed to smooth this error curve. : = MA48-51
Since the accuracy of reconstruction on the measure § C{Eﬁ D45-48
ment surface increases monotonically with the expansiol O42-45
number, the slope of this smoothdti|>-norm curve ap- W39-42
proaches zero beyond certain valueJoHowever, the opti- W36-39
mal expansion for reconstruction on the source surface a
ways occurs at a non-zero slope of this curve, i.e.,atan 00090 50-°10' 9030 40 A0 140
>¢gy. Hence we stop the iteration at a pre-selected value ¢ Buck width (cm)
€g and take the corresponding valueJgfas being optimized
with respect to the given input. Reconstructed "
1
55 o0 SPL (dB)
80 W 63-66
50 | 70 ’g W 60-63
45 - g0 = B57-60
~ T W54-57
g 40 Y 5 msl-s4
& 35 {lin W m48-51
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FIG. 10. Comparison of acoustic pressure spectra at the rear-left corner dAlG. 12. Comparison of acoustic pressure distributions on the buck top
the buck top surface. Solid line: Reconstructed; Dashed line: Measured. surface subject to harmonic excitations at 372 Hz.
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FIG. 13. Comparison of acoustic pressure distributions on the buck toj
surface subject to harmonic excitations at 488 Hz.

putations of the HELS method may deteriorate at high fre+iG. 14. Comparison of acoustic pressure distributions in the field subject to
guencies. Such an inefficiency difficulty exists in all expan-harmonic excitations at 576 Hz.
sion theories. Hence, other more effective methodology such
as asymptotic expansion should be used. ter and decreased radially. This phenomenon may be attrib-
In this paper reconstruction was conducted on an optiuted to the fact that the structure has a strong resonance at
mal expansion of basis functions. Because the matrices we256 Hz(see Fig. 3.
relatively small, numerical computations were extremely At 323 Hz, the characteristic of acoustic pressure distri-
fast. Also, we choose to focus our attention to the frequencyution seemed to deviate significantly from that of a mono-
range of 0 to 800 Hz, because the B&K Dual Channel Signapole. The amplitudes of acoustic pressures were seen to peak
Analyzer Type 3550 displays 800 discrete line spectrum. Irout in two circular regions and then reduced gradually out-
this way, we can validate the HELS method at every singlevard (see Fig. 5. This may be due to the fact that the struc-
frequency. For brevity, however, we only show some repreture exhibits a large coupled resonance at 323(¢¢= Fig.
sentative validation results below. 3). A similar phenomenon was observed at 379(skze Fig.
Figures 4—7 demonstrate comparisons of the reconé), at which the structure showed a small coupled resonance.
structed and measured acoustic pressures at 256, 323, 378 the frequency increased to 582 Hz, the acoustic pressure
and 582 Hz, respectively, on the reconstruction surfacedistribution became more and more complex. High pressures
which was parallel to the vehicle buck top surface at 1 cmwere observed to concentrate on several sfsse Fig. 7.
away, subject to random acoustic excitations. Ideally, théfhe corresponding structural vibration may also become
radiated acoustic pressure from a loudspeaker in an urguite complicated.
bounded fluid medium would display a monopole character.  Note that the normal component of the velocity distribu-
It is interesting to note that this character was reflected somdion on the buck surface can be obtained by solving the
what in the surface acoustic pressure distribution at 256 HKirchhoff integral equation, given the surface acoustic pres-
(see Fig. 4, where the amplitude was the highest at the censure distribution. Hence, reconstruction of acoustic pressure
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Measured For brevity, we only display two comparisons of recon-
structed and measured acoustic pressure distributions at 372

SPL (dB) and 488 Hz, which correspond to a small coupled resonance
and nonresonance frequencies, respectively, at 1 cm above

=
[

|
’ - B 66H-68 the buck top surfacésee Figs. 12 and 13Figures 14 and 15
' 5 M63-66 demonstrate comparisons of reconstructed and measured
= @oa0-63 acoustic pressure distributions at 576 and 644 Hz, which
I = ms7-60 correspond to a large coupled resonance and anti-resonance
I 3 W 54-57 frequencies, respectively, at 12 cm above the buck top sur-
l 5 W51-54 face. Because the input acoustic pressure signals are very
‘ ) @ 48-5] consistent and stable, the accuracy of reconstruction is much
‘ 0 45-48 higher than that under random excitation.
% Al W42-45
: - 5 B 39-40 V. CONCLUDING REMARKS
100 90 B0 T0 60 S0 40 30 20 10 O The Helmholtz Equation Least Squart@tELS) method
Buck width (em) is used successfully to reconstruct the radiated sound pres-

sure fields from a nonspherical structure that has the geom-
etry and dimensions of a real vehicle front end. Experiments
are designed to simulate noise radiation from an engine of a
: passenger vehicle by installing a high fidelity loudspeaker
SPL (dB) inside the buck at the location of the engine. Both random
and harmonic acoustic excitations are employed and the ra-

Feconstructed

Jllﬁ ) B W 66-69 diated acoustic pressures are measured over a planar surface
miys o mO63-66 above the buck. The data thus obtained are taken as input to
ér' - = U fj(]-ﬁ} the HELS formulation to reconstruct acoustic pressure fields
] \Y/4 A ' B .3_*?'(_’5_1 both on the buck top surface and in the field. The recon-
' ) W 54-57 structed acoustic pressures are compared with those mea-
| 4 g = (E51-54 sured at the same locations. Satisfactory agreements between
" B @48-51 the reconstructed and measured acoustic pressure distribu-
‘l' O45-48 tions and spectra are obtained. Results show that there exists
: -l W42-45 an optimal number of expansion functions for a given set of
W 39-42 measurements for which the best reconstruction of the acous-
00 90 80 70 &0 50 40 30 20 10 © tic pressure field can be obtained. This optimal number in-

creases with the excitation frequency. Hence the efficiency
of numerical computations of the HELS method may dete-
FIG. 15. Comparison of acoustic pressure distributions in the field subject téiorate in the high frequency regime. This difficulty is inher-
harmonic excitations at 644 Hz. ent in all expansion theories.

Buck width (cm)
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A model hyperbolic partial differential equation with singular convolution operators and infinitely
smooth solutions is studied. It is shown that short pulses, including finite-bandwidth pulses,
propagate with a delay with respect to the wavefront. For a two-parameter family of such equations
Green'’s functions are obtained in a simple self-similar form. As an application, it is demonstrated
that the Gurevich—Lopatnikov dispersion law for a thin-layered porous medium can be
approximated by a hyperbolic equation with singular memory. 2@0 Acoustical Society of
America.[S0001-496600)00506-3

PACS numbers: 43.20.Bi, 43.20.Hq, 43.2QANN]

INTRODUCTION old frequency for a homogeneous porous medium is deter-
mined by the Biot frequency. The threshold frequency in the

The dispersion relations of a porous medium ar€yicrq heterogeneous porous medium can be lower by orders

strongly affected by the presence of a viscous boundary Iay%f maghnitude
in the pore fluid flow. The resulting attenuation turns out to As showﬁ by Hanyg#® frequency-power laws can also

. 1/2 - . . .
be proportional tay™*in the high-frequency limito . In ._be obtained as a high-frequency approximation of a universal

e et e ealhematcal model of wave propagaton n porovs med
density and bulk modulus in poro-acoustic matetidsvith Sroposed by WilsoR. Applying the methods of fractional

a similar frequency behavior of attenuation calculu$”*®and its generalizations it is possible to construct

Similar dispersion laws have also been derived from dif_fmlte-dlfference approximations for this model as well as for

: ) 16
. ! e . . : Wilson’s model.
fusive relaxationt®~? Diffusive relaxation in a micro-
A : Frequency-power laws have also been advocated for
heterogeneous medium involves a thermodynamic parameter . . : .
some real viscoelastic medfawhile singular memory ef-

& which depends on local stress, with a different dependen((:feectS have been studied for viscous fluta&:

in the inclusions and the host medium. The parameter tends One of the consequences of frequency-power depen-
to assume a constant value by a diffusive process or he%t f att i = the hiah-f q >Il'p't is th P i
conduction. For frequencies> 1/7, wherery is a charac- ence ot attenuation in the high-requency imit 1S the ap
teristic time, the dispersion law for such materials can b earan(itiof time convolution Qperators W'.th smgular'kernels,
expressed in the fort3 (t)~t g o< a<_1, fort—0,in the equations of motion of
the effective medium. As shown in the paérs for porous
1 _ _ media and in Refs. 24-26, 21, 27 for a class of scalar equa-
k= C—w+l>\\/—lw, (1 tions, these singularities entail that all the derivatives of the
” wave field vanish at the wavefront. For viscoelastic media
wherek denotes the complex wave number, is the high-  analogous results were obtained by RenafdiNarain and
frequency limit of sound velocity anklis a constant depend- Joseplf® and Prss?® As a consequence of wavefront
ing on high- and low-frequency limits of sound velocity and smoothness signals arrive with a delay with respect to the
on 7g. wavefronts. In this context the wavefront is defined in terms
More general fractional-power dispersion laws appear irof the immediate response of the medium to a suddenly ap-
micro-heterogeneous porous media saturated by a viscoysied deformation while the additional delay depends on the
fluid. In the Gurevich—Lopatnikov thea¥of fast wave dis-  singular part of the memory kernel. For two special classes
persion in a thin-layered randomly heterogeneous porousf scalar PDEs with singular memory the solution has been
medium the dominant attenuation mechanism is conversiopbtained in an explicit form and the delay can be explicitly
of fast longitudinal waves to diffusive slow waves at the calculated for an originally delta-spiked sigi&F! For more
interfaces. general scalar equations and hyperbolic systems of equations
Fractional frequency-power dependence was also foundiith singular memory this is possible in the high frequency
in the theory of wave propagation in a stack of random thinasymptotic approximatiof?-3!
porous layers based on the O’'Doherty-Anstey  These observations imply that a wave propagating in a
approximation™> Dispersive media often exhibit strong fre- medium with singular memory cannot be viewed merely as
quency sensitivity above a threshold frequency. The threshan elastic wave with amplitude attenuation. An illustrative
case study in Ref. 30 demonstrates the difference between
90n leave from Institute of Geosystems, Varshavskoye sh. 8, MosWave attenuation associated with singular and nonsingular
cow 113105, Russia. hereditary effects.
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High-frequency asymptotic solutions as well as explicit 1 i 1 1
Green’s functions for a medium with singular memory are  J,u+ —19tU—7\f d7—= —=du(t—7,x)=0. (5)
expressed in terms of a series of explicit infinitely smooth . *°° \/; \/;
causal function$®?*%In both cases the signal sent by the The upper integration limit is justified by causality.
source is assumed to be a delta spike. The explicit form of  |n order to simplify the formulation of the problem we
the basis functions allows a quantitative characterization ofeplacex,t by the nondimensional variablésrg, X/(C..7g),
the pulse delay but the scope of these two methods is limitegktaining the notation,x for the new variables.

to initially sharp signals. This raises the question of whether  The |ast term on the left-hand side of E@&) can be
the effect persists for finite-bandwidth signals. rewritten in a compact form ¢,,(t)* d;u(t,x), where the

In this paper we have chosen an alternative approach igsterisk denotes time convolution and the kewpgl(t) is a
order to study wavefront smoothing and pulse delay forspecial case of the more general kernel

finite-bandwidth signals: exact numerical solutions of a suf-

-

ficiently simple model equation. Numerical tests described b, 4(1) = e B for t>0 (6)
below confirm a pulse delay superposed on the usual delay ~ “* 'l-a)
associated with finite wave speed. with 0<a<1, >0 andé, z(t)=0 for t<0. The constant

In the last section it is shown that the complicated dis—B accounts for the fading memory effect, studied later. We
persion law derived by Gurevich and Lopatnikbyor the shall also use an abbreviated notatipp(t) = &, ot).
fast wave attenuation in a micro-heterogeneous porous me- | this paper we shall consider more gegéral dispersion
dium can be approximated by a fractional-power law. As-j5.s
suming a characteristic frequency of order of tens or hun-
dreds of Hz pulse delay can be significant for seismic waves. K=@+\o(B—iw)*™* Y

For a hereditary medium the initial conditions it is nec-ith the right-going waves satisfying the equation
essary to specify the initial data in terms of the history of the
field variables prior to the initial moment. It is most conve- Ut U=, gFu=0. ®)
nient to assume that the system was at rest prior to the initial  The second-order equation faiis obtained by multiply-
moment ing Eq.(8) on the left by a corresponding operator vanishing

u(t)=0 for t<0 @ " left-going wave¥

02U— 82U+ (2N b, g+ N2, g* b 5)* I2U=0. 9)
(the more general case can be reduced to this special case by i X bas 5 d)_ 8 )i _
modifying the forcing functiof?). In 2D or 3D the operato#;u is replaced by the Laplacian
In view of the initial condition Eq(2) assumed through- VAu.

out this paper we shall use the one-sided Laplace transfor- Equation(9) is physically justified forw> 1/ and con-
mation and its invers4-3° sequently its solutions faithfully represent the wave field at a

distance<c,, g from the wavefront, or fot—x<1 in di-

* mensionless variables.
v(s)=LHS[u(t)]=f e Su(t)dt, seC, ©)
0
_ 1 otie Il. GREEN’'S FUNCTIONS FOR ONE-DIMENSIONAL
Lsit[v(S)]=2—7Tif s, 4 PROBLEMS

where it is assumed that all the singularities of the analytic '€ Green-’s function is defined by the following initial-
function v(s) lie on the left of the vertical lindo—ic,o  value problem:

+icc]. The functionsu(t) considered in this paper are (1+Kx)o?u—V2u=0, (10)
bounded and hence can be set equal to 0.
The one-sided Laplace transformation is more conve-  U(0X)=0, du(0x)= &(x) (12)

nient than the Fourier transformation for the initial condi- assuming Eq(2), with the convolution kernel
tions assumed here because it implicitly assumes the initial 5
condition Eq.(2). In has commonly been used in the context KO =Ka(t)=2A ha(1) + A "ha(t)* da(t). (12
hereditary models of wave propagation, including hereditarysolutions of more general initial-value and point source
viscoelasticity>**?***Some formulas used below also ap- problems for Eq.(10) can be expressed in terms of the
pear more cumbersome in the Fourier donfeiiy., Eq.(15)  Green's function by applying the modified Duhamel prin-
below]. ciple, formulated in Ref. 25.
The Green’s function in one spatial dimension was ob-
tained in the papers in Refs. 25 and (2 improved presen-
I. MODEL EQUATIONS tation of these results can be found in the book of Dautray
and Lions®). The original expression can be simplified by
The first-order causal linear equation for a wan¢,x) taking into account the invariance of the initial-value prob-
propagating in the positive direction and vanishing fot  lem Egs. (100—(11) under the transformations — &\, r
<0 corresponding to the dispersion relation E.is — kM@= Dr 1 (M=t for arbitrary x>0, wherer =|x|.
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After some straightforward algebra the Green'’s function ob-
tained in these papers can be rewritten in terms of a function

of two-dimensionless independent variables
Gt XN =g ((t=r)/(An)Me, (xr) ¥ (2r)), (13

where

=5 [ tuerdor [ puort (00, (s
ga(gig)_z 0 a(a-) g g Od)a(o-) a(a-) g. ( )

The function f (o) is defined by its inverse Laplace
transforni’

fa(o) =L olexp—s%)] (15
and its power series expansion is
1 I'(hat+1l
folo)= 2H<a>2( 1)" Lsin(nma) - Ll)
(16)

cf. Refs. 25, 24H(o) denotes the Heaviside step function.

v (nr)?
Gh(x, )=\ —— F{ 4(t—r)>

)\r) 21
N (21)

1
+§(1—)\2r)erfc(

with r=x|.

From Eq.(21) it is immediately seen that the Green’s
function vanishes with all its derivatives at the wavefront
=t. The functionf ,(o) vanishes at-=0 with all its deriva-
tives, as can be seen from EH39).

Ill. GREEN’'S FUNCTIONS FOR TWO- AND THREE-
DIMENSIONAL PROBLEMS

Green’s functions for three-dimensional problems can
be obtained from the one-dimensional one, B®), by the
following formulaZ®

1
— 5o G(l) (t,r;N)],= Ix| - (22

G (t,x;\)= 5

The existence of such a simple two-argument expression for

the Green’s function results from the fact that the paramete

\ can be removed by the scalingh”—Xx;, t\"—t, where
y=1(1-«a).

For a=1/2 the function Eq(15) can be expressed in
closed form

1
—— o Pexp — 1/(40)),

2\m

where ¥ =H(o)o”. Closed-form expressions fdr, also
exist for a=1/3,2/3%331

17

fip(o)=

For generalaee]0,1] the method of steepest descent

ubstituting Eq(13) in Eqg. (22) and taking into account Eq.
19) we have

@ 1 vl T t—r
Gy (tXN) = — (A1) "7 14 —— f o| (Ary

1/1 1
+ — ——1)()«)1’“—2

a\a r

(t—r)/(nr) e
Xf of (o)do|.
0

The Green’s functionG!? for two-dimensional prob-

(23

yields the following asymptotic expansion of the function lems can be obtained by integration®f* over the coordi-

f (o) for small o

o M2 2a)
fo(o)~H(o) 2m(1—a)o2 @/2-20)
Xexp{ N VE B 1; « oall-a)| (18)

cf. Refs. 24, 25. Because of nonuniform convergence of the

natexs. An alternative method of deriving the 2D Green’s
function is the Cagniard—de Hoop method applied in Ref. 38.

Forr=t—r<r the integral on the right-hand side of Eq.
(23 is O[(7/r)?] and

2
G (r+rx\)= 4(? ()\%a—fa('r()\r) Uery

+0O[(7/r)?], (24)

expansion Eq(16) the asymptotic expansion is often more ¢f. Ref. 30.

useful. Fora=1/2 Eq.(18) reduces to the exact formula Eq.
(17).

Equation (14) can be simplified with the help of the
identity Eq.(Al)

g.(&,0= ff (o)do+ — §f of (o)do, (29

reducing the number of integrations. The functmpmp(¢, )
can be expressed in closed analytic fofppendix B

gy £,0)= 3 (1—20)H(&)erfo(1/2V¢)

§§1/2
\/_

The corresponding Green'’s function is

+

exp(—1/(4¢)). (20)
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For \ tending to zeror~Y¢f (A "Yg)— &(o) in the
sense of distributions. Indeed, the Laplace image
exp(—=AsY) of the function on the left-hand side tends to 1.
Consequently the Green’s functi@{>)(t,x;\) tends tos(t
—r)/(4=r) in the distributions sense, as expected.

G{3) can be expressed in a very simple f3fm

! Fo(t
471-r[ of

Gt x;N) = )+ 20Fq(t—1,AT)

+N2F5(t—r,\1)], (25)

whereF,, are infinitely smooth causal functions defined for
£>0 by the formulas

&
Fo(m,6)=—=r7, "exp— & (4r)), (26)
2@
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Batazd =

Fi(r,&)= %ul’zeXp(—r_fz/(M)), (27)

Fo(7,&)=H(nerfd &(2\r)), (28)
with F,(£)=0 for ¢£€<0.

IV. THE FADING MEMORY EFFECT

The memory kernels should tend to zero as the delay 05
time increases to infinity. The fading memory effect can be 0
taken into account by multiplying the memory kernel by an
exponential damping factor. The fading memory causes a
corresponding decay of the wave field at the source after a FIG. 1. Upper half of the contouF for 8=0.0,1.0.
momentary excitation, as follows from a theorem of Lokshin
and Suvorova® but it has a negligible effect on the pulse

close to the wavefront, as demonstrated by asymptotic |nlts— rs =0. (35)
analysis® and corroborated by our numerical tests. Vs+ B
The following kernel has the fading memory property: In the polar coordinates, ¢ contourT" is given by the
K(t)= o () + Py p(1)* b, g(1). (290  equationp=pr(¢), where the functionor can be deter-
mined from the equation
Note that
K() =K, (t)e P (30 2tp3/2005<§> —rp—rB=0. (36)
Green’s function for Eq.(9) with the exponentially o ) )
damped kernel Eq29) can be represented in the form It 80, then it is possible to substitui¢/5=R and
r/(2tyB)=p, and reduce the number of variables in Eq.
1 t—r
G(l}gﬁ(r,t)z—H(t—r)”f drfapg(r,7) (36)
2 0 o
R3’Zcos(— —pR—p=0. (37
27 2
X 1+—) —lgr,t)y, (31 _ ) ) )
r The integral on the right side of E¢33) is reduced to
where the following real integral:
_ B f ” _
t—r T = Bt 1
|B(r’t)::BfO dT( \/;exq_ﬁ,r)*fllzﬁ(r',r)) (32) f1/2ﬁ(r1t) 7Te 0 dQD{[R(QD)+7](§D)]/[1+3R((,D) ]
and xexdtB[ n(¢)~R(¢)J[1+R(¢) 11}, (39)
s where 7(¢)=cos(p)+2 cosg/2) andR(¢) is the positive
frpa(rt)=LCt exp( — root of Eq.(37).
yzh st Vs+ B Equation(37) is semi-cubic and it is possible to deter-

mine its unique positive solution in closed form. For numeri-
) (33) cal integration of Eq(33) we have chosen numerical solu-
' tion of Eq. (37) because it is more accurate and effective.
One can see from Fig. 2 that the difference between
GiA(r,r+ 1) andG{3 4(r,r + 7) is very small for3=1 and
B=10 if r=t—r is not too large. Consequently, close to the

t—r wavefront the fading memory facte ' can be safely ne-
fi20(r,t)="Fu ra (34 glected.

and Eq.(31) with 8=0 is equal to Eq(25).
The only cut in the complex plane of the exponential

1 fﬁiw q ¢ rs
= — sexp st—
27 ) g Vs+8
whereo>0.

It is easy to show that

V. PROPAGATION OF FINITE BANDWIDTH PULSES

function in the integrand of Eq33) starts at the branching Let us now consider propagation of a finite-bandwidth
point —B and follows the negative part of real axis. Our pulse through a medium with a singular memory kernel.
computation of Eqs(33) and (31) was carried out numeri- Equation(9) is linear and causal. Consequently its solu-

cally by deforming the Bromwich contour in the complex tion for an arbitrary impulse having a defined front in space
plane to a fastest descent pdth(Fig. 1) and reducing the and starting point in time can be expressed in terms of
complex integral to a real one. The contduis defined by  Green’s function. The Green’s functions constructed above
the equation have the following behavior at the point0 fort=0
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9
. = : = e
7 7
6 6
5 s
A . FIG. 2. Time derivatives of Green's
. . functions for=0.0, 1.0 and 10.0 and
a=0.5.
2 2
1 1
0 XS 8] Ox1 %3 055 03 B —y (5] T %3 (¥ 0.3
£ =0.0 and g = 1.0. £ = 0.0 and f = 10.0.

wheren is an integer. This function is causal, infinitely dif-
(39  ferentiable, vanishes when-0+0 andt—2T—0, and its
support is a finite interva]0,2T]. If the functiong is ex-
Thus, Green’s functlorG(l) can be considered as the tended periodically its spectrum lies above the frequency
solution of Eq.(9) with the boundary conditions EB9) and  #/T and the dominant frequency isn/T. The spectrum
decreases exponentially for higher frequencies. If the input
signal is periodically continued its spectrum has the shape
The last condition is satisfied becausgl) 0 forr>t. The shown in Fig. 3. Consequently the signal has an effectively
convolution product of Green’s functlor@ and any given finite bandwidth. The function(0t) automatically enjoys
arbitrary smooth and integrable functigiit) satisfies fort ~ similar properties.
>0 Eq.(9) and the boundary condition Substitution of Eq.(44) into the second term of the
. . boundary condition Eq(43) yields a convolution integral
f dTg(t)Jrf d7(ba*9)(0,7) . with a singular integrand because of the singularity of func-
0 0 ’ tions ¢, 5. The singularity is integrable and the integral can
(41 be evaluated by integration by parts. The final form of the

We can takeG{‘}*g as a particular solution of Eq9) sat- ~ boundary condition is

G0 =

1 t
> H(t)+f dreb, g(7) |-

GLh(r,t)—0 when r—eo. (40)

1
(GLp*9) (0 =5

isfying the condltlons Eqg40) and(41). The function 1
0)=-9(t)+ 55—
o(r,0)=(GEyrg)= (9,6 g) (42 vOD=390% 3r =)
itisoﬁlso the solution of Eq9) satisfying the boundary condi- « ft dr(t—n)1-ea [g(r)e- -], (45)
0
v(0)=3g(t) +(baz*9) (O] (43 The integral on the right-hand side of Ed5) is well suited

v(0}t) is the excitation applied at=0 andu(r,t) is the for numerical computations.
wave emitted by this excitation.

It is obvious from the expression on the right-hand side
of Eg. (42), that the excitation function(0t) is at least as VI. NUMERICAL TESTS
smooth agy. Moreover if the support of is finite then the
support ofv (0t) is also finite.

Let us choosg(t) in the form

In Fig. 4 the output signal foir=1/2 atx=0.25 is com-
pared with the input signai(t). The input signal is shifted
in time in such a way that it starts at the time of the wave-
B t) (7N 1 front arrival. The output signal is vertically scaled by a factor
g(t)—H( 1_‘1_ T )sm(?t>exp( C1-(1-tT) ) V in order to match the heights of the highest peaks of the
(44) input and output signals. The additional time shift is thus

o4 SIGNAL 1215 — 8 SIGNAL 1216 —
03 7 1
02 6
5 . . .
o /\ FIG. 3. A typical input signal and the
o 4 spectrum of its periodic counterpart.
-0.1 3
0.2 2
-03 1
04 9002000 26040004500 ° % - 75 5 2
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FIG. 4. Input and output signals for
a=0.5 andx=0.25.

V
03 X 7S R X - - B 5008
T =0.025, wyq = 60, V = 36.84. T =10.025, wm = 120, V = 65.71.

easy to see. The symbal,, denotes the dimensionless fre- Time delay of the peaks of Green'’s functions are clearly
guency corresponding to the maximum in the spectrum ofisible. The peak of the explicit Green’s function far
the input signal. =1/2 arrives with a delar T=(\r)?/6 after the wavefront.

The memory functiorfvertically downscaled 1:50@nd  Asymptotic theory developed in Ref. 31 yields a time delay
Green's function(downscaled 1:50are shown too. of 16(\r)3/27 for thet ™% singularity.

In Fig. 5 a similar comparison is made far=1/3. Time delay of the finite-bandwidth signal can be esti-

mgmory -
reef) -

outpit "+

(22PN

o
3
<

0255 T8 [A] AL 02 55 0.3 025 TO08 0004 000 0008 00T 0012 0014
T =0.01, wm = 150. T = 0.005, wym = 300.
FIG. 5. Input and output signals for
02 a=1/3 andx=0.25.
* EE e .
0.15 oﬁBeH b 015 o j pes
0.1 o1
| 0.05
0.05
° 0.0
-0.05 01
o1 -0.15
0.15 g W -0.2
02 V 0.25
025 .001 002 .003 . 0.00! X 0.007 .0430 [X 0.001 .001 0.00; .002! X 0.0035
T = 0.0025, wyv = 600. T = 0.00125, wy = 1200.
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notes the complex wave number.
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mated by comparing the position of the highest peak in thevherea denotes the autocorrelation length of the heteroge-
input and output signal. In order to facilitate the comparisonneities,

the output signal has been rescaled by a fagtorhe delay K+4u/3

is slightly frequency dependent. As expected, time delay is N=M —F— Xk, (48)
less pronounced for the weaker singularity ¥* in our K+4ul3+ oM
case. o—d ¢\ L

The scale factors in the figure captions indicate the at- M :( K. + K_f) , (49

tenuation of the signal during its propagation.

The parameteg has little relevance for the signal propa- o=1—K/Kg andK, Kg, K, wu denote the bulk modulus
gating with the wavefront and consequently can be set equalf the elastic skeleton, the bulk modulus of the elastic grains,
to O for our purposes. A positivg is, however, required for the bulk modulus of the fluid and the shear modulus of the
the fading memory usually assumed in viscoelasticity. Askeleton. The characteristic frequensy is can be of order
positive 8 also ensures exponential decrease of the wav@0—100 Hz for fluid-saturated porous rocks, several orders of
field at the source. magnitude below Biot's characteristic frequensgy .44

For signals with the bandwidth in the range,<ow
< wg the real and imaginary part of the wave number vector

VIl. COMPARISON WITH THE GUREVICH— derived from the Gurevich—Lopatnikov theory can be ap-
LOPATNIKOV THEORY OF MICRO- proximated by the causal frequency-power dispersion law
INHOMOGENEOUS POROUS MEDIA ck=w+HiN(—iw). (50)

We shall demostrate that, for all its simplicity, the dis- Very good matching is obtained fer=0.65, as can be seen
persion relation associated with E) with the memory from Fig. 6 where the frequencies range fromgo 800w,
kernel K, provides a very good approximation the wg=210Hz and\=0.055.

Gurevich—Lopatnikov dispersion formuta. The comparison indicates that E§) with the memory

According to Biot's theory of fluid-saturated poroelastic kernel K(t)=Kgg5t) matches the Gurevich—Lopatnikov
medid® memory effects withK (t)~t~ Y2 should appear for model very closely over a wide range of frequencies.
frequenciesw> wg, where

n$
wg=—o (46)  VIIl. CONCLUSIONS
Kpg
denotes the characteristic Biot frequengyis the porosity x
is the permeability andy,p; denote the dynamic fluid vis- i .y
cosity and density. Biot's characteristic frequency is rathefUnctions, such §§/3Eq25) f(}glK(t)~con§ﬁ [see Ref. 31
large (typically of order of 16 Hz). for K(t)~constt™?? const™¥. Numerical tests presented

Biot's model assumes that the medium is homogeneoul this paper show that the pulse delay persists for finite-
at the sub-wavelength scale. For fast wave propagation in §2ndwidth signals, exhibiting some dependence on the domi-

micro-heterogeneous poroelastic medium scattering and fastant frequency of the pulse. The delay may be observable for
to-slow wave conversion has to be accounted for. The sedhe effective model of a heterogeneous porous medium con-
ond effect can be described in terms of longitudinal wavestructed by Gurevich and Lopatnikov. _
propagation through a stack of random thin poroelastic lay- 't has been shown that fading memory has little rel-
ers with fast-to-slow conversion at the layer boundaries. Ac€vance for the wavefront aspects of the pulse propagation

cording to the results of Refs. 14, 15 such a model exhibitéCf- &lso Ref. 30 _ _ .
another characteristic frequency A comparison with the Gurevich—Lopatnikov theory
shows that for seismic frequencies the effective medium can
kN be described by Eq@9) with a memory kernel that has a

YO a? 4 singularityt ™.

Explicit estimates of the pulse delay for the case of
delta-spiked signals can be derived from explicit Green’s
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We conclude that a relatively simple equation with self- 2D. K. wilson, J. Acoust. Soc. Amd4, 1136(1992.

similarity properties gives a faithful representation of pulse
propagation in complicated media with pulse delay effects.
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Directive line source model: A new model for sound diffraction
by half planes and wedges
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A new method termed Directive Line Source Mod&LSM) is presented for predicting the
diffracted field produced by a sound wave incident on a rigid or pressure release half plane. In the
new method the edge of the half plane is modeled as an infinite set of directive point sources
continuously distributed along the edge. Because DLSM is fast, simple and intuitive, it is a
promising tool for the study of diffraction. It can be applied for several types of incident radiation:
omnidirectional cylindrical and spherical waves, plane waves, as well as waves from directional
sources. Wedges may also be treated. Finally, DLSM can handle diffraction by an arbitrarily shaped
edge profile, for example, a half plane having an edge that is jagged instead of straight. Results for
plane, cylindrical and spherical incident waves, as well as for arrays of line and point sources, are
presented and their agreement with known analytical solutions is demonstrated. Predictions based
on DLSM compare favorably with experimental data. 2000 Acoustical Society of America.
[S0001-496600)00406-9

PACS numbers: 43.20.El, 43.20.FANN]

INTRODUCTION source can be either normally incident on the half plé®e
andA in the same plane normal to the half plang=z=0)

Rigorous soll;]tions for diffractionsbyl a_half Elanebbegan or obliquely incident ¢;,=0+2z). The shortest distance that
to.apptlear more than a century ago. °““°T‘S ave been O.Bie sound travels to reach the receiver by diffractiorL is
tained in both the frequency and time domain and by a vari-

ty of methods( B d Seniofo =s+r, wheres=SN, r=NA andN is the point where the
€ly of methodsisee bowman and Senfofor a sum_mary_ least diffraction path intersects the edge. The distance be-
However, researchers continue to work on diffraction,

. . . . tween source and receiver is denotedRyy and the distance
mainly because the rigorous solutions are restricted by cer:- : ;
. SO o o . from the image source to the receiver Ry. Based on geo-
tain assumptions: the half plane is infinitely thin, its edge 'Smetrical acoustics, in region[hown in Fig. 1b)] both in-
straight and infinitely long, the incident field is produced by . ' 9 19- I
simple sources. Moreover, the solutions are different fOI;:ldent and reflected waves are present, in Il only the incident
plane, cylindrical and spherical incident waves. An addi—W"’“'e_IS presené, anr(]j lllis a shadow ;one.ll1'he3|\l/llld|ng I'Se
tional motivation for study is presented by the fact that the;’v_\th¢—774;¢3 ( g t adt separste; r%g|ons an q heSt(? :
rigorous solutions are hard to evaluate computationally. Al-1Shes asha OW_ oundaryor the inc ent wave and the di-
ternatives and appropriate approximations are therefore con!ding line at$=7— ¢, (B,) establishes a shadow bound-
stantly in demand. In the present work a new method &Y for the reflected wave. o _ ,
presented, which, besides being easy to compute, can be ap- The new method presented in this work is termed Direc-

plied for several types of incident waves, as well as for ar{ive Line Source Mode(DLSM). The model is based on

bitrarily shaped diffracting edges. appropriate approxir_nate forms of known exact solqtiops in
The typical geometry for the half plane diffraction prob- the frequency domaitthat by S.omrnenfel%f for plane inci-

lem is shown in Fig. 1, where the sound field is produced b)ﬂent waves, by Carsldw for cylindrical incident waves, and

a point sources located at 4, bg,25) and the receiveh can ~ bY MacDonald’ for cylindrical and spherical incident

be any point (, $,z). The notation is based on a cylindrical Waves. The DLSM is generalized to address equally both

coordinate system having the edge of the half plane as ite frequency and time domain, as well as several types of

z-axis. The radial distanaeis measured from the edge of the incident radiation. Results obtained by DLSM are compared

half p|ane and the ang|¢ is measured from the surface of with eXperimental data, as well as with known exact solu-

the half plane facing the source. For the rest of this paper, théons in the time domairithat by Friedlandérfor plane and

source is assumed to be locatedgat 0. The sound from the  cylindrical incident waves, and by Biot, Tolstdyand
Medwin'® for spherical incident wavés

“Electronic mail: menounou@mail.utexas.edu More specifically the contents of the present work are as
YElectronic mail: ilenebv@jhu.edu ' follows: In Sec. | common characteristics of the diffracted
®Electronic mail: dtb@mail.utexas.edu field produced by plane, cylindrical and spherical incident
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FIG. 1. Half plane—source—receiver configuration.

waves are outlined. In Sec. Il the common characteristics are
used to develop a unified representation for the diffracted
field. The diffracted field is shown to be equivalent to re-
radiation from an infinite set of directive point sources, re-
gardless of the type of the incident wave. The applicability of
DLSM is discussed for a variety of other cases including
pressure release half planes, wedges, and half planes having
an arbitrarily shaped edge profile. In Sec. Ill results obtained
by DLSM are compared with known solutions for plane,
cylindrical and spherical incident waves, as well as for inci-
dent waves from directional sources, such as arrays of point
or line sources. Finally, results for spherically spreading in-
cident waves on a rigid half plane are compared with experi-
mental data.

. COMMON CHARACTERISTICS OF DIFFRACTION
BY PLANE, CYLINDRICAL AND SPHERICAL
INCIDENT WAVES ON A HALF PLANE

Although the exact solutions for diffraction by plane,
cylindrical and spherical time harmonic incident waves have
different mathematical formulations and have been derived
by different methods, all share some common characteristics.

The diffracted fieldPy (pg=Pg4e '“") produced by a
plane, cylindrical and spherical time harmonic incident wave
can be writtet”*? in terms of Fresnel integralg(w), as
shown in Table I. The expressions are exact for plane inci-
dent waves and approximate for cylindrical and spherical

TABLE |. Diffracted field in terms of Fresnel integrals—exact for plane incident waves, approximate for
cylindrical and spherical waves. The solutions consist of two terms: the first is associated with the incident field
(parametersp,;, m;, R;), the second with the reflected fiel[darametersp,, m,, R,).

2974 J. Acoust. Soc. Am., Vol. 107, No. 6, June 2000

Type of
incident wave

Diffracted wave
Py Assumptions

) 1-i
Py=—sgrn(p,)e ¥ °°‘¢’¢°)(7)[F(°°)*F(Ipll)]

Plane None
. 1-i
—sgn(p;)e °°‘¢*"’0)(7)[F(°@)—F(Ipzl)]
ikR
Cylindrical Py=s r{m)i L[F(m)#(\ml)] kL>1
SO T N 2 KL r Ry !
1
5 \/; ikRy
+sgnmy) — ﬁ[F(W)—Fﬂsz]
ke*i(ﬂ/4) eile
Spherical Pd=sgr(ml)Tm[F(w)—deﬂ)] kL>1
1
kei(Tr/4) eikRZ

+sgr(m,) W m[F(w)*dezm

Fw)= JW e 2dr
0
*2\/Ecos¢_¢0 =2 Ecosqbw)0
P1= T 2 ' P T 2

mlzfsgr< cos¢_2¢°) VK(L=R;), my= 7sgr( cos¢_2¢o) Vk(L=R,)

Menounou et al.: DLSM: An edge diffraction model
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TABLE Il. Asymptotic forms of the solutions given in Table I. The forms  diffracted field produced by plane, cylindrical and spherical

hold for receiver locations away from the shadow boundaries and the edgﬁlcident waves. The diffraction problem is transformed into a

of the half plane. e L . . .
fully quantified problem of radiation from a directive line

Type of Diffracted wave source. In Sec. B the transformation is developed further.
incident wave Py Assumptions  The diffraction problem becomes a problem of radiation
_ 5 from directive point sources continuously distributed along
Plane Pd=—‘|—1 \/meik”i‘“"‘)D((po;(ﬁ) lpal.|pa|>1 the edge of the half plane. Conditions for the validity of
" » DLSM are outlined in Sec. C. The results are then modified/
Cylindrical Py=— e — D(¢o;¢) [my,|m,|>1 generalized for diffraction by pressure r_elease h_alf planes
v2mkr y2mkro kL>1 (Sec. D and wedgesSec. B. A discussion is then given for
) i gt emim _ half planes having an arbitrary edge profile, e.g., jagged
Spherical i Jrro D(¢o:¢) ||Z]_1;|{n2|>1 (Sec. B. Finally, Sec. G includes a discussion about the ad-
vantages of the DLSM and its relation to other models of
1 - + i i
D(doidh= Se({zﬁ 2¢o)+se((¢ 2¢o) diffraction.

A. The unified representation

o o In this section a unified representation of the diffracted
waves. For cylindrical and spherical incident waves the eXsig|q produced by plane, cylindrical and spherical incident

pressions in Table | are valid if the length of the shortest,4yes is presented. Furthermore, the problem of diffraction
source-edge-receiver path)(is more than one wavelength. s ransformed into a more tractable radiation problem.

In all cases the diffracted field is represented by two terms: Regardless of the type of incident wave, each factor in
one associated with the incident field and one associated Withont of the directivity functionD(&o:¢) in the solutions

the reflected field. _ o shown in Table Il contains the following asymptotic form of
For an important special case the expressions in Table o Hankel function:

can be greatly simplified. Lat> 1, wherew is the argument

of the Fresnel integraléthe physical meaning is that the 2

receiver is neither close to the edge of the half plane nor  H§"(kr)= ‘\/me'krf' ™ for kr>1.
close to the shadow boundarieén asymptotic expansion of

F(w) may be useti"'!to yield the expressions in Table Il. The diffracted field for plane, cylindrical and spherical inci-
Here each diffracted field seems to have a directivity funcdent waves can thus be written in the following unified form:

tion
1 - +
D (goi )= 1 Sec<¢ L +Sec(¢ oo

Observe thaD (¢g; ¢) is a simple function of just the angu-
lar positions of sourced,) and receiver ¢). Unlike other

2

i
] & Pa=— 7 AH (kp)D(o: ), 3

where both the amplitude factdy; and the effective distance
p in the argument of the Hankel function depend on the type

directivity functions,D (¢, #) does not depend on the fre- of incident wave. A summary is given in Tab.Ie I.II. Equation
qguency of the incident wave. The following should be noted(s) and Taple i reyeal that for.all types of |r'10|.dent waves
regardingD (¢, #): (i) The same directivity function is re- t.he diffraction sc_)Iut_lonPd is equivalent to radlatlon) from a
covered from solutions developed by totally different meth-lme source, as |nd|c§ted _bY the Hgnkel functid@l (k’?)’

ods (for example, the Sommerfeld solution for plane Wavesbu'[ mod_|f|ed by the directivity funct|0tﬁ)(¢>_0;¢). The line

and the MacDonald solution for spherical incident waves source lies on the edge of the half plane in the case of plane

(i) The same directivity function can be recovered from so-and cylindrical incident wavesp(=r). In the case of spheri-

lutions in the time domain as weffor example, the Fried- cal incident waves the radiation appears to come from a line
lander solution for plane and cylindrical waves and the BTMSOUrce lying distanck from the receiver ¢=L). Therefore,
solution for spherical waves as shown in Sec. Ill batoand 1€ liné source appears to be at the edge of the half plane, but
(i) The directivity function is the same regardless of thethe receiver is located not at its physical pokbut at _d|s—

type of the incident wave. It should also be noted thattancel‘ fr_om the edge. Except for thg common factoi/4,
D(éo: ¢) becomes infinite at the shadow boundaries and S(T)he amplitude of the Hankel function is different for the three

do the solutions in Table Il. This is an artifact of the approxi-c_ases' For cyllndrl(_:al V\{zla)ves the ar_nphtude includes an a_dd"
mations used; the exact solutions yield finite values at thdonal Hankel functiorHg “(kro), which represents the addi-
shadow boundaries. tional cylindrical spreading and phase shift undergone before
the wave reaches the edge of the half plane. For spherical
incident waves the amplitude includes the factox/ri,
which suggests spherical spreading, i.e., the incident wave
In the present section the Directive Line Source Modelspreads spherically before the radiation associated with dif-
(DLSM) is developed. It is based on the approximate formsfraction starts. Note that the distance/dr,, is the apparent
of the exact analytical solutions presented in the previouslistance before line source radiation begins; it is not the lit-
section. In Sec. A we present a unified representation of theral distance from the source to the edge.

II. DIRECTIVE LINE SOURCE MODEL
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TABLE Ill. Factors in the frequency domain representation of the diffracted sidtwl(3)] for plane, cylin-
drical and spherical time harmonic incident waves.

Type of Diffracted wave
incident wave Py Assumptions
i
Plane Pe=—7 HG(kn)  D(ich) [pal.lpl>1
kr>1
i
Cylindrical Pe=—3 HP(kr) HP(kr)  D(do;d) [my|,|m,|>1
kr,krg,kL>1
. i 1
Spherical Pe=—3 N HP(KL) D(¢g; ) [my|,|m,|>1
Mo kL>1
. i
General expression Po==7 A HP (ko)  D(eho; )
Eq.(3)

The transformation of the diffraction problem into a o @ikVp?+2?
more tractable radiation problem can now be fully quantified. i']TH(Ol)(kp) = dz=1,(p) (4)
The attributes of the new problem are as followa) the e NpTtZ

radiation comes from a coherent line source located on the

edge of the half plandb) the receiver in the radiation prob- The integrand has a very useful interpretation for the trans-
lem is located at distance from the line source, wherp ~ formed radiation problem. It represents the contribution of a
depends on the type of the incident way®, the amplitude  Point source of infinitesimal lengttiz located atz along the

of the line source depends on the type of the incident wavegdge of the half plane, and a distange? + zZ away from the

and (d) for any type of incident wave the directivity of the receiver. The unified representation of the transformed radia-
line source iD(dq,d). tion problem may therefore be written as a line integral over

directive point sources along the edge of the half plane:

B. Radiation from directive point sources along the As eikvﬂ2+I2 .
edge of the half plane Po=— 7 edgepﬁ[}(%,(ﬁ)d'- 5)

In this section the transformation of the diffraction prob-
lem is further developed into a problem of radiation from The unified representation of the diffracted field in the
directive point sources continuously distributed along thefrequency domain has its counterpart in the time domain.
edge of the half plane. A time harmonic incident wave isThe expressions in Table IV are the time domain counter-
considered first, the impulse response solution is then givemparts(obtained via inverse Fourier Transforwf the expres-
and the result is finally generalized to apply for an arbitrarysions in Table Il and represent the diffracted signal pro-

incident signal. duced by an impulse incident signal. As in the frequency
The Hankel function in Eq(3) may be expressed by an domain, the expressions in Table IV can be written in a
integral as follows:? unified way as follows:

TABLE IV. Factors in the time domain representation of the diffracted siffgql (6)] for plane, cylindrical and spherical incident impulse wauéss the
Heaviside function an& is the complete elliptic integral of the first kind.

Type of Diffracted wave
incident wave Py
1 2c
Plane Pe=" 7~ WH(CI*Y) D(¢o;¢)
L 1 4 c
Cylindrical Pa=~ 7.~ ;\/Cztz__zH(ct ro)* \/_mH(ct r) D(éo;9)
1 8 (ct=ro—r)(ct+ro+r)
- K( AR R D(¢o; )
4w T J(ct+ro—r)(Ct—ro+r) (ct+ro—r)(ct—ro+r)
. 1 1 2c
Spherical Pa=— 7 N Ny H(ct—L) D(¢o;¢)
. —
. 1
General expression Pa=— 7= A Is(p) D(¢o;¢)

Eq. (6)
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. about the position of source and receiver have been made.
Pa=— 7 15(pP)D(¢0; ), (6)  The assumptions, indicated in the last column of Table I,
are of three typedi) one that allows expression of the exact
wherel 5, the amplitude factoA;, and the distance are  solution in terms of Fresnel integralso restriction needed
given for each type of incident wave in Table IV. Equation for plane waveskL> 1 for cylindrical and spherical wavgs
(6) is the impulse response function of our problem. (i) one that allows use of the asymptotic form of the Fresnel
As in the frequency domaiﬂ,(; is related to the contri- |ntegra|s (P1ﬂ>1 for p|ane Waves| ml 2|>]_ for Cy||ndr|_
butions coming from point sources along the edge of the halga| and spherical wavisandiii ) one that allows use of the
plane. In the case of 1D and 3D propagation the shape of thgsymptotic form of the Hankel functiork¢(>1 for plane
incident impulse remains unchanged as it travels from thgyayves kr and kro>1 for cylindrical waves and no addi-
source to the edge of the half plane. The intedgafepre-  tional restriction for spherical wavesAll the assumptions
sents the contributions from an infinite set of impuISive pOinthave the same physica| meaning: The receiver must be away
sourceq 5(t)] continuously distributed along the edge from the shadow boundarié®; and B, (at ¢=m+ ¢, and

\/;2+_zf ¢=1m— g, respectively, and both source and receiver
. 5( - should be more than one wavelength away from the edge of
| 4 p)Plane spherical J' —Cd 7 the half plane. Non time harmonic waves can also be treated
Vpl+7? by DLSM [see Eqs(6) and(9)]. In this case the proximity to
the edge is not measured in wavelengths; other characteristic
_ 2c H(ct—p) @) distances are used insteéddr example, the spatial duration

of a transient source signal, or the correlation length of a

/—Cztz_pz
noise source signal

In the case of 2D propagation, however, the shape of the

incident impulse changes as it travels from the source to the

edge. At the time the incident signal reaches the edge thg- Pressure release half planes

impulse is equal tazlzm/cztz—rozH(ct—ro). Thusl s is the The DLSM may also be applied for a pressure release
integral over an infinite set of impulsive point sources alonghalf plane. The only difference in the results is in the direc-
the half plane, each one emitting the signaltivity function. For a pressure release half plane the directiv-
from the point sources is therefore represented by the con-

volution integral in Table IV. More specifically, it can be D(¢O;¢):E

the summation of the contributions of an infinite set of pointin general, the diffracted fielgy (for any type of incident
sources along the edge, each emitting the signalvave time harmonic or non time harmonis represented by

c/2m\[c?t?—r2H(ct—r,) instead ofs(t). The contribution ity function® is
- +
sem{gb 2%) —se(‘( ¢ 2¢0) . (10
shown that the convolution integral in Table IV is equal to

c/2m\c?t?—rZH(ct—ry) two terms, one associated with the incident fiejg,;{ and
| ,(p)cYindrica one associated with the reflected fieft};() (see for example
Table | for time harmonic wavésThe first term in the di-
4o 1 1 rectivity function, which includes the difference of the angles
=—f . (8 ¢— ¢, is associated with the incident field. The second
™I \/ 02+22\% 12 Vp2+22 term, which includes the sumh+ ¢,, is associated with the
2m t= c 2 reflected field. If the half plane is rigighq= pgi + pgr and the

directivity is described by Eq1). If the half plane is pres-
Finally, the diffracted signal caused by diffraction of a gyre releasepy=pgi—pg,, Which leads to Eq(10).
plane, cylindrical or spherical arbitrary source sigrét)

can be found by the convolution integral 6ft) with the
impulse respons¢Eq. (6)]. This convolution integral can
also be expressed in terms of a line integral along the edge of Diffraction by a wedge may also be treated by DLSM.
the half plane as follows: The unified representation of the diffracted field produced by
\/ﬁ plane, cylindrical and spherical incident waves on a rigid
t— + wedge is the same as presented in Secs. A and B. Again only
f ——° oemd, @
edge

E. Wedges

the directivity function is different; it is

1
™ b— o w
oS —Ccos—
14 14

1
DV(¢O;¢): ;Sin;

wheref(t) is the incident signaf (t) at the source for plane
and spherical incident waves or the incident signal at the
edge of the half plane for cylindrical incident waves. -

— -1
COSM + cosz) } , (11
14 14

where thevr=27—2Q and 2) is the angle of the wedge.

To obtain the half plane result, take the limit as the wedge
The DLSM is based on an interpretation of the unifiedangle becomes zero, in which case 2. Equation(11) then

representation of the diffracted field, where assumptionseduces to Eq(1). If the wedge is made from pressure re-

C. Region of validity of the DLSM
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lease material, the directivity function is the same as in Eqobject, where the diffracting object was an aperture in a
(11) but with a plus sign instead of the minus sign betweerplane screen. Kelleet al® evaluated explicitly this line in-

the two reciprocal terms. tegral in the high frequency limit. Years later, Embléton
presented the Kirchhoff solution for diffraction by a half
F. Jagged edges plane as an integral along the edge of the half plane. Com-

) o ared to all of the abovementioned line integral representa-
__Perhaps the most important characteristic of the DLs’Vﬁons, DLSM has the advantage that incorporates fewer re-
is that it provides a flexible model for diffraction by arbi- gyictions. Solutions based on the Kirchhoff theory are valid
trarily shaped edges, as for example by jagged or piecewisgy; receiver locations close to the shadow boundaBieand
fsmooth.e(.jges. DLSM transforms the diffraction problemBr and for high frequencies. Not subject to any of these
into radiation from point sources along the edge of the haltegyictions, DLSM is valid in almost the entire field includ-

plane. It seems reasonable to assume that we can transfogm‘]J points deep in the shadow zone, which is of major inter-
the problem of diffraction by a jagged edge half plane into,g;

radiation of point sources along the jagged edge of the half ;o integral representations that do not have the restric-
plane. The model provides insight into the physical phenoms;q s of the Kirchhoff theory can also be found in the litera-

enon without considerable increase in the complexity of th ure. Compared to them, DSLM has the advantage that it

calculati?r;ls. It hasdt_)eenh shg;:fvn thadt fDLlil\g cr?ndbe Eppl_ie ddresses equally both the time and frequency domain, as
f‘ucgess uly todptre |c(tjéé§4_r|hracte it ield behin tat armelyvell as all three types of incident radiation. One of the most

aving a jagged top edge- € resufts are important in a widely used methods in electromagnetics applications is the
new design of noise barriers.

method of equivalent edge curreffs® Equivalent edge cur-
rents are the fictitious currents that must be placed on the
G. Comparison of DLSM to existing methods for edge of the half plane to produce the known diffracted field.
diffraction The edge contributions are therefore represented as a line

In this section the advantages of DLSM are outlined andntegral along the edge of the half plane. The method is
its relation to existing methods of diffraction is examined. restricted to the frequency domain and to plane incident

The DLSM appears to be a promising tool for the studywaves. DLSM can be thought of as an acoustical analog of
of diffraction by half planes. Application of DLSM is fast, the equivalent edge currents that addresses equally both the
simple and intuitive. It can handle plane, cylindrical andfrequency and time domain, as well as all three types of
spherical incident waves, while the exact solutions have beeiicident radiation. Closely related to the method of equiva-
developed for a specific type of incident wave. Furthermorelent edge currents is the method of incremental length dif-
as shown in Sec. Ill, the method can also handle directiondraction coefficients, which was introduced by Mitzffet!
sources. Finally, DLSM seems to be a promising tool for the(See also Ref. 19 and references thereithe incremental
study of diffraction by edges of arbitrary profiles. length diffraction coefficients are coefficients that must be

The calculations involved in DLSM are much simpler applied to each infinitesimal element of the edg®deled as
that the ones contained in the exact theory. For example, th@ point sourceto generate the diffracted field that must be
integral in Eq.(9) can be evaluated analytically for simple added to the Kirchhoff solution to produce the entire dif-
waveformsf (t) such as square pulses or N waves. Althoughfracted field. The diffraction coefficients, unlike DLSM,
in principle, knowledge of the impulse response funcfias have been derived for time harmonic plane incident waves.
for example the Friedlander solutfoor the Biot—Tolstoy— Gauteseff expressedin the high frequency limjtthe sound
Medwin (BTM) solution’] is sufficient to compute the dif- field in the vicinity of the edge of an obstacle as a line inte-
fracted field by an arbitrary incident wav¢t), the numeri-  gral along the diffracting edge. Because DLSM is invalid in
cal evaluation of the convolution betweefft) and the the vicinity of the edge, the Gautesen representation and
impulse response function is usually cumbersome. AmondPLSM complement each other. Recently, Svenssbal*
the considerations for the numerical evaluation of the convoexpressed the BTM solution as a line integral along the edge
lution integral are truncation of the very slowly decaying tail of the half plane. Their formulation is very much like DLSM
in the impulse response function, numerical treatment of thdaving the additional advantage of being valid for all re-
singularity (infinite value at the front of the impulse re- ceiver locations. However, because it is based on the BTM
sponse function, and the “wrap around effect” when a cir-solution, it is applicable only to spherically spreading inci-
cular convolution algorithm is used. dent impulses.

The idea of representing the diffracted field as a line  Finally, DLSM is compared with other unified represen-
integral along the edge of the diffracting object is by notations. The most often cited unified interpretation of the
means new. Line integral representations began to appear diffracted field can be found in the work of Kelfér?® and
the beginning of the century and they have been used iRierce?’?® Both authors interpret the diffracted wave, re-
several fields including optics, acoustics and electromagnegardless of the type of incident wave, as a ray scattered from
ics. the edge of the half plane. Their starting point is the

The first line integral representations were based on thasymptotic form of the exact solution for plane incident
Kirchhoff theory of diffraction'® Rubinowitz (1924 was the ~ waves (Keller), and for spherical incident wave®ierce
first to reduce the surface integrals emerging in the Kirchhoffsee Table IJ. Although the unified representation presented
theory to a line integral along the edge of the diffractinghere and those of Keller and Pierce are based on the same
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equations, they provide different interpretations of diffrac-where the parametsr is defined by
tion. In the present work the diffracted field is interpreted as
sound radiated from the edge of the half plamet as a
diffracted ray. This interpretation has two advantagés:

No high frequency assumption is requiréidl) We transform F=
the diffraction problem into radiation by point sources along 2rmo 21T o
the edge of the half plane. By plausible extensidn,allows

us to treat diffraction by arbitrarily shaped edges, for ex-andM is given by

ample, jagged or piecewise smooth edges without the impli-
cation of infinite field values at the caustics regions.

In conclusion, the work presented here synthesizes two
components(i) the line source radiation from the edge of the TE P*
half plane and(ii) the unified representation for diffraction 1-2e Y72 COS{T
by time harmonic and non time harmonic plane, cylindrical
and spherical incident waves. Previous works address the®TM used the term sim(b=c) to represent the sum of four
components separately, while the present work combines therms: sing+b+-c), sin@+b—c), sin@—b+c), and sind—b

y=cosh 'F,

22— [r24r5+(z2—20)%]  cA2—L%+2rrg

(13

Sin 2

Wid’id’o}

. (14
+e™

two components in a simple and intuitive model. —c). With appropriate rearrangement, Ef4) becomes
Finally, it should be noted that the abovementioned ref-
erences are a selection of methods related to DLSM. They do - ¢ ¢o

2(1+eY)cos
M= — : (15)
cog ¢_2¢0 - 1}

not constitute an exhaustive list of methods for studying dif-
fraction. For example, infinite series solutidA$® or the
hybrid method of progressing and oscillatory waitesave (1+e™Y)?+4e™Y
been omitted.

where the familiar term cosf* ¢)/2) = cos(p— ¢p)/2)
Il RESULTS +cos(@+ ¢o)/2) appears. The front of the diffracted signal
arrives at the receiver locatiom,,z) at time given byct
In the present section results from the DLSM are pre-=L. Just behind the front, the timecan be written ag
sented and compared with known analytical solutions for=7,+ 7 with cro=L and r<r,. With that assumption the
omnidirectional spherical and cylindrical waves, planeparameteF becomes

waves, and waves from directional sources. 5 . 5
2rrg+2crgr+CeT CToT
= =1+ , (16)

A. Omnidirectional spherical waves

In this section results obtained by DLSM for spherically Which in tumn yields
spreading incident waves are compared with the BTM
sinhy = \/ ( 1+

’ToT

2rryg rrg
9,10 . . . . . \/2C2T0’T
solution;*” which is an exact analytical solution for an im- —1= ) (17)
pulsive point source. Comparison with the BTM solution is Mo
important for two reasons. First, Biot and Tolstoy’s methodThe parameteM just behind the front, where Y—1, be-
of solution is completely different from the method used t0;gmes
obtain the equations in Table Il and DLSM. Good agreement

between the DLSM and BTM solutions indicates that DLSM (BN
does not depend on the derivation method. Second, the BTM 2:2 cos 2
interpretation for diffraction by a half plane is different from M= e T bt de D(¢; o).
that presented here. The comparison also shows that DLSM 22+ 4| cog _2 0 1} _2 0
is an accurate alternative interpretation that requires far (18)
fewer calculations.

The analytical comparison between the two methods i§he diffracted pulsgy [Eq. (12)] thus becomes
presented first for an impulsive point source. Then numerical
comparisons are presented for an N-shaped source signal. It grv i b (19
is shown that agreement between DLSM and BTM becomes P4~ 27 \/TOT \/F (o

better as source and receiver move away from the edge of the
half plane and away from the shadow boundaries. The case Consider now the impulse response solution developed
of oblique incidence is considered next, and finally the comby DLSM for a spherically spreading incident wave:
parison of the two methods is shown for receiver locations in
front of and behind the half plane. pDLSM— _ D(o: ),

The BTM solution for an impulsive point source located d 4w \/ﬂ 's o

at (ro, ¢o.2o) is as follows>°

(20

where the integrdl s represents the integral along the edge of
c 1 the half plane assuming that each point along the edge radi-

BIM_ _ _~ .~y ~
Pd 27 ° rrosinhyM’ ct>L, (12 ates a Dirac functiom(t),
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FIG. 2. Comparison of DLSM and BTM results for diffraction of a spheri- 4 3
cally spreading N wave by a rigid half plane. Source and receiver in a plane  , 2
normal to the half planez=z,=0). The N wave has unity amplitude and  P(t , _ (‘) B
duration 2Zr=2 ms. Point sourceS located at (g, ¢g) =(5 m, 30°); re- 2 ol [
ceiverA at (r,¢)=(5m, 270°). 4 . 2 9
-3
6 (e) -4t (f) +
> > ® 6i 00: Ooss 0bd7 0048 5 0.057 0059 0081 0063 0065
JL+2z time (sec)
o|t——
” c FIG. 3. Comparison between DLSM and BTM results for a spherically

dz. (21

spreading N wave, as a function of source/receiver proximity to the edge.
DLSM prediction becomes better as proximity distance increases. Source

i

o \L%+Z°

. . . _ and receiver in a plane normal to the half plane in all caggs£=0).
Just behind the front the timecan be written a$= 79+ 7, Point sourceS at (ro,dp.z0)=(r0,30°,0) and receiverd at (r.2)

wherer< 7, andcro=L. Equation(21) becomes =(r,270°,0), where =0.5m,r,=0.5m[@]; r=0.5m,r,=5 m[(b)]; r

\/f2+_zz =5m,r,=0.5m[(©)];r=5m,ry=5m[(d)]; r=10m,r,=5 m[(e)]; and
r=10m, ro=10m((f)].
i 7

c 2c 2
—e o JLP+Z° Vet —L? 277 DLSM, i.e., away from the edge of the half plané (

=10nm>sd) and away from the shadow bounda@y (¢>Bi
and therefore the diffracted field obtained by DLSM be-=210°<¢=270°).

comes: DLSM has been developed under the assumption that
source and receiver are not in the proximity of the edge. In
DLSM 1 1 1 Fig. 3 the time waveforms predicted by DLSM are compared

== (23 with the BTM solution for various source and receiver loca-

pa-M=— 5 —— ==—=D(0:4),

\/FO 270 tions. It can be observed that the agreement between DLSM

which is the asymptotic form of the Biot—Tolstoy—Medwin and the exact analytical solution becomes better as source
exact solutiorfEg. (19)]. and receiver move away from the edge.

The good agreement between DLSM and the exact ana- The second assumption for the validity of DLSM is that
lytical solution is shown in Fig. 2 for the case of an N wave. the receiver not to be close to the shadow boundary. Figure 4
The numerical results for the DLSN&olid line) have been shows that indeed the model gives accurate predictions for
obtained by evaluating Eq9). If f(t) in Eqg. (9) is an N  receiver locations deep into the shadow zone. Agreement
wave, the integration can be performed analytically ppts ~ between DLSM and the exact analytical solution is observed
given in a closed form expression. Evaluating the closedo be better as the receiver moves away from the shadow
form expression is much simpler than actually performingboundary.
the numerical integration. The exact soluti@ashed ling Next consider oblique incidence, that % zo=0. Fig-
has been computed by numerically convolving the BTM so-ure 5 shows that agreement between the DLSM and the exact
lution with the incident N wave. The evaluation of the exactanalytical solution is also very good in this case. It should be
solution involved far more calculations than the DLSM so-noted that the DLSM is easily applied when the incidence is
lution (see remarks in Sec. II)\GThe source is located at oblique rather than normal. The only change is in the arith-
(ro,%0,20)=(5m,30°,0m). The N wave has unity ampli- metic value of the shortest source-edge-receiver path
tude and time duration®=2 ms. The spatial duration of the The use of DLSM is not limited to receiver positions in
N wave issd=2cT=0.646 m. The receiver is located at the shadow zone. Positions in front of and above the half
(r,¢,z)=(5m,270°,0m), within the region of validity of plane may be treated as well. Comparisons for receiver po-
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FIG. 4. Comparison between DLSM and BTM results for a spherically
spreading N wave, as a function of receiver proximity to the shadow bound-
ary (dashed line in insgt DLSM prediction becomes better as receiver
moves away from the shadow boundary. Source and receiver in a plane
normal to the half plane for all casez,&z=0). Point sourceS at
(ro,b0,20)=(5m,30°,0); receiverA at (r,¢,z)=(5 m,$,0), where ¢
=212° [@]; ¢p=222° [(D)]; p=270°[(O)]; ¢=300° [(d)]; and ¢=330°

[(e)]; shadow boundary ap=210°.

sitions in all quadrants are presented in Fig. 6. Agreement
with the exact analytical solution is good. Note the sign
change of the time waveform as the receiver moves across
the boundaryB;, the continuation of the half plane in the
free space above it, and across the boundiry
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FIG. 5. Comparison between DLSM and BTM results for norfsalurce
and receiver in a plane normal to the half plazg={z=0) shown in(a)]

and oblique incidencgshown in(b) and (c)]. Point source atr(,¢q,2)
=(5 m,30°,0); receivers atr(¢,z) =(5 m,270°z), wherez=0 m[(®]; z

B. Omnidirectional cylindrical waves

The results obtained by DLSM are now compared with
known exact analytical solutions for cylindrical incident
waves in what follows. The analytical comparison is pre-
sented first for the impulse response solution. A comparison
of numerical results for a cylindrically spreading N wave is
then given.

Consider Friedlander’s impulse response solution for a
cylindrically spreading wave incident on a rigid half pldhe:

c 1 C

Friedlander_
Py -

T JcA2-RZ 7 \/c2t2—R§Ct>L’

(29)
where Ry, R, and L are defined in Fig. I[Ri:r2+r(2)
—2rrocoslp— ), RE=r2+r2—2rrocos@+¢g), L=r
+ro]. The front of the diffracted signal arrives at a point
(r,¢) at time given byct=L. At that time the parameter
G= (c’t?—r?—r3)/(2rr,) obtains its minimum valueG
=1. Just behind the frongt—L is small and therefor&
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—1 is small as well. Thus the first term of the diffracted
signal in Eq.(24) becomes

(25
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FIG. 6. Comparison between DLSM and BTM results for receiver positionsFIG. 7. Comparison between DLSM and Friedlander solution for diffraction
in front of, above and behind the half plane. Source and receiver in a planef a cylindrically spreading N wave by a rigid half plane. The N wave has
normal to the half plane. Point source af (¢¢,2,) = (5 m,60°,0); receiv-  unity amplitude and duration =2 ms. Line sourceS at (rg, o)

ers at €,¢,z)=(5 m,$,0), where¢p=30° [(a)]; $=170° [(b)]; »=190° =(10m,30°); receiveA at (r,¢)=(5 m,270°).

[(©)]; and ¢=330° [(d)].

is of unity amplitude and time durationT22 ms. The spa-
The second term of the diffracted signal yields a similartja| duration of the pulse isd=0.646m. The receiver is
asymptotic form and thus the diffracted signal becomes  |ocated at (, ¢) = (10 m,270°), within the region of validity

of DLSM, i.e., away from the edge of the half plane (

pgfied'a“delz LD(%;@_ (26) >sd) and away from the shadow boundaBy (¢g <).
2\ o Note that the shape of the diffracted signal is substantially
Consider now the impu|se response so'ution deve'opegifferent from tha.t in F|g 2. In our case the inCident Signal iS
by DLSM for a cylindrically spreading incident wave: cyllindrically spreading and its shape changes as it propa-
gates from the source to the edge. The spherically spreading
oBLSM_ D(¢o;¢) 8C 1 incident signal in Fig. 2 on the other hand does not undergo
d AT 7 [(Cttro—r)(Ct—ro+r) this change of shape.
ct—ro—r)(ct+rg+r
<K ( o= I)( otr) , 27 o
(ct+rg—r)(ct—=rgp+r) C. Plane incident waves
whereK is the complete elliptic integral of the first kind. At The results obtained by DLSM are compared with
the front of the diffracted signalt=r +r, and thus the ex- known exact analytical solutions for plane incident waves in
pression in front oK in Eq. (27) becomes this section. The analytical comparison is presented first for a
_ plane unit step function. A comparison of numerical results
_ D(¢0;¢) % 1 . (28) for a plane square pulse is then given.
A ™ 2ror Friedlander’s solution for a plane unit step functiof: is
The modulus of the elliptic integral becomes zero and there- Friedlander it . d— g [ct—r
fore Pa T pan | see 2r
_r 1 + ct—r
K(0)=7. 29 ~ Ztan | sec? %0 . @
T 2 2

Substituting Eqs(28) and(29) into the DLSM solution Eq.

(27)] we obtain where the solution holds fart>r, i.e., after the front of the
Wi i

diffracted wave arrives at the receiver. Immediately behind
c the front, ct—r is small and ¢t—r)/r is also small, for

potSM~ 5 \/FD(¢0§¢), (300  which case Eq(31) becomes
mNITo
. 1 fet—r
which is the approximate form of Friedlander's exact solu- ~ pfrediandeL —\ 57 D(¢o: ). (32
tion [Eq. (26)].

The good agreement between DLSM and the exact andf the front of the diffracted wave arrives at the receiver at
lytical solution is shown in Fig. 7 for the case of an N wave. rp=r/c, immediately behind the front we havet=cr,
The source is located at{, o) =(10m,30°). The N wave +cr, wherer<r,. Equation(32) then becomes
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o3 and time duration Z=2ms. The spatial duration of the

pulse is sd=0.646m. The receiver is located at,)
=(5m,270°), within the region of validity of DLSM, i.e.,
away from the edge of the half planext sd) and away from
the shadow boundar; (¢g<¢).

DLSM

————— Friedlander solution

0.251

0.2r

pt)
o015k D. Directional sources: Array of line and point
sources
sl The DLSM can be applied for omnidirectional as well as
for directional sources like pistons or arrays of simple
sources. One advantage of DLSM is that directional sources
0.05F

can be handled without increase in the complexity of the
calculations.

Consider, for examplen time harmonic point sources
forming an array of equally spaced elements. If the array is
located several wavelengths away from the edge, the array is

FIG. 8. Comparison between DLSM and Friedlander solution for diffraction considered as a directional point source having directivity
of a plane square pulse by a rigid half plane. Square pulse of unity ampli-

0 L s s " 2 L L N L
0.01 0.012 0.014 0.016 0.018 002 0.022 0.024 0.026 0028 0.03

time (sec)

tude, duration Z=2 ms, incident at angleoo=30°; receiverA located at . kd
(r,¢)=(5 m,270°). Sin I’l?smﬂ
O0)=—Tqg (39
_ 1 T n sin( —-sin 0)
Friedlander_ _ — 0 . 2
PG - N7, D(0: ). (33

whered is the distance between the elements of the amay,
Consider now the DLSM for a plane unit step function: is the number of the elements, adds the angle measured
1J1) from the axis of the arraysee Fig. @a)]. The directivity
potSM= — 222D (g ), (34)  pattern of an array of three elements is shown in Fig) By
4m dashed lines fod=0.1m andf=10kHz (kd=9.12). The
wherel (r) is the integral along the edge of the half plane diffracted signal is computed according to DLSM as the con-
assuming that each point along the edge radiates a unit stébution of directive point sources continuously distributed
wave. The integration can be performed analytically to yieldalong the edge of the half plane. The signal emitted from the
VP74 ot point sources on the edge must be multiplied by the arith
r

oot (35) metic_ value of the directivity_ function_ of the arraizq. (39)]
at pointN[ ® ()], whereN is the point on the edge where

Immediately behind the front of diffracted signal, the argu-the least diffraction path intersects the edgee Fig. 1. The

ment of the logarithm is a small number and therefore Eq_results are compared with a superposition of the diffracted
(35) becomes fields produced by the elements taken simply and calculated

by the spherical wave formula given in Table II. Figure 9
ct—ré+ct—r shows the comparison; it is seen to be very good.
r : The comparisons are repeated for an array of three time
(36) harmonic line sources oriented as shown in Fig. 10. The
space between the elements is the same as in the previous
example but the frequency is hakd=4.6). As a result the
directivity pattern of the array has fewer nulls. It can be
observed that the agreement in this case is also good.
The same good agreement between DLSM and analyti-
\/7 cal solutions has been observed for a wide range of frequen-
ludr)=2v2 T_o' (37) cies and different orientations of the array.

l.{r)=21In

ludr)=2 r

c’t’—r?+ct
- 1 :2

Immediately behind the frontt—r is a small number and
can be ignored compared t&?t>—r? in the numerator. By
substituting forct=cry+c7, crg=r and assuming<<rg,
we obtain

Substituting Eq(37) into the DLSM solutionEq. (34)] we

obtain E. Comparison with experimental data
1 - Results obtained by DLSM are now compared with
pg-M=— ;VZD(%;@’ (38)  measurements carried out by Rosenb®érghe source was
0

an electric spark, which produced short N-shaped pulses, ap-
which agrees with Eq(33), the asymptotic form of Fried- proximately 50us in duration. The half plane was a sheet of
lander’s exact solution. plywood with a metal strip at the top to serve as the edge.
The results from DLSM and the exact analytical solutionFigure 11 shows the arrangement. The pulse was short
are compared in Fig. 8 for a plane square pulse. The angle @nough that diffracted signals from the ends of the plywood
incidence is¢po=30°. The square pulse has unity amplitudesheet did not interfere diffracted signals from the top edge;
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FIG. 9. Comparison between DLSM and other analyti-
cal solutions for diffraction of an array of three time
harmonic point sources on a rigid half plane for a wide
range of receiver locations. The distantteetween the
elements of the array is 0.1 m and the frequency is 10
kHZ. In the application of the DLSM, the array is con-
sidered as one directive point source with directivity
pattern shown with dashed lines (a).

the plywood and metal top therefore approximate a halius were for the following valuedd from 70 to 90 cm in 10

plane. The spark source was located at a fixed height,
=60cm, above the table, and at a fixed distanbe,

cm incrementsD from 20 to 60 cm also in 10 cm incre-
ments, and = (D¢+ D)tana, wherea ranges from 0° to 30°

=60cm, from the screen. The edge of the half plane was 9% 10 degrees increments. In Fig. 11 the measured signals
cm above the table surface. The microphone was placed ifsolid line) are compared with the waveforms predicted by

various positions specified by the heightfrom the table,
the distanceD from the half plane, and the distanZefrom
the source in the direction along the edgee Fig. 11 A set

DLSM (dashed lingat various receiver locations, for normal
(Z=0), as well as for oblique incidenc& ¢0). Overall,

the diffracted signals obtained by DLSM are in reasonably
of experiments was conducted for many receiver positiongjood agreement with experimental signals at various receiver
by varyingH, D, andZ. The experimental data available to locations.
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FIG. 10. Comparison between DLSM and other ana-
lytical solutions for diffraction of an array of three time
harmonic line sources on a rigid half plane for a wide
range of receiver locations. The distanttbetween the
elements of the array is 0.1 m and the frequency is 5
kHZ. In the application of the DLSM, the array is con-
sidered as one directive line source with directivity pat-
tern shown with dashed lines {@a).

2984



0.08

0.06
0.04
0.02
P/Po 0
-0.02 D=4O cm
-0.04 H=90 cm
-0.06 Z=0cm
___________ D .
Soura ¢ > Recaver 008 3 34 35 36
TP&' time (msec)
H
94cm
Hg=60cm
Half Plane 0.05
| 0.04
Table 0.8 FIG. 11. Comparison between DLSM and experimental
experimental setup -- side view ooa - 11. Comparison between and experimental
0.01 data at various receiver locations, for norniaburce
[ and receiver in a plane normal to the half platwe 0
-0.01 D=60 cm (a),(b)] and obligue incidencf(c)].
Table _A ¢ Receiver -0.02 o H=80 cm
1--- -0.03 *$ Z=0em
o Sqeeya T ) Ly Z . oot (®)
S OO e 3E 37 38 39 4 47 42 43
0.15
experimental setup -- top view 01
o \
{l
0.05 H
1
0 |
)
-0.05 ! D=20cm
} - . H=90 cm
-0.1 ! Z=46 cm
(c)
27 28 29 3 31 32 33
IV. SUMMARY SH. S. Carslaw, "Diffraction of waves by a wedge of any angle,” Proc.

. . . . London Math. Soc18, 1291-306(1920.
In this paper a new method termed Directive Line sy m. MacDonald,Electric Waves(Cambridge University Press, Cam-

Source Model is presented for predicting the diffracted field bridge, England, 1902

produced by a sound wave incident on a half plane. The7H- M. MacDonald, “A class of diffraction problems,” Proc. London
. e : . - Math. Soc.14, 410-427(1915.

model is k_)ase_d on a unlfl€d_ rep_res_entatlon of diffraction bysg G. FriedlanderSound PulsegCambridge University Press, London,

plane, cylindrical and spherical incident waves. The DLSM 195g.

transforms a difficult diffraction problem into a much easier °M. A. Biot and I. Tolstoy, “Formulation of wave propagation in infinite

to solve radiation problem. Its advantages and relation to media by normal coordinates with an application to diffraction,” J.

h hods of diff . . . Applicati Acoust. Soc. Am29, 381-391(1957).
other methods of difiraction Is given. Application to many 10H, Medwin, “Shadowing by finite noise barriers,” J. Acoust. Soc. Am.

cases—rigid half planes, pressure release half planes,69 1060-10641981).
wedges, and half planes having jagged edges—is discussédP- C. Clemmow, “A note on the diffraction of a cylindrical wave by a

Results for plane, cylindrical and spherical incident waves, Perfectly conducting half-plane,” Q. J. Mech. Appl. Ma. 377-384

. . 950.
as well as for arrays of line and point sources are presentet s gradshteyn and I. W. Ryzhikable of Integrals, Series and Products

Agreement with known exact analytical solutions is demon- (Academic, New York, 1965
strated. Finally, results obtained from the DLSM compare”P- Menounou, “Theoretical study of diffraction by straight and ragged

favorably with experimental measurements edge barriers,” Ph.D. Dissertation, The University of Texas at Austin
’ (1998.
1p_ Menounou, D. T. Blackstock, and I. J. Busch-Vishniac, “Jagged-edge
ACKNOWLEDGMENTS noise barriers,” inProceedings of the 16th International Congress on

Acoustics pp. 97-98, Seattle, Washington, June 1998.

The Work presented here was Supported by the TexajéliﬂgGBSOrn an:;:I?I; \éVé)ZIf,Prlnuples of Opt|053rd ed.(Pergamon, New York,
Advanced TeChn0|09y Prpgram and the F. V_' Hunt PPStdOCmJ. B. Kgﬁer, R. M. Lewis, and B. D. Seckler, “Diffraction by an Aperture
toral Research Fellowship from the Acoustical Society of . appl. Phys. 28 570-579(1957.

America. YT. F. W. Embleton, “Line integral theory of barrier attenuation in the
presence of the ground,” J. Acoust. Soc. A&T, 42—45(1980.
A, Michaeli, “Elimination of infinities in equivalent edge currents, Part I:
1J.J. Bowman and T. B. A. SenidEectromagnetic and Acoustic Scatter-  Fringe current components,” IEEE Trans. Antennas Propag912-918
ing by Simple Shapesdited by J. J. Bowman, T. B. A. Senior, and P. L. (1986.

E. Uslenghi(North-Holland, Amsterdam, 1969 197, B. A. Senior and J. L. VolakisApproximate boundary conditions in
2A. Sommerfeld, “Mathematische Theorie der Diffraktion,” Math. Ann.  electromagnetigs Institute of Electrical Engineers, Electromagnetic
47, 317-374(1896. Waves Series 41, Londai1995.

3A. Sommerfeld,Vorlesungen er Theoretische Physik/ol. 4, Optik 20K, M. Mitzner, “Incremental length diffraction coefficients,” Aircraft Di-

(Akademische Verlagsgesellscaft Geest & Portig K.-G., Leipzig, 1959 vision, Northrop Corporation Technical Report No. AFAL-TR-73-296
4H. S. Carslaw, “Some multiform solutions of the partial differential equa-  (1974).

tions of physics and mathematics and their applications,” Proc. Londor*E. F. Knott, “The relationship between Mintzer's ILDC and Michaeli’'s
Math. Soc.30, 121-163(1899. equivalent currents,” IEEE Trans. Antennas Prop2®).112—-114(1985.

2985 J. Acoust. Soc. Am., Vol. 107, No. 6, June 2000 Menounou et al.: DLSM: An edge diffraction model 2985



2. K. Gautesen, “Integral representations for edge diffraction,” J. Acoust. 2A. D. Pierce,Acoustics: An Introduction to Its Physical Principles and
Soc. Am.72, 1942-19461982. Applications(Acoustical Society of America, American Institute of Phys-
U. P. Svensson, R. I. Fred, and J. Vanderkooy, “An analytic secondary ics, New York, 1989
model of edge diffraction impulse responses,” J. Acoust. Soc. 206, 29|, Tolstoy, “Diffraction by a hard truncated wedge and a strip,” IEEE J.

2433351_K23;|44(l?§2f' tion b: ture,” J. Appl. Phy28, 426—444 Ocean Engl4, 4-16(1989.
(]'_95'7) eller, “Difiraction by an aperture, = J. Appl. Fhy==s, - 301, Tolstoy, “Exact, explicit solutions for diffraction by hard sound barriers
253 B. Keller, “The geometrical theory of diffraction,” J. Opt. Soc. AB2, Sland seamounts,” J. Acoust. Soc. ABb, 661-669(1989. .
116-130(1962. E. Heyman and L. B. Felsen, “Traveling wave and SEM representations
263 N. Karp and J. B. Keller, “Multiple diffraction by an aperture in a hard for transient scattering by a circular cylinder,” J. Acoust. Soc. At8.
screen,” Opt. ActaB, 61-72(1961). 230-238(1986.
2T\ D. Pierce, “Diffraction of sound around corners and over wide barri- 2E. J. Rosenberg, “Continued investigation of noise reduction by a random
ers,” J. Acoust. Soc. Am55, 941-955(1974). edge barrier,” MS thesis, The University of Texas at Augfif97).

2986 J. Acoust. Soc. Am., Vol. 107, No. 6, June 2000 Menounou et al.: DLSM: An edge diffraction model 2986



Limits of time-reversal focusing through multiple scattering:
Long-range correlation
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Experimental results of time-reversal focusing in a high-order multiple scattering medium are
presented and compared to theoretical predictions based on a statistical model. The medium consists
of a random collection of parallel steel rods. An ultrasonic soBc2 MHz) transmits a pulse that
undergoes multiple scattering and is recorded on an array. The time-reversed waves are sent by the
array back to the source through the scattering medium. The quality of temporal focusing is very
well predicted by a simple statistical model. However, for thicker samples, persistent temporal
side-lobes appear. We interpret these side-lobes as a consequence of the growing number of
crossing paths in the sample due to high-order multiple scattering. As to spatial focusing, the
resolution is practically independent from the array’s aperture. With a 16-element array, the
resolution was found to be 30 times finer than in a homogeneous medium. Resolutions of the order
of the wavelengthi0.5 mm were attained. These results are discussed in relation with the statistical
properties of time-reversal mirrors in a random medium. 2@)0 Acoustical Society of America.
[S0001-496600)05406-0

PACS numbers: 43.20.Fn, 43.30.Ft, 43.60[GEC]

INTRODUCTION pulse duration. Yet, the time-reversal process is able to rec-
reate a very short signal back on the source, as is shown in
The property of time-reversal invariance in the waveFig. 2. Moreover, it was showrthat the spatial resolution of
equation provides an elegant and robust method to focus ahe time-reversed beam around the source was much better in
acoustic wave through an inhomogeneous mediwsually  a multiple scattering medium than in a homogeneous me-
it requires an array of piezoelectric transducéathough dium, and this remains true even if the received signals are
time-reversal can also be achieved on a single transplucedigitized on a single bif!
that are used as a time-reversal mirror, i.e., a device that can Time-reversal mirrors take advantage of high-order mul-
record a wavefornf(t), time-reverse it and send back ( tiple scattering, whereas one usually tries to get rid of it in
—1) into the same medium. In a time-reversal experiment, anedicine or nondestructive evaluation. A question then
source transmits a short pulse that propagates and may beises: which amount of multiple scattering should there be
scattered or reflected by inhomogeneities within the mediunto achieve the best focusing? From previous resutisg
the resulting pressure wave is recorded on an array. Whemay think that the higher the order of multiple scattering, the
the array sends back the time-reversed waves, they propagdietter.
as if they were traveling backwards in time and refocus both  In this paper, we will show that when multiple scattering
spatially and temporally onto the source. In recent years, thiss not too strong, a simple statistical model can predict the
principle has been successfully applied to a variety of doefficiency of the time-reversal process as a function of the
mains: nondestructive evaluation of materfalsnderwater length of the time-reversed signals and the number of ele-
acoustics, and mediciné:® ments on the array. Then we will show that when multiple
Particularly, it has been shown that time-reversal focusscattering becomes too strong, the quality of focusing be-
ing was a very robust method that could still refocus a wavecomes poorer due to internal correlations. We interpret the
even in the presence of very high-order multiple scatteering,physical origin of these correlations as the result of crossing
In a typical experiment such as the one depicted in Fig. 1, #aths within the scattering sample due to the high order of
multiple scattering sample is placed between the source argtattering involved. The paper is organized in two sections.
the array. The whole setup is in a water tank. The scatteringn Sec. |, the quality of temporal focusing at the source will
sample is a set of parallel steel ro@sameter 0.8 mmran-  be studied both theoretically and experimentally. In Sec. Il
domly distributed in the plane. The sample thickness is we will deal with spatial focusing around the source.
=15mm. There are roughly 19 rods perZso the typical
distance between two rods is 2.3 mm. When the source senisTEMPORAL FOCUSING ON THE SOURCE
a short pulsg23 cycles of a 3.2-MHz sine wayéhe trans-
mitted signal shows clear evidence of multiple scattering:
spreads over more than 1, i.e.,~150 times the initial

) In this section, we will examine the properties of the
'tsignal recreated at the source location, as the one plotted in
Fig. 2(b). There are essentially two variables in a time-
reversal experimenty, the number of active elements on the

dElectronic mail: arnaud.derode@espci.fr array, and T, T,] the time-reversal window selected in the
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time (Us)
FIG. 1. Time-reversal focusing. In the first step the soykptransmits a
short pulse that propagates through the rods. The scattered waves are re (a)

corded on a 128-elements arrég). In the second step\l elements of the
array (0<N<128) retransmit the time-reversed signals through the rods.
The piezoelectric elemerif) is now used as a detector, and measures the
signal reconstructed at the source position. It can also be translated along th
x axis while the same time-reversed signals are transmitted by B, in order to
measure the directivity pattern.

scattered signals. The parameter that will serve us as a mee
surement of the quality of temporal focusing will be the
signal-to-noise ratidSNR) defined as the peak amplitude
divided by the standard deviation of the surrounding noise.
We will build a simple model to predict the value of the SNR
in a multiple scattering sample, givéhand[T,,T,].

Imagine that the source transmits a pul{¢) through
the sample. As a consequence, the array recrdapulse
response#d;(t), i=1,...N. Due to reciprocity, the propaga-
tion impulse response from the source to the element is
the same as that from théh element to the source. There-
fore, the total signat (t) recreated on the source after time- (b)
reversal writes as

eopiloe o -

-40 -20 0 20 40
time (Us)

FIG. 2. (a) Signal transmitted through the rodk =15 mm), recorded by
N N the array element no. 64b) Signal recreated at the source position after
r(t)= E hi(t)®h(—t)= Z ci(t), (1) time-reversal of the scattered signals My 122 elements of the array.
i=1 i=1

wherec;(t) denotes the contribution of thén element of the  tributions from different elements;(t) and c;(t) are not
time-reversal mirror to the final signa(t). correlated, the standard deviation should only rise/As
This signal results in a double summation: one over timetherefore the SNR should also increase as the square root of
[the convolution of each impulse resporigét) by its time-  the number of transducers. With a similar argument, we can
reversed selfand one over spad¢he addition of the contri-  expect the SNR to rise proportionally tAT if we expand
butionsc;(t) coming from theN elements of the arrdy the size of the time-reversal windod&T=T,—T;.
Since the positions of the scatterers are random, we will  Actually, the dependence of the SNR AT raises the
treat the signal (t) as a random signal. In faat(t) writes as  issue of temporal correlation betwedn(t;) and h;(t,),
a double suntin space and in timeof random variables. As whereas the dependence of the SNRNis linked to the
a consequence, one of the key issues in this article will be thepatial correlation betweer)(t) and c;(1).
correlation properties of the impulse responsgs) both in To begin with, we will only consider the problem of
time and in space. temporal correlation, i.e., the evolution of the SNR as a func-
As an example, Fig. 3 represents some of the contribution of AT. To that end we will keepN=1, and study the
tions ¢;(t) and their summatiom(t) for N=122; these re- time-reversal process on a single transducer.
sults were obtained though a 15-mm-thick sample. Each of
thec;(t) is maximum and positive at time=0, so the sum-
mation of all thec;(t) to formr(t) necessarily gives rise to
a peak at timeé=0, the amplitude of the peak growing pro- At a timet outside the peak, the theoretical expression of
portionally with N; outside the peak, if we assume that con-the SNR is

A. N=1, AT variable
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. ' ' where p is the correlation coefficient betwedm(t;) and
\‘ig h(t,).
© , ) As long as the arrival times are independent, it can eas-

20 -10 0 10 20 ily be shown that

) | fe(0)e(r+0)do
O%WWWWW p(r)= 73 40 ce(r)®e(— 7). 5)

-20 -10 0 10 20 S0 the correlation properties of the scattered signal only de-

= | | pend one(t): Therefore, the correlation time, of the scat-
A tered signah(t) is of the same order as the durati&nof

e(t). Finally, we assume that(t) is a slowly varying func-

-0 =10 0 10 =0 tion compared ta(t), which implies that

g ')ww T Ty, ©
: : being some characteristic width of(t).

20 10 0 10 20 o009 ol(t)

time (us) After the time-reversal, the signal reconstructed on the
source is
FIG. 3. Contributionsc;(t) of three array elements, Nos. 20, 40 and 80.

Each contribution is maximum and positive at time0. The total signal  r(t)=h(t)@h(—t)W(—t)= f h(OW(O)h(t+6)de, (7)
r(t) results from the summation &= 122 contributions. On the vertical

scale, each signal has been normalized by its maximum. whereW(6) defines the time-reversal window: it is equal to
1 for T{<#<T, and 0 otherwise. We can study the first two
(r(0)) statistical moments af(t).
SNR(t) = , 2) Following the assumptions mentioned earlier, the ex-
V(r2(t))y —(r(1))? pected value of (t) is straightforwardly
T

where the bracket§ ) denote an ensemble average. (r(t))=1 (h(0)h(t+ 6))W(0) d0=p(t)f 202( 0)de. (8)

In order to calculate the theoretical value of the SNR, we T

need a random approach to model the scattered signals su€im average, the signal recreated on the source after time-
as the one plotted in Fig(&. When the source transducer is reversal is proportional tp(t) and is therefore maximum at
excited by an electric Dirac pulse, the signal received on onéme t=0. Its amplitude increases withT, and its typical
element of the array is the impulse response of the totaluration is7.. This is not surprising since time-reversal and
system sourcerodstreceiver, and randomness occurs be-backpropagation are formally analogous to a correlation in-
cause of the rods. We will follow a naive approach that contegral, and indeed(t) can be viewed as a statistical estima-
sists in treating this random impulse response as a ‘“shaor of the autocorrelation function &f(t).
noise” h(t), i.e., a series of replica with random arrival Knowing the expected value oft) is not sufficient, we
times® also have to calculate its variance in order to evaluate by
how muchr (t) is likely to fluctuate around its mean value.
After some computatiofi the variance off (t) outside

h(t)_; e(t=t). ®) the central peak|{|>E) is given by
T

Here e(t) is the zero mean acousto-electrical impulse re-(rz(t)>—(r(t)>2=J pz(T)dTJ ‘o2 0) oA (t+6)do.  (9)
sponse of the source convoluted by that of the receiver. The 1
arrival timest; are supposed to be independent random variHence, the theoretical value of the SNR is
ables, and represent the numerous multiple scattering paths. fT20'2( 0)do
If the number of arrival times per time unit is large, that is to 1 T

SNR(t) (10)

. . . . = X

say, if there is a large number of scattering paths with the 200 d T, 2 5 '
same length, the signal(t) is a sum of many independent \/fp (7)dr \/leU (0)o*(t+6) do
random variables, and can be treated as one realization ofghe integral in the first term of the right-hand side of Eq.
Gaussian procesgentral limit theorem Furthermore, we  (10) has the dimensions of a time. Actually, this integral can

assume that the duratidhof e(t) is much smaller than that pe used as a definition of the correlation timeof the scat-
of the distribution of arrival times—typicallyE<1us  tered impulse responst):

whereas the scattered signal is spread on several tens of mi-

croseconds. _ _ Tc:f p?(7) dr. (12)
These assumptions allow us to consider the scattered

signal h(t) as a nonstationary Gaussian signal with zeroAs to the second factor on the right-hand side of @d), it

mean and variance?(t), whose autocorrelation function is strongly depends on(6), whose shape can be roughly in-

written ferred from the average envelope of the transmitted signal. In
the simple case wher@0) can be considered constant, then
(h(t)h(ty))=a(ty)o(ty) p(to—ty), (4) Eq. (10) greatly simplifies into
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- FIG. 5. Time-reversal through a 15-mm-thick scattering sample: signal-to-
280 300 noise ratio versus duration of the time-reversal window. The circles are the
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time (1s) experimental results, the continuous line represents the theoretical prediction
Hs for 7.=0.29us.
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Note that this expression of the SNR is not stationary: the
noise level decays exponentially with time, as the transmitted
signals do. In practice, when the noise level is not stationary,
the SNR is calculated by taking the root mean square value
of the noise at a timeoff the central peak, in a time window
much smaller than the decay timg.

We plotted the SNR as a function of the duration of the
time-windowAT in Fig. 5; we compared it to the experimen-
tal results we obtained by time-reversal through a 15-mm-
thick scattering sample. The experimental procedure was the
following: the source and the time-reversal mirror were 31
cm apart, the scattering sample was placed 18 cm from the

250 300 350 400 array. The scattered signals were digitized on 9 bits at a
time (ps) 20-MHz sampling rate. The beginning of the time-reversal
(b) window was taken at tim&,=211us, andAT was varied

from 1 to 120us. For each value oAT, the time-reversal
FIG. 4. Average envelope of the signals transmitted through multiple scatPfOCESS was performed separately by the 122 array elements,

tering samplesl. =15 mm (a) andL =40 mm (b). one at a time. For each contributian(t), i=1,...,122, the
SNR was calculated as the ratio of the peak amplitude (
AT =0) to the standard deviation of the surrounding noise in an
SNR(t)=\/—. (12 8-us time-window centered &t=6 us after the peak. The
Te final experimental value of the SNR that is plotted in Fig. 5

This result has a very simple interpretatiaxr is the dura- is the average of the 122 SNR deduced from the 122 contri-
tion of the time-reversal window, ang, is the correlation butionsc;(t).
time of the scattered signal. Therefore, the ratity =, gives In the theoretical expression of the SNR, it should be
the number of independent informatigor “information  noted that the correlation timg cannot be known exactly. If
grains”) within the time-reversal window. When we expand we assume that the transmitted signal is a series of replica of
the time-reversal window, we add more and more new inforthe incoming signal23 cycles of a 3.2-MHz sine wayg
mation(i.e., uncorrelated with previous datand the result- then, from Egs.(5) and (11), we haver,=0.27us. Yet,
ing enhancement of the SNR is as usual proportional to thevhen comparing the theoretical and experimental results, the
square root of the number of so-called “information grains.” best agreement was obtained for a correlation time

In reality, o(6) cannot be strictly constant and usually =0.29us, which seems to make sense since the convolution
decays with a characteristic time,. In the time-reversal of the incoming signal by the acousto electrical response of
experiment we have carried out through a 15-mm-thick scatthe transducers tends to slightly increase the correlation time.
tering sample, the average enveldpey. 4) of the transmit- Finally, as we can see in Fig. 5, the agreement between
ted signals decays exponentially with a decay timg the experimental value of the SNR and the theoretical pre-
=27.2us. Taking into account this exponential decay, wediction based on the “shot noise” model is excellent. It
obtain the following expression for the SNR: should be noted that we obtained the same agreement when
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AT (us)
FIG. 6. Time-reversal through a 40-mm-thick scattering sample: signal-to-
noise ratio versus duration of the time-reversal window. The circles are the

experimental resulté+ one standard deviatignthe continuous line repre-
sents the theoretical prediction fog=0.29us.

L
evaluating the rms noise level surrounding the peak in a © o ¢ *® 2 @
different time window. ®Ce® o, " :.o

So it seems that Eq10) can be used as a reliable pre-
diction of the temporal sidelobe level in a time-reversal fo-
cusing experiment. Here.’ due'to the exponentlal deo@y ( FIG. 7. Sketches of scattering paths arriving on the receiiefa) two
=27.2us) of the transmitted signals, the SNR saturates anghdependent paths arith) two crossing paths that generate four possible

reaches its maximum value aftAlrT~70us, and it is use- arrival times on the receivea, anda, are the travel times corresponding to

less to expand the time-reversal window further. the first and second partbefore and after the crossingf the path labeled

. .Th ti lies to the path labeled b.
How to obtain a better SNR? We need to have a Iarge? © same convention applies fo the path fabele

decay time, and consequently longer time windaWwg, to

record more “information grains.” In other words, we need . . .

to enlarge the order of multiple scattering in the sample. Tdlons are uncorrelated, the multiple scattering paths may be
that end, we can repeat the same experiment through SPmewhat correlated. o _ . .
thicker sample L =40 mm). This time, the transmitted sig- In 9pt|cs, Iong-rangeT correlat|on§ in the diffuse intensity
nals last much longer: the average envelope of the transmitfansmitted though a highly scattering slab have been re-
ted signals is plotted in Fig. 4; after the maximum, the charcently observed.Yet the problem is different here, since we

i®)

acteristic decay time is-76 us. are not interested in the transmitted intensity but in adaptive
The experimental procedure is the same as before. THéme-reversal focusing.
beginning of the time-reversal window &, =220us, and A possible origin of the correlation in the arrival times is

its durationAT varies from 1 to 16Qus. The comparison the growing number of crossing paths as the sample thick-
between experimental and theoretical results derived frommess increases. We give a simple interpretation of the phe-
Eq. (10) is plotted in Fig. 6. nomenon in Fig. 7. We keep the idea that the wave is scat-
This time, we observe that the model fails at giving atered in the sample following every possible path, as a
correct prediction, especially at largefl. The experimental random walker that goes from one scatterer to another before
value of the SNR seems to be systematically and signifigetting out of the sample. Each path corresponds to an arrival
cantly lower than the theoretical prediction. timet; in the scattered signal received at some pBin€on-
What can be the cause of this discrepancy? When thgjqer the two paths in Fig.(3@): they are totally independent

time-reversal window is enlarged, we record a larger part OBf each other, and since there is no correlation between the

Fhe scattered S|gngl and send it back into the med'L.'m' I:Ogcatterers, there is no correlation either between the arrival
instance, whe\ T is doubled, then we send back twice a

) o . . . timest, andt,, as in a “shot noise.” But there are also more
many “information grains” (provided the arrival times are

uncorrelatefl hence the SNR should increase by a factor Ofcompllcated paths, as the ones dr‘f’“””. in Figh).7In th|s_
V2. If the SNR no longer increases when adding these infor€X@mPple, two patha andb are crossing in the sample, giv-
mation grains to the time-reversed signal, it can be eithef?d ise to four possible arrival times at poiRtty, t;, g
because their amplitude become negligitds was the case andt,. There are four arrival times, but only two couple of
for L=15mm, or that this information is not new, i.e., it is independent paths. Indeed, we have=a;+a,, t,=b;
correlated with the earlier part of the scattered signal. In thet P2, ts3=a;+by, ty=a,+b;:t; andt, are still indepen-
case of the thicker sampl& €40 mm), the decay time is too dent, as well as; andt,, butt, is correlated wittt; andt,,

large to explain the saturation of the SNR. A possible explaand so ist;.

nation is that the “shot noise” model is not valid in this Let us examine the consequence of this correlated paths
sample: at largeAT, the arrival times may no longer be on the temporal side-lobe level. For simplicity, imagine that
considered independent. Even though the scatterers’ podie scattered signal is a series of impulses
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value ofL, all 122 signals were time-reversed and the result-
ing signalr (t) was plotted.

0 5 10 For L=15mm, we see practically no temporal side
' " lobes, and as we have seen previously, the SNR is very well
§
0

' W ' ' through various thicknesses: 15, 40, and 80 mm. For each

-10 -5

v predicted by a “shot noise” approach. Hor=40 mm, a side
lobe appears close to the peak: this side lobe is responsible
S 10 for the discrepancy between the shot noise model and the
experimental results. AL =80 mm, the same side lobe is
present, at the same tinfe-2.5 us before and after the cen-
tral peak and with a stronger amplitude.
10 3 0 5 10 Remember that the signal recreated at the source writes
time (us)

N N
FIG. 8. Signal recreated on the source position after time-revensing r(t)zz hi(t)®hi(—t)=2 f h;(8)h;(t+ ) dé, (16
=122 scattered signals through three multiple scattering samjles: i=1 i=1

=15mm, L=40 mm, L=80 mm. As the sample thickness increases, the . .. .
secondary temporal side lobes grow, due to internal correlations within thd€ncer (t) can be viewed as a statistical estimate of the

scattering sample. autocorrelation function of the scattered waugs 6)h(t
+6)). If the shot noise model was right ahdt) was actu-
Na ally a decorrelated series of replicasegt), then(h(6)h(t
h(t)=>, 8(t—t;), (14)  +0)) should be 0 for|t|>E, whereE is the duration of
=1 e(t). The existence of persisting temporal side lobes for

large thickness is an indication of a correlation in the arrival
times. We interpret this correlation as a consequence of the
growing number of crossing paths.

In two samples with the same scatterer concentrations
and different thicknessed. =40 mm andL =80 mm), the

h(t)®h(_t):j§1 ,21 S(t—ti+t)). (19 first side lobe appears at the same time2.5 us from the

) o . main peak, which corresponds to a path length difference of

There areNj terms in this expression: thi, terms for 3 75 ;m in water. This is probably related to the average
whichi=j will create a peak at timé=0. The other terms  gistance between two scatteré2s4 mm. Indeed, among all
(i#j) will (_:ontribute to the noise surroundi_ng the central possible crossing paths, the simplest and probably more fre-
peak, creating secondary peaks for all possible valuest of qyent is a “recurrent scattering:” the wave bounces between

whereN, is the number of arrival times and theare ran-
dom variables distributed over some intery&,T]. The
time-reversal process will give rise to a signal

Na  Na

=ti—t. _ _ two scatterers. Given the radius of the scattetérd mm,
Now, if every pair ¢;,t;) forms a couple of independent the typical bouncing time is-2 us. Yet this interpretation
random variables for#j, then the time differencest will  ha5 {0 be confirmed by studying the side lobes with a differ-

be distributed over the whole intervat-T,T]. Whereas if  gnt gensity of scatterers.
there is a correlation betweenandt; (i # j), this will not be Finally, the “shot noise” model was shown to be very

the case. For instance, if we hatg=a;+a, andts=a;  accurate at.=15mm, but failed at giving the correct pre-

+by, then ét=b,—a, will only be distributed over an in-  giction at a larger thickness. Should we just abandon the shot
terval[ —B,B], whereB is necessarily smaller thah This  5ise model and only use it when crossing paths can be
implies that the contributions of the crossing paths to théeglected? In fact, the model can be modified to take into
“noise” tend to be gathered around the central peak insteagccount the presence of correlations in the arrival times due
of being spread all over the interviah-T,T]. to multiple scattering. We still assume that the impulse re-

Hence, the SNR is decreased by the presence of crossiRgonsen(t) is a series of replicas with random arrival times:
paths, and naturally this effect becomes more obvious when

the number of crossing paths increases. In a random walk, h(t)=2 e(t—t) 17

the essential parameter is the transport mean freel paths ; 17

a physical interpretationl* is a characteristic distance after

which the wave has lost the memory of its initial direction. but the arrival times; are not independent, their correlation

In our samples, previous experiments showed that the tranénction R(7) is no longer a delta function. Then the corre-

port mean free path is of the order of 4 mfhWhen the lation coefficientp(7) of the scattered signal in E(G) has to

sample thickness is not too large compared tig, most be replaced by

paths going to the receiver do not cross each other. But as the _

sample thickness increases, the paths traversing the slab (e(r)®e(~7)OR(D). (18)

get more and more intricate and the probability of crossingrhis only affects the first term on the right-hand side of Eq.

increases, inducing a correlation in the arrival times. (10), i.e., the correlation time, of the scattered signal. The
This has an important impact on the efficiency of a time-only effect of additional correlation due to crossing paths is

reversal experiment. Figure 8 presents the time-reversed sitp increase the correlation time. Indeed, if we take

nals we obtained at the source with a 122-element array-0.45us instead tor,=0.29us, then the experimental re-
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FIG. 9. Time-reversal through a 40-mm-thick scattering sample: signal-to-

noise ratio versus duration of the time-reversal window. The circles are th€IG. 10. Time-reversal through a 15-mm-thick scattering sample: signal-to-
experimental resulté+ one standard deviatipnthe continuous line repre- noise ratio versus square root of the number of active array elements.
sents the theoretical prediction fog=0.45us.

grows linearly with\/N, in agreement with the independent
sults obtained ak =40 mm are in good agreement with the “information grains” theory. The slope of the linear fit
prediction of the mode(Fig. 9). However, it is clear that the Yields mg,~2.5.
assumption thalt(t) is formed with identical replicas of the However, if we repeat the same experiment through a
same signak(t) is not very realistic; particularly, at very 40-mm-thick sampléT,=220us, AT=160us), and calcu-
large times, frequency-dependent attenuation probably playgte the SNR in the same time window as usual, there is a
a more important role. discrepancy between theory and experiments. The SNR

starts rising likeyN, then saturates and reaches a maximum

value(Fig. 11). The effect is even more striking for a thicker
B. AT constant, N variable sample; forL=80 mm, withN=122 elements, the SNR is

. . ) |
So far, we have studied the SNR as a function of theOnly 1'.5 times hl_gher than with one e_Iement.
This saturation cannot be explained by a short-range

durationAT of the time-reversal window, with only one el- S . .
ement performing the time-reversal operation. We are no correlation; it is due to a long-range spatial correlation be-
: veen contributiong;(t) and ¢j(t), even fori#j and |[t|

going to keepAT constant and study the SNR as a functlon?E. As before, its physical origin may lie in the growing

of N, the number of active elements on the array. The signaIm ortance of crossing paths. As the sample thickness in-
recreated at the source results from the summatidvh @dn- P 9p ) P

tributions from the active elements on the arrav: creases, the proportion of crossing paths rises, inducing a
Y: correlationR(7) in the arrival times. The expected value

N N (r(t)) of the signal recreated at the source is no longer

(=2 hi(ehi(-t)=2, ¢(t). (19  e(t)@e(—t), bute(t)®e(—t)®R(t). The correlatiorR(r)

=t =t in the arrival times induces temporal side lobes, particularly
As we have seeifFig. 3), all these contributions add con- around 2.5us after the peak as we have pointed out.
structively at timet=0 to form the central peak. Outside the Each transmitted signai;(t) can be regarded as a real-
peak, the question is to know whether tbgt) and c;(t) ization of the same random process “traversing a scattering
(i+#]) are correlated or not. In the ideal case where eadh
fully decorrelated from everg;, then the SNR should rise 35
asN. If ¢;(t) andc; ., (t) are partially correlated, as long
as this correlation is short range and falls to zero after some
length I, the SNR should still increase proportionally to
VN/mgq, With meo= I ofarray pitch. Once again, as the ap-
erture of the array increases, it receives more and more “in-
formation grains,” and the SNR varies proportionally to the
square root of the number of information grains.

Figure 10 presents the experimental values of the SNR
as a function ofyN, throughL=15mm. The time-reversal
window begins atT;=211us and its duration iSAT
=120us. As we did previously, the SNR was calculated as
the ratio of the peak amplitude to the standard deviation of 1
the surrounding noise close to the peak, in @as8{ime- N2
window centered at= 6 us after the peak. For each value of ) o _
N, the resuls presented in Fig. 10 are averaged over (1S, i Tmnereversa ot atmmiviok e anaLomnin
123N groups ofN adjacent elements. Once again, the eX-glements. The results have been normalized by the SNR obtained for
perimental results confirm what was expected: the SNRu=1.

1
&)

SNR(N)/SNR(1)
L

1L5¢

12
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FIG. 12. Contributionsc;(t) from all elements on the array in a B-scan
format, forL =80 mm. The colors have been saturated. On both sides of theFIG. 13. Resemblance coefficient of the contributiep@) and cj(t), as a
central peak, the temporal sidelobes are clearly visible on all elements of thinction of m=|i—j|, at time t=0 (central peak t=2.5us andt
array. The long-range spatial correlation arownd.5us from the central =10 us. Even 1Qus after the peak, a plateau remains with an average value
peak manifests itself as vertical lines. At later times, the contributions do nobf 3%.
seem correlated.

le with a ai density of " ARg h than with one element. Indeed, a simple computation on the
sampie with a given density o scatterelrs. nd each contrig 1y 4N correlated random variables indicates that when we
bution c;(t) can be regarded as an estimate of the expecte

oo . ﬁmrease the number of elements active on the array from 1 to
value(r(t)). When all contributiong;(t) (i=1,...,122) are y

N, the SNR should increase by a factor of
added, the side lobes are not averaged out; they are inherent y

to the multiple scattering process within the sample. \/ﬁ
For L=80 mm, the long-range correlation between the — ,
ci(t) is particularly obvious in Fig. 12. The 122 contributions V1+25N-3(1—m/N)p[m]

ci(t) have been represented in a BSCAN mode: time is in the . . . .
abscissa, and each line of the picture represents the contrib [m] being the correlation coefficient betwea(t) and

tion of one array element to the total sigmét). Among the EHnE(Z?). V';;Bﬁjci i\\’/V:%U:L%#géoirsre;a;ig’r:ﬂ:ﬁ [rg]cz:)reallggon
noise surrounding the central peak, the temporal side Iobesq' 9 ) g

. . .. .~ With a typical length scalen,,, Eq. (21) would grow as
that were pointed out earlier are clearly visible on each line, . . :
: . . N/mcon as soon adl>m.,,. However, if there is a persis-
at the same time. When adding all the signals, the tempor . )
. . ent long-range correlation, with a plateau such thjan]
side lobes are not averaged out, hence the saturation of theé =™~ .
SNR =a=constant, then even l—, Eq.(21) tends to a maxi-

The saturation value of the SNR depends on the correliM vglue L. . L
This result has an important consequence: it is useless to

lation coefficient between tfé contributionsc;(t). We have increase the number of transducers on a time-reversal mirror
calculated a resemblance coefficient betwegt) andc;(t) S . . )
beyond a certain limit, depending @n This was obvious for

?nser?t;uﬂgit:éntr?é Z‘fpr;j;sstizﬂcem: [i ~ il between the ele- a=45%: the SNR was only increased by a factor of
1/y0.45~1.5 when using all 122 transducers instead of one.

(21)

1 leem f:zCi(t)Cwm(t) dt But even if the level of the correlation plateau may seem
! _ (200  small (a few percent it can be very limiting for the time-
122-m =1 \/fich(t) dt\/fIZCﬁm(t) dt reversal process. When<Qw<1, with N= 1/« transducers,
1 1

the SNR attains 70% of its maximum value, and it takes four

This coefficient was evaluated in 2i&5-long time windows times as many transducers to reach 90%, and ten times to
centered oni=0, 2.5, 5 and 1Qus. The results are plotted in reach 95%.
Fig. 13 forL=80 mm. At timet=0, all contributionsc;(t) To conclude this section, we have seen that the temporal
are almost identical; all contributions are in phase and addignal-to-noise rati@SNR) obtained with one transducer was
constructively. Outside the peak, at time2.5us, the re- very well predicted by a “shot noise” model, as long as
sults show a plateau, as could be expected from the B-scamultiple scattering is not too strongtypically, until L
The height of this plateau is-45%. Even at later times =~41%). At larger thickness, persistent temporal side lobes
where apparently no temporal side lobes were visible on thappear close to the central peak. We interpret these side
B-scan, there is still a plateau with a diminishing height: 5%lobes as the sign of a correlation between the arrival times
att=>5 us, 3% att=10us. These experimental results show due to the crossing of multiple scattering paths, which be-
that only aftert~35us can thec;(t) be considered as spa- come more frequent as the sample thickness increases. These
tially uncorrelated. temporal side lobes degrade the quality of time-reversal fo-

The height of the correlation plateau has a strong influcusing. They result in an increasing of the correlation time
ence on the maximum value of the SNR, and explains whyf the scattered signal, and consequently in a reduction of the
the SNR was only 1.5 times higher with=122 elements numberAT/r. of information grains available in a time win-
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through a high-order scattering sample than through water!
Precisely, the respective widths of the directivity patterns are
0.8 and 22 mm at-6 dB, and 1 and 33 mm at12 dB.

A physical explanation for this surprising effect is that,
due to the presence of the scatterers, high spatial frequencies
that would have been lost otherwise are redirected and re-
corded on the array. In other words, when the time-reversed
waves propagate back, the medium acts as a lens that focuses
] the signal on the source; the angular aperture of that pseudo-

lens is larger than that of the array alone, hence the improve-
/W‘Wd\; ment in resolution.
1

2 -1 0

2 3 A more theoretical argument can be developed to ac-
Distance from the source (mm)

count for this result. For simplicity, imagine that the time-
FIG. 14. Directivity pattern of the time-reversed waves around the sourcdeversal operation is performed on one elem@nt theith
position, in water(thin line) and through the rodghick line), with a 16- element on the array. As usual, when the so8aends a
element aperture. The sample thicknesk #40 mm. The—12-dB widths pulse the detectdR: records the scattered sigr’m(t). The
are 33 and 1 mm, respectively. 0.8 vs 22 mm. . ' ! .

time-reversed signah;(—t) is sent back byR; and propa-

) gates through the same medium. At the source position, as
dow AT. However, the shot noise model can be adapted tQ,sal the recreated signal is

take this into account, and can predict the SNR correctly
even at larger thickness. hi(t)®h;(—1t) (22

When the number of transducers is increased from 1 t%nd is maximum at ime=0.

N, the presence of temporal side lobes in all contributions If we consider another observing poifl, somewhere

limits the growth of the SNR. This is particularly obvious for around the source, and denotelii(t) the propagation im-

thick samples, and at times close to the central peak. In rela- : .
tively thin samplesL~41* or les3 no temporal side lobes pulse response from; to O, the signal recreated outside the

- S . source at timg=0 is
are visible; contributions from different array elements may

be correlated, but only over a finite rangg,,, and conse-

quently the SNR rises agN/m.., At larger thickness, the f hi(Dh; (t) dt. (23
temporal side lobes are present on all array elements, induc- ) ] )

ing a long-range correlation between the contributions fronfNOW, due to reciprocity, the sourcand the receiveR; can
various array elements. This accounts for the saturation d#® €xchanged: in other words(t) is also the signal that
the SNR asN increases. In the presence of a Iong-rangé"’OU'd be received irS if the source was iR, . Therefore,

correlation plateau with height, there is no need to have W€ can imagine a situation in whidR, is a source, and the
more than~4/a transducers on the array. transmitted wave field is observed at two poiftand S on

the other side of the sample. The spatial correlation function
of this wave field would béh;(t)h/(t)).

Interestingly, Eq(23) can be viewed as an estimator of

In a time-reversal experiment, it is also important tothis spatial correlation function. In that sense, the spatial
check that the recreated pulse is correctly focused around thresolution of the systenfi.e., the —6 dB of the directivity
source. To that end, the piezoelectric element that used to hmattern is simply an estimate of the correlation length of the
the source is translated step by step along an axis parallel twave field transmitted through the scattering sample.
the samplex axis in Fig. 2, while the same time-reversed This has an important consequence. Indeed, if the reso-
signals are continually transmitted through the rods. Thuslution of the system essentially depends on correlation prop-
the directivity pattern of the time-reversed beam around therties of the scattered wave field, it should become indepen-
source can be measured. dent from the array’s aperture. This is confirmed by the

With classical systems, multiple scattering severely deexperimental results. Figure 15 presents the directivity pat-
grades the quality of focusing. But with a time-reversal fo-terns obtained through a 40-mm-thick multiple scattering
cusing device, experimental results show that the spatiadample, using either 1 array element or the whole a(t22
resolution of the system is enhanced by the presence of muélementsas a time-reversal mirror. In both cases, the spatial
tiple scattering, compared to the resolution of the array irresolution is the same+0.85 mm at—6 dB. In total contra-
water. This was demonstrated experimentally in 1998  diction with what happens in a homogeneous medium, en-
resolution of a time-reversal mirror in a multiple scatteringlarging the aperture of the array does not change the spatial
medium was found to be one-sixth of the theoretical limit forresolution. Such an effect was already observed in time-
the mirror’s aperture. reversal experiments performed in a wave gdidand was

A similar result is presented in Fig. 14: a 16-elementinterpreted with the image theorem. The situation is very
aperture was used through a 40-mm thick sample. As beforelifferent here since there are neither reflecting interfaces nor
the source and the array were 31 cm apart, and the centeirtual images of the array but a random scattering sample.
frequency was 3.2 MHz. When we compare the results, we  However, even though the numbirof active array el-
find that the spatial resolution is roughly 30 times finerements does not influence the typical width of the focal spot,

II. SPATIAL FOCUSING
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FIG. 15. Directivity pattern of the time-reversed waves around the sourcé-IG. 17. B-scan of the 122 signals received on the array through a multiple
position throughL =40 mm, with N=122 transducersthin line) and N scattering sampleL(= 15 mm). The ballistic front is clearly visible for this
=1 transducefthick line). The —6-dB resolutions are 0.84 and 0.9 mm, thickness. It arrives first, and is followed by scattered waves.

respectively.

saturation is due to a long-range correlation between the
it has a strong impact on the background level of the direcGi (t) or to classical limitations of the arrdgpatial and tem-
tivity pattern (~—12 dB forN=1, ~—28 dB forN=122,  poral sampliny

as can be seen in Fig. 15. We have argued that the spatial resolution of a time-
With an N-element time-reversal mirror, the signal rec- reversal device essentially depends on the correlation length
reated at the observing point is a sumNEontributions: of the scattered wave field: the shorter the coherence length,
N the finer the resolution. This can be illustrated by a time-
ey — , reversal experiment through a sample of widtk 15 mm.
r'(t=2> c(t), (24) . ; .
= The scattered signals received on the array are represented in

Fig. 17 in a B-scan format. In a relatively thin samphere,
L~41*) such as this one, the so-called “ballistic” front is

¢/ (H)=hi(—=t)oh{(1). (25)  clearly visible; it arrives first on each element of the array
and represents the remnant, unscattered part of the incoming
wave. Therefore, at early times, the signals received on vari-
ous elements of the array are strongly correlated. After the
X . . ballistic front has arrived, the array continues receiving sig-
the sourck Once again, the amelioration of the backgroundnals corresponding to scattered waves. Late arrivals corre-

level of the Q|rect|IV|ty patterns witiN depends on w_hether spond to longer scattering paths and higher order of scatter-
the contributionsc; (t) are correlated or not. Experimental .

. il in
results(Fig. 16 indicate that the background level decreases g
until N~ 64, then seems to saturate. However, given the satL{éi

ration value(~ —28 dB) we cannot conclude whether this

where

Eachc/ (t) is an estimate of the intercorrelation of signals
transmitted from theth array element to two pointS (the
original source positionand O (the observing point outside

Figure 18 shows the directivity patterns that were ob-
ned with a 64-element aperture by time-reversing either
the early arrivals, or later arrivals. We selected twqu-
time-window, the first one including the ballistic front, the
-12 second one beginning 10@s later, i.e., containing purely
multiple scattering contributions. The6-dB resolutions we

-16 0
o -5t
220 N
510
[e)
24 \
P -15
o]
28 °
0 0.5 1 1.5 2 2.5

Log(N) 20 04  -02 0 0.2 0.4 0.6
Distance from the source (mm)

FIG. 16. Background level of the directivity pattefin dB) versus the  FIG. 18. Directivity patterns obtained after time-reversing as2time win-
numberN of transducers. In the central part of the pltmear fit), asN is dow at early timeg(ballistic fronf or at later times(multiple scattering
multiplied by 10, the background decreases by 10 dB. But for large valuegontributior). The spatial resolution is 3.6 mm at early times, 0.5 mm at
of N, the curve seems to saturate aroun@7 dB. later times.
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4 down to 0.5 mm were attained. The finest resolutions are

352 obtained by time-reversing the last part of the scattered sig-
o nals. However, since the amplitudes of the transmitted sig-
35 nals decrease with time, the later time contributions have
Ez.s Z relatively small amplitudes and are more sensitive to noise,
z | which generates a higher background level in the directivity
2 pattern of Fig. 18.
%1.5 The background level can be easily decreased if we en-
~ 8 large the time-reversal window; but then we have to include
1 o earlier arrivals, for which the resolution is not as fine. A
0.5 ° ° dlo ol o o trade-off has to be found: as we showed in Fig. 15, a time-
reversal mirror through a high-order multiple scattering is
900 220 240 260 280 300 320 able to have both a fine resoluti@g8.85 mm, i.e., 2 wave-
time (ks) lengths and a rather flat background level aroun@8 dB.

FIG. 19. Spatial resolution versus the beginning of the time-reversal win-
dow, for 2.us time-windows througt. =15 mm. 1. CONCLUSION
A transducers array used as a time-reversal mirror is a

obtained are 3.6 mm for early arrivals and only 0.5 mm forvery efficient and robust device to focus a wave in a inho-
late arrivals(it should be noted that the average wavelengthmogeneous medium. It takes advantage of high-order mul-
is 0.45 mn). It appears that at early times, as in a homoge+iple scattering to actually enhance the resolution of the ar-
neous medium, the resolution of the system is limited by theay. As an example, with a 16-element aperture, the
aperture of the array, whereas at later times multiple scatteresolution was found to be 30 times finer than in a homoge-
ing dominates, and the resolution is essentially limited by thaneous medium. The aim of this paper was to study by how
coherence length of the scattered field. much the quality temporal and spatial focusing varies when

The evolution of the spatial resolution as a function ofthe time-reversal window or the aperture of the array are
time is plotted in Fig. 19. Right after the ballistic front, the changed.
resolution diminishes very sharply down .5 mm, which The quality of temporal focusing depends on the corre-
seems to be the smallest value that can be attained given theion time of the scattered signals. A “shot noise” model
average wavelengt{0.45 mn) and the size of our elements was developed, and its predictions were found to be in ex-
(0.38 mm. cellent agreement with experimental results for 4 1*. At

To obtain the finest possible resolution, the scatterindarger thickness, the model had to be modified to incorporate
medium should be arranged in such a way that the correlaadditional correlation that we interpreted as a consequence of
tion length of the scattered field is as small as possible. But ¢he increasing number of crossing paths as the sample thick-
“spatial white noise” is not physically possible: the coher- ness increases.
ence length of a propagating wave field cannot be arbitrarily ~ As to spatial focusing, the resolution of the system es-
small, it is at least half a wavelength. Moreover, due to thesentially depends on the correlation length of the scattered
propagation in water from the scattering sample to the arrayjwaves. The more scrambled the waves, the better the resolu-
the signal received at one point must be at least partiallyion. Experimental results showed that with the highest order
correlated with its neighbors, even if the scattered field jusbf multiple scattering, resolutions of the order of the wave-
emerging from the sample could be a true “spatial whitelength could be attained.
noise.” This is based on a fundamental theorem of statistical  Finally, the fundamental properties of time-reversal in a
optics, the Van Cittert—Zernike theorérhit states that the random medium lie on the fact that it is a correlator, both in
wave field generated by a fully incoherent random source haspace and in time. The time-reversed waves can be viewed as
a typical correlation lengthz/D,D denoting the size of the an estimate of the space and time correlation functions of the
random source anzithe propagation distance. Here the mul- waves scattered by a random medium. The quality of time-
tiple scattering “halo” emerging from the sample can bereversal is the same as that of a statistical estimate: the esti-
seen as a random source. As the distandeetween the mate is better if it is built from a larger number of uncorre-
sample and the receiver increases, the correlation length itated information, what we termed “information grains.”
creases, too. A physical interpretation of the Van Cittert—  To obtain the best possible focusing, one would have to
Zernike theorem is that propagation in water smooths thelesign a random medium for which the correlation time and
rugged wave fronts emerging from the sample. So, in theorygorrelation length of the scattered waves could be as small as
one way to improve the resolution would be to put the transpossible. The solution is not necessarily a very thick medium
ducers as close to the sample as possible. In practice, thisvgth very high-order multiple scattering. Indeed, the correla-
difficult though because of back and forth reflections be-ion time was shown to be larger for thicker samples. As to
tween the transducers and the scattering sample. the correlation length, physically, it cannot be smaller than

Apparently, a satisfying compromise was found in ourhalf a wavelength.
experiments. The distances between the sample and the So far, the experimental results presented in Figs. 14 and
source/array were typically between 10 and 20 cm. In thel5 showed that a time-reversal mirror coupled to a high-
highest-order multiple scattering contributions, resolutionsorder multiple scattering medium is able to achieve a fine
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A mathematically accurate and numerically efficient method of analysis of a spherical reflector, fed
by a scalar beam produced by a complex source-point feed, is presented. Two cases, soft and hard
reflector surface, are considered. In each case the solution of the full-wave integral equation is
reduced to dual series equations and then further to a regularized infinite-matrix equation. The latter
procedure is based on the analytical inversion of the static part of the problem. Sample numerical
results for 50n reflectors demonstrate features that escape a high-frequency asymptotic analysis.
© 2000 Acoustical Society of Amerid&0001-49660)00306-4

PACS numbers: 43.20.HANN]

INTRODUCTION beam scattering from a circular aperture. This concept is fur-
ther developed in Refs. 9, 10, which contain practical and
Most frequently, performance of a reflector antenna isyseful results.
predicted by using asymptotic high-frequency techniques |n a recent study?® it was demonstrated, for a 2D prob-
such as Physical Optic0), combined with Geometrical |em, that a very accurate and computationally efficient analy-
Theory of Diffraction(GTD),"? for the off-beam radiation. sjs of reflector antennas can be achieved by using a combi-
The Method-of-Moment$MoM) is also used in the integral- nation of the CSP method to simulate a beam-like feed field,
equation(IE) analysis of reflectors of small to moderate sizeand an analytical regularization based technique to solve the
in terms of wavelengtfi* The merits and limitations of both yeflector scattering. In Ref. 11, a circular-cylindrical reflector
approaches are well known. In spite of their flexibility, PO or faq py the CSP-type line sources was considered. First, the
GTD alone is not uniformly accurate with respect to the di-|g \vas discretized into the dual series equatiénse) in
rection in space, and both fail to characterize smaller refleceo;ms of the entire-period angular exponents. Then, the static
tors. MoM algorithms for the full-wave IE become compu- 4t of DSE was analytically inverted, using the Riemann—
tationally expensive for larger reflectors, due to either largq et proplem solution, resulting in an infinite matrix Fred-

matrices or a large time for filling the matrix. Besides, noty, 1 equation of the second kind. A remarkable feature of

that the computation error cannot be progressively mini- Our present study is similar to Ref. 11, but deals with a

mized. quasi-3D problem of a spherical reflector. Acoustic reflectors

The feed f|e!d is normally sw_nulated.w'a a .Gauss'anof this type have been analyzed in Refs. 12, 13 assuming
beam or a spherical-wave expansion multiplied with an an;

ular window function. Commonly it is nealected b thesefinite transparency of reflector material and tapered spherical
g ' y 9 y wave illumination. Unlike Refs. 12, 13, we characterize the

Helmholtz equation exactly, although the radiated or sca (feed by a scalar CSP beam, assume the reflector to be per-

tered field is found as a solution of the full-wave integral fectly hard or soft, and develop a numerically exact solution.

equation. It has been proposed therefore to use the compkl,*t Is obtained from the DSE in terms of Legendre polynomi-

source-poin{CSP beam, or combination of such beams asiS with the static part inversion based on the Abel integral
a feed field®® Then, thé latter is an exact solution to ihe equation techniqué’™®This solution is equivalent to a judi-

Helmholtz equation at every point in the physical observa£'ous chou.:e of the expansion funct|on§ in-an M,OM proce-
tion space. In Refs. 7, 8, this concept was combined with P ure, forming a set of the orthogonal eigenfunctions of the

and GTD for a characterization of a spherical-wave scalaﬁtaﬁc limit of the' IE kernel. The usage of a diregtive Csp
field as a feed brings new features, hence we believe that an
in-depth physical analysis of two scalar problems of soft and

*Visiting Scientist from Kharkov Academy of Civil Engineering, nharq reflectors is reasonable. To obtain the results which are
Kharkov 310002, Ukraine.

byvisiting Scientist from Institute of Radiophysics and Electronics NAS, appllcable to parabolmda_l reflectors as Well, we restrict the
Kharkov 310085, Ukraine. computed examples to “dish” reflectors with a large to mod-
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1 emh—rﬂ
USC(Y)Z——jf js(0",¢") ds’, ()
ar) Ju's Ir—r’|
where Ir—r'|={r?+a?-2ra[cos# cos#+siné’ sing

xcose—¢')}¥2 is the distance between the observation
point and a point at the reflector surface. Note that the un-

ol known density function is related to the jump of the scattered
0=x field normal derivative across the reflector as
] , ) Sc é,Us
FIG. 1. Geometry of a spherical reflector fed by a CSP feed. Js(0",¢0")= ar T . (4)
r=a+0 r=a—0

The soft-surface boundary condition Eg) then yields

eratef/d ratio[f andd being the Geometrical Optid§&O) a Fredholm first kind IE as

focal distance and the dish diameter, respectively
The remainder of the paper is organized as follows. Ina (6o (2= = g2kasnw2l ==
Sec. |, we formulate the boundary-value problem for soft anc‘gjo fo 150", )WS'”H do'de
hard reflectors, and derive a rigorous IE for each case. Fur-
ther we discretize and convert it to the DSE. In Sec. Il, we ~ =U%a, 6,¢), (5)

present basic points of the partial inversion of the DSE an%vherezp: arcco§cosd’ cos-+siné’ sin #coste—¢')]
reduction to the regularized matrix equation. Section IIl con- Instead of approximating IE Eq5) by MoM with sub-

tains the formulas for far field characteristics. Section IV . . . : ) o
. . . . domain orM-domain basis functions, we further discretize it

presents the results of numerical analysis concerning radia- ) .
in terms of a complete set of orthogonal functions in the

tion patterns and the directivity of the soft and hard spherical lobal domain G<f<. In our case of ap-independent

reflectors. Conclusions of the presented work are summag-Olution such a set is formed by the Legendre polvnomials
rized in Sec. V. Focal shifts in parabolic reflectors. A note ' Y 9 poly

should be made that the time dependence is assumed Pg(cosa) (n=0,1,2...). Byextending the density function
e %t and is omitted & be identically by zero on the complementary surface (

=a,fy<6#<), as is natural due to E¢4), we assume that

for all 6’
I. FORMULATION AND BASIC EQUATIONS 1
A. Problem formulation js(0")=— P 20 Xp(2n+1)P(cosd’), (6)
n=
Consider a zero-thickness, perfectly soft or perfectly ) o s
hard, spherical reflector of radiasand angular width 8,, ~ With the expansion coefficientx,, n=0,1,2... to be
symmetrically excited by the field of a CSP beam. That isfound. - , _
the feed is located at the pointy(0,0) with the radial source Besides, it is known that the free-space Green’s function
coordinate being a complex valug;=r,+ib. The geom- Can be expanded as:
etry of the problem is shown in Fig. 1. The incident scalar oiklr—r'| %
wave field is: Py =ika:0 (2~ Som)cOSM(@— @)
uo(r,0)=e*RIR, D
where R=(r?—2rr scosd+r2)Y2 and k=w/c is the real- (n—m)!
s : X > (2n+1)——no
valued free-space wave numberl{eing the sound propaga- n=m (n+m)!
tion velocity). The scattered fielt)*{(r, 6) is the solution of i
: hM(ka)j,(kr), r<a
a boundary-value problem for the 3D Helmholtz equation, el In ;
with the boundary condition of either soft or hard type at the jn(ka)h(M(kr), r>a
reflector surfaceM: (r =a,0< < 6,,0< o<2)
U0+ U X P{(cos®)Pp\(cosh’), )
0 _ _
UP+Uu=0, ar " =0. 2 whereP]' are the associated Legendre functions. This yields

the following series representation of the kernel function of
The formulation must also include) the edge condition  the |E Eq.(5):

US~0(p*?, gUsYar~0O(p~*?), wherep—0 is the dis-

tance from the dish rim, ani) the outgoing radiation con- gl 2kalsinia)] i ,
dition atr—, to ensure the solution uniquenéss. [sin(y/2)] —|2kam:0 (2= dom)cosm(e—¢")
. - (n_ m)' . (1)
B. Acoustically soft reflector X 2 (2n+1) ———jn(ka)hy”’(ka)
n=m (n+m)!
Consider first the case of a perfectly soft reflector. We . . ,
seek the scattered field function as a single-layer potential: X Py(cosd)Py(cosd’). ®
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Now the integration in Eq(5) over §’ can be extended function in terms of the same complete set of Legendre poly-
from O to 7. This enables us to use orthogonality of the nomials as were used in the “soft case:
spherical harmonics 1
27 . . jn(0")=—= > XaPn(cost’). (15
cosm(e—¢') | Pg(cosh')P,(cosh’)sinf’'do’ de’ k-a n=0
0 0
We substitute this series into the IE Hd4) and inte-
_ Am(s+m)! 5.5 ) grate, making use of the orthogonality properties E.
~(2n+1))(s—m)! “nsTmo Moreover, we explicitly enforce the vanishing pf( ') off

when discretizing the IE. Together with the specification thatthe reflector surface, and so arrive at the DSE as

the density function Eq(6) is zero off the reflector, this

o

brings us to the dual series equatidRSE): go xhir(ka)h(Y' (ka)Py(cos6) = —nZO bhP,(coso),
> x$(2n+1)j,(ka)h(ka)P,(cosh) 0=<60<0,,
n=0 - (16)

* 2 n(cosf)=0, 6H<O<mw

=nZO bSP,(cos), 0= 6< 6, n=0

- (10 where
S x3(2n+1)P,(cosd) =0, <<, bh=jn(kroh{ (ka). (17)
n=0

Note that the DSE so obtained are of the same type as in
where the right-hand side coefficients are determined by thghe case of the soft reflector.

CSP feed field as

bS=(2n+1)j,(krgh{P(ka). (11)
. Il. PARTIAL INVERSION OF DSE
Once again, the DSE E@10) can be attacked by a "brute
force” numerical solution with a direct MoM scheme. Al- We shall regularize Eq$10) and(16) by performing an

though the results are generally meaningful, only a few coranalytical inversion of the static part of the DSE. To extract
rect digits can be obtained, and there is no possibility ofthe static parts, use the power series for the spherical Bessel
increasing accuracy by taking a greater number of collocafunctions?’ from which it follows that:

tion points. That is our motivation for regularizing the DSE

| n 2,2
Eq. (10), to obtain an algorithm convergent to the exact so-  j (ka)= m (k_a ]
lution in a pointwise manner. (2n+1)!
L (2n)! k?a? (18
hV(ka)=—i ————{1+0| —]| | .
C. Acoustically hard reflector n!(2ka)"*?! n
For a perfectly hard spherical reflector fed by a CSPThis enables us to show thatntka, then
feed, \{ve. seek the scattered field function as a double-layer (2n+1)j (ka)h®(ka) ~ —i/(ka),
potential: (19
aiklr—r'| (2n+1)" 1! (ka)h (ka) ~i/(4k3a3).
S _ _ ! . /
U= f f In(0".¢ ) lr—r’| ds, Based on these estimates, we introduce two coefficient sets
(12) as
where theg-independent density function is now related to  e5=1—ika(2n+1)j,(ka)h{V(ka),
the jump of the field across the reflector surface: (20)

=1+i4(ka)®(2n+1)"%j/ (ka)h(M (ka).

in@)=Ua+0,0")-Ua—-0,6"). 13
In(67)=U )—UA ) 13 Note that alle] behave asO(k?a’n~?) for larger n, or,

The hard-surface boundary condition EB) now yields equivalently, for smallerka, while 82 behave as (&

a hypersingular IE for this function: +1)72. The DSE may be written as
a ) 2 Iklf r | ) 0 0
4 arf f in(0.¢ )_ r—r'| sing"do’ de nz,o xﬁPn(cosa):nZO (epx—ikab};)P,(cosh),
d 0<6<40
=—U%r,0). 14 0
--U%r.0) (14) (21)
In order to discretize the IE E¢l4), we assume that the ZO (2n+1)x;Py(cosf)=0, 6Gy<O=<r,

density function is extended, so that it is identically zero on
the rest of the sphere of radiws we expand the density and
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with the upper and lower sign for the soft and hard case,
respectively.

Taking account of the large-index behaviorsgfor !,
it is easy to verify that the absolute squared noNﬁ
=37 —olen"(ka)Syn(Bo)|><constS;_o2"? is finite.
This is enough to conclude that the matrix operator of Eq.
(27) is of Fredholm second kind type in the space of the
square summable sequen¢ésBesides, the right-hand side
of Eq. (27) belongs tol?, provided that|r|<a, or, more
precisely, if the real-space branch-cut associated with the
CSP feedsee Refs. 598does not touch or cross the reflec-

Analytical inversion of the left-hand side the DSE is tor. Under such a condition, the Fredholm theorems are
performed by transforming it to a single function, defined ()nVc’:l"le6 due to uniqueness, the exact solution of the infinite-
the complete interval0,] of @ variation. This is done by Matrix equation27) exists inl?. Moreover, it can be shown
reducing each of the functional equations of the DSE to arihat the solution satisfies the edge condition: without going
Abel IE (see Refs. 12, 13 which has a known inversion into details we point out the connection with the square-root
formula. Here we use the Mehler—Dirichlet formulas for thedenominators in the integrands of E@3). For computa-

> (2n+1)x"P,(cosh)
n=0

= 20 (2n+1)(x"e+i4k3a%b") P, (cos6),
=

0=6<46y,
(22

> x"P,(cosh)=0, 6G<b=<m.
n=0

Legendre polynomials:

0 cogn+1/2)y
)1/2 Y

P,(cosé)= f

0 (cosy—cosé

(23

fﬂ sin(n+1/2)y

T g,
0 (cosf—cosy)*?

tional purposes the most important consequence of the regu-
larization procedure is that, the greater the truncation order
of Eq. (27), the closer the numerical solution will be to the
exact one. The convergence here is of pointwise-type, not of
mean-type, or of some other “weak” form. Note that the
matrix elements are remarkably simple, and need no numeri-
cal integrations. Ik=0, all the coefficientg;, vanish, show-

ing that in the static case E(R7) delivers an exact analytical

This enables us to integrate the second equation of Eqsolution. In the case of the hard boundary conditief),
(21) and the first of Eqs(22), and reduce each of the DSE to =(2n+1)~ 2 in the limit k— 0. This means that by introduc-
the same function of9, given by its piecewise Fourier- ing new coefficients:"=&"—(2n+1)~2, one can also ob-

expansion o 0,7]:

> xScogn+1/2)6
n=0

20 (xSe3+BS)cogn+1/2)6,
n:

0$9<00
O, 00<0$7T
> xsinn+1/2)6
n=0
h h, phye
xe.+Br)sin(n+1/2)0, 0<6<6,
_| &, OentBRsinn 112 ° (9
O, 00<0$7T
Here we have denoted
BS=—ikab®, BN=i4(ka)®h]. (26)

tain an exact analytical solution of the static-counterpart of
the hard-surface problem. However, as spherical reflectors
are normally used witlika>1, such a procedure is not nec-
essary in our analysis.

lll. FAR FIELD CHARACTERISTICS

After determining the coefficientsS" from Eq. (27),
one can easily find, with the same guaranteed accuracy, the
density function, the far field pattern, the total radiated
power, and the directivitywhich, in our lossless analysis, is
the same as gainAll of these functions and parameters are
expressed in terms of series depending®h. For example,
the far field pattern is found as

q,s,h( 0)= gk(b—irg)cose n§=:0 (—i)nWﬁhyﬁ’th(COS@),
(29)

Using orthogonality and completeness of the functionSyhere we denoteyS=j,(ka)x3, yh=j/(ka)x", and wS

cosfi+1/2)6 or sinf+1/2), n=(0),1,2 . ..
(0,7), produces a regularized infinite-matrix equation:

©

1
xm'= 2 (4 en HBROS(fo), m=0,12...,
(27)
where
sinn—m)6, sin(n+m+1)4,
Stn(00) = * (28)

n—m n+m+1
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at theinterval

=2n+1,wh=1.

Due to completeness and orthogonality of the expansion
functions on the unit sphere, integration of the time-average
far-zone power flux is performed analytically, yielding

. 2kb
P Pot Poginh b

[

x 3 (2n+1){lysl*+ 2 Reyiintkrg T}, (30)
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FIG. 2. Normalized computation error as a function of the matrix truncation
number, for a hard-surface reflectég=30°. FIG. 3. Directivity of a hard-surface “shallow” reflector as a function of
the normalized feed position. Solid curve is for the edge illuminatidr®
- dB, dashed curve is for nondirective souréed0). Reflector parameters
2kb are:d=50\, f/d=0.97 ka=606.90,=15°).
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time needed for solving a 50+eflector of angular halfwidth

+2 R y"j(krg) T} (32) 0o=15°, that iska= 620, with a P_entium 133 computer apd
) o Fortran 77 source-code under Windows 3.11 was 2.5 min.
The directivity is We present some further results on the dependence of
anr | % 2 overall directivity on the feed location in real space. We
Dot =5 —p | €5+ 2 inyRwe) (32  examine twod=50\ hard-surface reflectors: a “shallow
k“Piot n=0 dish” (6,=15°, or f/d=0.97) and a “deep” one €,

Note that the free-space radiated power and the free= 300, or f/d:05) The Spherical r:eﬂeCtOl’ is believed tO
tively, by the expressions: deviation between the two surfaces does not exaeg#€ (or

even\/8).! Despite the paper titles, this is why spherical
2 sinh Xb 2kbe?P reflectors were considered in Refs. 12, 13. According to Fig.

PO:F Kb ' Do= sinh b 33 2 of Ref. 11, this limits the aperture size of our “shallow

dish” to the valued=53.5.. Of course, even deeper or

Overall directivity Dy, should be compared witD,. larger reflectors can still be considerétiere is no compu-
tational difficulty), but spherical aberrations are known to
IV. NUMERICAL RESULTS degrade the main beam. This happens in the case of our

In principle, the accuracy in solving E7) is limited deep” reflector. However, such spherical reflectors remain

only by the digital precision of the computer used, in contraspf interest, due to easier manufacturing and mechanical beam

to the conventional MoM-type numerical approximationsStee”ng' . . .
(e.g., Refs. 3, # For an accuracy in the far field of three Only an infinite paraboloid generates a plane wave, if

digits, and in the near field of two digits, the number of ;E_he_ poi_nt feed is placefd atlth;:_f(tSO focm§1a=d(_).5.dlrl13an§yo
equations to be taken id,=ka+ 20 independently of the Inite-size geometry a focal shift occurs, predicted by '

angular width 2, and of the feed parameters. This estimate]f_m_d s(';udr:eddln Reg 19 byﬁ;Jsmg P(_)' I-}om;}ever in reality, for a

is illustrated by the plots of normalized error of computed Inite I,t € depen_”ence tot anTrOF.a gs.an even mc()jreh

density function versus truncation number, presented in Fi £omp sx an ?SC' atory nature. In Fig. 3 is presented the
ard “shallow” reflector under two edge illuminations:

2 (for the hard-surf Th i ted in th
(for the hard-surface caseThe error is computed in the —10 dB (the same for alfy, solid curve and 0 dB(omnidi-

maximum-norm sense: .
rectional source, dashed cujvén the former case, the pa-

max,<n|xh 1= x]| rameterkb was slightly varied around the value 8.2 to pro-

= (34 vide a constant illumination level. One may clearly see that
there is not a single, but several positions of the feed provid-

However, the error computed in tHé sense shows very ing almost equally good directivity. The broad maximum
similar behavior. It should be recalled that the Fredholm nacorresponds to the focal shift predicted by &Gt is be-
ture of Eg.(26) guarantees that(N)—0 asN—w. CPU tweenry/a=0.5 andry/a=sechy/2, that isry/a= 0.518

e(N)

ma, ;|
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FIG. 4. Normalized far field radiation patterns of the same “shallow” re- £ g Normalized far field radiation patterns of the same “deep” reflector
flector as in Fig. 3, for the feed positiany /a=0.507. Edge illuminations 54 in Fig. 5, for the feed position,/a=0.526. Edge illuminations are:
are: —10 dB(solid curve, —5 dB (dashed curve and non-directive source —10 dB (solid curve, —5 dB (dashed curve and nondirective source
(dotted curve (dotted curve

here. The period of the smaller oscillations is equaktd. ) i
0of GO-predicted interval, betwean/a=0.5 and 0.578, but

This feature of the near field is clearly not of GO nature, an M= ; e
)po oscillations. Note that the maximum directivity for the

does not appear to be predicted by high-frequenc
asymptotic aggroximations. |E Fig. 4 Weypresgent t(;qtal faromnidirectional feed is double that of the “shallow” reflec-

field radiation patterns, computed for three different edgéo;l case(compare Wi;h I;i.g. B due to r(}j.oubling.the arﬁa of
illuminations. Note that reduction of the edge illumination reflector. However, the directivity in this case Is much more

levels from—5 dB to — 10 dB (that is, increasing the beam- critically dependent on the feed position, the GO focus being
width parameteikb, from 4 to 8.4 mainly affects the far completely unacceptable. Far field patterns presented in Fig.

sidelobes, between 30° and 90°. The feed position here cof. are more sensitive to the decrease of edge illumination
responds’to the optimum ' levels from —5 dB to —10 dB (by increasing the beam-

The next series of results illustrates features of theVidth parametekb, from 0.8 to 2., and show the effect of

“deep” reflector. In this case, the spherical shape of thespherical abtlaqrrations, not visible in Fig. 4. h |
latter has a greater effect. The directivity dependence on the Most of t ese features are.ot.)served for the soft reflectors
feed position(Fig. 5 shows a broad maximum in the middle as well: see Figs. 7 and 8. Similarly for the hard reflector,
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FIG. 5. Directivity of a hard-surface “deep” reflector as a function of the FIG. 7. Directivity of a soft-surface “shallow” reflector as a function of the
normalized feed position. Edge illuminations are10 dB (solid curve, normalized feed position. Edge illuminations arel0 dB(solid curve, and
—5 dB (dashed curve and nondirective sourcalotted curve Reflector nondirective sourcédotted curve Reflector parameters ard=20\, f/d
parameters arel=50\, f/d=0.5 (ka=314.20,=30°). =0.97 ka=242.80,=15°).
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directivity is a possible choice of cost functional, but mini-
mum sidelobe level is another, or a combination of both is
also reasonable. Potential applications of the analysis pre-
sented are in the area of hydro-acoustic antenna design.
One possible extension of this analysis is to parabolic or

2 other nonspherical reflectors. Here, an IE, similar to &4.
é or (14), will require a modified domain of integration. How-
& : : : ‘ ever, analytical regularization of this IE can be based upon
S ool MY NmAS o E apthid VR the extraction and inversion of the singular static part of the
&-50 ] WA LA \"‘,‘,|(.||"|H ' : : . . .
3 ; WA Aty : spherical dish IE operator. Hence, the technique presented
02_60_ ,,,,,,, .......... iell}:i' ......... ........... above W|” be at the core Of the modlfled anaIySIS
: : : ' ‘ : :
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The backscattering of sound from two regularly arranged bubbles is studied theoretically and
experimentally. In well-controlled laboratory experiments a bistatic acoustic system is used to
interrogate the scatterers, which are placed on a very fine thread at the same distianmehe
combined beam axis of the set of transmitting and receiving transducers. The radius of each bubble
is 585 um. The frequency range is 80—140 kHz, ahik varied so that the variabled spans the

range 0.2—-21, wherkeis the acoustic wave number. Scattering calculations are carried out using an
exact, closed-form solution derived from the multiple scattering series. Several experiments are
performed, and the results are in close agreement with the calculations. It is verified that multiple
scattering induces an oscillatory behavior about the exact coherent scattering level, with decreasing
amplitude for increasingd. For interbubble distanced2=\/2 the backscattered radiation is
maximized, while for 21<<\/2 the radiation is reduced considerably. These and other effects are
discussed. ©2000 Acoustical Society of Amerid&50001-4966)0)02106-§

PACS numbers: 43.20.HANN]

INTRODUCTION ical analysis is more complicated, because the interactions

between the bubbles play a definite role in the development

Understanding the physical processes that develop whe . . . .
sound traverses through and scatters from a dense asse%_the scattered field. These interactions include, among oth-

blage of scatterers is of great importance in a number of ' multiple scattering.

applications, such as scattering from oceanic bubble clbuds, In multiple scattering the _f|e|d scattered from each ele-
schools of fis, plankton? ultrasonic contrast agerftsand ment depends both on the incident wave from the source and

blood® In such cases, multiple scattering complicates then the waves scattered by all other elements in the scattering

inverse scattering problem of extracting information aboutVOIL”_ne‘ Itis pos§|blg to write a Series of scattering tlerms.to
the scatterers or the scattering medium from the acousti_@b,ta'n .the acoustic f|§Id at the receiver. However, this series
field at the receiver. In this paper, we address a component &F infinite and also will become quite mtrac_tablt_e_for a large
the forward problem pertaining to multiple scattering. TheUmber of scatterers. One approach that simplifies the prob-
fundamental question we seek to answer is how the backscd@™ IS t0 perform a partial summation on only the most im-
tered wave is affected by varying the center-to-center disPOrtant contributions to the seri¢s.g., see Refs. 7 and.8
tance, 21, between two bubble scatterers symmetrically ar_Another_ simplification that incorporates multiple scattering
ranged about the combined beam axis. Subsequer‘i’ﬂcfeCtS is to treat the volume occupied by the bubbles as a
discussions and analysis will refer to air bubbles in watercontinuous one with some equivalent density and compress-
although the general theory is not restricted to such. ibility. Such a solution, offered in 1945 by Foldyis the
Consider an assemblage of bubbles with mean inter-effective medium” model. This approach is based on aver-
bubble distance @ insonified by a plane wave with wave- aging the acoustic field scattered by a large number of om-
length . For a sparse assemblage of bubbles, sdy 2, nidirectional scatterers governed by a spatial Poisson distri-
that are randomly space@s could be the case for some bution. Since then other researchers have improved on
oceanic bubble cloudsthe possibility of interaction between Foldy's —effective medium model by adding small
the individual bubbles is small, and multiple scattering ef-corrections®*? The effective medium approximation has
fects can be neglectd@.g., see Ref.)6 Therefore, the Born been successfully compared with experimental data from
approximation is valid, and it can be shown that the totalrandom assemblages for insonifying frequencies that do not
(incoherent scattered intensity per unit incident intensity at acorrespond to the resonance frequency of the bubbles. For
point in the field assumes a linear dependence between tlexample, Commander and Prospetettsed the model to
number of bubbles and their total scattering cross sectioranalyze five different data sets, and the results showed good
However, for regularly space@nd sparseassemblages the agreement between theory and experiment, even for volume
total intensity at the receiver is the result of coherent scatterfractions up to 10%, a rather remarkable result.
ing, and is therefore equal to the square of the sum of the In contrast, a survey of the available literature showed
individual scattered pressures. For dense assemblages, dhagpt very little data exist from well-controlled laboratory ex-
2d=\ (as could be the case for bubble clouds very close tg@eriments for which deterministic multiple scattering effects
the surface or those associated with surf zpnibe theoret- could be studied. One exception we are aware of is the work
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FIG. 1. Geometry of the scattering
problem(not to scalg

Receiver

by Bjerng and Bjsrngwho used two stainless steel sphereswere in the far field of each other, thereby mitigating strong
in the laboratory to study the effects of sphere separation anehultiple scattering effects. In this paper the multiple scatter-
angle of incidence on the backscattering of sound and coning series expansion will be used since for simple problems
pared the results with a simple model. it is tractable and allows proper accounting of scattering
In this paper we derive a solution to a specific scatteringerms of all orders.
problem using the multiple scattering expansion approach The problem under consideration is the scattering of
and compare it with experimental results. The experimentasound by a pair of bubble§=ig. 1). A bistatic system is
data consist of measurements of the pressure field backscattilized to insonify the pair and receive the scattered pressure
tered from two nearly identical bubbles symmetrically placedfield in the frequency range 80 to 140 kHz. The bubbles are
the same distancd from the combined beam axis of the of the same size, undeformed, and held fixed within the far
acoustic transmit and receive beams. The radiuff each field of the transducers. The speed of sound in the water is
bubble was (58% 35) um, with ka ranging from 0.2 to constant ¢=1490 m/s), and the losses due to attenuation are
0.35, wherek is the acoustic wave number for the surround-negligible.
ing medium. The primary independent variable vaasand The complex pressure of the acoustic wave incident on
kd spanned the range from 0.2 to 21. In Sec. | the multiplebubble B, due to the source can be writtédropping the
scattering series is established and a closed form solution & 't term) as
derived, and in Sec. Il the frequency response of a single
bubble in water is reviewed. The experimental platform and
the procedure are described in detail in Sec. Ill, which in-
cludes the consideration of effects brought about by the ge- .
ometry of the system. The experimental results are compareaorId the pressure incident on bublilg as
with the scattering model in Sec. IV, and found to be in good elkRs
agreement, and a summary of the work is given in Sec. V. Ps2=Po Ry 2

ekRst
=P , (1)
Ps1=Fo Res

Assuming that the pressure field scattered from each bubble
propagates in the medium according to spherical spreading,
The simplest problem in multiple scattering is one in-even in the near field of the bubblsee the Appendix for

volving just two identical, stationary scatterers symmetri-justification of the assumptignthe pressure of the acoustic
cally insonified by a plane wave at normal incidence. Intu-field at the receiver due to bubbBy becomes

ition suggests that in such a case scattering will be
completely coherent, since no randomness exists in the loca-
tion of the scatterers or any other parameter. Various meth-
ods have been used to mvgsngate this problem theqrencalhénd that due to bubblB, becomes
For example, TwersKy obtained a closed form solution for
two identical and isotropic scatterers insonified by single- elkRoRr

frequency plane waves in terms of the scattering function of ~ Pszr=Ps2fe2(fsp,r:Ror) 5—- (4)

one of the scatterers. He went on to develop a set of equa- R

tions that could be applied to problems involving arbitraryln Egs. (1)—(4) Rg; and Rg, are the distances from the
scatterers and angles of incidence. Twersky’s work providesource to bubbleB; andB,, respectivelyR,gz andR,x are

an intuitive description of the scattering process, one that cathe distances from the two bubbles to the receiver, fapnd

be extended to a variety of problenffer example, see the andfg, are the complex scattering functions of each bubble.
work by Tolstoy*1® on superresonant system&aunaurd The complex scattering functioig(6,r) determines the am-

et al® performed a partial summation of the multiple scat-plitude and phase of the scattered wave at a distario@em
tering series in terms of spherical harmonics and derived ¢he center of the bubble and angtewith respect to the
pair of coupled equations that describe acoustic scattering bincident plane wave. The scattering angles associated with
a pair of rigid and soft spheres for arbitrary angles of inci-the problem are shown in Fig. 2. The scattering function will
dence. However, for the particular cases modeled the spherée discussed in more detail in Sec. 1.

I. MULTIPLE SCATTERING THEORY

elkRir
=psifpi(fsgr,Rir) 5, 3
Psir=Ps1fe1(fspr.Rir) Rin ()
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FIG. 2. Scattering angles for the two-bubble problem.

In the following we adopt a shorthand notation for the multiple scattering effects are induced owing to the proxim-
spherical spreading propagation terms,jg= e”‘kalRKg, ity of the bubbles. To account for the interaction effects be-
with R, assuming the representation of the four distancesween the two bubbles, the multiple scattering sefdSS)
noted above, namelyRg;, Rs, Rig and Ryr. Looking  will be developed. This will be accomplished with the help
ahead, the bubble-to-bubble distanégs andR,; will also  of the simplest graphical procedure of tlkeynman dia-
be used in subsequent calculations, with the correspondingrams a method that was also used by Ye and Binip
propagation terms expressed@s and P,;. The distances apply a correction to Foldy’s theory. Adapted from Ref. 17
between the various elements can be calculated with the aidee pp. 12—24the MSS can be graphed as shown in Fig. 3,
of the position vectors constructed from the known geometryhere each arrow represents a propagation felescribing
of the system. Substitution of Eg€l) and(2) into Egs.(3) spherical spreadingand each circle represents scattering
and (4) and summation of the latter will give the complex from a bubble. The two single scattering events described by
pressure field at the receiver due to single scattering, Egs.(3) and(4) are shown as the first two terms of the series.
Psingescate= Pol Peifaal 9sis,R1R)7’1R '(Ie'\k/]:ntt?r;jnsn:r ;‘ovl\JI;itEetr?rg;s represent the one-way scattering

+ Poof R . 5
PeetexOser Ron)Porl ® Psir=Psifei(Osp B, R12) P1of 82 U8,8,r 1 Ror) P2r (6)
Note that for two stationary bubbles symmetrically arranged
side by side, the intensity is the coherent one, and thus fasnd
two identical bubblesi.e., the case studied hergithe scat-
tering strength due to single scattering is 20 log{@B
above the scattering strength of the single bubble.

In deriving the coherent intensity it is assumed that  The fifth and sixth terms in the MSS represent the

bubbles do not interact, an assumption that is violated whedouble scattering events, which are expressed as

Ps21r= Ps2fe2(Osp B, Ro1) Parfei(bp.8,r . Rir) Pir-  (7)

Receiver Receiver Receiver Receiver Receiver Receiver Recelver

T ‘55
= T (ot et T T4
D5

Source Source Source Source Source Source Source

o

FIG. 3. Diagram of the multiple scattering series for the two bubbles.
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Ps12ir= Psifei( Osp B, R12) P12f 52(180° Ryy)

X Paifp1(bp,8,r R1r) P1r t)
and
Ps21r= Ps2fB2(Osp,8,,Ra1) Paafp1(180° Ryp)
X Pi2fg2( 08, 8,R  R2r) P2r - €)
For brevity, we let
Z="P,1fg1(180° R15) P1of g2(180° Ryq). (10

Higher order terms in the MSS can be written simply by
multiplying Eqgs.(6)—(9) by an appropriate power of. For
example, the triple scattering terms can be written as

Psizir=Psir' 21 and psior=Psr 2 (11)

Summing all terms of the MSS results in the total pres-
sure at the receivep;, which can be written as

2 2
pPr=Po- 21 §§=:1 Psifei( O r:Rer) Pir

+ [ Psifl GSBKBga Rie) Prefae( 0,ir Rer) Per

+Pscfeu(Osp 8, Ree) PeeTee(180° Re)

1
X Pefil( 08,8 R Rer) Per] X 1z (12
wherex# .

In Eq. (12) the term 1/(t Z) arises from the fact that
the higher order terms that multiply the term in brackets
form the series (+ Z+ Z2%+--+), which is geometric. For a
similar problem the generalized closed form solution ob-
tained by Twersky? is 2H(r)coskdsin 6)A[1—AH(2d)],
whereA is the complex scattering function of a monopale,
is the distance from the bubbles to the receivié(y) de-

‘H(2d) is the bubble to bubble propagation term ahid the
relative bearing of the receiver from the pair of bubhiese
Sec. 1.2 in Ref. 13 Note that for our specific case of back-
scatteringd=180°, andH(r)=¢e'¥"/r.

Our Eq.(12) is an exact solution for the any two-bubble
problem, insofar as the bubble scattering function need not
assume a purely monopole form. The bubbles can be of dif-
ferent size while the geometry of the problem can be arbi-
trary. Provided the scattering function of each bubble is
known, and the propagation terms can be determined from
the geometry of the system, the response of the pair of
bubbles can be determined. Equatid2) will be used in
Sec. IV to model the experiment. Importantly, our solution
reduces to Twersky’s concise expression for the case of scat
tering from two identical monopoles.

IIl. THE RESPONSE OF A SINGLE GAS BUBBLE
IN WATER

The general solution for scattering from a fluid sphere
was derived by Andersoff, who found that the scattered
pressure field equals

0

Pa=~Pinc 2, AnPr(COSONL(kr). (13
In Eq. (13) pic is the pressure field of the wave incident on
the sphereP,, is the Legendre polynomial of orden, 6 is
the scattering angle,ﬁ,ﬁ is the orderm spherical Hankel
function of the first kindk is the wave number of the sur-
rounding mediumg is the range from the sphere to a point in
the field, and the amplitude coefficieAt, is given by

(—i)™(2m+1)

Am=""T7ic..

(14)

For a bubble of radius filled with gas of densityp,, and
speed of sound, immersed in a fluid with density; and

scribes the propagation from the bubbles to the receiveispeed of sound; the coefficientC,, equals

Mjm-1(Kp@) = (M+ D)jm 1(kpa) Nm(ka)

My 1(ka) —(M+ 1)y, 1 (ka) pp Cp

Mjm_1(ka) = (M+1)j s 1(ka) jm(kpd)

Mjm_1(ka)— (M+1)jn.1(ka) pys cf

m

Mim-1(Kpa) —(M+ 1)jm1(kp@) jm(ka)

(15

Pb Cp

mjm—l(ka)_(m+ 1)jm+1(ka) jm(kb

a) prCy

where |, is the spherical Bessel function,, fis the spherical

the bubble.

wheref is the insonifying frequencys is the total damping
Neumann function an#d, is the wave number for the gas in ¢

oefficient(see Ref. 19 andf sis the resonant frequency of

the bubble. Note that Eq16) is consistent with thee ™'t

We remark that for bubbles very small compared to thegependence. When insonified at the resonance frequiency

wavelength of the souncké<1), the solution can be sim-
plified significantly. In this case, the complex scattering
function can be written as

=f e, the amplitude of the bubble wall oscillation is maxi-
mized, producing the well-defined peak in the frequency re-

sponse curvdsee Fig. Ba)]. For an air bubble located at

a

fB|ka<l:(freslf)2—_1_i5a (16)

3009 J. Acoust. Soc. Am., Vol. 107, No. 6, June 2000

depthz meters in water the resonant frequency can be ap-

proximated as
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3.25/1+ 0.1z magnitude offg evaluated in the backscattered directigh (

fres=——7 (17)  =180°) gives the backscattering cross sectigg,, with TS
given by
where fora expressed in meters the resonant frequency is  1g-=1q l0grye (21)

obtained in hertz. Note that Eq16) is independent of the

scattering angle. Derivations and additional comments calft dB relnv. For the pair of bubbles, the total scattered
be found in standard text@.g., Ref. 20 For the present Pressure at the receivey, given by Eq.(12), is related to
case, the variabl&a ranges from 0.2 to 0.35, which is not TS using

sufficiently small to allow the use of E¢16), and thus we e

use Eq.(13) to calculate the response of the bubble. The  TS=10 |O£<|_—2'R§R), (22
primary reason is that the insonified bubble oscillates back Pinc

and forth in response to the forcing of the acoustic wave. Thavherepj,. is the incident pressure at the bubbles &g is
oscillation of the bubble will be out of phase with the oscil- the distance from the bubbles to the receiver. For an exact
lation of the surrounding medium, owing to the difference incalculation of the TS, the pressupg, should be substituted
density, giving rise to a weak dipole term. Consequently, aby Ps; andps, [Egs.(1) and(2)], while the Rgg should be
additional term, provided by Eq13), is needed to describe replaced by the distancé® g andRg.

the pressure field scattered by the bubble. Finally, we remark

that the general solution only accounts for radiation dampin
and neither viscous nor thermal damping. However, this doe |. EXPERIMENTAL APPARATUS AND PROCEDURE

not introduce any errors in our calculations because for fre- e experiments were performed in a plexiglass tank of
quencies much higher than the resonant one, the total damgimensions 1.2 0.45x 0.51 n? (L XWxH) filled with fresh

ing is not affected by the viscous and thermal componentsyater to a height of 45 cm. Its bottom, front, and back walls
Further comments on the differences between the generglere jined with anechoic material to reduce reflections, and
solution and the lovka approximation are presented in Sec. 5| the surfaces of the tank were thoroughly wetted. The two

V. _ ) immersion transducers were arranged in a bistatic configura-
Utilizing Eq. (13), the complex scattering function of the tjon, The transducers were Panametrics model V1011, with a
bubble is thus given by peak frequency of 104 kHz and6-dB points at 70 and 140
P2 kHz. All the experiments were performed at a frequency
fo(6.1)=— - 2 Aum(cosa)hﬁﬁ)(kr), (18) range of 80 to 140 kHz, henceforth referred to as “opera}—
e" m=o tional frequency range.” The transducers were inserted in

) , closed-cell Neoprene tubes to reduce the effect of reflections
and should not be confused with the far field form funcfion, .0 ihe sides of the tank. The source was driven in a pulse

WhiCh i_s a dimensionless repr_esentation of the scattered field, ;4o using a six-cycle tone burst at a very low duty cycle,
and is independent af. Equation(18) represents only tWo  gnapling resolution of the bubble signal. A computer
modes;_ the first fH=0) describes _the monopole radiation equipped with a data acquisition catdtMHz sampling rate
(breathing modeof the bubblethus is analogous to EQLE) 54 data acquisition software acquired the amplified signal.
with differences pertaining to aforementioned damping A schematic of the apparatus is shown in Fig. 4. For each
while the second ro=1) describes the dipole radiation. yeaqrement, 20 waveforms were averaged and band-pass

Higher order modes are suppressed in the calculations b@ered, and the root-mean-squared voltage of the signal was
cause they have negligible effect in tha range of interest. ., lated and squared.

For example, if the longitudinal quadrupole moare=2) is The system was calibrated using an 18.2-mm radius

included in Eq(18), then, for a 585m bubble insonified by tungsten—carbide sphere as a reference target. The theoreti-

a 140-kHz acoustic wave, the magnitude difference in the.y  analysis of the response of the tungsten—carbide sphere to

backscattering direction is continuous waves was based on the work by Faraor-
rected according to a comment by HicklifyThe inherent

):0,014 dB. (199 bandwidth associated with a finite pulse was accounted for
using a procedure described by Fotte.

A fine waxed nylon threadapproximately 150um in
diametey held the bubbles in place by virtue of the bubbles
adhering to it. Leightonetal?® studied the resonant-
frequency properties of millimeter-sized bubbles also by us-

T (1) ) ing a wire to which free floating bubbles adhered. In their
fe(0,r)=— cr[Aohg (kr)+ A cosdhi(kn)], (200 case, the wire alone produced a measurable response, which
was subtracted from the combined bubble-and-wire re-
which will be combined with Eq(12) to model the experi- sponse, and good agreement was achieved between optical
ment. and acoustic sizing. In our work, the thread alone did not

Numerical results for backscattering from both singlereturn a signal above the noise floor, which was approxi-
bubbles and the pair of bubbles will be reported in terms ofmately 20 dB below the level of the signal from the single
target strengtTS). For single bubbles, the square of the bubble target.

felm=
2010 | B|m 0,1,2
|fB|m=0,l

The Legendre polynomial of order zef®y(cos6), equals 1,
while the polynomialP;(cosé) equals co¥ (see Ref. 22, p.
333, giving
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FIG. 4. Experimental apparatus.
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The thread was attached to a thin wire frame and posieperational frequency range with the equivalent best-fit
tioned on the axis of the combined beam, at a depth of 1&equency-response curve obtained by B@), expressed in
cm. The distance from the transducers to the threadRyas TS according to Eq(21). Since the response is flat in the
=0.58m, which puts the targets well into the far field. Theoperational frequency range, the bandwidth of the six-cycle
Rayleigh distance was 0.5 m at 140 kitsee later in this tone burst has no effect in the calculated response which
article for explanation The absorption coefficient for fresh pertains to CW excitation. The size was also checked inde-
water at 100 kHz is about 0.005 dB/(Ref. 27) at the tank  pendently using optical means. In that case a piece of thread
temperature of 20 °C, which for the roundtrip distance of 1.2was glued on a Petri dish and placed under a microscope,
m makes attenuation negligible. and the same procedure was used to produce and place

Bubbles were created using a 26 gauge hypodermibubbles on the thread as the one used in the actual experi-
needle. Since the rate of release of the bubbles was pressurents. The optically determined size was (5#4®) um.
controlled, there was some variation in the size of theThis includes the required correction in the size due to the
bubbles created, an effect that has been investigated Hyydrostatic pressure at a depth of 18 cm. The optical system
others?®2° However, with practice we could produce same-also verified that there was no significant change in the shape
sized bubbles with good consistency. The size of the bubblesf the bubbleqsee Fig. 6.
was measured with the acoustic system and found to be After the bubbles were created, they rose toward the
(585=35)um (see Fig. 5 The size was determined by surface and adhered to a thin metal rod. The bubbles, with
comparing the TS of a single bubble measured across thhe aid of the rod, were in turn placed at a predetermined
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64
-55
_60F o
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8 i
75+
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FIG. 5. Frequency response of a single bubble of radius /&85 theory versus data. Gragh) is a detail of grapia). The middle line is the theoretical
response of the 58@m bubble, while the upper line is for a 626m bubble and the lower line for a 550m bubble. The dots and crosses are the means and
standard deviations of 18 experiments.
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Over the operational frequency range, the measur8ddB
beamwidth of the two-way beang,; s expressed in degrees,
was used to infer an equivalent aperture diameter using
$39e=59(\/D), giving D~83 mm. Thus the Rayleigh dis-
tance of the transducer pair, defined Rg=7D?/(4\), is
Ry=0.5m for our highest frequency of 140 kHz. With the
beam patterifout to the— 3-dB leve) completely character-
ized, the correction of the data became feasible.

In addition, since each insonified bubble intercepts and
scatters sound, an assemblage of them will behave like an
array of sources, and two bubbles in line will behave like a
two-element line array. The directivity pattern of the far-field
radiation pressure of a two-element broadside line arrdy is

H(d,f,0)=|e_ikd Sin¢9(1+eik(2d)sin9)|' (23)

whered is the distance from the center of a bubble to the
FIG. 6. Single bubble on the fine thread. The radius of bubble is (5853xis of the combined beant, is the insonifying frequency,
+35) um. Note that there is no significant distortion of the shape. and @ is the scattering angle. When the two bubbles are side
by side the pattern is almost omnidirectional; ag -
] ] _creases, the main lobe of the array becomes narrower and
spot on the thread a distandérom the combined beam axis 1 jiple side lobes appear. This effect was verified experi-

of the set of transducers. _ N mentally. A hydrophone mounted on a translation stage was
As soon as the set of bubbles was placed in position, thgseq to obtain transverse beam profiles 30 cm from the

TS was measured from 80 to 140 kHz in increments of Zyypples. Figure 7 compares the theory and the experimental
kHz. When the experiment was completed, a new set Ofjata.

bubbles replaced the old one. Each experiment required
~10min. Reduction of the TS due to dissolution of the gas
during that time was minimalabout 0.1 dB.
Bubble separation was parametrized using the variabley- RESULTS AND INTERPRETATION
kd, whered is the distance from the center of each bubble to Considering that the monostatic configuration is a com-

the axis of the _comblned beam. Because of the I|m|teq fretnon geometry for many practical applications, we decided to

quency range, it was necessary to perform the experimenig)ocate the source and receiver in the model, thus placing

for several distanced in order to span a largekd range.  poth transducers at positiox€0y=0) (see Fig. 1, and

The —3-dB two-way half-angle¢sqg/2, at 140 kHz was  correct the experimental data utilizing the predetermined di-

3.8°, which aR,=0.58 m reduced the maximum usabliéo  rectivity patterns of the transducers and the bubbles. The

38 mm. Note that this is well within the radius of the first constants used in all of the simulations Wé@ Speed of

Fresnel zone, equal to about 55 mm at 140 kHz. Thus, exsoundc= 21490 m/s;(b) mean bubble radiua=585um:; (c)

perimental data were acquired fdrequal to 0.6, 1.5, 2, 2.5, djstance from transducers to set of bubtRgs=0.58 m; and

3, 5, 10, 15, 20, 25, 30, and 35 mm, and thus the variktile (d) depth of bubbleg=0.18 m. Based on the known geom-

ranged from 0.2 to 21. The distandevas measured with an etry of the system, the propagation terms were established

uncertainty of= 0.5 mm. At least four experiments were per- and, with the incorporation of Eq$18) and(22), the TS at

formed at each position to average out the experimental ethe receiver was calculated. Figure 8 shows the theoretical

rors associated with the variable size of the bubbles and thegurve for backscattering at 110 kHz verdudy with straight

positioning on the thread. The mean of the measurements ies representing the coherent and incoherent scattering

used in Sec. IV for comparison with the model. from two identical bubbles. The oscillatory behavior is
Finally, two effects brought about by the geometry of brought about by the interference of the waves scattered be-

the system need to be considered. These effects are the diveen the bubbles. For the specific case shown in Fig. 8 the

rectivity pattern of the set of transducers and the directivityfirst maximum occurs akd~ 1.6, with successive maxima

pattern of the pair of bubbles. The directivity pattern of theoccurring everyT,4~3.2. This implies that constructive in-

transducers reduces the signal level of targets that are off therference results for

axis of the beam. Therefore, it was necessary to correct the N

data accordinglysince one of the assumptions in the theory  2d| . .~(2a+1)= («=0,1,2,3,..), (24)

was that the targets are on the axis of the bedtris con- ' 2

venient to obtain the two-way beam pattern of the set ofyhile destructive interference results for

transducers and model it as the beam of a single transducer

of some equivalent diameter. Accordingly, transverse pro- 20 min, o~ @ (25

files of the beam aRy,=0.58 m, at various frequencies, were Note that the amplitude of the oscillation diminishes with

obtained using a standard targéhe tungsten—carbide increasingkd; for kd—o the curve asymptotes to the exact

spherg, and a Gaussian beam profile was fitted to the datacoherent backscattering levEBimulations showed that Egs.
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FIG. 7. Theoretical directivity pattern for a two-element line arfaglid curve versus experimental dat@ots. Graph(a) shows the pattern for @
=11 mm andf =140 kHz. Graph(b) is for 2d=31 mm andf =125 kHz.

(24) and (25) hold true across the operational frequencyplained below. To compare the data with the simulations,
range] the corrections mentioned in Sec. Il were applied to the
In Fig. 9 several theoretical curvésolid lineg for back-  data. More specifically, the fitted Gaussian bedmeer the

scattering at fixed frequencies and variatlare compared operational frequency rangevere used to calculate the loss
with experimental datadoty. The black line represents (in gB) due to the bubbles being off axis of the combined
backscatteripg from two 58@m pubbles, this radius being peam of the transducers, while E@3) was used to deter-
our best estimate of the mean size of each bubble. The tWayine he 10sgin dB) of the pressure at the receiver due to
gray lines represent calculations pertaining to two bUbee?he pattern of the two-bubble array. The losses calculated

each of radius 626m (upper ling and 550um (lower ling). were added to the measured TS to approximate the mono-

As mentioned in Sec. Ill, 3um is our best estimate of the . . : . :
L S static configuration for which the bubbles are on the axis of
standard deviation of the expected bubble radius; thus, thestﬁ bined b
curves represent bounds to the experimental results. € com. Ined beam. i
The scattering calculations were carried out for fixed !N Fig.- 9 the theoretical curves model the response to
frequency(as shown in Fig. Pand variabled. The calcu- CW excitation. However, data was acquired using a six-cycle

lated pressure was then expressed in terms of target strendg@€ burst, which reduces the effects of multiple scattering as
and plotted against the parametat. The data are the en- the distance between the two bubbles increases. To see how
semble average of the multiple experiments at each positiofihe tone burst influences the maximiut that includes mul-

For clarity, the standard deviation of each measurement iiple scattering effects, we let, be the on time of the tone

not shown. It varied betweett 0.2 to =1 dB, depending on burst andt; be the time it takes sound to travel from one
the proximity of the bubble signal to the noise flo@x-  bubble to the neighbouring one. Then, we can write

-58 T T T T T

Coherent scattering

-59

60

@‘ FIG. 8. Theoretical curve for backscattering from two
ner 1 585-um bubbles at a frequency of 110 kHz and variable
= d, which is the distance from the combined beam axis
to the center of each bubble.

62 H i

J S |

Incoherent scattering

-84 t ! t 1 I
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the increased magnitude and the constructive addition of the
phases of the waves results in excess radiation. Note that the
transition from reduced scatter to excess scatter to coherent
scatter occurs very rapidly.

Finally, it should be mentioned that the incorporation of
the complex scattering function fla<<1 in the modelor in
Twersky’s concise expression mentioned in Sgproduced
similar results with less computational strain. However, there
were two differences that necessitated the use of the general
solution. First, the magnitude of the frequency response for a
single bubble calculated with the loka approximation re-
sults in increased backscatter levels, sikeeis nominally
0.3 for our case. For example, at 140 kHz the TS calculated
using Eq.(16) is about 0.65 dB higher than the TS calculated
using Eq.(18), an error that carries over in the outcome of
Eqg. (12). Second, the amplitude of the oscillatiéeg., that
FIG. 10. Photogrgph of two bubbles separated by center-to-center distan%eeen in Fig. 8 when calculated using the multimodal scat-
2d=1.2mm, equivalent tkd=0.2 at 80 khz. tering function in Eq(12), is slightly higher than this ampli-

tude when calculated using the simplified scattering function.

t,, -cycles The reason is that the amplitudes of the scattered waves,

T kd (260  which depend on scattering angle and distance from the

bubble, are correctly accounted for by the combination of
where the variable “cycles” represents the number of cycles=as. (18) and (12). Admittedly, these differences are subtle
in the tone burst. Considering that the length of the pulsdor the geometry studied hefee., monostatic configuration
should be at least two timesi2o observe multiple scattering and symmetrically arranged bubbles normal to the incident
effects, we deduce thal<9, for a six-cycle tone burst. For wave. However, we emphasize that our modeling approach
higherkd the absence of significant interaction between thds @ general one that can be used with almost no modifica-
bubble will result in coherent scattering, equal to the TS of dions for bubbles with higlka, arbitrary sizes, and scattering
single bubble plus 20log(2). geometries. This will be exploited in future work.

The experimental data agree reasonably well with the
response predicted by the model. kal>9 the backscatter
can be modeled as purely coherent, since the interaction ef-
fects are negligible and the scatter resembles single scatter-
ing. The increased scatter of the experimental dataktbr V. SUMMARY
>7 is due to beam width and directivity of the two-bubble
array. As the separation between the bubbles increased, they The problem of backscattering of sound from two
fell off the axis of the combined beam of the transducers andpubbles was studied theoretically and experimentally in the
at the same time, the main lobe of the two-bubble arrayrequency range 80—140 kHz. An exact, closed-form solu-
became narrower. Therefore, the signal received becani®n, based on the expansion of the multiple scattering series,
weaker with increasing bubble separation, and the TS ap~as derived and used to model the backscattering response
proached the noise floéwhich was equivalent to a scatterer Of the two-bubble system. Well-controlled experiments were
with TS equal to—80-dB, while located on-axis of the performed by insonifying two identical bubbles attached to a
beam. fine thread, at an angle of 90° with respect to the two-bubble

For kd<1.6 the backscattered radiation level is reducedaxis. The radius of each bubble was 586m, which trans-
considerably, presumably due to the effect of the mutual ralates to &a range of 0.2—0.35, wheteis the wave number
diation impedance. The pressure radiated from one bubblef the medium. By varying the separation distaddeetween
applies a force to the neighboring one, altering in the procesgach bubble and the axis of the two-way beam, we spanned
its radiation impedance, which becomes a sum of the mutudhe range okd from 0.2 to 21. The thread did not register a
radiation impedances. Akd—0 reactance dominates, and signal above the noise floor; furthermore, measurement of
the velocity of the fluid particles are out of phase with thethe size of single bubbles showed that it did not interfere
pressure and therefore reradiation is less efficient. Note thayith the response of the bubbles. Comparison of the numeri-
this is very similar to the problem of interactions betweencal model and the experimental data showed good agree-
closely packed elements of arrai}s? Interestingly, when ment. The constructive and destructive interference of the
kd falls below 0.3 (as depicted in Fig. 10 the TS ap- multiply scattered waves induces an oscillation about the ex-
proaches that of a 74@m bubble, i.e., a bubble with a vol- act coherent scattering level, with diminishing amplitude for
ume equal to twice the volume of a 5@8n bubble. Atkd increasing separation. Atd~1.6 (2d~\/2) the backscat-
~1.6 the individual waves scattered from the bubbles add iiered radiation was maximized, while fded< 1.6 (2d
phase, while the bubbles are not sufficiently far from each<A/2) interference effects resulted in reduced pressure lev-
other that the dipole term is unimportant. The combination ofels.
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For wave propagation at low frequencies in a porous medium, the Gassmann—Domenico relations
are well-established for homogeneous partial saturation by a liquid. They provide the correct
relations for seismic velocities in terms of constituent bulk and shear moduli, solid and fluid
densities, porosity and saturation. It has not been possible, however, to invert these relations easily
to determine porosity and saturation when the seismic velocities are known. Also, théostate
distribution of saturation, i.e., whether or not liquid and gas are homogeneously mixed in the pore
space, is another important variable for reservoir evaluation. A reliable ability to determine the state
of saturation from velocity data continues to be problematic. It is shown how transforming
compressional and shear wave velocity data to g (u/\)-plane(where\ andu are the Lame
parameters angl is the total densityresults in a set of quasi-orthogonal coordinates for porosity and
liquid saturation that greatly aids in the interpretation of seismic data for the physical parameters of
most interest. A second transformation of the same data then permits isolation of the liquid
saturation value, and also provides some direct information about the state of saturation. By thus
replotting the data in the( w, p/ w)-plane, inferences can be made concerning the degree of patchy
(inhomogeneoysversus homogeneous saturation that is present in the region of the medium
sampled by the data. Our examples include igneous and sedimentary rocks, as well as man-made
porous materials. These results have potential applications in various areas of interest, including
petroleum exploration and reservoir characterization, geothermal resource evaluation,
environmental restoration monitoring, and geotechnical site characterizatio200@ Acoustical
Society of Americd.S0001-4966)0)05306-9

PACS numbers: 43.20.Jr, 43.20.Gp, 43.60.Pt, 43.30MEC]

INTRODUCTION velocity data to obtain porosity and saturation estimates. The

In a variety of applied problems, it is important to de- key physical idea us_ed here is the fact that the mef
termine the state of saturation of a porous medium from_ete”‘ apd the density arg the tvyo parameters containing
acoustic or seismic measurements. In the oil and gas indudlformation about saturation, while both of these together
try, it is common to use amplitude-versus-offéav/O) pro- with shear mo_dulu;c contain information about porosity (
cessing of seismic reflection data to reach conclusions abo@'d# are defined in the next sectiprhese facts are well
the presence of gas, oil, and their relative abundances on t&own from earlier work of (_BassmaﬁnDomenlco, and
opposite sides of a reflecting interface undergrodedy., Many others.(It is yvell—estaphshed that even though the.
Ref. 1). For environmental applications, we can expect to bé>@ssmann—Domenico relations are derived for the static
working in the near surface where sensor geometries othéS€, they have been found to describe behavior measured in
than surface reflection surveys become practical. For exihe field at sonic and seismic frequencies, and, in some cases,
ample, when boreholes are present, it is possible to do cros§ven in laboratory ultrasonic experiment$he same facts
well seismic tomography, or borehole sonic logging to deter2re used explicitly in AVO analysis}~’but in ways that are
mine velocities(e.g., Ref. 2. For AVO processing the data significantly different from those to be described here. A
obtained are the seismic impedanges, and pv (wherep majo'r point qf departure is .that the present work allows di-
is the density, and v are the seismic compressional and rect information to be obtained about not only the level of
shear wave velocities, respectivelwhich arise naturally in  the saturation, but also concerning the state of saturation, i.e.,
reflectance measurementén this article, we will use the Whether the liquid and gas present are mixed homoge-
term “velocities” to refer to measured velocities at seismic, neously, or are instead physically separated and therefore in
sonic, or ultrasonic frequencies, unless otherwise spegifieda state of patchy saturatidi-> Another advantage is that
However, for cross-well applications, we are more likely tothis method uses velocity rather than amplitude information,
have simply velocity data, i.ev,, andv themselves without ~and therefore may have less uncertainty and may also require
density information. For well-logging applications, separateless data processing for some types of field experiments.
measurements of the velocities as well as density are pos- One of the main points of the analysis to be presented is
sible. Although a great deal of effort has been expended othe purposeful avoidance of the well-known complications
AVO analysis, relatively little has been done to invert thethat arise at high frequencies, due in large part to velocity
simple velocity data for porosity and saturation. It is ourdispersion and attenuatidfi;>®> Our point of view is that
purpose to present one method that shows promise for usirggismic data(as well as most sonic, and some ultrasonic
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data do not suffer from contamination by the frequency- andv will decrease with increasing fluid saturatfatue to
dependent effects to the same degree typically seen for higlthe “density effect,” wherein the only quantity changing is
frequency laboratory measurements. By restricting our rangthe den3|ty, which increases in the denominators of btﬁth
of frequencies to those most useful in the field, we anuapate.andvs As the medium approaches full saturation, the shear
a significant simplification of the analysis and therefore anvelocity continues its downward trend, while the compres-
improvement in our ability to provide both simple and robustsional velocity suddenlyover a very narrow range of satu-
interpretations of field data. In Sec. Ill, we also provide aration value$ shoots up to its full saturation value. A well-
means of identifying data in need of correction for dispersiorknown example of this behavior was provided by Murghy.
effects. Figure 1 shows how plots of these data for sandstones will
We introduce the basic physical ideas in the next secappear in several choices of display, with Figa)lbeing one
tion. Then we present two new methods of displaying theof the more common choices. This is the expectektal
velocity data. One method is used to sort data points into setSassmann—Domenitbehavior of partially saturated porous
that have similar physical attributes, such as porosity. Thermedia. The Gassmann—Domenico relations hold for frequen-
the second method is used to identify both the level of satueies low enoughsonic and belowthat the solid frame and
ration and the type of saturation, whether homogeneoudjuid will move in phase, in response to applied stress or
patchy, or a combination of the two. We show a subset of thelisplacement. The fluid pressure must (aé least approxi-
large set of data we have examined that confirms these comately uniform throughout the porous medium, from which
clusions empirically. We then provide some discussion of theassumption follows the homogeneous saturation require-
results and what we foresee as possible future applications ofient.
the ideas. Finally, we summarize the accomplishments of the

article in the concluding section. Il. PREDICTIONS OF THE THEORY AND EXAMPLES

A. Gassmann—Domenico relations
|. ELASTIC AND POROELASTIC WAVE

PROPAGATION Gassmann’s equatiohgor fluid substitution state that
2
For isotropic elastic materials there are two bulk elastic K=K + @ and w=
d M= s 2
wave speed&! compressionab,= (A +2u)/p and shear " (= d)Kpt GIKs '

vs=1/u/p. Herep is the overall density, and the Lanp@-  \hereK,, is the bulk modulus of the single solid mineral and
rametersh and u are the constants that appear in Hooke’sk , and x4, are the bulk and shear moduli of the drained
law relating stress to strain in an isotropic material. The conporous frame. The special combination of moduli defined by
stantu gives the dependence of shear stress on shear strajp=1 K, /K, is the Biot—Willi® parameter. The porosity
in the same direction. The constantgives the dependence js 4 while K and u are the effective bulk and shear moduli
of any compressional/tensional uniaxial stress Onof the undrained porous medium that is saturated with a fluid
extensional/dilatational uniaxial strains in the two orthogonalmixture having bulk moduluk; . For partial saturation con-
directions, i.e.\ is the off-diagonal component of the iso- gitions with homogeneous mixing of liquid and gas, so that
trOpiC stiffness tensor in the absence of Sheal’ing effects. F(H“ pores contain the same relative proportions of ||qu|d and

a porous system with porosity (void volume fraction in  gas, Domenicbamong others shows that
the range &< <1, the overall density of the rock or sedi-
UKs=S/K+(1-9)/Kg. (3

ment is just the volume weighted density given by
—(1_ _ The saturation level of liquid i$ lying in the range &S
p=(1=P)ps+ #Sp+ (1= S)ngl, @ <1. The bulk moduli areK for the liquid, andK, for the
whereps, p;, pg are the densities of the constituent solid, gas. WhenS is small, (3) shows thatK =Ky, smce Kg
liquid and gas, respectively. Hef®is the liquid saturation, <k, . As S—1, K remains close tK, until S closely ap—
|e the fraction of ||qU|d -filled void space in the range 0 proaches un|ty Thean Changes rap|d|YOverasma|| range
=S<1 (see Ref. 4 When liquid and gas are distributed of saturationsfrom K, to K, . (Note that the value df, may
uniformly in all pores and cracks, Gassmann’s equations sajje several orders of magmtude larger tl’f@] as in the case
that, for quasistatic isotropic elasticity and low-frequencyof water and air—2.25 GPa and 1430 % GPa, respec-
wave propagation, the shear modujusvill be mechanically tively.)
independent of the properties of any fluids present in the Since « has no mechanical dependence on the fluid
pores, while the overall bulk modulu§=\+ 5u of the  saturation, it is clear that all the fluid dependenceKe \
rock or sediment including the fluid depends in a known way-+ (2/3) « in (2) resides within the Lamparametei . Other
on porosity and elastic properties of the fluid and dry rock orecent work’ on layered elastic media indicates that
sediment Thus, in the Gassmann model, the Lapgram-  should be considered as an important independent variable
eter\ is elasticallydependenon fluid properties, whilge is  for analysis of wave velocities, and Gassmann’s results pro-
not. The densityp also depends on saturation, as shown invide some confirmation of this deductigand furthermore
Eq. (1). At low liquid saturations, the bulk modulus of the provided a great deal of the motivation for the present line of
fluid mixture is dominated by the gas, and therefore the efresearch The parametersK (=A+ (2/3)u) and Ky,
fect of the liquid on\ is negligible until the porous medium (=\4+ (2/3) g) can be replaced if2) by A andA 4, with-
approaches full saturation. This means that both veloaities out changing the validity of the equation. Thus, liKe for
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FIG. 1. Various methods of plotting 560-Hz Massillon sandstone data of MuiiRbf; 25: (a) Compressional and shear wave velocities as a function of
saturation(b) transform to p/\, wu/\)-plane,(c) N/ versus saturation, ard) transform to §/u, p/ u)-plane. All of these behaviors are anticipated by the
Gassmann—Domenico relations for homogeneously mixed fluid in the pores.

increasing saturation values will be almost constant until see that all three depend on porosity, but okxland p de-
the porous medium closely approaches full saturation. pend on saturation. Using formulés—(3), we can take par-
Now the first problem that arises with field data is thattial derivatives of each of these expressions first with respect
we usually do not know the reason why data collected at twdo ¢ while holding S constant, and then with respect $
different locations in the earth differ. It could be that the while holding ¢ constant. For now, we are only interested in
differences are all due to the saturation differences we ar&rends rather than the exact values, and these are displayed in
concentrating on in this paper. Or it could be that they areTable I. The trend for&)\/aS|d,>0 requires the additional
due entirely or only partly to differences in the porous solidsreminder that, although this term is always positive, its value
that contain the fluids. In fact, solid differences easily canis often so small that it may be treated as zero except in the
mask any fluid differences because the range of detectablmall range of values close 8=1. Also, using Hashin—
solid mechanical behavior is so much greater than that of the
fluids (especially when fractures are pregent )
It is essential to remove such differences due to SOIidTABle l. Monotonicity propertigs gf the Larrparameter& andu and the
heterogeneity. A related issue concerns differences arisin{f"S1yp 3s the porosity and liquid saturatior§ vary.
due to porosity changes throughout a system of otherwise Lame\ Lame Density p
homogeneous solids. One way of doing this would be to sort

our data into sets having similar porous solid matrix. For —, 2| _, o » o
simplicity and because of the types of laboratory data sets 9Pl 9Pls 9Pls
available, we will use porosity here as our material discrimi- A m P
_ P
—| >0 (or =0) —| =0 —| >0
nant. |, 3|, 7|,

Considering our three main parametersu, andp, we
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Shtrikman bound® as a guide, it turns out that it is not reconfirmed by the limestone data. Numerous other ex-

possible to make a general statement about the sign @mples of the correlation have been obseryEdlly dry and

Nl d¢|s, since the result depends on the particular materiafully saturated examples are shown here for some of these

constants(Related differences of sign are also observed irexamples in Fig. @) and(d),?**°for which partial saturation

the data we show later in this article; thus, this ambiguity isdata were unavailableNo examples of appropriate data for

definitely real and observabje. partially saturated samples have exhibited major deviations
Assuming that the primary variables ax¢ u, andp  from this behavior, although an extensive survey of available

(further justification of this choice of primary variables is data sets has been performed for materials including

provided later in the papgrthen the two pieces of velocity limestones? sandstone¥? granites®® unconsolidated

data we have can be used to construct the following thresands, and some artificial materials such as ceramics and

ratios: glass bead$’ This straight line correlation is a very robust
2 feature of partial saturation data. The mathematical trick that
K Us 4) brings about this behavior will now be explained.
A Uﬁ—zvs ' Consider the behavior as increases for fixe®. Two of
the parametersy( and p) decrease ag increases, but at
p_ 1 different rates, while the third\) can have arbitrary varia-
N 22,2 (5) tion. [Recalf! that rigorous bounds on the parameters are 0
pos <K<, 0spu<w, 0<p<w, and — (2/3) u<A<=.] To
and understand the behavior on these plots in Fig. 1das
changes, it will prove convenient to consider polar coordi-
p 1 .
—==. (6) nates ¢, 6), defined by
M vg 5 5
We will consider first of all what happens to these ratios for ~ ré=w* % + % (7)
homogeneous mixing of fluids, and then consider the simpler
case of ideal patchy saturation, where some pores in the paand
tially saturated medium are completely filled with liquid and
others are completely drior filled with gas. tang= Lz ®
pW
B. Homogeneous saturation wherew is an arbitrary scale factor with dimensions of ve-

locity (chosen so that is a dimensionless radial coordinate
for plots like those in Fig. 1 Now, if in addition we choose

w to be sufficiently large so that,/w<1 for typical values

of vg in our data sets, then, using standard perturbation ex-
pansions, we have

For homogeneous saturation, &saries while porosity
remains fixed, the ratiqu/\ does not change significantly
until S—1. At that point,\ increases dramatically ana/\
therefore decreases dramatically. Similarly, &s>1, the
only changes ip/\ over most of the dynamic range 8fare

in p, which increases linearly witB. Then, wherp is almost 4\ 12 4

. . . . . P 2 US p 2 S
at its maximum value) increases dramatically, causing the r= KW 1+— ] = XW 1+ — 9
p/\ ratio to decrease dramatically. Thus/{\ does not w 2w

change monotonically witls, but first increases a little and 54

then decreases a lot. These two ratios may be conveniently

compared by plotting data from various rocks and man-made B g v§

porous media examples in the/§, w/\)-plane[see Figs. g=tan * 2w (10

1(b) and 3. We see that, when data are collected at approxi-

mately equal intervals i§, the low saturation points will all Thus, the angl® is well approximated by the ratio if10),

cluster together with nearly constguat\ and small increases which depends only on the shear veloaity. We know the

in p/\, but the final steps 88— 1 lead to major decreases in shear velocity is a rather weak function of saturatierg.,

both ratios. The resulting plots appear as nearly straight lineBig. 1(a)], but a much stronger function of porosifgee, for

in this plane, with drained samples plotting to the upper rightexample, Ref. 2P So we see that the angle in these plots is

and fully saturated samples plotting to the lower left in eachmost strongly correlated with changes in the porosity. In

of the examples shown in Fig. 2. The remaining raiiq: contrast, the radial positionis principally dependent on the

has the simplest behavior, singencreases monotonically in ratio p/\, which we have already shown to be a strong func-

S and u does not change. Sp/u is a monotonically in- tion of the saturatiorg, especially in the region close to full

creasing function ofS and therefore can be considered aliquid saturation. This analysis shows why the plots in Figs.

useful proxy of the saturation variab&[Compare Fig. (c) 1(b) and 2 look the way they do and also why we might be

and(d), and see Fig. 3. inclined to call these quasi-orthogon@lolarn plots of satu-
Figure Za) includes the same sandstone data from Figration and porosity. Because of the function these plots play

1, along with other sandstone data. Similar data for five limein our analysis, we will call them the “data-sorting” plots.

stone samplés are plotted in Fig. &). The straight line In contrast, the plots in Fig. 3 contain information about

correlation of the data in the sandstone display is clearlyfluid spatial distribution, as will be discussed at greater
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FIG. 2. Examples of the correlation of slopes with porosity in the data-sorting itree Spirit RiverS.R) sandston€Ref. 10 and Massillon and Ft.
Union sandstone&Ref. 25, (b) five limestoneqRef. 13, (¢) 11 fused glass-bead sampl@ef. 29, (d) Westerly granitgRef. 30 at four pressures. The
observed trend is that high porosity samples generally have lower slopes than lower porosities on these plots, although there are a few exseptised as d
in the text. These trends are easily understood since the slopes are determined approximately by the averageﬁv&iueaﬁh material, which is a
decreasing function of porosity.

length later in this paper. The bulk modulids contains the  mixtures will generally be produced. This method is called
only Sdependence if2). Thus, for porous materials satisfy- “depressurization.” When such data are availafdee Fig.
ing Gassmann’s homogeneous fluid conditions and for lowB), we expect they will always behave according to the
enough frequencies, the theory predicts that, if we use velodsassmann—Domenico predictions. In contrast, the more
ity data in a two-dimensional plot with one axis being the common approach which produces drainage data is less pre-
saturationS and the other being the ratix)/,u:(vp/vs)2 dictable, since the manner and rate of drainage depend
—2, then the results will lie along an essentially straightstrongly on details of particular samples—especially on sur-
(horizonta) line until the saturation reache€s=1 (around face energies that control capillarity and on permeability
95% or highey, where the curve formed by the data will magnitude and distribution. Thus, the drainage technique can
quickly rise to the value determined by the velocities at fullproduce homogeneous saturation, or patchy saturation, or
liquid saturation. On such a plot, the drained data appear ianything in between.
the lower left while the fully saturated data appear in the
upper right. This behavior is illustrated in FigaBfor Espeil
limestone. The behavior of the other plots in Fig. 3 will be
described below. The preceding analysis centered on homogeneous satu-
Before leaving this discussion of homogeneous saturaration of porous media. On the other hand, consider a porous
tion, we should note that there is one laboratory saturatiomedium containing gas and liquid mixed in a heterogeneous
technique for which it is known—from direct observatibhs manner, so that patches of the medium hold only gas while
using x-ray imaging—that very homogeneous liquid—gasother patches hold only liquid in the pores. Then, the theory

C. Patchy saturation
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predicts that, depending to some extent on the spatial distrisid and gas, while Fig. (& and (f) indicates extremely
bution of the patches, the results will deviate overall frompatchy mixing, and Fig. @) and (d) shows an intermediate
Gassmann’s result@lthough Gassmann’s results will hold state of mixing for the drainage data, but more homogeneous
locally in each individual patgh If we consider the most mixing (as expectedfor the depressurization data. The Es-
extreme cases of spatial distribution possible, which argeil limestone was observed to be the most dispersive of all
laminated regions of alternating liquid saturation and gashose rocks considered in the data sets of Caredat!>3+3°
saturation, then the effective bulk modulus will be deter-So, this case is a very stringent test of the method. In fact, if
mined by an average of the two extreme values(®f we were to plot the corresponding data for Espeil limestone
Kls—o=Kg andK|s—;. Using saturation as the weighting at 500 kHz, we would not find such simple and easily inter-
factor, the harmonic mean and the mean are the two wellpreted behavior on these plots. Our explanation for this dif-
known extremes of behavidf.Of these two, the one that ference between the 500- and 1-kHz results for Espeil lime-
differs most from(2) for 0<<S<1 is the mean. And, because stone is that the dispersion introduces effects not accounted
of K’s linear dependence on bothandx, andu’s indepen-  for by the simple Gassmann—Domenico theory, and that
dence ofS, we therefore have there is then no reason to think that our method should work
-~ for such high frequencies as 500 kHz. We have found other
Npatenf S) = (1= S)Xar+ Sh[s-1. (1) examples where it does work for frequencies higher than one
So, on our plot in theX/u, p/u)-plane, the results for the might expect the method to be valid. The point is that, if we
mean will again lie along a straight line, but now the line restrict the range of frequencies considered to 1 kHz or less,
goes directly from the unsaturated valug=0) to the fully  the method appears to work quite well on m@std perhaps
saturated valueS=1) [e.g., Fig. 3¢)]. The two straight all) samples(But, at higher frequencies, the solid and fluid
lines describedithe one given by11) and the horizontal one can move out of phase and other relations developed by
discussed in the preceding paragraph for saturations up ®iot'*~'®and otherS’ -2 apply)
about 95% are rigorous results of the theory, and form two
sides of a triangle that will contain all data for partially satu- I1l. DISCUSSION
rated systems, regardless of the type of saturation present. Rocks containing more than one mineral
The third side of this triangle provides a rigorous bound on ~
the behavior as full saturation is approachédust corre- The analysis presented here has been limited for sim-
sponds to the physical requirement t&st 1, so values with  plicity to the case of single mineral porous rocks. In fact, the
S>1 have no physical significanceln general, heteroge- main parts of the analysis do not change in any significant
neous fluid distribution can produce points anywhere withinway if the rock has multiple constituents. The well-known
the resulting triangle, but not outside the triangleithin  result of Brown and Korring& states that
normal experimental errpr o?
A brief presentation of some examplgsg. 3) will now K=Kg+ and u= gy,
follow a reminder of an important and well-known caveat. alKs= dlIK s+ SIK;
whereKg is the unjacketed bulk modulus of the composite
solid frame K, is the unjacketed pore modulus of the com-
o i posite solid frame, andvr=1—K, /K is the appropriate
Some deviations from these conclusions can be expectago:_\willis26 parameter for this situation. The remaining pa-
at the lowest satura_tlons. Chemlcgl effects, WhICh have Nty meters have the same significance a@inThe functional
been accounted .for in the mechanical angly3|s, can and Oft%pendence df ., 0N the saturatioS is clearly the same in
do lead to the situation that dry and drainarly dry or  hoth formulas. If we were trying to infer properties of the
room dry samples have somewhat different proper’tﬁas. solid from these formulas, then of courde®) would be more
These differences are larger than can be explained by meisicult to interpret. But for our present purposes, we are
chanical analyses alonff-or example, see Fig(@ and(b). oy trying to infer porosity, saturation values, and saturation

Take special note of the three lowest saturation values iiate  For these physical parameters, the analysis goes
these figureg.We discuss this point at greater length in Sec'through without change.

(12)

D. Caveats for chemical effects

B. On uniqueness of \-diagrams

E. Some illustrative examples Since the possible linear combinations of the elastic bulk

Figure 3 shows three examples of the results obtainednd shear moduliK and x) are infinite, it is natural to ask
with plots in the , M\ uw)-plane and in the d/u, why (or if) the choicex=K— (2/3)u is special. Is there
N w)-plane(usingp/ u as a proxy forS) for two limestones perhaps some other combination of these constants that
and one andesite from laboratory data of Cadetet! 134>  works as well or even better than the choice made here?
In Fig. 3, the true saturation data are used in the figures ofhere are some rather esoteric reasons based on recent
the left and the proxy for saturatiopAu) is used on the work?’ in the analysis of layered anisotropic elastic media
right. We therefore call the right-hand diagrams “saturation-that lead us to believe that the choicés indeed special, but
proxy” plots. Using the interpretations arising for our analy- we will not try to describe these reasons here. Instead we will
sis of Gassmann—Domenico partial-saturation theory, we sg@oint out some general features of the two types of plots that
that Fig. 3a) and (b) indicates homogeneous mixing of lig- make it clear that this choice is generally good, even though
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others might be equally good or even better in special cir-  When A=0 in (13) (which seems to happen rarely if
cumstances. First, in the diagram using the/y, ever in the real data examples, but needs to be considered in
M w)-plane, it is easy to see thahyplot of data using linear general, the resulting transformed line will just be one of
combinations of the formg{/ ., (\+cu)/ ), wherecis any  constantp/A=B~%, which is a vertical line on thep(\,
real constant, will have precisely the same information angu/\)-plane. The more interesting special case is wBen
the display will be identical except for a translation of the =0, in which situation\/u=A or u/x=A"1. But this case
values along the ordinate by the constant vadu&hus, for includes that of Gassmann—Domenico for homogeneous
example, takingc= (2/3), plots of p/u, K/w) will have  mixing of the fluids at low to moderate saturation values. For
exactly the same interpretational value as those presentdd=0, on both planes we have horizontal straight lines, but
here. But, if we now reconsider the data-sorting pglig., their lengths can differ significantly on the two displays.
Fig. 2) for each of these choices, we need to analyze plots of
the form (p/(A+cu), w/(N+cu)). Is there an optimum D, Interpreting the data point locations
choice of the parametarthat makes the plots as straight as . )
possible whenever the only variable is the fluid saturation? If-- D& points inside the triangle
is not hard to see that the class of best choices always lies in The triangle described in Sec. IlIC provides rigorous
the middle of the range of values &f « taken by the data. bounds on mechanical properties of porous media. For plots
So setting —c= (1/2) (min(\/w)+max(/w)) will always  inthe (po/u, N u)-plane such as those included in Figéd)1
guarantee that there are very large positive and negative vaand 3b), (d), and(f), some data points lie between the ideal
ues ofu/(N+cu), and therefore that these data fall reliably patchy saturation line and the Gassmann ideal lower bound.
(if somewhat approximatelyalong a straight line. But the The relative position of the data points may contain informa-
minimum value of M/u has an absolute minimum of tion about the fluid distribution. Consider the case of a core
— (2/3), based on the physical requirement of positivity ofsample that is nearly saturated, above 90% for example. If
K. So ¢c<(2/3) is a physical requirement, and since the weight of the core is used to determine the saturation but
max\/u=+ (2/3) is a fairly typical value for porous rocks, it the core contains a few gas bubbles, the background satura-
is expected that an optimum value ®£0 will generally be  tion will be underestimated and the bubbles themselves rep-
obtained using this criterion. Thus, plots based on bulkesent patches. This is an example of a material having a few
modulusk instead of\ will not be as effective in producing isolated patches contained in an otherwise homogeneous par-
the quasi-orthogonality of porosity and saturation that wefially saturated background. Such data would plot above but
have obtained in the data-sorting style of plotting. We con-<lose to the Gassmann curve. In an analogous case for field
clude that the choica is not unique(some other choices seismic data, the background saturation may be known from
might be as good for special data getsut it is nevertheless measurements made at lower frequencies or in a nearby re-
an especially simple choice and is also expected to be quitgion, and it may be possible to use such information to de-
good for most real data. termine the relative volume of patches. For data lying in the
middle (i.e., between the bounding curyesome assump-
tions about fluid distribution could be made and then various
estimates about patchy volumes could be applied to different
models such as the Hashin—Shtrikman bodhds effective

One important feature concerning connections betweensedium theories. Exploration of these issues will be the sub-
the points in the two plane(\, w/\) and (p/uw, NMw) is  ject of future work.
the fact that(with only a few exceptions that will be noted
straight lines in one plane transform into straight lines in thez, pata points outside the triangle
other. For example, points satisfying

C. Transforming straight lines to straight lines

The sides of the triangle described above set rigorous
p boundaries for effects associated with homogeneous satura-

; =A+ B; (13 tion and patchy saturation at low frequencies or for situations

_ ) in which frequency-dependent dispersion can be neglected.
in the (p/w, M w)-plane(whereA andB are constant inter-  owever, when the data do not in fact satisfy these assump-

cept and slope, respectivelthen satisfy tions of the theory, plotting the data this way provides an
u P opportunity to observe and interpret deviations from the be-
X:Afl—AleX (149 havior predicted by the theory. For example, data which plot

above the patchy saturation line represent excessively stiff
in the (o/\, w/\)-plane. So long aA+#0 in (13), the rock. One possible cause of systematically high stiffness val-
straight line in(13) transforms into the straight line ifl4).  ues is frequency-dependent dispersibrf> Chemical ef-
This observation is very important because the straight lindects, not taken into account in the analysis, might also cause
in (11) corresponds to a straight line in the saturation-proxymeasurements to deviate systematically from predicted be-
plot in the (o/w, N/ w)-plane. But this line transforms into a havior. For example, adhesive effects associated with chemi-
straight line in the data-sorting plot in the/(\, u/\)-plane.  cal reactions between pore fluid and solid constituents might
In fact, the apparent straight line along which the data aligrcause systematically high values. Another consequence of
themselves in these plots is just this transformed patchy satweck—water interactions is softening of intragranular ce-
ration line. ments. In this case, data for susceptible rocks would system-
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Analysis of multiscale scattering and poroelastic attenuation
in a real sedimentary rock sequence
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Compressional waves in heterogeneous permeable media experience attenuation from both
scattering and induced pore scale flow of the viscous saturating fluid. For a real, finely sampled
sedimentary sequence consisting of 255 layers and covering 30 meters of depth, elastic and
poroelastic computer models are applied to investigate the relative importance of scattering and
fluid-flow attenuation. The computer models incorporate the known porosity, permeability, and
elastic properties of the sand/shale sequence in a binary medium, plane layered structure. The
modeled elastic scattering attenuation is well described by stochastic medium theory if two-length
scale statistics are applied to reflect the relative thickness of the shale layers when compared to the
sand layers. Under the poroelastic Biot/squirt flow model, fluid-flow attenuation from the moderate
permeability (10 m?) sands may be separated in the frequency domain from the attenuation due
to the low permeability (5 10~ m?) shale layers. Based on these models, the overall attenuation

is well approximated by the sum of the scattering attenuation from stochastic medium theory and the
volume weighted average of the attenuations of the sequence member rocks. These results suggest
that a high permeability network of sediments or fractures in a lower permeability host rock may
have a distinct separable attenuation signature, even if the overall volume of high permeability
material is low. Depending on the viscosity of the saturating fluid, the magnitude of the flow-based
attenuation can dominate or be dominated by the scattering attenuation at typical sonic logging
frequencieg~10 kHz). © 2000 Acoustical Society of Amerid&0001-4966)0)03506-2

PACS numbers: 43.20.Jr, 43.20.Gp, 91.30.BEC]

INTRODUCTION rection of wave propagation. In contrast, the squirt flow

Recent advances in understanding the influence of porerpechanlsm accounts for fluid motion perpendicular to the

scale flow on seismic wave propagatigtazi-Azoual, 1988; direction of wave propagaﬂop. Bpurbet gl. (1987 SUg-
Parra, 1991: Dvorkin and Nur, 1993: Parra, 198ave led to gested that the squirt mechanism is a dominant contributor to

the possibility of using measurements of seismic wave at®xperimentally observ_eql attenuatior_1 in sedimgntary rocks.
tenuation and velocity dispersion to estimate matrix and fluid Ong t;cheory E.escn(tj)mg tg‘; sqwr:t mechanlsdm Wai. c(;)n-
properties. In many practical cases of interest, however, thg_trulcte. 3f/avor.|n and Nul ﬂg,, who preser;]te aun Le
material is inhomogeneous and variations exist in the locafnlysis of the Biot and squirt flodBISQ) mechanism. The

permeability, density, and compressibility. These variationsB!SQ formulation relies on a heuristic paramettire squirt

resulting in impedance heterogeneity, introduce a scatterindl®W !€ngth, and may not be applicable to all rock types.
based dispersion and attenuation for propagating wav evertheless, the BISQ mechanism has been demonstrated

which exist in addition to the fluid-based and anelastic dis!© Pe quantitatively consistent with measurements of attenu-
persion and attenuation. Better understanding of the dispeflion in sandstone samples as a function of permeability and
sion mechanisms operating between seismic and ultrasonf@turation(Dvorkin et al, 1994. An important observation
frequencies will also lead to better scaling from core meaiS that the critical frequency for Biot flow is inversely pro-
surements tdn situ seismic data. This can be critical in time Portional toK/u, while the squirt flow critical frequency is
lapse seismic applications in which oil reservoirs are monidirectly proportional toK/u. Here, u is the fluid viscosity,
tored for small changes in velocity, e.g., Waetgal. (1998. andK the medium permeability. The Biot mechanism char-
The theory of poroelasticity is developed from recogni-acteristic frequency goes to zero in the limit of an infinitely
tion that a compressional wave propagating through a porougermeable medium, while the squirt flow characteristic fre-
medium forces the pore spaces to alternately expand arfdency goes to infinity in the same limit. For this reason,
contract. This local change in pore volume and pore pressur@iot's mechanism is most often observed in highly perme-
may cause the saturating fluid to flow from contracting poregible media(such as unconsolidated beach sandsile the
to expanding pores in a manner such that the fluid is not agquirt flow mechanism is more often associated with less
rest relative to the solid. The internal motion of a viscouspermeable mediguch as sedimentary rogks
fluid thus extracts energy from the passing wave and also Akbar et al. (1994 performed a detailed analysis on the
affects the rigidity of the porous volume as a whole, which ineffects of fluid saturation on velocity and attenuation in vari-
turn alters the wave velocity. Bidfl956, 1962 presented a ous types of pore structure. Considering both macro- and
theory describing the frequency dependent behavior of atmicroscopic patchy saturation, they developed models based
tenuation and dispersion for fluid motion parallel to the di-on pore and conduit compressibility. Akbat al. (1994
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compared the results of their theory to a fairly extensivepermeability in the medium changes, the frequencies most
array of experimental data, including effects of confiningstrongly affected by the local flow change as well. The over-
pressure, fluid saturation, and frequency of investigation. Asll attenuation of the medium as a whole is thus controlled
part of their development, they presented an equation by those sections in which the dissipation is maximized. For
which the frequency of an observed flow-based attenuatiothis reason, the effective permeability of a layered formation
peak can be related to the squirt flow length scale and pefor large-scale vertical fluid flow may be different from the
meability of the medium. effective permeability of a formation for micro-scale Biot
Samset al. (1997 used a suite of measurements fromand global flow induced by vertically propagating seismic
the well-characterized Imperial Colleg&/K) borehole test waves. The first type is given generally Buq=(K )7,
site to examine wave propagation over frequency changes afhile the second may be approximately giv@ecording to
four orders of magnitude. By combining measurements fronShapiro and Mller) by K¢z=(K) for normal distributions of
vertical seismic profiles, crosswell seismic, sonic well logs,permeability. Shapiro and Mer (1999 presented an ex-
and core samples, these researchers were able to put togetastple in which the difference between the two effective per-
an estimate of the frequency dependent attenuation and digieabilities is more than two orders of magnitude.
persion at the test site. They found a peak in attenuation in  In this paper, we first examine the role of scattering on
the sonic frequency range, slightly higher than 10 kHz. Thigwo distinct length scales in the light of stochastic medium
result is used with basic squirt flow models to estimate théheory and a real world sedimentary sequence. We show that
crack aspect ratio in test site rocks, a parameter potentiallipclusion of multiple length scales in typical stochastic me-
related to field permeability. dium wave theory is straightforward if the transitions asso-
While fluid motion may dominate the attenuation for ciated with each length scale are statistically independent.
wave propagation in porous media over certain frequencieé,/erification of the theoretical development is accomplished
it is certainly not the only mechanism which reduces waveusing an elastic plane wave program and a known real sedi-
amplitude. Scattering, in the form of reflections from varia-mentary sequence. Finally, we consider the interaction of
tions in the medium’s impedance' has |ong been recognize‘*aﬂering and the squirt flow attenuation mechanism in het-
as a significant contributor to attenuation. O’'Doherty anderogeneous permeable media.
Anstey (1971 provided one of the first attempts to quantify
statistically the frequency dependence of scattering from bed
boundaries in seismic methods. They showed that scatterinlg
attenuation should be proportional to the power spectrum of  This section outlines the results of a one-dimensional
the reflection coefficient series. Later workers gave this restochastic medium wave propagation theory. We follow the
sult a sound mathematical basésg., Burridgeet al, 1988;  development of Parrat al. (1999, but similar results would
Shapiro and Zien, 1993with applications generally assum- be obtained using the development of Shagital. (1994.
ing a single dominant length scale for medium transitionConsider a one-dimensional medium with densjty,and
(e.g., Kerner and Harris, 1994Hermann(1998 suggested elastic constante. If all motion in this medium is con-
that sedimentary rocks might be considered to have a fractakrained to the-direction, then the unperturbed wave propa-
multiscale, with reflecting surfaces at every point and a varygation velocity is given byr,= pOVS. Let the properties of
ing range of dominating scales. this medium have a random variation in such a way that
Gurevichet al. (1997 provided a study considering the
effects of scattering and Biot flow. Instead of considering the
local squirt flow, however, they considered the global or in-whereog and o4 are small parameters, aiR{x) andA(x)
terlayer flow. The interlayer flow phenomenon(is some are stationary Gaussian random fields with zero mean and
sensg a globalization of the pore scale squirt flow in which unit variance. These two fields have a covariapcand each
a passing pressure wave squeezes fluid out of a thin porolmas a spatial distribution governed by the spectral density
layer into surrounding, more compliant, material. Because o5(k). The spectral density is the Fourier transform of the
the relatively large interlayer length scales, this effect is preautocorrelation functiorE(a) =(R(x)R(x+a))=(A(x)A(X
dominantly confined to low frequency waves in moderate to+a)), where bracket$) denote expectation value over =l
high permeability material, while the Biot effect is generally Many sedimentary sequences can be considered to be
confined to high frequency waves in high permeability ma-layered mediums with layer thicknesses given by a Poisson
terial. The pore scale squirt flow mechanism, in contrast, iglistribution (Velzeboer, 1981l With this type of spatial dis-
considered the most likely cause of observed attenuatiotribution, the autocorrelation functids is
peaks in moderate permeability rocksee Bourbieet al, E(x)=e ¥ ©
1987 at the intermediate frequenci¢s—100 kH2. Never- '
theless, the work of Gurevickt al. (1997 demonstrated that and its Fourier transform, the spectral density, is
flow-based and scattering-based attenuations are separable in | 1
that they can be treated independently at first, and later added S(k)= — ——, 3
to produce the total attenuation. 7 1+
Shapiro and Mlier (1999 demonstrated that heteroge- wherel is the layer transition length scale. Note this means
neity in permeability is also important in determining the that the average layer thickness is 2
dispersion and attenuation due to the interlayer flow. As the  The inhomogeneous one-dimensional wave equation is

PERTURBATION THEORY

P(X) — poe(rRR(X)' a(X) — aoe(rAA(X)' (1)
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Pu 9 au 2500 3
p(X) 7 = | a(X) |, 4 2490F H0.014
whereu is displacement. We will treat the small parameters 2480 é— -. > 40.012
or ando, as perturbations to the linear wave equation. Tak- - - / -0 ]
ing an ensemble average to remove the zero mean fluctua-g 2470;’ 40.01
tions, and transforming to the frequency wave number do- 3 2460 F 3
main, the phase velocity of the second order solution to the G F 40.008 ¢
perturbed wave equation is given in Paetaal. (1999 as % 24505' b -
L2 2 . a 2440 F 40.006
V=Vo[1- z(ort+0on)(C(ko)+1)—30r0axC(Ko)], 3 - .
5)  §2430F J0.004
where 2420F ]
- —0.002
C(Ko) = — mk(2Kol +)S(2Ko), 6) 2410F R
. . . . 2400_ L sl L 11|||w|| L |Hnnl L ||||||TO
andk, is w/Vy. By separating out the imaginary part of the 0 1 2 103 104
wave number, the attenuation due to scattering effects is 10 10 10
frequency (Hz)
1 1, L, 1
6=2| Im(C(kq))] Z(UR+ o)t ZXOROA|- (7) FIG. 1. Theoretical scattering-based group velocity dispersotid line)

and attenuatior{dashed ling for a random medium having variability on

. . two length scales separated by one order of magnitbdem and 5 m The
The frequency dependent quahty factQr describes wave assumed variability is 20% in each of the density and compressional modu-

attenuation in a form proportional to exppex/2VQ), where  |us.

V is the phase velocity andis the propagation distanc¢Aki

and Richards, 1980

This attenuation is maximized fdél = 1/2, correspond-  More complicated forms of the autocorrelation function may

ing to a wavelength equal tortimes the length scale of the be included in the perturbation theory, but will often require

random structure or 2 times the average layer thickness. numerical instead of analytical integration.

This is in good experimental agreement with Rebal. Let R;(x) and R,(x) be independent, zero mean, unit

(1996, who found the scattering effect to be centered on a/ariance, normally distributed random fields with exponen-

wavelength-to-layer thickness ratio of seven. The exprestial autocorrelation function& of different length scales. If

sions also have theoretical justification since the low andy;R;(x) + o,R,(x) describes the fluctuations in a property

high frequency limiting velocities are consistent with the |ike density, then the combined fluctuation has zero mean

known low and high frequency velocities of layered mediaand variancer3= o2+ o (Kalbfleisch, 1985 If R;(x) and

(Backus, 1962; Mariort al, 1994. R,(x) are independent and uncorrelated, then the autocorre-
lation function of the combined fluctuation is the sum of the
individual autocorrelation functions, or

Il. MULTIPLE LENGTH SCALE RESULTS
A. Incorporation into perturbation theory aéER(X)z U%El(x)‘f' (rgEz(x) _ oie*"”1+ age*X”Z.
Acoustic measurements in rocks have been taken over (8)
frequency ranges from a few Him long range seismic ex-
periment3 to MHz (in lab scale experiments on core
samples Similarly, length scales which can induce scatter-The variability and autocorrelation function used in the per-
ing effects can range from sedimentary layers hundreds dfrbation theory will thus b@ﬁ andEg, respectively. Simi-
meters thick to sub-millimeter pore scale variability. Analy- lar expressions may be found for the variations in stiffness.
sis of well logs by Whiteet al. (1990 indicates that it is not This function(8) is a linear combination of functions of
uncommon for the autocorrelation function of velocity well the form Eq.(2), and as such, the resulting spectral density
logs to be controlled by more than one length scale. In thisS(k) is a linear combination of functions of the form EG).
section, we show that it is not difficult to include the multiple This spectral density may be used with the theory of Shapiro
length scale scattering effect in the perturbation theories oét al. (1994 or Egs.(5)—(7) above to produce the scattering
Parraet al. (1999 or Shapiroet al. (1994). effect of two length scales in the phase velocity and attenu-
The effect of the length scale occurs only in the spectrahtion. From Fig. 1, it may be seen that the effects of each
density, which is the Fourier transform of the autocorrelationlength scale may be observed separately in the attenuation if
function, E. To include the effect of multiple length scales, the lengths are at least an order of magnitude apart. Given
we need only to determine the autocorrelation function of ahat here only linear transforms are madeEpft is apparent
multiple length scale medium. For simplicity, we choose twothat the effects of scattering from different length scales are
length scales. For ease of evaluation, we will assume that thedditive, as long as the variations at each length scale are
variation on each length scale is independent of the otheuncorrelated with the other length scale.
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(a) (b) (c) TABLE |. Properties of Buena Vista Hills sediments for the layered model.

0 . T PO The volume weighted average is based on the actual lithology prevalence of
] [ 171 ] 11% sand by volume. The squirt flow length is estimated as 20 times the
] [ 1L 1 pore throat radiugbased on mercury porosimetry measurempefus each
d u 1r T lithology. The uniaxial modulus i&=pV§.
£ » d L Jio Weighted Std.
= [ 1r 1 Property Shale Sand Avg. deviation
k- [ 11 ]
3 - 4 F 15 Uniaxial modulus(GPa 11.3 165 11.9 14%
g L 17 ] Density (g/cri) 190 220 1.93 5%
% C 1F ] Permeability <107 m?) 0.05 10
g - 1 PO Porosity (%) 27 27
[ 1t ] Squirt flow length(mm) 001 1
L 4 F Jos Solid grain bulk modulu§GPa 26.8  37.9
:‘ lllllll\l|\||: :\I\uluy.l..nluul.z3

0
lithology djnsityz('zgf}cmaz;’s 2‘5\,2.7;;"3(;,’12,2)3'5 While the two carbonate laye(at relative depths of 13

and 26 m provide the most striking contrast in the density
FIG. 2. (a) Actual shale/sand/carbonate sequence for an oil reservoir neagnd velocity Iogs of Fig. 2 this is somewhat misleading be-

Bakersfield, California. Black areas represent sands and carbonates while

. o .
white areas represent shales. This 30-m interval contains 255 separate Ia‘;]§luse they aCtua”y comprise onIy about 1% of the formation

ers, based on visual inspection of cores recovered from the wellbore. Th¥Olume. For simplicity, the carbonates will be replaced by
interval contains 11% sands and carbonates by volume. Defimitgnd sands in the |ayered modeélt is not significantly more dif-
velocity (c) logs for the same interval d8) are also presented. These logs ficult to create a three-medium model. but because of the
do not represent the true structure of the medium because they have insu# o .

small volume of carbonates there is little advantage gained.
Since the actual velocities and densities are not resolved by
the well logs, the shale and sands are assigned constant prop-

B. Computational investigation of a real sequence erties given in Table I. The autocorrelation functiérof the

The Buena Vista Hills field near Bakersfield, California, l2yered model is used to provide input to the random me-
includes some oil producing rock formations with very fine Q|um theory and is shown in Fig. 3 along with two pqg&ble
structure. The Antelope shale in this field is a high porosityfitS- Because the shale layers are generally significantly
(~30% but low permeability (50 microdarcy, or 5 thicker than the sand layers, the autocorrelation function has
x10"Y7 m?) rock. Intercalated with the shale are hundredsthe double exponentiatwo length scalgsform discussed
of thin (1L mm to 1 m layers of sand and fractured carbon- previously. The best least squares fit using a single exponen-
ates. These thin beds have much higher permeattitigo  tial function[Eqg. (2)] is found to have a correlation length of
millidarcy, or 10" m?) than the host shale, and are be-4-5 ¢m. A far better fit is found using a double length scale
lieved to significantly contribute to the oil production from function [Eq. (8)] with correlation lengths of 1.2 crt66%
the formation. For this reason, it is important to be able toveigh and 18 cm(34% weigh}. Here, the smaller length
identify and characterize this fine structure, which most|yscale corresponds to the sand layer half-thickness, while the
falls below the resolution of typical sonic and density log-
ging tools. Given the high permeability contrast between the LU e e s e e e e IS A e
shales and sands, it may be possible to use dispersion and
attenuation measurements to identify the thin bed density. . ]

Figure 2 shows the lithology of a typical section of the osk |77~ Single Exponential

[ O i
Antelope formation, along with the corresponding velocity \ Double Exponential

ficient resolving power.

and density logs. There are 255 alternating shale, sand, and 0.7H, True Correlation
carbonate layers in this 30-m-thick region. The lithology has  § 0.6

been determined here to approximately 3 mm resolution by *

visual inspection of rock cores removed during the drilling of @ 0.5

the well. The logging tools typically used to obtain the ve- § 0.4

locity and density information in the well sample over a 0.3

coarser interval and essentially average the rock properties
over a vertical distance of 30 to 60 cm. Standard well log- 0.2
ging, therefore, does not capture much information about
these thin beds, and core removal and analysis are often pro-
hibitively expensive and time consuming. The lithology of

this section is used to construct a plane layered poroelastic
model which is then used as input to a plane wave propaga- distance (cm)

tion program(Parraet al, 1997. This program optionally
FIG. 3. Autocorrelation function of the lithological sequence in the study

includes the effects of the BISQ mechanism, and so the Ini_nterval. The solid line is the actual autocorrelation function. The dashed

ﬂuenc_e of the variable permeability between layers can bge is a single length scale fit, while the dotted line is a fit using two length
taken into account. scales.
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larger length scale corresponds to the shale layer half- LA B SRR BRSNS
thickness. Interestingly, these two length scales are more scattering

than an order of magnitude apart, implying that there will be 0.014 with intrinsic
some visible multiscale scattering effects.

0.012

A N

1. Elastic behavior 0.01

firmed by applying an elastic plane wave computer program
(Parraetal, 1997 to the 255-layer lithologic sequence 0.006
shown in Fig. 2. This program, operating in the frequency

domain, applies a normally incident plane wave to a stack of ~ 0.004
planar sand/shale layers with properties given in Table I.

This program handles the piecewise continuous media by  0.002
enforcing continuity of displacement and stress across each

scattering
only

This prediction of visible multiscale scattering is con- 2 0.008 -

.+ FWENE IEEEY ERNEE NN N

10* 10°

interface. Within each layer, up- and down-going waves are (1)
allowed to propagate with the usual uniform medium plane
wave equations. For a given frequency, then, the relative frequency (Hz)

phases and amplitudes within each layer are the solution of a

large matrix equation. Real rocks, however, are naturally atFIG. 4. Attenuation of compressional waves in the study interval. Lower set
tenuating to some degree, regardless of Scattering or fluief curves is scattering attenuation only. Upper set includes an arbitrary
intrinsic attenuation ofQ=100 in both sand and shale. Heavy line denotes

saturation. In the absence of additional information, re-prediction of stochastic medium theory. Light line with symbols is com-

searchers typically assume or i_nfer a frequenCY_inqependeBEted with elastic/anelastic plane wave model using the observed layer se-
Q value for the rock(Aki and Richards, 1980 This intro-  quence.

duces what we will define as intrinsic attenuation to separate

it from scattering attenuation. Intrinsic attenuation is a prop+ween sand and shale might at first indicate. Scattering, how-
erty of the rock and its Saturating f|UId, while Scattering at'ever, is un”ke'y to be the Only Operating attenuating mecha-
tenuation is a result of interfaces between rock types. Th@ism in a sedimentary sequence.
elastic plane wave program can incorporate figeéttenua- Adding an arbitrary degree of intrinsic attenuation to the
tion by assigning complex moduli for each layer. The imagi-medium in the form of a frequency independénof 100 for
nary part of the resulting wave numbers acts to exponentially|| |ayers provides a background level of attenuatiorQ(1/
reduce the wave amplitude. =0.01). (This background attenuation could represent the
By including no effects of intrinsic attenuation in the jmperfect elasticity of consolidated sedimentas demon-
layered model, the frequency dependent scattering attenugtrated by Gurevictet al. (1997, the scattering attenuation
tion may be simply determined by measuring the transmiszqds to the intrinsic background, providing up to a 30% in-
sion coefficient on the far side of the layered model. Thegrease, and possibly creating a measurable fluctuation. The
observed attenuation may be transformed inQ @alue by  stochastic medium theory slightly overpredicts the attenua-
taking into account the distance traversed and the frequenayon at high frequencies. This may be due to the high skew

of measurement. The resulting scattering attenuation i§89% shalg and kurtosigbinary medium assumptiomn the
shown in Fig. 4, along with the scattering attenuation predicyithology statistics.

tion of the stochastic medium model. Agreement is quite
good, although by necessity the actual “realization” of the , .
random medium causes fluctuations around the predicte@ Foroelastic behavior
mean value. Further numerical experiments show that the Finally, we examine the effects of including the po-
magnitude of the fluctuation can be reduced by extending theoelastic BISQ mechanism into the 255-layer model. The
propagation length in the random medium, increasing theoroelastic plane wave prografRarraet al, 1997 operates
number of layers traversed. This follows the ergodic hypothin a similar manner to the elastic plane wave program, but
esis that as the size of a particular random sample increaseastead uses the BISQ equations to compute the frequency-
the resulting behavior will regress to the ensemble averagerave-number relations for fast and sldwwaves in each
properties. For this sequence, the frequencies of peak scdayer. The elastic boundary conditions are extended to re-
tering attenuatioril to 12 kH2 overlap the frequencies used quire continuity of normal fluid displacement across the
by borehole sonic logging tool® to 20 kH2. layer interfaces, which has recently been demonstrated to be
It is of practical interest to note that even though thererigorously correct for poroelastic media by Gurevich and
are more than 250 reflecting surfaces in the 30-m study se&choenberd1999. The saturating fluid is first assumed to
tion, the actual attenuation due to scattering is quite lowbe oil, with viscosityu=1 g/cm/sec. In Fig. 5, the dashed
Peak attenuations correspond Qovalues on the order of and dotted lines show the attenuation due to BISQ flow in
200-400. This is partly because the sands comprise onlynbounded sands and shales, respectively, assuming the me-
11% of the study section, and the actual statistical variancdium properties from Table |. The peak attenuation in the
of the medium properties is far lower than the contrast besand is at about 2 kHz, covering roughly the same range of
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FIG. 6. Attenuation of compressional waves including flow effects for
FIG. 5. Attenuation of compressional waves including flow effects for 100% water saturation. Dashed line: BISQ attenuation in an unbounded sand
100% oil saturation. Dashed line: BISQ attenuation in an unbounded sanblody having properties as in Table I. Dotted line: BISQ attenuation in an
body having properties as in Table I. Dotted line: BISQ attenuation in anunbounded shale body having properties as in Table I. Dash-dot line: scat-
unbounded shale body having properties as in Table I. Dash-dot line: scatering attenuation from stochastic medium theory. Heavy solid line: aver-
tering attenuation from stochastic medium theory. Heavy solid line: aver-aged fluid attenuation plus scattering attenuation for study interval. Light
aged fluid attenuation plus scattering attenuation for study interval. Lightsolid line with symbols: attenuation from poroelastic plane wave program.
solid line with symbols: attenuation from poroelastic plane wave program.

the overall attenuation is well approximated by the sum of

] ) ) three terms: the scattering attenuation, 11% of the sand body

frequencies as the scattering peak attenuation. The magnittenuation, and 89% of the shale body attenuation. In other
tude of the BISQ attenuation is S|gn|f|cantl3_/ higher tl_wan thewords(assuming the validity of the BISQ modethe attenu-
scattering only attenuation examined earlier, showing thagtion response of a poroelastic medium over this frequency
fluid-based attenuation has the potential to entirely dominatgange is approximately given by the volume weighted aver-

ists at higher frequencies due to the low permeability angne scattering attenuation,

short squirt flow length. The scattering-only attenuation is
reproduced in Fig. 5 as a dot-dash line, for comparison of L) =0-Y o)+ 2.0 Y w 9
magnitudes. The actual attenuation, given by the poroelastic Q (@)= Qscaf @) 2 Qi @), ©
plane wave program, is shown by the light line with sym-
bols. . . : :

. . . : ._attenuationy; is the volume fraction of lithology component
f tThf formelltltor;s OftthethenihV'ﬁtaTE'"S rttasert\(0|r a(;etlni’ andQ; ! is the intrinsic attenuation of componentThe
act not compietely saturated with ofl. The saturations deter o\ ot his formula is plotted as the heavy solid line in
mined from core measurements are in the general range

80% water and 20% oil. This presents a physical situatioqi ;gnss. gfagga&ir'(l;hésmljs &r[glrre(lilggogmggﬁbk?[hvv\a”tgig:emoebcshe;/ "
which is difficult to model, since water is a wetting fluid and P g

oil is a nonwetting fluid. In practice, this means that themsm' Shapiro and Mler (1999 in fact suggested a similar

. . edquation for attenuation due to layers with a normal distri-
water probably occupies the pore space adjacent to the solb . y .
hase, while the oil exists as dispersed droplets at the centeréJtlon of permeability. Physically, then, the local-flow at-
P ' P P -tenuation for waves propagating normal to the layering in a

of the larger POres. Wh.|le t.he mechanical response'of thI§1eterogeneous formation is dependent on the local pore-
uneven two-fluid saturation is unknown, we can examine the

effects of complete water saturation, and these are shown ﬁ,ﬁg(r:](;tpgpg;téisrggk?dngdvl\jgﬁ]i;o:hmea;fr%zr;;rgbers and the
Fig. 6. While oil and water have roughly similar densitiesq y yp '
and compressibilities, the viscosity of water is much less:
only 0.01 g/cm/sec. This reduced viscosity moves the squir
flow effects to significantly higher frequencies. The shale A real sedimentary lithological sequence has been
body is now essentially nonattenuating over this frequencyghown to have more than one dominant length scale. An
range, while the sand body has its attenuation peak at abosetastic plane wave model is used to demonstrate the ability
200 kHz. This leaves the scattering attenuation as the domaf stochastic medium theory to successfully address scatter-
nant attenuation mechanism in the sonic frequency range afig on two length scales. While the scattering attenuation for
1-20 kHz, at least in the absence of other attenuating effectthe particular sequence examined is fairly low, it is important
For both the oil-saturated and the water-saturated caset recall that the scattering attenuation is proportional to the

Here,Q ! is the observed attenuatio@..is the scattering

I. CONCLUSIONS
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A model equation that describes the propagation of sound beams in a fluid is developed using the
oblate spheroidal coordinate system. This spheroidal beam equ&@# is a parabolic equation

and has a specific application to a theoretical prediction on focused, high-frequency beams from a
circular aperture. The aperture angle does not have to be small. The theoretical background is
basically along the same analytical lines as the composite meé@®ll reported previouslyB.

Ystad and J. Berntsen, Acusti®2, 698—706(1996]. Numerical examples are displayed for the
amplitudes of sound pressure along and across the beam axis when sinusoidal waves are radiated
from the source with uniform amplitude distribution. The primitive approach to linear field analysis

is readily extended to the case where harmonic generation in finite-amplitude sound beams becomes
significant due to the inherent nonlinearity of the medium. The theory provides the propagation and
beam pattern profiles that differ from the CM solution for each harmonic componen200©
Acoustical Society of AmericfS0001-4966)0)03706-1]

PACS numbers: 43.25.0WAB]

INTRODUCTION Kuznetsov's wave equatioiy a finite-element method, and
obtain the fundamental and second harmonic components
The purpose of this article is to present a new modehklong and across the beam axis fgg<70°. Yano gives
equation that describes well the nonlinear propagation of ulnumerical solutions of governing equations such as the con-
trasound beams from a concave focusing source with a citinuity equation for a perfect gas, taking account of sound
cular aperture. Since sound energy concentration is suffienergy losses at the shock frérionlinearity does not nec-
ciently high at the focus even if the source pressure level igssarily have to be weak. For sinusoidal excitation at the
low, waveform distortion is inevitably generated due to thesource, Yano depicts the spatial evolution of the waveform
inherent nonlinearity of the medium. In particular, the non-and the distribution of acoustic streaming on the axis for
linearity depends directly on wave amplitude, so harmonicy,=30°. Unfortunately, both theoretical approaches are lim-
generation in the beam becomes active and significant neged to cases in which the focal length is equal to several
the focus. wavelengths, so the focusing effect is relatively weak, al-
As regards theoretical analyses of nonlinearly focusinghough their theories are substantially applicable to focused

beams, quite a number of research reports have been pufeams from a high-frequency, strongly curved source. Chris-
lished so far. A brief review of the various theories is foundtopher and Parker provide a new a|gorithm of Computer

in the report of Naze Tjgtta and Tjgttas far as the authors  simulation for nonlinear and diffractive beams from unfo-

know, almost all the works begin with the Khokhlov— cysed and focused sourt@he main concept of their theory
Zabolotskaya—KuznetsovKZK) equatiori that is exten- s to use the spatial domain point-spread function to remove
sively used as a model equation for describing the combineghe effect of the parabolic approximation, and to introduce an
effects of diffraction, absorption, and nonlinearity in direc- gperator-splitting method to individually calculate the terms
tional beams. The KZK equation is derived under theof diffraction, absorption, and nonlinearity. The source
paraxial approximation. Therefore, its applicability to fo- pnodel adopted to a focused field is a geometrical focal
cused beams is limited to small opening angles of aperturgength of 10 cm and a radius of 1 cm, yielding a small aper-
In fact, Tjgttaet al. predict that the upper limit of the appli- e angle of 5.7°. Later, Christopher applies their computa-
cability is roughly 16° for the half-aperture a”%-g tional model to an analysis of shock waves produced by an

Several theories differing from the paraxial approacheytracorporeal lithotriptet. Using the operator-splitting
have been presented and treat the nonlinear behavior @fethod, Tavakkoliet al. develop a time-domain numerical
beams in wide-angle propagation. Assuming weak nonlinearyqqe| that differs from existing theories in that their model
ity, Tsuchiya and Kagawanumerically solve the loss-less principally uses full diffraction formulatio. The numerical

solutions for the time waveforms of pulses emitted from a
dElectronic mail: kamakura@ee.uec.ac.jp spherical, highly focused transducer with a focal length of
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190 mm and an aperture radius of 86 mm is in good agree- . —Z

ment with experiments. Unfortunately, their comparison is I 77=0-;5 7= I=O.95 I |
restricted to the range from the source to the focus. Apart r 7=0.8 4 7=08
from computer simulation, Ostrovsky and Sutin introduce a - ]
step-by-step analytical technique to assess nonlinearity and | 05 g =] 05 |
diffraction contribution to a waveform evolution with T 0.6 iy
propagatiort® Their concise expressions are mostly focused [ 02
on the description of maximum values of pressure and inten- o2 0 70 Xy
sity. I 1 b 1O

Utilizing easy extension of the parabolic approximation T
to nonlinear field analysis, Ystad and BerntSepropose a B p 7
composite methodCM) that describes the field in terms of f y 4 o
two beam equations. One of them is the mixed model equa- o=z
tion (MME)! and is accurate close to the source; the other is -2r 94 — ! T
the KZK equation and is accurate near the focus. Both equa- . ' —d
. . - Sound source
tions have to be appropriately connected along a curve in an L e
azimuth plane to uniquely determine the solution. They also -2 0 2

give some numerical examples for on-axis profiles and beam
patterns of the first few harmonic pressures. The source pa-
rameters assigned akel=421 anday=26.75°, wherek is

FIG. 1. Oblate spheroidal coordinate system.

the wave number and is the focal length. 5. 9P d 5. 9P
The present theory is, in principle, along the same anagqg (1+o )ﬁ + an (1=7 )%
lytical lines as the CM. A crucially different point is the use s o o o
of an oblate spheroidal coordinate systnwhich is like _b(o"+7%) f?_pzo @
rectangular coordinates near the focus and like spherical co- c5 oz

?rdtjn?:]esar:%ar t?eafj?r%cginto s;]ccesf?fully f zlci}?rl;niif%r |b eaWherep is the sound pressure, is the sound speed 2
tﬁg ?nog']st im f)Fr)taent fac.tor ?r? ac?:uera?eﬁ Odescrib(i:nO besam: *ox*+3°1dy*+ 562", and is time. In Eq. (4), the

- Imp . y NG DEAM, 1, 1nd field is assumed to be axisymmetric, so the equation
propagation, the formulation of our model equation is first

ursued in a linear field. Next, numerical computation is er-does not: contain the variable. For simplicity, it is also
lPormed to solve the e ﬁation’via a finite diffeFr)ence schepmeassumed that there is no sound absorption.
q ", Figure 2 shows the configuration of a concave sound

Axial pressure curves and beam patterns are then comparggurce with a circular aperture. The notatidris the geo-

o o oy e o e oal ongina s T aperure radus, an s e
g ’ y %alf-aperture angle. The aperture angle is related andd

propagation of strongly focused beams. Harmonic generation i
: . e as follows:

in the beams is quantitatively evaluated based on the same

source conditions as those of Ystad and Berntde®ome . a

interesting features and comments on the model equation are smao—a. ()

then presented.
P We hypothetically divide the focused field into two re-

gions,oc<0y<0 andoy<o, whereo= oy(=conskO0) de-

notes a specific transition location. The former region is
. LINEAR FIELD close to the source where spherically converging waves are
epredominant and the spherical coordinates are preferable to
the rectangular ones for field analysis; the latter region is
near the focus where the paraxial or planar parabolic ap-

Figure 1 shows the oblate spheroidal coordinat
system'? in which the variablego,7,¢) are related to the
rectangular coordinatgs,y,2 by

x=b+/(1+a?)(1— 5?)cose,

y=bv(1+0%)(1—7°)sine, &y
z=bonp, . , p
with l
! R |r
—o<g<n, 0=<sp<l, 0<qp<2m, 2 A VA -
. . ‘ i z
where 2 is the interfocal length. In terms of, %, and¢, the g h / 5.‘ \? 7=0
i 7=- \ -
scalar wave equation spherical wave\ plane wave
1 (3,2p region Y region
2~ 7 F_ '
Vp CS 912 0, ()
is transformed into FIG. 2. Focusing source geometry.
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proximation is useful. For each region, different retardedanother model equation that is expanded in the planar wave
time is introduced to observe progressive waves in a framenay be expected to be more amenable to analysis owing to

moving with cg. the validity of the paraxial approximation.
A. Spherical wave expansion (o<0(<0) B. Planar wave expansion (o=0,, 0,<0)
Near the source the spherically retarded time, In place oftg, the retarded time pertinent to a planar
R wave is introduced,
tS: t + s (6) Z bo‘
Co ty=t— —=t—— (12)
Co Co

is chosen, wher& is the distance between an observation
point P and the originO, and is given by Substituting Eq.(12) into Eq. (4) and neglecting the term
(0l 90)(1+ o®)(dpl da) for the same consideration as in the

— 2 2 2__ 2 _ .2
R=\x*+y*+2°=byo?+1—7°. () derivation of Eq.(9) or due to the slowness of waveform
Substituting Eqs(6) and(7) into Eq. (4), we have change with respect to, we obtairt®
p ap ’p o Pp
Z P B PR N
praiCRit i R (S )ayj Cosearpao 1+023'nearpa0
25
2b 2 e [dp Jp
P R S —— |5 +coto= | =0, (13
PN g ( ) oo 1+02\ 36 90
9 where all variables except for,(=wt,) have the same
J°p ap . . : .
— (1= 7% +(a%+ 5?) —|=0. 8 meanings as those in E(P). In a region near the axis, Eq.
dtsdn dtg (13) is approximated as
The first term on the left-hand side can be discarded when ?p e (0% Jp
) . __° (7P P
the wave travels a distance of many wavelengths without iric 1t 0| 96 coto (9;), (14

pronounced changes in its shape. In actual focusing systems,

the focal length is much larger than the wavelength.e., ~ because cog=1 and sirg=0. From rewriting the first term
the conditiond>\ or kd>1, wherek=2=/\ is the wave on the left-hand side of Eq13) as
number, is always satisfied. We thus reduce EB).to a PP PP proy
parabolic beam equation cosé = ——— —(1—cos6b)
&sz?(r &sz?(r (9Tp(90'
p . 1 sin20 ¢’p . g\o+sir? 0 5 (1-cosd) %5 o
.l s(1—
2 o(1+o° 1+0? = - — —
drsdo ag(l+0°) drsd6 o(1+0°) o700 172 ((302 +C0t0(9;),
’p d o%+cog 6 dp
| 28 coraP) s 0 o a5
a6 a6 o(1+0°) drg . . .
an alternative version for the planar beam equation follows:
where the new variables
°p o p ’p  &(2—cosh)
- 2 Sin - 2
D= E' 5= wt, (10) dtpdo  l+o dTpd0 1+o
are employed to rewrite the equation in a dimensionless X ﬁﬂ-cotaa—;):& (16)

form. e =1/2kb in Eq. (9) is generally a small quantity com-
pared with unity. Alsop, is the amplitude of sound pressure We thus have derived two beam equations that are con-
on the source face, and is the angular frequency of ultra- venient for field evaluation in regions near the source and
sound. The angle variablgis related toy as in Eq.(11), near the focus. Specifically, E(Q) is accurate close to the
source, and Eq(16) is suitable for analysis in the paraxial
7= COS. (12) and focal region. These equations have to be successfully
The degenerate surfage=0 in the coordinate system is the matched on a plane= oy(<0) to utilize their effectiveness.
beam axis, and the surfaée= 7/2(=90°) is the focal plane. Since Egs.(9) and (16) are expanded in the same coordi-
Now imagine that the observation point approaches th@ates, it is easy to match them. Subtracting @4) from Eq.
focal plane. Whenr tends toward zero, the second to fourth (6), we obtain
terms in Eq.(9) increase in magnitude and particularly have _ o5
singularity at the focus. This means that the reduced beam 7s= 7p+ Kb( oo+ SN 40 COS6). (17
equation of Eq(9) is inaccurate close to the focal plane. The When the observer stays on the axishecomes equal to,
same problem occurs in the MME and the spherical coordibecausé?=0 andoy<O0. It might be expected that the equa-
nate version of the nonlinear progressive wave equatidh. tions are smoothly connected to each other by a simple ex-
In order to accurately describe the field around the focuspression of Eq(17). Hereafter, we refer to the set of beam
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=80 TABLE I. Numerical parametersd= 10 cm).

O =-Cmax ag [degg a[mm] O max 0, [degq
10 17.4 2 8.96
/ source surface 20 34.2 2 18
30 50 10/3 28.9
8=const. | ) 40 64.2 5 39.4
AR
—
whereF (0) is a pressure distribution function on the source.
/ Q e When the pressure is uniformly distributdel(6) =1. 6, in
O =-Gum Eq. (293 is the angled that satisfies Eq22) and is written as

FIG. 3. o— 6 coordinates in the focusing source.

fo=tan ! (24)

tanao )

V1+ ot
equations given by Eq$9) and (16) with their connecting

relation of Eq.(17) as the spheroidal beam equati8BE). ~ For example, when the half-aperture anglg is 30° and
O max IS chosen to be 10/3); becomes 28.9°, a little smaller

than aq.

C. Boundary conditions at the source

Figure 3 illustrates the source geometry again indhe || NUMERICAL EXAMPLES
—6 coordinates. The center of the source is locatedr at
= — o0 mad<0), Whereo,,, is defined as the ratio af to b, We assign the source parameters as follows for compari-
i.e., omax=d/b, and is larger than unity. The value of,,,  son with Ystad and Berntsen’s numerical examples of using
may be somewhat arbitrarily determined independent of théhe cmit
aperture angle and source frequency. However, when the ap-
egcure is opg(’aned widely and (tqhe bgam is focused strongl ’requencythHz, focal lengt=10cm, F(8)=1,
omax has to take on a large value.

Even if oma IS large, the surface= — o ,a IS NOt co-
incident with the actual source surfacePf d. The distance Our model equation or the SBE is subject to the condition of
between the two surfaces is kd>1 just like the CM. In fact, the present source param-

AR.—R.—d (18) ete_rs providekd=421, which is sufficiently larger th_an

== unity. Table I presents various aperture angles and their cor-
In order to realize a focusing system with focal length responding source radii. The value @f,,, for each aperture
monochromatic sounds have to be radiated from the surfacangle is not decisive, but representative. For wider aperture
o= — o Dy leading the phase abt by kKAR;. With the  angles, howeverg,,, usually takes a larger value, as men-
aid of Eq.(6), the resultant phase at the surface — o, tioned above.
becomes Although the Rayleigh integral is valid only for a sound
field from a planar source, the expression is widely appli-

Y=ot kAR = 0ts—kRy + kAR = 75—k, 19 cable to thepbeams from a curvez radiating sourge L?rg)der

in which kd is constant and may be neglected in actual cal-O’'Neil’s hypothesi$® (e.g., the curvature of the source is

sound speed1492 m/s(in water, temperature23 °C).

culations. relatively weak and the frequency is sufficiently higlc-
We note that; andR; are cording to Coulouvrat’s theoretical comparison with his ex-
N et T3 act solution for focusing beams from a uniformly vibrating
r1=bV1+ 0naSing, Ry=byopatsin 6. (20 source shaped as a spherical cap and mounted on an infinite
The distanceDQ is then given by rigid baffle, O’Neil’s solution induced from the Rayleigh in-
— tegral has a good applicability for much wider angles of ap-
0Q= VR{~r{=bopysc0s6=d cosb, (21)  erture than generally thougHt.Actually, favorable agree-
and the following expression relates the half-aperture anglg'ent between the solutions is found ieg=60° and within
a, to the spheroidal anglé, a range ofka=10 to 50. To test the validity of the SBE,
therefore, we can safely resort to the following O’Neil solu-
ry 1 tions for comparison:
tanaozon = 1+ Ttan 6. (22
g 2sinfk(B—z)/2} .
e P =j nk( ) }e"""" (on the axi3, (25
From Eq.(19), the boundary conditions in the SBE system poCovg 1-z/d
yield e
_ p ke IS )
5. _ F(#)sinty 6<6, 23 PoCovo:J >R HF(kasing) (near the focal plane
g= _U'max 0 6> 00' (26)
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Pressure amplitude p

Pressure amplitude

Axial distance §

where M =(B+2,)/2, B=(z;—h)?+a?% H=2ndh, z,

=z+d, pg is the medium densityy is the normal velocity

amplitude on the source, and
2

F(kasing)= Kasing &

X Jons1(kasing).

Other notationgR, s, ¢, andh) are indicated in Fig. 2. More-

” h
> (-1n

Pressure amplitude P

Pressure amplitude §

I 0 03
Axial distance ¢
T T T
100 ‘o
50
0
-0.2

Axial distance ¢

FIG. 4. Comparison of on-axis sound
pressure amplitudes by the PE solution
(solid curve$ and by O’Neil's solu-
tion (dotted curvesfor various aper-
ture angles.

For such focusing sources, another straightforward
theory has been derived by applying the paraxial approxima-

tion to the wave equation. The resultant beam model is called
the parabolic equatiofPE) and is equivalent to the linear-
ized form of the KZK equation without the dissipation term.
Equations(29) and(30) are the same forms as those derived
from the PE associated with an appropriate boundary

27 condition!”

Sound pressure amplitudes on the beam axis are calcu-

over, F(-) is a dimensionless function which signifies the lated using O'Neil's solution of E¢(25) and the PE solution

so-called source directivityd,, . ;(-) in the expression is a 0f Eq. (29); their results are shown in Fig. 4 for aperture
angles from 10 to 40°. The abscissa is a dimensionless dis-

Bessel function.

In particular, when focusing is still weak, Eq25) and
(26) are simplified further. Sinca<d, the depth of the ap-
erture surfaceh(=d—d?—a?) is approximated byh
=a?/2d<d. Taking account oh?+h?=2dh, we deriveB

approximately as

(away from the sourge (28)

Equations(25) and (26) are then written as

p . G sinx
pocol)o _J Z]_/d X

p .
PoColo =16 kasing

(in the focal plang,

where x=(G/2)(d/z,—1), and G=ka?/2d, the focusing

h(Zl_d)

Ji(kasing)eikd

e x~ikz1 (on the axi$, (29)

tance in terms of the axial coordinateand the focal length
d=10cm; {=2/d. {=—1 and 0 correspond to the center of
the aperture and the focus, respectively. The ordinate is the
amplitude of the dimensionless presspre p/pg.

Incidentally, Tjgttaet al? give roughly 16° as an upper
limit of the half-aperture angle for the applicability of the PE
with equivalent boundary conditions. As can be seen in Fig.
4, their prediction is reasonable since an angle of at most 20°
seems to be the upper limit. Whery=30°, O’'Neil’'s solu-
tion attains a peak of 57 near the focus. The value based on

the PE solution is, however, 53 and is about 7% less than

that by O’Neil’s prediction. As the aperture widens, the dif-
ference between the peaks increases.
Next, we are concerned with the problem of the validity

of the SBE proposed. Figure 5 shows propagation data of the

sound pressure amplitude calculated by the SBE and
O’Neil's model. The steady-state solution of the SBE is
given by a combination of sine and cosine functions,

(30

 (g¥sintg+h® cosrs  (0<0y<0)
[ g®sinm,+hP cosr, (0=00,07<0),

(31)

gain, is defined as the ratio of the pressure at the focus to thehere g(®, h®®, g® andh(® are amplitude components
and are functions of the spatial variablesnd 6. Substitut-

pressure on the source.
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ing the two expressions of Ed31) into their respective location can be numerically determined to be a good choice
beam equation$Egs. (9) and (16)], we obtain the partial for o= — 1. Choosing too large or too small a value tends to
differential equations in terms of the amplitude componentsdecrease the model accuracy of the SBEee Appendix A.

Initial values of g©® and h(® at o= — o, are imposed It must always be kept in mind that numerical errors
through the boundary condition E3), really exist, such as the truncation error in a finite difference
representation. Even so, the SBE solution represented by
1 (0<6<6,) . o .
g®= , h®=0 (0<o<mu/2). solid curves and O’Neil’s solution by dotted curves are over-
0 (O<O=ml2) all in fairly good agreement independent of the aperture

(32 angle. When the aperture angle exceeds 20°, the difference
g andh(® are, on the other hand, connected wjtR and  between the solutions is discernible, but not so noticeable as

h® at o= o via Eq.(17), the corresponding difference between O’Neil’s solution and
(D) — (S) S g the PE solutior(Fig. 4). For ay=30°, the peak pressures for

g =g _CoSYTR TSINY ot o= g<0) (33  both theories almost equal 57. It is noteworthy that, for wider
hP=g(® siny+h® cosy (& 7=70<0), - : .

9 Y Y aperture angles, the SBE solution shifts the propagation

in which y=Kkb( /002+sin2 9+ cosé). Since it is not easy CUrves slightly toward the.focus in the prefocgl region and
to solve these equations analytically, numerical computatio§lightly toward the source in the post-focal region. As a rule
is performed by means of an implicit backward finite differ- of thumb, the upper limit of effectiveness of the SBE might
ence method. Pressure amplitudes are obtained bye a: ap(?[rturetlangle of 40°. own i Fia 6 for i
Vg +h®” or yg®+h(P*, The numerical integration re- N INIEresiing comparison 1s Shown n =1g. 5 1of the
gion ranges from O tar/2(=90°) on thed axis and from SB_E and CM solutions. The haIf-apert_ure anglgis 26.75°,

= 0max (£=—1) to the observer on the axis. Generally which corresponds to a source radias4.5cm. Dotted

speaking, step sizes in a finite difference method should pgUrves in the f'gl.”es are O Neil's soluthn.

as small as possible to attain reasonable accuracy. Three dg_BEV\S)ISZQneaS"y recognize the following features for the
ferent grid points(450, 600, and 10Q0on the 4 axis were :

used to determine the accuracy of the numerical solution ii) ~ The peak pressure moves away from the source. How-

advance. There was, however, no great difference in the ever, the shift is not as remarkable as that of the CM.
three solutions. In addition, about ten times more computatii)  The peak pressure is almost the same as the pressure
tion run-time was required for the case of 1000 grid points based on O’Neil’s prediction. The CM predicts a little
compared with the case of 450 points. Therefore, the step higher amplitude.

size is equally spaced by 90/450.2°. The step size in the (jii) The minimum pressures on both sides around the fo-
axial direction is changed witle in accordance with the cus become almost zero like O’Neil's model; the CM
convergence condition in the iteration method to solve a solution does not indicate such minima.

large linear matrix. In both the spherical and planar wave

regions, the size varies with in proportion to  o2. For Figure 7 shows beam patterns in the focal planedfgr

ay=30°, the initial size is set to 3:610 °. The transition =26.75°. The shapes of the main lobes are very close in
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both solutions. However, the side lobes shift a little to the|

S 9 1 42
1+ v?

beam axis compared with O’'Neil's pattern. In Fig. 18 of 2ol T 2Zaz p
Ystad and Berntsen’s articté,the main and side lobes are 0 0
not clearly separated. In contrast with their results, the SBE =~ B 4 2 ,, 1 4 r
as well as O'Neil's model exhibit discernible separation —~  pocd at2P +c_§W
among the lobes. Such beam patterns with completely sepa-
+poV - [VX(VXV)], (34

rated lobes are usually observed in the focal plane for a
weakly focusing sourcé and in the far-field for an unfo- wheredis the sound diffusivity 8 is the coefficient of non-
cused sourcé’ linearity, v is the particle velocity, and’ is the Lagrangian
density defined ag= py(v-Vv)/2— p2/2poc(2). In order to de-
rive a simplified model equation for practical purposes, they
assume that the fluid particle near the source is vibrating to
and for along the radial line from the origin, and an acoustic
IIl. EXTENSION TO NONLINEAR FIELD impedance similar to that in the far-field of a spherically
spreading wave is related to the particle velocity and sound
The model equations that we have treated so far excludpressure in the MME. Under the above assumption, they
the sound absorption and nonlinearity that a real fluid should¢onclude that the terms containing the Lagrangian &nd
have. In particular, sound energy concentration in a focusing[vxX VXv] are of order 1/kd compared to the nonlinear
system is sufficiently high at the focus even if the sourceterm containing3. Using the following Westervelt equatidn,
pressure level is low. Hence, the nonlinearity in finite- 1% &% B p?
amplitude sound beams has a crucial role to play in generat- V?p— — —5+ 7 —3=——3 —>»,
ing waveform distortion. o o paCo It
To derive a reliable model equation of a nonlinear beanthat is in principle justified when the linear impedance rela-
for high frequency and wide-angle focusing systems, Naz¢ion of the plane progressive wave holds true, and assuming
Tjotta and Tjatthbegin with a nonlinear wave equation that weak nonlinearity in the beam, Tsuchiya and Kagawa say
is correct up to the second order in the Mach number anthat a finite element solution of E¢34) is very close to an
includes thermoviscous dissipation, analytical solution of Eq(35) in water for the second har-
monic componen{Egs. (34) and (35 in the absence of
losses are used in the artitfeMoreover, they stress that
there is no need to distinguish the two sources of nonlineari-
ties (the thermodynamic and the kinematic nonlinearjties
large values of the nonlinearity parameBtA. These state-
ments allow us, in a certain sense, to ignore the second and
third nonlinearity terms on the right-hand side of E§4)
since they are smaller than the first term. In fact, it can be
numerically demonstrated that the second harmonic pressure
that originates from the second term is only one percentage
. of the pressure originating from the full terms for the half-
aperture angle of 30{Appendix B. For higher aperture
] angles, however, ignoring the nonlinearity terms is question-
able because each term is expected to play a comparable role
Radial distance 1/a in harmonic generatiofFor reliability, the authors restrict
FIG. 7. Beam patterns in the focal plane. Solid curve is obtained by the SBI%h.elr numerical simulation to the field emitted from sources
solution, and dotted curve is O'Neil's solution. The half-aperture angle isWith an aperture angle of less than 30°. Thus the relevant
26.75°. nonlinear beam equation is E(5), Westervelt's equation.

(35

40

Pressure amplitude p
[\
(=]
b
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Pressure amplitude p

Axial distance ¢

FIG. 8. Harmonic generation in focused beams from a circular concave
source with half-aperture angte,=26.75°. The source pressure amplitude
po is 302 kPa. Solid, dotted, and dashed curves are the axial fundamenta
second, and third harmonic pressure amplitudes.

25

Strictly speaking, the equation obtained by Westervelt is the'm 2r
loss-less form of Eq(35). The equation should more appro- 18
priately be termed the “simple source formation of the non-
linear equation,” as Piquette and Van Buren point Sun

the derivation of Eq(35), it is presumed that the operator
(5/c§)&/at has a negligibly small effect on the wave propa-
gation.

A similar approximation as in the preceding sections
allows us to reduce Ed35) to the nonlinear SBE. For ex-
ample, near the source the first two terms on the left-hanc
side of Eq.(35) are changed into the expression on the left-
hand side of Eq(9). As a result, we have

p +1 sin20  d°p +e\/02+sin2t9
ITsdoT 2 o(1+d?) 91,06 a(1+0?)

p gp\ E dp
X | —+ — |+ —-—
(aez COW&Q o J7s

_ Vo +sir? 6 . iﬁJri 9°p?
o arﬁ 2lp (97'5
(0<0y<0), (36)

where a= w?/2c] is the sound attenuation coefficient and
|D=pocg/ﬂp0w is the shock formation distance for a plane
wave.E in Eqg. (36) is a function ofo and 6,

o?+cog 0
E(U’G):T(J’Z. (37)

FIG. 9. Three-dimensional diagrams of the fundamefasl second har-
In the same way, another form for a planar wave ismonic(b), and third harmoni¢c) sound pressures in focused beams from a

obtained from Eq(16) as follows: circular concave source with half-aperture angje=30°. The source pres-
' sure amplitudep, is 220 kPa.

p T e ’p  e(2—cosh) 523+ waﬁ)
irydo 1+a?o " ara0  1to? a2 O a6 -
35 b %92 > (¥ sinnrg+h® cosnrg)  (0<0(<0)
4 p d p ) - n=1
ab—=+——%|E (o0=0(,03<0). (38 p=

> (g sinnz,+h{P cosnr,)  (0=00,00<0),
Due to the quadratic nonlinearity g2, the wave is n=1
distorted during propagation. The distorted waveform is ex- (39)
panded in a Fourier series, whereg®, h(¥, g{P) andh{P are the Fourier coefficients.
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Substitution of Eq(39) into Eqs.(36) and(38) results in two  small, onlye™%22¢91=0.998(0.02 dB), during propagation
sets of coupled and nonlinear partial differential equationgrom the source to the focus. Nevertheless, we note from
for the Fourier coefficients. It seems too intractably involvedrigs. 6 and 8 that the amplitude is decreased from 45 to 41,
to solve these equations. However, numerical analysis usinghich is about a 1-dB decay. This extra attenuation is caused
the finite difference scheme explained in the previous sectioBy the pumping effect of sound energy from the fundamental
makes it possible to obtain the solution of tin¢h harmonic g the higher harmonics. Additionally, careful examination of
component in a versatile way. both figures reveals that the peak point of the fundamental

The theoretical source model is the same as in Sec. II: §,oyes just a little toward the source. A similar phenomenon
concave spherical source with a circular aperture Qf raglius i opserved theoretically and experimentally for planar
and with the geometrical focal lengthh=10cm radiates a sources in a more dramatic w2

sinusoidal wave of 1 MHz in water at 23 °C. Pressure onthe —tp 00 _gimensional diagrams of the fundamental to third
source face is distributed uniformly. From the literature, the, . o oio pressures are viewed in Fig. 9 feg=30° and

sound absorption coefficientat 1 MHz is 0.022 neper/i. po= 220 kPa. Fifty harmonics are retained in the calculation.

T?e absorp_tlon at then-th_ harmonic is thus 0.022 The bottom map in each figure is an isopressure contour on
n< neper/m, in accordance with the frequency-squared law. . . .
the o—¢ plane. The pressure interval of contour lines g5

Figure 8 shows axial pressures of the first three harmon\-N . . ;
. - o B e can ascertain that higher harmonic waves concentrate
ics for ag=26.75° andpy=302 kPa. The plane-wave shock , ~.
their energy mostly near the focus.

formation distance i$p=50cm for po=1000 kg/n and 8 . ; ! - .
=3.5. A sufficient number of harmonics has to be retained inCW Fl?ure #3 dep.lctsTtéme waveformsd-c;.f a f|n|ted-ampI|tUQeI
the calculation to ensure negligibly small errors in harmonic along the axis. The source conditions and numerica

components. In particular, the higher the harmonic of interesﬁ)"’lr"’uﬁne_ters are the same as those in Fig. 9 The_absmssa 1S
is, the more harmonics must be retained. Forty harmonics afiFaled in the retarded time,. The observation points are
retained to obtain the propagation data of the first three halocated a=-0.13, 0, 0.05, and 0.25, which correspond to
monics. In comparison with the data including 50 harmonicsZ= —1-3, 0, 0.5, and 2.5 cm, respectively, in real dimen-
the maximum difference in the third harmonic amplitude isSions. In the prefocal regiofe), nonlinearity is weak, and
less than a few percent within our propagation range. Thesgonsequent generation of the harmonic distortion is not
source conditions are the same as those adopted by Yst&tfarly established in the waveform. At the fodls, how-
and Berntsen. ever, the wave distorts its shape asymmetrically. There is
Figure 6 confirms that the SBE solution provides thesharpening in the positive pressure and the rounding in the
propagation curves of linear beams in the shapes and amplegative pressure, and the former peak is about three times
tudes differently from the CM simulation. Consequently, alarger than the latter peak. Thus nonlinearly and diffractively
quantitatively different generation of the harmonics is pre-induced asymmetry of the waveform has been investigated
dicted for the two theories. From Fig. 8, the peak pressurethoroughly by many researchers from theoretical and experi-
for the first to third harmonics are 41, 21, and 14, whereagnental points of view*%
the corresponding peaks are 43, 20, and 13 from the data in Passing through the focus, individual harmonic compo-
Fig. 21 of Ystad and Berntsen’s articlewhere these peaks nents shift phases abruptly. It seems that the phase changes
are attained at some distance from the focus. result in the reverse waveform in the time scale just behind
Based on linear theory, the amplitude decay of the funthe focus(c). The wave spreads out in the post-focal region,
damental component due to sound absorption is negligibland the amplitudes of the harmonic components decrease
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greatly. Figure 1@) shows the waveform near the second APPENDIX A
dip of the fundamentdlsee Fig. . Parasite shocklike pulses

. * _ Like the MME solutions-! sound pressure profiles along
are found in the positive portion of the pressure.

and across the beam axis are dependent on the transition

location of oy. Figure Al shows the axial pressure ampli-

tudes whenoy=-0.8, —1, and —1.2. The half-aperture

angle is kept at 30°. As can be seen, the pressure peaks are
The authors have proposed a new model equation that mlmost independent of the variation of and are equal to

beneficial for the field analysis of ultrasound beams emitted’Neil’s prediction, 57. However, the peak position moves

from a concave focusing source with a circular aperture antoward the sound source with decreasing valuesf It is

with a wide-aperture angle. The theory is developed in thevorthwhile to note that,= — 1 is a reasonable choice in the

oblate spheroidal coordinate system. The reduced beapresent numerical computation.

equation, which is referred to as the spheroidal beam equa-

tion (SBE), can be reliably applied to predict the sound pres-APPENDIX B

sure profiles along and across the beam axis for half-aperture , o

angles of up to 40° for a linear field. The theory is easily |t IS not €asy to further simplify each term of the non-

extended to the case where harmonic generation becomi@€ar sources in Eq(34) because the planar wave imped-

active and significant due to the inherent nonlinearity of the2Ce relation between pressure and particle velocity no

medium. Unfortunately, no analytical solution of the SBE ONger holds in focusing systems with a large aperture

A .
has been found even for a linear field. In nonlinear beamszf‘ngle' Even so, some reasonable assumptions allow us to

the solution provides considerable difficulties. However, aderive a practical expression for the nonlinear source terms.
Except for a high-viscosity fluid, the sound field is irro-

straightforward and powerful approach to obtaining a solu- _ ) i

tion of the SBE is feasible through a finite difference tational; i.e.,VxXv=0. Hence the third term on the right-

scheme. In the present numerical simulation using a yand side of Eq(34) is removed from the nonlinear sources.

Alpha 533 computer, it takes no more than 15 min of run--€t the remaining source terms be represented-ly

time to obtain all harmonic components even for the heaviest B & 5 5 1 92

load. qzmﬁp +(V +?W)£’ (B1)
Some numerical examples using the same source param- 00 0

eters as Ystad and Berntsen’s article have demonstrated th@it

IV. CONCLUSION

at least the peak amplitudes of the first three harmonics pre- 52 1 52
dicted by the SBE solution are almost the same as those g=q:+0q,, 91=— sz, g,= V2+_2W)£'
predicted by CM solutions. However, the locations of the PoC Co (B2)

peak and the minimum pressures differ between the two so-
lutions. To validate the effectiveness of the present modehere. is the Lagrangian density and is given by
equation, appropriate experiments and/or numerical compari- 2

sons with other theories are needed. L= Po P

V. B
5 Vv 20002 (B3)

For simplicity, cylindrical coordinateg, r) are introduced to
ACKNOWLEDGMENTS describe the fields. The radial component of the velocity,

This work is in part supported by Grants-in-Aid for Sci- IS 9enerally smaller than the axial componerii.e., u>v).
entific Research, the Ministry of Education, Science, and”n€ Of the terms obtained by substituting EB3) into Eq.

Sports in JapafiGrant Nos. 08650063 and 10650404 (B2) becomes approximately
V2(v-v)=V?2u?=2V - (uVu)=2{uV2u+(Vu-Vu)}.
O———— T (B4)
Any quadratic nonlinearity term may be replaced by its first-
e order quantity without destroying the second-order accuracy.
-l Using the linear relations, we then have
E 1°u  du 1 0
E 2 p
° VuUu=—5—, —=——>—, (B5)
= cy at?’ 9z pocs dt
E and we obtain
Y Y 7 udu 1 [dp)\?
o—" | . . I . L Veu?=2 ——+—(—) , (B6)
-02 01 0 9.1 0.2 {CS at* " pgc | ot
Axial distance ¢ where it is assumed thitu/ 9z|>|duldr|. In the same way,
FIG. Al. On-axis sound pressure amplitudes for focused beams from a p &Zp au\ 2
circular aperture ofry=30°. Thetransition locations of spherical to planar V2p2= 2{ pV2p+ (Vp- Vp)} = 2{ v Pg( —) ] )
wave regions are,= — 0.8 (long-dashed ling —1.0(solid line), and—1.2 Co dt ot
(dot-dashed linge The dotted line denotes O’Neil’s solution. (B7)
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where the relationip/dz= — pydul/dt is used. As a result, IR B B B A
V2L in g, takes the form

Ju 1 [dp)\? <
a2, 70, L () :
CO ot pOCO ot a

1 p pofdu\? &
——aP-oT 2 o (B8) 3

poca’ ot?  cZ\ at g

E

Applying the same procedure to the differential operator 3
9%Llat? yields - e
1 9L po[(?zu (au)zl 1 [ﬁzp (ap)z} Axial distance

S =5 =iz U+ | =] |- —{=Zz P+
cy t? co| at? at pocs | 2P

Jt FIG. B1. Amplitude profiles of the nonlinearity source terfgg| and|q,|

(B9) along the beam axid.=1 MHz, d=10 cm, anday=30°.

By adding Eq.(B8) to Eq.(B9), the source term, becomes
On-axis sound pressure levels of the fundamental and
— —U— ——p—>. (B10) second harmonic components are given in Fig. B2, where the
Cp at poCo It source pressure amplitugg is 20 kPa. Other source param-
gters are the same as in Fig. B1. For the second harmonic,
there are two curves. One comes from the total sogrce
=(,+d,, and the other comes fromp,. These curves are
greatly different in magnitude: curvg, is about 40 dB be-
low than curveq. Therefore, we can reasonably ignore the
p=polgsin(wt—kz)+hcogwt—kz)}, (B11)  second term of the nonlinearity sources in Eg1l) and can
safely use Westervelt's beam equation under our source con-
ditions. It should be noted that the pressure profileqef
spreads more around the focus than the profilg, @nd has
p Po (39 oh a rather similar pattern as the primary.
u=——+_—- Ecos{wt—kz)— ESIH(wt—kZ) : We have derived EqgB4) and (B6) for the conditions
Poto  Po that the axial component in particle velocity is larger than
(B12  the radial component and the derivativelu/dz dominates
The first term of this equation indicates the planar wave imover gu/dr in the whole space, in particular, around the fo-
pedance relation. The second term, which generally dimincus. As for this inequality, Eq20) in the previous articfé
ishes in the far-field of planar sources, seems to play imporgjves some information about the relationship betweand
tant roles in harmonic generation in the focusing systemy  although the field is treated as a Gaussian beam and is
Substituting Egqs(B11) and (B12) into Eq. (B10) and per-  subject to the paraxial approximation. At the focus, the rela-
forming some tedious arrangement, we can obtain tions u=— (1/py) [ (dp/az)dt and v=—(1lpo)[(Ip/ar)dt
result in |u|=Kk|p|/pow and |v|=(2|p|/po)(r/a?®)G?, re-

1 92 2po 2 2 %p
q2: =

Vit & —
c5 at*

We now consider the second harmonic pressures i
beams with weak nonlinearity to roughly estimate the con
tribution of the nonlinearities to harmonic generation. First,
we put the sound pressure in the form

whereg andh are both functions containing the spatial vari-
ablesz andr. The corresponding particle velocity becomes

2wp3[< ag r?h) .
g,=— 71| 9——h—|sin2(wt—k2)
c dz oz
Po%o 240 ] ; ;
d(hg) Fundamental
+ cosAwt—kz)|. (B13
Termq;, in Eq. (B2) is expressed as |
— 200 ;
4Bw2p3 v ; S\
q1=—'8—4pO{ghsin 2(wt—kz) 2 PAVART 9.
PoCo 2 " ! 7
1 a ./ Second harmonic
+5 (h?—g?)cos A wt— kz)] . (B14) & 160 -
The source magnitudes qf andq, are shown in Fig. - i "\‘ A2 =
B1. Both the magnitudes are divided byw2p3/pocs to CTn
make them nondimensional quantities. No change is made 120l Vo b | , ,
-2 0 2

for the source parameters in wat@=10cm, f=1 MHz,
and ap=30°). Sound absorption is not considered here for Axial distance z [cm]

Slmp|ICIty. Asa Wh0|e'qz is about two orders of mag_thde FIG. B2. On-axis pressure amplitudes of the fundamental and second har-
smaller thang, around the fOC.US- HOWevera at the dips, themonic components. For the second harmonic, two curves, one from the
two sources are comparable in magnitude. nonlinearity source|=q;+d,, and the other frony,, are given.
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Propagation of acoustic pulses in material with hysteretic
nonlinearity
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Evolution equations for propagation of both unipolar and bipolar acoustic pulses are derived by
using hysteretic stress-strain relationships. Hysteretic stress-strain loops that incorporate quadratic
nonlinearity are derived by applying the model of Preisach—Mayergoyz space for the
characterization of structural elements in a micro-inhomogeneous material. Exact solutions of the
nonlinear evolution equations predict broadening in time and reduction in amplitude of a unipolar
finite-amplitude acoustic pulse. In contrast with some earlier theoretical predictions, the
transformation of the pulse shape predicted here satisfies the law of “momentum” conse(tration
“equality of areas” law in nonlinear acoustics of elastic matejiafs bipolar pulse of nonzero
momentum first transforms during its propagation into a unipolar pulse of the same duration. This
process occurs in accordance with the “momentum’” conservation law and without formation of
shock fronts in the particle velocity profile. @000 Acoustical Society of America.
[S0001-496600)04406-4

PACS numbers: 43.25.00MFH]

INTRODUCTION nonlinearity. This research was motivated by two main rea-

. sons.
There exists nowadays a strong consensus that the gen-" "_. . . . .
First, in general, acoustic waves can be excited in a

eral theory of nonlinear acoustic wave propagation in micro- . . . i .
. . . pulsed mode with higher amplitudes than in continuous
inhomogeneous materials should incorporate a stress-strain

. L 14 " mode, and this favors an observation of nonlinear effects in
relationship with hysteresis* The presence of an additional ; . o . o )
) . : X . . their propagation. In addition to explosion applications in
quadratic nonlinearityso-called hysteretic nonlinearjtyn

S ) . . geophysical research, finite-amplitude acoustic pulses and
micro-inhomogeneous materials provides an explanation fo . )
even shock waves can be generated in laboratory experi-

rvation h the proportionality of the shift in th . . )
observations such as the proportionality of the s Cments using laser action on materiédge, for example, Ref.

resonance frequency of a vibrating bar to the amplitude o ) . .
oscillations'® and the observation of a quadratic dependence2 for references Both unipolar strain pulses and bipolar

of the third harmonic amplitude on the excitation amplltudeStraln pulses can be gen_erated by _Iaser so&?désl?lgm_
. . acoustical pulses of complicated profiles can be, in principle,
in some experiments. . . . ) .
L . excited when different physical mechanigftSare involved
For the description of resonance bar experiments, the . .
. . i . . in the optoacoustic transformatidffior example, the ther-
theoretical analysis of the wave equation with hysteretic non-

linearity is usually based on one or another method of Sucr_’noelasﬂc mechanism and ablajoihough laser-generated

cessive approximationgperturbation methodd5® These acoustic pulses have proved to be useful for evaluation of

: . . nonlinear properti f materials in diver li n
perturbation methods were also applied for analytitdand o near Prope ties of materials in diverse app catiéns

. : I . (see also Ref. 25 for a recent experiment in a granular me-
numerical analysis of initially harmonic sound wave propa-

gation in a hysteretic half-space. In particular, stimulate(fl'um)’ they are clearly not the only method of generating

. . . . ; -high-amplitude acoustic pulses. For example, experiments on
backscattering of acoustic waves in materials with hystereti ; . . o
. . . . : e nonlinear transformation of acoustic pulse excited in alu-
nonlinearity was predictedIn the case of a medium with

hysteresis and relaxation, the developed thborpvides a minum by an electromagnetic-induction type transducer
were reported as long as 25 years &4o.

possible explanation of the experimentally observed depen- Second, both previous attempts to theoretically treat

dence of the nonlinear properties of piezoelectric tranSduaermcoustic Ulse propagation in a medium with hvsteretic
(PZT) ceramics on frequency. b bropag y

. . ._nonlinearity>® predict the diminishing of motion momen-
Recently, exact analytical solutions of the evolut|on,[um of an acoustic disturbance as it propags Fig 2 of
equation for the propagation of initially harmonic plane propag 9.

waves in a hysteretic medium were establish&tExact so- Ref. 15 and Egs(18), (20), and (24) of Ref. 1§. In our

. . o . : ., opinion, this prediction contradicts the basic equation for
lutions for quasiplane periodic waves in hysteretic materials : :
lane motion of a solid,

predict a possibility of self-focusing of acoustic beams anop
existence of shear-horizontal surface acoustic wWaeg lo- v Jo
calization due to dynamic softening of the hysteretic medium POt T ax 1)
in the regions of high sound leyéf

The present paper is devoted to exact analytical descrig-lere pg is the equilibrium density of a solid; is the dis-
tion of acoustic pulse evolution in a medium with hystereticplacement(or particle velocity, o is the stress associated
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with an acoustic wave. In fact, E€) for pulsed processes is |. MATHEMATICAL MODEL
equivalent to the equation for momentum. By integrating Eq.

(1) over the space coordinate and by taking into account In the analysis presented here it is assumed that in a
that for a pulsed process(x=*%)=0, it can be derived material with hysteresis the stress associated with an acoustic
that wave, o, depends not only on the strain associated with the

acoustic waves, but also on the variatiop/ of a parameter
P, responsible for the hysteretic behavior of a medium

(9 o]

E( f de) =0. ¥ o~ 0TS+ Gpopé. (4)

Here the derivativess=(do/Js) P andapoE (doldpg)s de-

Thus the area of the particle velocity profile, which is knownscribe the weighted sensitivity of the stress to the ssaind

to be proportional to the momentum of the acoustic ptise, the parametep,, respectively. Importantly, no assumptions
is conserved during its propagation. For the weak nonlineahave to be made about the physical identity of the introduced
disturbances analyzed in Ref. 16, the linear steaivu/dx parametelpo.2

associated with a unidirectional wave is proportional to the  In the mathematical description of the paramgigras-
particle velocityv =du/dt (whereu is the mechanical dis- sumed in this papefthe model of Preiscach—Mayergoyz
placement Consequently, in our opinion, the predictions of spacé'®9 it appears that the second term in Hg) is
Ref. 16 formulated for unipolar strain pulses are in contraonlinear* It can be presented in the form

diction with Eq.(2). In principle, Eq.(2) proves as well the ;L

conservation of the area of stress profile when variations TpoP0= TpoPsl :Sc1, ®)

of mechanical modulus caused by hysteresis are signifiyhere the sensitivitp = dp,/ds of the hysteretic parameter

tegrating Eq(1) over timet, and by taking into account that characteristic valus, of the strain. Consequently, the sec-

v(t==+)=0 (since we can chooge= — before the initial  ond term in Eq/(4) is quadratic in strain and describes qua-
moment of the sound excitation and we can assume that @fatic hysteretic nonlinearity*'* In the present investiga-

t=o the acoustic energy is completely absorbetican be  tjon the hysteretic nonlinearity is considered to be dominant

derived that in comparison with quadratic elastic nonlineatlitiis is the
reason why the term (1/&),s? is neglected in the expansion
9 o of Eqg. (4)]. Kinematic nonlinearity of the relationship be-
&( J'wvdt) =0. (3 tween the strairs and spatial derivatives of the mechanical

displacemenu is also considered to be negligible. Conse-
quently, for plane longitudinal acoustic waves propagating
The conservation law of Eq3) is valid for an arbitrary along thex-axis we are using the representatisadu/ dx of
stress-strain relationship. In our opinion, the prediction inlinear strain.
Fig. 2 of Ref. 15(where the area of the unipolar stress pulse  Under the assumptions of Eqgl) and (5) the equation
diminishes with propagation distanaentradicts the conser- of motion Eq.(1) can be presented in the form
vation law of Eq.(3).
In the next section the mathematical model for descrip- &_u)
tion of hysteretic nonlinearity is briefly introduced. The fun- X/
Qamental assumption in acoustic pulse propagatlo_n pred'(i]sing the method of a slowly varying wave profiEq, (6)
tion (as related to the existence of memory effects in micro- f d into an evolution equation for the strain wave
inhomogeneous materialsis discussed. The particular IS trans ormedinto an e on &g :
hysteretic stress-strain loops necessary to describe acous%opagatmg in the positive direction of tixeaxis,
pulse evolution are derived theoretically. In Sec. Il the de- 55 1
scription of the evolution of unipolar sound pulses is given — ——— —(
. . . ) Ix 2cq
on the basis of the exact solution of the nonlinear evolution
equation. In Sec. Il the exact description of the propagatiorHere r=t— (x/cg) is the retarded time andy=+os/pg IS
of bipolar acoustic pulses is obtained and analyzed. It shoulthe adiabatic velocity of sound. In accordance with Egj,
be noted that, though the momentum conservation law ofo describe sound propagation it is necessary to specify the
Egs. (2) and (3) has not been used as a condition for thedependence of the hysteretic paramegtgon strain(i.e., the
identification of the “physical” wave profile in cases of functionpds,s.] should be modeled
mathematically multivalued solutions of nonlinear equations,  In the present investigation we adopt an approach devel-
nevertheless the predicted evolution of pulses does takeped in Refs. 2 and 18-20 for description of hysteresis and
place in accordance with this conservation law. The promemory effects. In accordance with this paradigth the
posed theory predicts broadening of a unipolar pulse. A biequilibrium macroscopic internal paramefgy(s) of a me-
polar acoustic pulsé€of nonzero initial momentumin its  dium with hysteresis is described as a linear superposition of
propagation through a hysteretic medium, first, transformgorresponding parametefg(s,s;,S,) of unspecified indi-
into a unipolar pulse of the same duration, and only after thatidual microscopic mechanical elements contributing to the
broadening of the pulse starts. inelasticity of a material,

J°u
X2 "

d%u d%u
Po Jt2 :USﬂXZ +0p0ps

Ju
ax’

6

—) pds.5c] 5-=0. @)

Os
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PARAMETER , , not just on the current value of the acoustic strain. In other
words, to describe acoustic wave propagation it is not suffi-
cient to know the distribution functiofy5(s;,S,) of hyster-
, etic elements. It is also necessary for each element which can
P [ be affected by the wavéi.e., for each element that can
change its state under the action of the wateeknow its
initial state before the arrival of the wavee., to know if it
is open or closed
In general, to identify the initial state of all the elements
contributing to Eq(8), knowledge of the whole strain history
of the material under consideration is required. The absence
P, | of this information can be overcome in the case of periodic
wave processest!! because the history of loading of the
elements affected by the wave is known for periodic phe-
nomenathat is a periodic wave “prepares” the material for
sl s its transition. It is assumed that the periodic process started
' STRAIN : an infinitely long time ago at some boundary and, conse-
FIG. 1. Dependence of the internal parameter of individual hysteretic mequently’ at the observation instant the process is periodic not
chaﬁic.al elgments on strain. The arr(‘))wheads indicate the dire}c/:tion of straiﬂnly at the boqndary bu_t along the WhOIG_ path of aC_OUStIC
variation. wave propagation. In this case it is possible to predict the
hysteretic stress-strain relationship along the whole path of
. B the wave propagat.ion. o _
po(S):J ds, J dS,Po(S,S1,55) F12(S1,S,). (8) _ For exgmple, in the_case of a perlodlt_: process with a
o s single maximum and a single minimum during a period, the
stress-strain relationship of Eq&l), (5), and(8) predicts a
classical closed hysteretic [08p>?°In the particular case of
a periodic process symmetrical relative to the average strain
level (i.e., with symmetrical positive and negative phases
relative to average levglthe stress-strain relation predicted
y Egs.(4), (5), and(8) has the forrfi

In the superposition of Eq8) it is assumed that the depen-
dence of the parametgry(s,s;,S,) of an individual me-
chanical element on the stragcontains hysteresig-ig. 1).
The individual mechanical element can only be in two pos
sible states characterized by the valygsand p; of the
internal parameter. Transition from the first to the seconcp
state with increasing strain occurs whe#s,; the inverse

transition occurs with decreasing strain wheens; <s, (Fig. o’ ) oA, Lo AL as’
1). The fact thass; <s, (i.e., the fact of hysteretic behavjor _ZPoCo:S —hi s’ S ("= (s"))sgn —-| | (9

is taken into account mathematically by imposing limits on
the integration in Eq(8). Although the parameters, andp;
can vary from one individual element to another, it is as-Here the functionsr’=o— (o) ands'=s—(s) denote the
sumed thatp,—p;=Ap=const, while a possible variation changes of stress and strain relative to their average levels
of this difference among the elements is incorporated in thélefined by (o)=(omaxtomin)/2 and (s)=(SmaxtSmin)/2,
distribution function f,,(s;,s,) of mechanical elements Where the indexes “max” and “min” are used to define
in the (s;,s,)-coordinates (Preisach—Mayergoyz coordi- the maximum and minimum values of the functions. The
nate$1819, amplitudes’® of strain variation relative to average level

Though specification of the mechanism of hysteresis ¢S defined in EqQ.(9) by s'"=(Spa—Smin)/2. It should be
not necessary it is sometimes suitable to associate the trafoted that(for the assumed symmetrical periodic progess
sition of an element from stafe, to statep, with the open-  the amplitudes of both positive and negative phases of
ing of this elementa crack, for examptd). Then, the in- the strain waves’ are equal tos'”. In Eq. (9), h denotes
verse transitiom,— p; is associated with the closing of this the dimensionless parameter of hysteretic nonlineérity,
element(Fig. 1). h=—(op, /o) Ap(f1z), where(f,,) is the average value of

It should be noted that assuming infinitely fast transi-the distribution function in the region of thesy(,s,)-plane
tions between the state, and the state, following the  defined by(s)—s'A<s,;<s,<(s)+s'A.* A positive value
strain path(Fig. 1), we neglect in this paper all relaxation of the parameteh assumed later in the paper corresponds to
processes which can accompany these transifiohs? hysteresis being dissipative.

It was demonstrated that the model of E8).and of Fig. The hysteretic loop described by H®) is qualitatively
1 presented above describes hysteresis and memory éffectpresented in Fig. 2 in the normalized coordinateg
Memory effects are formally incorporated in the modeIEho’/pocS, si,=hs’ for the particular casés'*=1/2 (o},
through the requirement that each individual element be in={s/,—[s/,>— (1/2)?]sgn(@s}/dt)}/2). It is worth noting,
one of two possible statgs or p,. The current state of the however, that the general presentation of Fig. 2 for the hys-
element depends on the history of material loading,, on  teretic loop[in particular, the orientation of the loop on the
strain(or stress history|. Thus the parametgay(s,s;,S,) in (o1,,s1) plane and its widthdepends on the parametes'*.
Eq. (8) depends, in fact, on the history of the acoustic strainfor physical analysis, it is more instructive to separate linear
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STRESS The true contribution of the universal loop shown in Fig. 3 to

03 the actual hysteretic looff-ig. 2) depends, of course, on the
041 1 hysteretic parameteh and on the amplitudes, of strain
03 | variation.

' When using Eq(9) to describe periodic acoustic wave
0.21 1 propagation, the dependence of the wave amplitude on the
ol | distancex from the acoustic source,*=s'%(x), should be

/ taken into accourft®!! In order to apply the stress-strain
0 relationship of Eq.9) in the analysis of initially harmonic
oab & / | processesitis of crucial importance that the average level
of the strain(s) for these processes does not depend on the
-0.2r 1 spatial coordinate. The independence of the average strain
03f ] on the propagation distance follows from conservation of
symmetry of positive and negative phases even in the pro-
| cess of nonlinear attenuatiéri!

0.5 . ' : . : . Clearly, the stress-strain relationship of E§) (Fig. 2)
06 04 02 STEAIN 0.2 04 08 is similar to the one described by the hysteretic loop in Fig.
1 of Ref. 15. It can be used for the analysis of the nonlinear
FIG. 2. Hysteresis stress-strain(—sy) loop for a periodic process with a  evolution of acoustic pulses; however, not via direct identi-
§ing|e maximgm and a single minimum during a peric;d. The hysteretic IOOpfication of ¢’ ands’ in Eq. (9) with the variations of stress
is presented in the normalized coordinat§s=ho’/pycs, s,=hs' for the - . - . . .
particular casehs =112 (o= {5, —[s/?— (1/2)2]sign(?s./)}/2). The and strain rela_mve to their undlsturbgd values in a material
arrowheads indicate the path direction with increasing time. (as was done in Ref. 15In fact, following the procedure of
Ref. 15 and assuming that the stress-strain loop on the coor-
dinate plane §,s) is identical to the theoretical hysteretic
loop of Eq.(9) on the coordinate planes(,s’) (Fig. 2), it is
impossible to use this loop for the analysis of acoustic pulse

o, and nonlinearthystereti¢ oy, parts in the stress-strain
relationship of Eq(9),

oNL 1 as’ propagation. It is reasonable to accept that the acoustic pulse
:_h S/AS/+_(S/2_(SIA)2)Sg . N
poC2 2 ot |l starts from the pointo=0, s=0). But the stress-strain loop

of Eq. (9) after identification of the variables’' =, s'=s

Foes not pass through this poiste Fig. 1 of Ref. 156 So, it

does not contain information which is necessary for the pre-

diction of the acoustic pulse evolution.

ISy From a physics point of view the problem is, of course,

W” deeper[that is, in general, it can not be solved just by a
correct choice of the variable transformation in E9).]. For

the description of a single acoustic pulse propagafsamgle-

shot experimenjsthe stress—strain relationship of E®)

(which corresponds to the loading history of a periodic pro-

1 cess with a single minimum and a single maximum over a
period"®) is useless. This is because the stress-strain rela-
osk | tionship that is required to describe acoustic pulse propaga-
tion will depend on the particular method of the transition
from periodic loading to single-shot loadirige., on how we
. \\ switch off the periodic signal before exciting the single

The presentation of the latter relationship in the normalize
coordinates oy=oy, /h(s'*)?poca, sn=si/s'* (Fig. 3
eliminates all the parameters

oN= —

1 2
sut 5 (SR~ 1)sg

STRESS

pulse. However, fortunately, single-shot experiments are
very rare. Most experiments involving acoustic pulses are, in
fact, performed in a pulsed-periodic regime. By repeating the
pulsed action and by applying the methods of signal stacking
and averaging, the signal-to-noise ratio can be significantly
Af 1 improved. Consequently, the analysis of pulsed-periodic
) ) ) acoustic signal propagation is the most important problem.
-1 0.5 0 0.5 For this kind of process it can be assumed that the history of
STRAIN loading corresponds to the history of loading by identical
FIG. 3. Universal presentation of the nonlineduysteretiz part of the  PUlses of finite length arriving earlier in time. Thus this is
stress—strain relationshifn normalized coordinatesy—sy) for a periodic ~ just a particular case of the general periodic process. As a
process with a single maximum and a single minimum during a period. Theesylt, it is possible to describe the pulsed-periodic process
norma_llze’d stre,sAs 2\/anzzitlon_an’d t,rle normaltie_d strain varlatl.on are deflneﬁsing the stress—strain |00p of H@) provided there is only
by on= o /h(S"™)“poCos SN=SHIS'", wheres' = (S ax—Smin)/2 is the am- . _ L . . .
plitude of the strain variation. The arrowheads indicate the path directiorf Single maximum and minimum in a single period.
with increasing time. It should be pointed out that, in fact, for the validity of

-0.51

-
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the models derived below it is not required for a pulsed pro- STRESS
cess to be strictly periodic. It is sufficient that the pulsed %4
process consists of repetitive pulsed action by similar pulses, _|
where the separation in time of subsequent pulses signifi- W
cantly exceeds the duration of the pulggsorder to avoid 02t m
overlapping upon the nonlinear transformajion
For analysis of such a repetitive pulsed process,(&q. 01}
should be first rewritten in the original coordinatesands,

0

Pl
o—(o) Smax™ Smin I -7,
- =5— > -0.1 e
PoCo o
7
0.2 s
Smax ™ Smin Smaxt Smin @, //‘
—h S— s .
2 2 0.3 PN
/0"
(S~ Smax) (S~ Smin) Js 04 X ) . . ) L L L . .
+ 5 san =t |- (10 05 04 03 02 01 0 01 02 03 04 05
STRAIN

The choice of the parametér) in Eq. (10) provides the FIG. 4. Hysteretic stress-strainr(—s;,) relationship for a sequence of a
. . b _ . . unipolar dilatation/loop (1)] and a compressiofdashed lood2)] acoustic
opportunity to Identlfy the stress-strain hyStereth |00p for apulse with a single extremum of equal amplitude. The arrows indicate the

particular repetitive process. In fact, the paramét@ishould  girection of strain variation in time.
be chosen in accordance with the detected signal.

For example, we view a periodic process with symmetri-

cal positive and negative phases,{=—Snn=5") as the o _..n e B e
process in which the stress varies relative to zero léwel PoCh 572 (Smax™ Smin) S+ (S~ Smax) (S~ Smin)
=0. By substitutingsa= —Smin=S" and(a’) =0 in Eq.(10), 5 5
we derive the stress-strain relationship XSQF(E) —SmaxSminsgf(E(O)) _ (12)
o —o—hl Psrt 52—(SA)2S Js In Secs. Il and lll, the stress-strain relationship as de-
pocg B 2 9 ot rived in Eq.(12) is applied to describe unipolar and bipolar

acoustic pulses, respectively.

which is identical to Eq(10) if we identify o with ¢’, ands,

s with s’, s'A. This confirms that the hysteretic loop in Fig.
1 of Ref. 15 is valid for the description of a symmetrical !l PROPAGATION OF UNIPOLAR ACOUSTIC PULSES
periodic process with average levels of stress and strain
equal to zero.

If we consider an acoustic pulse as the disturbance fro
some constant levélvhich is fixed before the arrival of the
acoustic pulsg then, in fact,c and s in Eq. (10) are the T h
deviations of stress and strain from this level. Following this  c2 =511~ E[Smax+(s_ Sma)SQIIs/at) ] . (13
consideration the average stress ledeel should be chosen
such that the acoustic pulse starts from the peintO, s
=0 in the (o,s)-plane. This yields

For a unipolar dilatation pulses&0) the stress-strain
relationship of Eq(12) (because of the restricting condition
N . —0) additionally simplifies

The hysteretic loop of Eq13) is presented in Fig. floop
(1] in its normalized variables,=ho"'/poc3, s,=hs for
the particular case whems,,=1/2 (or,=sp{(3/2)—[sh

2 2 —(1/2)]sgn(@s,/at)}/2). Comparison of the theoretically
<U>2 — Smax™ Smin +hl = Smax_ Smin derived hysteretic loofl) in Fig. 4 with the hysteretic model
PoCo 2 2 of the medium presented in Fig. 1 of Ref. 16 demonstrates

their qualitative similarity. Thus the theoretical conclusions
_ (11)  of Ref. 16[those contradicting the conservation law of Eq.
(2)] are not due to a qualitatively different model applied for
the description of the properties of the hysteretic medium
In accordance with Eq11), the average stress induced by abut, perhaps, are due to a mistake in the particular solution of
repetitive pulsed process depends on the maximum and minike pulse propagation problem derived in Ref. 16.
mum values of the strain as well as on the sign of the first  For a unipolar compression pulse<0) the stress-
phase of the acoustic pulgee., (o) depends on the sign of strain relationship of Eq(12) (because of the restricting con-
the derivativegs/dt at the leading front of the acoustic dition s,,,=0) can also be additionally simplified to
pulse. Substitution of Eq.11) into Eq. (10) leads to the h
general description of the stress-strain relationship for acous- Lz =s{ 1— =[~Smint+ (S—Smn)sgn(ds/at)]{. (14
tic pulses with a single maximum and a single minimum PoCo 2

SmaxSmin ds _ _
+ 5 sgr( Fr (o= O,S—O))
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The hysteretic loop of Eq.14) is presented in Fig. floop  =V,,a({) of the acoustic pulse amplitude on propagation dis-

(2)] in its normalized variables,=ho/poc3, sy,=hs for tance. To this extent, we use the conditiov(6

the particular case whehs,,=—1/2 (op=S{(3/2)—[Sh  — Omaxx M IF>0)=V(6— b2y, IV I0<0)=V 4 Of the par-

+(1/2)]sgn@s,/ dt)}/2). ticle velocity continuity at the peak of the acoustic puige.
From the evident symmetry of the derived expressiondiere, 6,,,, denotes the position of the pulse peak in time. In

[Egs.(13) and (14)] for both hysteretic loop$see also Fig. fact, at the poinV =V ., 8= Onax. the solution of Eqs(18)

4), it follows that the description of the propagation of dila- provides a set of two equations

tation and compression acoustic pulses is similar. Here, we Vo= Ve (O Vo)

choose to analyze the propagation of compression pulses in *Mmax— “LiTmax  Fmaxd /s

more detail because they are more easily generated by laser ¢

action on material¥®3 In the case of a unipolar compres- Vimax= VT( Hmax_f Vinal¢")dE" +Vinad |,

sion pulse the description of E¢L4) for a hysteretic stress- °

strain relationship leads to a breakup of the evolution equafor two unknown functions[i.e., for V,=Vma{{) and

tion of Eq. (7) into two different equations, Omax= Omax{Q)]- The unknown functior .= Onad{) can be

easily solved for. Equationd9) lead to

(19

sl ox—(hl2cy)sdsldr=0 if ds/dr<O,
14

35l 9x— (h/2¢q)(Smin—S)dsld7=0 if ds/d7>0. (15 f Vimad £)AE" = 2Vimad + V1 (Vinad + VL H(Vinad =0,
0

The first equation of Eqg15) describes the nonlinear trans- (20

formation of the leading frontds/d7<0) of the acoustic where the notationS/{l and Vfl were introduced for in-

pulse. The second equation of Eq$5) describes the non- . . . :
linear transformation of the trailina frong&/97>0) of the  “€'S€ functions. It is convenient to transfer the integral equa-
9 §/97>0) tion of Eq. (20) into a differential equation

acoustic pulse. For convenience of comparison with the clas-

sical results for gases and for fluitfsEqgs.(15) are rewritten 1 1 dViax

in terms of the particle velocity of the acoustic wavév / ERVZ —2{ ~Vima=0, (21)
P Y Vi(Vima)  Vi(Vimad dg

= — s for a pulse propagating in the positive directipn
) . whereV; andV| denote the derivatives of the functioky
dvlox+ (h/2cp)vovlg7=0 if Juld7>0, andV, over their argumenti.e., overV,,,). Equation(21) is
(16) a closed first-order ordinary differential equation for the de-
termination of V.= Vma{{). The boundary condition is
By normalizing the particle velocity with respect to the ini- Vima{¢=0)=1.
tial pulse amplitudevy= v (x=0) (V=v/1y), the retarded It is important for a qualitative understanding of the non-
time to the initial characteristic duration, of the acoustic linear process of acoustic pulse transformation in a medium
pulse (9= 1/7,) and the spatial coordinate to the character-with hysteresis, that precise analytical integration of @4)
istic |engtthL=2chO/hvo of the nonlinear transformation can be done for pulses of triangular profile. In this case
(Z=x/xynL), the system of Eqg16) is presented in the form  V({=0)=V(6) = 60/6,,{0) for dV/96>0 and V({=0)
) =V1(0)=(1-60)/(1—- 6,(0)) for VI96<0, where
NVI9{+ViVId6=0 if dVI96>0, Omax0)=6ma{¢=0) is the initial time coordinate of the
NI+ (V= V)VI90=0  if dVI39<0. (17 acoustic pulse peak. Then_ E@1) _takes the form (1
+2{)dVhadi+ V=0 and its solution predicts a reduc-

The exact analytical solution of this systdqgs. (17)] of  tion of the pulse amplitude upon propagation in the follow-
quasilinear partial differential equations in implicit form is  jng manner:

V=V (6—-V{) if dVId6>0, Vma><(§):1/\/1+—2§- (22)
(18)

vl 9x+ (h12¢3) (vmax— v) Ul d7=0  if 9uld7<O0.

At large distanceg>1 the asymptotic behavior ¥ ,.()
«1/\/¢. It is worth noting that the law of amplitude reduction
) ] ) is the same for all triangular pulséise., it does not depend
where the functions/ (¢) and V() describe the leading 4, the initial POSItiond(0)= s {=0) of the pulse pedk
and the trailing fronts of the acoustic pulse at the boundaryyjitn the use of Eq(22), the positiond,., of the pulse can
({=0) of the medium. In comparison with solutions of pa found from any one of Eq§19),

qualitatively similar equations proposed in Ref.[s&e Egs.

(6)—(8) in Ref. 16 the solution of Eqs(18) precisely ac- Omax £) =[ Oma{ 0) + {1/ V1+2L. (23

counts for the fact that the pulse amplitudlg,,, changes , . .
. . - nax In accordance with the solution of E(.8) the leadingstart-
during the pulse propagatioN max=Vma{¢)]- This important ing) point (V=0,0V/96>0) of the acoustic pulse is invari-

point has been_ heglected in the theory Of. R_ef. 1.6’ ik ther_eém (immobile). This statement also follows from the repre-
fore, the predicted results showed a diminishing acousti

entation of the equation for the evolution of the leading

EUIsStZréntignr]ne:c;iuuan during the pulse propagation through fontin Egs.(17) in an equivalent system of ordinary differ-
y ’ ential equations,

In accordance with Eq$18), to describe the pulse shape
evolution, it is necessary to know the dependentg,, do/d{=V, dVv/d{=0. (24

14
v=vT( o—f Vimad £ +VE|if aVI96<0,
0
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FIG. 5. Evolution of a triangular compression pulse in a medium with fi 6. Hysteresis stress—straim,(—s,) relationship for a sequence of

hysteresis. The profiles of the particle velocity are presented at distdnces equal amplitude bipolar acoustic pulses. Lodp corresponds to pulses

=0 [profile (1)], {=0.5[profile (2)], {=1 [profile (3)], and{=4 [profile  gtarting with a dilatation phase. The dashed I¢Bpcorresponds to pulses

@] starting with the compression phase. The arrows indicate the direction of
strain variation in time.

The first of these equations predicts the invariacenobil-
ity) of the leading pointof course, in the coordinate system the boundary, the points of the leading front are shifted rela-
moving at sonic velocityc,). As a consequence, E(R3) is  tive to the initial profileV (6) at (=0 in accordance with
the solution for the duration of the leading front, and it de-the rules of Eq.(24), that is V=cons&V,(6,{=0) and dé
scribes broadening of the leading front upon propagation=V, (60,{=0)d{. By doing so, we can find the position of
The equivalent system of ordinary differential equations forthe leading front atif<1 by moving each point of the initial
the evolution of the trailing front is front horizontally[ V=cons&V, (6,{=0)] by distance in time
B B do=V,(6,{=0)d{ along the#-axis. The peak of the pulse

d6/d{=VmaV, dVId{=0. 29 (which is defined as the intersection of the leading and trail-
The first of these equations predicts that the trailing poining fronts also changes its position. With the updated coor-
(V=0,0V/96<0) of the acoustic pulse moves along thedinates[V.(d?),0ma(dl)] of the pulse peak, the trailing
#-axis. By using Eq(22) andV=0 to integrate this equation, edge can be shifted in accordance with the rifesconst
the dependence of the acoustic pulse duration on the propaV+(6,{=0) andd#=[V,(d))—V+(6,{=0)]d{ that follow

gation distance is obtained, from Eq.(25). As a result, we obtain the approximate profile
e of the acoustic pulse at a distaraté from the boundary. The
Oo(0)=V1+2L. (26 same procedure can be applied in an iterative manner to this

Consequently, it follows from Eq926) and (23) that the  newly derived profile, and so on.
trailing front of the pulse also broadens during pulse propa-

gation. lil. PROPAGATION OF BIPOLAR A TIC PULSE
In accordance with the solutions in Eq&6) and (22), - PROPAGATION © © COUSTIC PULSES
the pulse ared ,,,() 6,({)/2=1/2 (related to its momentum The stress-strain relationship expressed in @&) for

is conserved in pulse propagation. In line with the discussiorthe description of propagation of bipolar pulses is different
presented in the Introduction, this proves the validity of thefor pulses starting with a dilatation phas@s(dt(s=0)
derived solutions. An example of the transformation of a>0) than for pulses starting with a compression phase
triangular compression pulse in a medium with hysteresi§ds/dt(s=0)<<0]. The hysteretic loop of Eq(l2) is pre-
[described by Eqs(18) and (22)] is presented in Fig. 5. It sented in Fig. 6 in normalized variables,=ho/pc3, sy
can be checked straightforwardly that, to describe the transshs for the case hs,=—hSnin=21/2 (ah={sh—[sﬁ
formation of a dilatation pulse of the same shape, it is suffi-— (1/2)?]sgn(@sy,/dt) — (1/2)?sgn(@s,(0)/dt)}/2). Loop (1)
cient to mirror the profiles in Fig. 5 relative to the horizontal in Fig. 6 corresponds to a bipolar pulse starting with a dila-
axis. In fact, the peaks of a compression pulse as well as of @tion phasd ds/ds(s=0)>0]. Loop (2) in Fig. 6 corre-
dilatation pulse both propagate at subsonic velocity in hyssponds to a bipolar pulse starting with a compression phase
teretic media. [9slat(s=0)<0Q]. Of course, in a general case, the orienta-
In conclusion of this Sec. Il it is worth noting that even tion and the width of the hysteretic loops described by Eq.
though analytical integration of E¢R1) is only possible for (12) depend on the values of the parametlrs,.., and
some particular initial profiles of acoustic pulses, qualitatives, .
analysis of the acoustic pulse transformation can be obtained Application of the stress-strain relationship, given by
for an arbitrary initial pulse shape. At a distardg&<1 from  Eqg. (12), in the analysis of wave propagation leads to a

3053 J. Acoust. Soc. Am., Vol. 107, No. 6, June 2000 V. Gusev: Material with hysteretic nonlinearity 3053



PARTICLE VELOCITY ' . . . point with initial coordinated/=0, 8({=0)=6,({=0)=0]

08 and the motion of the trailing poifit.e., the point with initial
o7t M 1 coordinatesV=0, 6({=0)= 6;({=0)=1] along the#-axis
06 1 are described by the same equation,
s o - d6=dbr=—Vimr(£)dL. (30
o4r | Consequently, as long as the pulse is bipolar, the duration of
0.3t & 1 the pulse does not change as it propagti(£)=d(6,
02t @ — 67)=0, wherefy({) denotes the normalized duration of
the acoustic pulsedy(0)=1]. Since by definitionV ()
o1r i <0, it can be concluded that a bipolar pulse propagates at
0 subsonic velocityassuming softening of a hysteretic mate-
oab rial by an acoustic field, i.eh>0). For V=const0, Eq.
(29) describes the motion along theaxis of the transition
0.2 ’ ] point [V=0,6,=604({)] separating positive and negative
: : : : ' phases,
0 0.2 04 0.6 08 1 1.2
RETARDED TIME dOs=Vma()dL. (31

FIG. 7. Transformation of a bipolar pulse into a unipolar pulse upon propaBy combining Egs.(30) and (31), the change in duration

gation through a medium with hysteretic nonlinearity in a case where the,” _ _ _ .
initial amplitude of the compression phase exceeds the initial amplitude of” + 6’*(0_ 05(0 0'-(0 of the compression phase of the

the dilatation phase. The net area of the pulse in (faticle velocity, ~Pulse is obtained,
retarded timg plane is positive. Wave profiles are presented at distafices

=0 [profile (1)], {=0.5 [profile (2)], {=1 [profile (3)], and{=¢_=5/3 de, =d[65(§)— 9L(§)]:[Vma>(§) +Vmin(§)]d§- (32

Lprofle (4)] In accordance with Eq32), the duration of the compression

. . ) phase broadens if the amplitudé, ({)=V ., (¢) of this
breakup of the evolution equatidiEg. (7)] into two equa- phase is larger than the amplitutte ()= —V, (¢ of the

tions, dilatation phase. The compression phase shortens in duration

8l ax+ (h12¢q) (Smax—S) 98/ d7=0 if ds/dr<0, if V,(0)<V_({). So, in the general casé. ({)#V_({),

) both the durationd, ({) of the compression phase and the

98l 9x+ (h/2¢o) (S = Smin) 98/ 97=0 if ds/d7>0. duration _({)=1-6.() of the dilatation phase are
In terms of the particle velocity of the acoustic pulse, these changing during bipolar pulse propagation, while the total
equations can be rewritten as duration of the pulse is conserved,

avl ax+ (h12¢3) (v—vmin) Al d7=0 if dvldT>0, 0,.(H)+0-(H=1. (33

vl I+ (W2C2) (Vmax— v) AV d7=0 if Jula7<0. The exact analytical solutions of E@27) in implicit

form are

In normalized variabled/=v/[ vypa{0)— thin(0)], 0= 7/7g,

{=XIXnL (Where vy, (0) = tin(0)=tnaxX=0)— tya{(X=0) is V=V
the characteristic peak-to-peak amplitude of the pulse at the L
boundary,r is the characteristic duration of the pulse at the

0+ fogvmin(g,)dgl _Vg)

boundary, andky; =2¢27o/h[ Umad0)— tmin(0)] is the char- it 0L ()<0<0maf0),
acteristic nonlinear lengjhhe system of evolution equations ¢
takes the form V:VS( 60— fo Vina{( A +V ¢

NI+ (V=Vzmin)dVId0=0 if dV/96>0, _
. (27) it Oma( )= 0= Omin( 0), (34)
NI+ (Vmax— V)VIdo=0 if dV/96<O0.

The equivalent systems of ordinary differential equations are V=V

d6/d{=V—V,, dVidZ=0 if aVia>0, (28)

0+ fgvmin(g/)déw_v§)
0

if 9min(§)$0$ HT(D-

. Here the functionsv (6) and V1(6) describe the leading
d6/d{=Vma—V, dVId{=0 if V/36<0. (29 and trailing fronts of the acoustic pulse at the boundafy (
In the following the propagation of bipolar pulses start- =0) of the medium, while the functioxs( ) describes the

ing with a compression phase is chosen for detailed analysisont that separates the two phages., the latter function

only because they are more easily generated by laser actiaescribes the transition from compression to dilatation in the

on the material$?*3 In this case both the leading front and time interval f,,(0)< =< Omin(0), Where 6,,,(2) and i)

the trailing front correspond to an increasing particle veloc-denote the positions of the peaks of the plilse

ity, i.e., to dV/90>0 (Fig. 7). In accordance with Eq28) The conditions V(60— 0ax,V/30>0)=V(0— Oax

both the motion of the leading point of the pulgee., the  M/d6<0)=Vax and V(60— O,n,V/96<0)=V(6— i , N/

and
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d6>0)=V,,, expressing the continuity of the particle veloc-
ity in the pulse amplitude and the derived solution HGd), Vi(0)=Vma(0) —=5 —0)’
provide four equations,

; V1(60)=Vpin(0) =60, (0) (38)
Vmax= Vi amax"'f Vinin({")d" = Vimad |,
0 Vmaﬁo)[emin O)_ 0]+Vmin(0 [0_ emax(o)]
Vs(0)= :
mln(o ma>(o)
Vina= Vs( Orma— FVma)M')dZ'JFVmax{), Note_ that, because of the adopted normalization, there is a
0 relation V ,i(0)=Vya{0)—1 betweenV,,,(0) and V,.,(0).

(35  For an initial pulse as described by Eq38) the algebraic
equation obtained from Eq§36) can be suitably written as
2L+ a HV,+(2¢+a t)V_=1. (39

Here the compact notations,.=V,(0)/6,(0) and a_
=V _(0)/0_(0) are introduced. Using the same notations,
the system of Eqs(37) takes the form

¢
Vm|n VS( m|n_J'0Vma>&§,)d§,+Vmin§):

len VT( 9m|n+ Jogvmin( éw )dgl - Vmin§> )

for the unknown coordinates] ma(d).Vmax)] and [2{+ay ] dg’ SV +V=0,
[ Omin(0),Vmin(9] of pulse peaks in theq V) plane. Elimina- (40)
tion of Oma{ ) and 6,in() in Egs.(35) leads to two integral [2§+a_1] V. +V_=0,
equations, dg
By substitution of Eq.(39) in the first of the equations in
¢ Egs.(40) and by integration, the expression for the compres-
j Vimin(¢7)dZ" +J Vinai €)d2" =2V mad sion amplitude as a function of the propagation distance is
derived,
+ Vs (Vinad = VL H(Vina) =0, Vinal ) =Vinaf OL(V(1+2a_DI(1+2a, ) —a )l
36
(36 (1-a_)l. (41)
J’ Vmin(£HdZ’ +J Vimad £ )AL =2V mind The expression for the amplitude of the dilatation peak fol-
lows from Eq.(41) and from the symmetry of Eq§39) and
(40) relative to an interchange of the indexes-* and
+V§l(vmin)_v;l(vmin):01 )
, , , , Vil O =VininOL(V(1+ 2. O)/(1+2a ()~ ay )]
or equivalently to two differential equations,
(1-ay)]. (42)
1 1 dViax The solution in Eq.41) predicts that the compression
VE(Vimad Vl:(vmax)_zg d¢ +Vinin~ Vinax=0, phase can completely disappear at some finite distégnce
(37) ={, from the boundaryV.{({=¢,)=0],
2
1 1 dVmin 1 (a®-1) 0, (a_+1)
— _— = =— . 43
ViV ViV ) 24 az T Vma Vmn=0, 7% U-ava)  da. A 43

HereA=(V_0,.—-V_60_)/12=[7_Vdé is the net area of the
for the maximum and minimum velocities in the acousticpulse profile in the §,V) plane at the boundary. It should be
pulse. We can deduce an algebraic relationship betweementioned that Eq(33) and the condition of normalization
Vmad ) andV,in(£) by taking the difference of the two equa- V., (0)+V_(0)=1 were extensively used to achieve the
tions in EQs.(36). Subsequently, any of Eq$37) can be compact presentation df. in Eq. (43). In accordance with
transformed into a closed first-order differential equation forEq. (43), the coordinate/, is positive (and, consequently,

a single unknown. the compression phase disappears at a finite distgnce
For a qualitative understanding of the nonlinear transforfrom the boundary only if A is negative. This prediction
mation of bipolar pulses in hysteretic media a rather simplesupports the law of net area conservation described in the

analytical description can be obtained in the case where thimtroduction. Evidently, if the initial net area is positiva (
profile of the pulse at the boundary can be presented by z0), the compression phase can not disappear, because the
combination of linear profilegsawtooth profile For ex- disappearance of the compression phase would mean that
ample, in the simplest case in Fig. 7 the bipolar pulse can benly the dilatation phase would be left and, thég,{,)
modeled by using only three paramet®¥s.,(0), 6m2(0) and <0, which is in contradiction with the area conservation law.
Omin(0), In contrast, wheA>0 the dilatation phase of a bipolar pulse
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disappears at a finite distande=6_(a, +1)/(4a A). If PARTICLE VELOCITY
A=0 (net momentum equal to zerg. =, i.e., the pulse
length remains the same at all times and distances. oof
It is worth noting that the variation of the compression
pulse duration in Eq(32) is not entirely controlled by the
law of net area conservation. Surely, in the case when 0
<0, for example, at the final stagé-C ¢, ) of the transfor- @
mation of a bipolar pulse into a unipolar pulse, the compres- | ®)
sion phase is shortening ., ({) —0]. However, at the initial
stage of a bipolar pulse transformatiaf+¢0), the compres-
sion phase broadens in accordance with B8) if V,,,(0) 0.4F
>—Vin(0), i.e., if V. >V _. In this case we define the co-
ordinate{s as the transition distance between broadening of
the compression pulse and shortening. This coordinate car96|
be obtained from the conditio¥,{{9=—Vmin({9 and the
derived expression in Eq§41) and (42),

(5)

(2)

)]

08 ) . . .
2 0 0.2 0.4 06 0.8 1 1.2
¢ l( y-—1 ) RETARDED TIME
STo\ o — 2
2\a;—ay FIG. 8. Transformation of a bipolar pulse into a unipolar pulse upon propa-

gation through a medium with hysteretic nonlinearity in a case where the

y=a, [1l+sgnl—a,)y1— allajl]_ initial amplitude of the compression phase is smaller than the initial ampli-
tude of the dilatation phase. The net area of the pulse ifighsicle veloc-

The expression&t1) and(42), when substituted in Eqgs. ity, retarded timgplane is positive. Wave profiles are presented at distances
(34), provide a complete description of the transformation ofé =0 [profile (], {=0.2 [profile (2)], {={s=0.3743profile (3)], =1
a bipolar pulse composed of two triangular phdges (38)]. [profile (4)], and¢={.=2.25[profile (5)]

We now evaluate some characteristic features of these
solutions. In particular, in accordance with Eq80) and
(42), the position of the leadingstarting point of the acous-
tic pulse can be expressed as

The analytical solutions are illustrated in Figs. 7 and 8 for
two particular cases. In the first examgkeg. 7), the initial
conditions[ V ;,,(0)>—V;in(0), A>0] cause gradual broad-

¢ ening of the compression phase until the bipolar pulse trans-
o()=~ fo Vimin(£')d¢’ forms into a unipolar pulse. In the second exam(Blig. 8),
due to the initial condition$V ,,5,{0)<—V,in(0), A>0] the

Viin(0) | 1 pulse transformation starts with a shortening of the compres-
:_m o V(1+2a-9)(1+2a.0) -1 sion phase. However, the amplitude-dependent attenuation
causes a faster reduction of the dilatation phase amplitude.

lar_ [a. As a result, at a distancé= (g [curve (3) in Fig. 8] the
+ Z_ a_) amplitudes of both phases become equal and broadening of

the compression phase starts.
JaN1+2a_0)+Ja_J(1+2a.0) For the sawtooth pulses illustrated in Figs. 7 arfav8h
XIn Jartva. the use of the formulas Eq&1), (42) for Va9, Vimin(D),

and of the formulas Eqs(44), (45 for finding 6, ({)
=050)—6.(0),0_(0)=1-0,(0)], the conservation of net
—2a+§}- (44 areaA({)=A(¢{=0) was carefully checked. This serves as
an additional verification of the validity of the obtained ana-
The expression for the position of the phase separation poifytical description. In principle, the law of net area conser-

can be described with the help of Eg¢4) as vation can be used as a starting pdiin¢., as an additional
; condition instead of one of the conditions used in this paper
0s(0)— 05(0):J Vo o(¢)de for d_erlvmg the solution of pulse propagation in a hysteretic
0 medium.

_ o It is worth noting that in accordance with the description
= 0L(LVmin(0) = = Vima(0), " +7 <™ =), (45 in Egs.(27)—(29) for nonlinear wave propagation in hyster-
Finally, with the help of Eqs(34) and (44), the positions of ~ €tic media, the transformation of a bipolar pulse starting with

the compression and the dilatation peaks are given by a dilatation phase differs from the results presented in Figs. 7
and 8 just by an inversion relative to the=0 axis. In par-

Omad 0) ticular, these pulses are also subsoffir h>0). Impor-
Omed €)= 0L() | £+ Vimad 0) Vimal ), tantly, in the case of bipolar pulses of arbitrary initial profile
(i.e., of non-sawtooth shape but still with single maximum
1— Omin(0) and single minimu a qualitative analysis of the pulse
Oma §)=0L(O)+ 1+ L= Vmin(0) Vinin( £)- transformation based on the ordinary differential equations
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(28), (29 can be performedusing a similar approach as propagation distances can be followed by shortening at large
described at the end of Sec).ll propagation distances.

Finally, it should be noted that after the transformation In our opinion the theory presented in this paper is the
of a bipolar pulse into a unipolar pul$ee., at the distances necessary step toward the development of a general theory of
{=(. if A<O or at the distanceg=(_ if A>0] for the finite-amplitude acoustic pulse propagation in micro-
description of its propagation beyond the critical distatice inhomogeneous materials. If necessary, ordinary elastic qua-
=/, or{={_one should apply the theory presented in Secdratic nonlinearity can be incorporated in this theory in a
Il. straighforward mannétThe approach described in this pa-

per should find applications in geophysicgismology and
nondestructive characterization of materiéi®m rocks to
IV. CONCLUSION advanced nanocrystalline materjals
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An earlier papefJ. Acoust. Soc. Am98, 3412—-34171995] reported on the comparison of rise
times and overpressures of sonic booms calculated with a scattering center model of turbulence to
measurements of sonic boom propagation through a well-characterized turbulent layer under
moderately turbulent conditions. This detailed simulation used spherically symmetric scatterers to
calculate the percentage of occurrence histograms of received overpressures and rise times. In this
paper the calculation is extended to include distorted ellipsoidal turbules as scatterers and more
accurately incorporates the meteorological data into a determination of the number of scatterers per
unit volume. The scattering center calculation overpredicts the shifts in rise times for weak
turbulence, and still underpredicts the shift under more turbulent conditions. This indicates that a
single-scatter center-based model cannot completely describe sonic boom propagation through
atmospheric turbulence. @000 Acoustical Society of Amerid&0001-496600)02005-1]

PACS numbers: 43.25.Jh, 43.28.MMAB ]|

INTRODUCTION ground. It was expected that the more realistic turbules with

Boulangeret al? reported on the use of a scattering Solﬁgger footprint per turbule would lead to improved predic-

center-based calculation to develop distributions of sonic . . .
The calculated histograms of rise time occurrences are

boom rise time and overpressure for different atmospheric . .
. . . compared to measurements from the second Joint Acoustic
conditions. The results of this calculation were compared t

measured data from the JAPE-2 testg hese tests provided qbro.p agation Exper_lment(s]APE-a conducted n 1991 at
%{\/hne Sands Missile Range. In particular, acoustic Hata

simultaneous sonic boom measurements from T-38 aircra . .
along with detailed meteorological data. A scattering center—gaIthered below the flight path of T-38 aircraft operated at

X . : ach 1.2 along with extensive simultaneous meteorological
based calculation was employed, since this method ha S X
; . . : atd from JAPE-2 are used in this paper. The measured rise
proven accurate in earlier studies of continuous wave propa:

gation near the Earth’s surfatén addition, this method was me histograms display rise times that are calculated using

flexible enough to allow the prediction of sonic boom propa—the definition
gation through a realistic representation of the measured tur- (0.9 max— 0.1Ppmay
: . S . = . )
bulence field, including its spectrum and altitude depen se (dp/dt) max
dence. . . . .
Turbulence was represented in Ref. 1 by spherical tur]’he calculated rise times from the discrete numerical data

bules; the resulting predictions of rise times and overpres@PProximate the maximum rise times using the points
sures exhibited an increase in the peak of the rise time did{0-4Pmad. 0-4Pmax and t(0.8pma;), 0.60max ON the leading

tribution and a decrease in the peak of the overpressur%dge of the calculated _wavefo_rms. This_ approximatiqn was
distribution, as did the measured détampared to rise time teStéd and found to satisfactorily approximatep(dt) pay in

and overpressure distributions from measurements made ufd- (1) while avoiding numerical problems due to spikes in
der calm conditions The predicted shifts of the distribution Waveforms.

peaks, however, were not as great as shifts shown by the

histograms of the measured data. I. PROPAGATION MODEL

. Recent advanpes in meteorology have led to the modelA Scattering formulation

ing of the stretching of moderate scale turbulence in the

atmospheré-’ In this paper we report on the development of To accommodate anisotropic turbulence, we describe lo-
a single scatter formulation for ellipsoidal turbules and itscal deviations in index of refraction are described in Carte-
consequent application to calculate rise time distributions fogian coordinates by the relation

sonic boom propagation through the planetary boundary
layer. The spherical turbule calculations displayed an excess
of unperturbed waves relative to the measured results. Avhereq; is the turbule strength, theare the characteristic
spherical turbule produces significant perturbations within alimensions of the turbule, and the coordinatgsy(z) are
small elliptical region on the ground around the direction ofmeasured from the center of thigh turbule. The strength
incidence. An elliptical turbule produces significant pertur-may be either positive or negative, and thaxis is taken to
bations over a much larger and irregular footprint on thebe the direction of mean wind. As with the spherical scatter-

/L(vayzysx lsy 7SZ) = qi67(X/SX)Zi(y/Sy)Zi(ysz)zv (2)
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ers previously used, the anisotropic Cartesian refractive fluchen a density of scatterengs) can be found to describe the
tuation profile may be incorporated into the equation ofturbulent atmosphere. The microschlgis negligible(1 mm
propagation, which is consequently solved for the scatteredr lesg, yis a constant, and the macroschlgand refractive
wave pressure via a first Born approximation. This offers a@ndex structure constanCﬁ ultimately give information
closed-form expression for the pressure which is convenierdbout the scales and strengths of turbules needed for atmo-
for use in computer simulation. The scattering contributionspheric simulation.

from one turbule(subscripti) having characteristic scales The use of meteorological data from JAPE-2 to obtain
(sx,Sy,S;) in Cartesian coordinates may be expressed as n(s) is facilitated by transforming5) to a one-dimensional
: form, instead of dealing with three-dimensional wave vectors
q\/; e'k(rst+rtr) \ ) ; '
pE=" 2 S exp( — Cok?sSi/4), (3) k. Reducing Eq(5) to one dimensioricorresponding to the
2 Vst tr direction of mean wingis suitable as long as the lengths
so that the total pressure at the receiver due to propagatidi®x Sy ,S,) are all of roughly the same order of magnitude for
throughN turbules is any given turbule. Fitting the one-dimensional von Karman

spectral form to wind spectra from JAPE-2 gives values of

B(r) = ﬁo(”"’% E)iB! @) ;ﬁreza;gfiLo, which allow a calculation of the density of scat-
i=1 .
wherer is the source—receiver distance apg(r) is the
complex unperturbed*direct” ) spherical wave pressure 2506, .
amplitudee’*"/r. The superscripB denotes “Born,”r ¢ and n(s)= ———-Chs 1% 5", (6)
r, are the source—turbule and turbule—receiver distances 7I(%)

(from the center of the turbuleandk is the wave number.
Each scattered wave is modeled as emanating from the cen-
ter of a turbule(center-based scatteringrhe complex con- Only wind fluctuations were included in the spectral fitting
stants.s behaves somewnhat like a composite scale, and ddeecause the variance of temperature fluctuations was consis-
pends upon the shape and size of the turbule as well as itently at least one order of magnitude smaller than the vari-
position relative to the source and receiver. This term hagnce of wind speed fluctuatiogThe functionn(s), whose
units of distance, and depends on the wave nurkbdihe  behavior is almost entirely dominated by thie'®term, is a
constaniC,, is another complex geometric term that dependgneasure of the relative number of eddies per size per vol-
on k, and implicitly contains the scattering angle. Hence theme, and thus has units of th From Eq.(6) a quasi-random
pressure amplitude as well as the phase of the scattered waQBe-dimensionalspherical turbule size distribution function
depend on the scattering angle, with the largest scattering@y be obtained through the use of a Monte Carlo method.
amplitudes occurring at the smallest scattering angles. After assigning a quasirandom size to a given turbule
The scattering amplitude tends to increase with turbuldased on(6), the turbule is given a random position within
size for both spherical and ellipsoidal turbules, while the@n atmospheric simulation volum@xplained in the next
factorsC, andse in (3) can cause significant phase changessection. The shape of a turbule may be obtained from its
for turbules with scales on the order of 20—40 m. It should beltitude, size, and the character of meteorological conditions
noted that use of Eq3) also avoids an approximation of the as described by the Monin—Obukhov lendtfyo. The re-
off-center p0|ar ang|e by the center-based Scattering ang@aping of Inltla"y Spherical turbules follows from a turbule
used in Refs. 1 and 4. A definition of the constaBtgand  Stretching formulation developed by Wilscet al.” Atmo-

S May be found in Appendix A, while a full derivation SPheric sciences literature suggests that eddies may be hori-
from the wave equation is provided in Ref. 8. zontally elongated in the direction of mean wind when shear-

ing mechanisms dominate turbulence productioear the
ground, but are vertically elongated when convective condi-
tions dominate(farther from the ground®'%! The param-
eter Lyo is a surface-layer length scale that describes the
relative importance of these mechanisms, and is negative un-
In order to perform a realistic propagation computation,der the unstable turbulent conditions represented by the

it is necessary to calculate the scattering effects of manyAPE data used for this work. The dimensionless height
randomly placed turbules in a chosen simulation volume. To=(z/L,,o) is a ratio of convectivédbuoyanj to shear(iner-
arrive at an appropriate turbule size distribution, we obtainedial) forces, and facilitates an expression of the importance of
a number density of scatterers by fitting a von Karman specthese forces with respect to altitude. Wilsenal. use a di-
trum to measured meteorologicalind) spectra, following agonal stretching matrix to model the elongation of turbules
the procedure used by de Wblh his study of electromag- in terms of, where each element of the matrix represents
netic wave propagation through permittivity fluctuations. Itthe stretch in a given direction with respect to the vertical
was shown by de Wolf that if the spectrunof fluctuations  element. Since the wind fluctuations from JAPE were mea-
of the dielectric permittivity is of a von Karman type, sured in the direction of mean wind, it is sensible to reex-

2 press the turbule shaping as the vertical or transverse
vCh K22 horizontal(y) stretching with t to the turbul |
e —— (5)  horizontal(y) stretching with respect to the turbulence scale
(k“+Lo%) in the x direction:

B. Simulation of the planetary boundary layer using a
range of scales

(k)=
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K2, (—0)=<1, variances are considered mildly turbulent. The moderately
3 turbulent conditions possessed a valud @f)=9.6x 10",
o=y L 1=(==xie inversion height z;=1km, negligible surface layer
1 kp=<(=0) (Lwo=—6m), and outer scale length,=300m. The
@) mildly turbulent conditions were described Hy?)=1.5

and S
X 1078, a significant shear/surface laydr{o=—64.8m),
K%, (==K inversion heightz;= 1400 m, and outer scale,=37 m.
(=1 (—0% KB<(-p<«i, In the upper atmosphere, nonturbulent effects such as
) 3_ nonlinear steepening, dispersion, and absorption must be ad-
Kier  Kie=(— &), dressed. This is accomplished by the use of a version of the

where the von Karman constané=0.4 and the free- ProgramsHockn,*?which incorporates the improved Ander-
convection von Karman constay, is roughly equal to 1.2.  son algorithm® to propagate al wave from the flight alti-

In order to conveniently account for turbulence isotropy intude of 10 km to the top of the PBL in each case. The
the inertial subrange, we applied this stretching only to turfProgram also takes into account the nonvertical propagation
bules havingc-axis lengths larger than a spectrum-dependen®f & supersonic boom by using an appropriately lengthened
cutoff, sy Looking at(7) and (6) it is evident that a con- Ppath according to the Mach angég,= sin™{(M~*)=56° for
tinuous range of scale lengths is now possible, with largeVl =1.2.

turbules near the surface having cigar-like shapes oriented in

the direction of mean wind, larger turbules possessing vertiz Geometry and simulation volume

cally stretched egg-like shapes in the upper majority of the

PBL (£>1), and small spherical turbules occurrifighore
frequently at any height. The range of sizes is chosen to b

A set of coaxial cylinders were chosen to represent the
éurbulent boundary layer for each set of conditions, and
limited at the high end by o, while the smallesk scale served as the scgtterlng volume for propagation of the sonic

boom from the inversion height to the ground. Because

allowed is one meter. The minimum size is so chosen be wrbules h | tteri foct th I od
cause turbules having sizes less than one meter scatter inﬁ’_—rger urbules have a larger scattéring etiect than small ed-

dent waves negligibly, while the maximum turbule scale de- les, they scatter appreciably over a larger angle; conse-

pends on the fit of measured wind spectra and thus changggently’ trbules witls,> s, were randomly positioned in
with meteorological conditions the larger cylinder, while turbules with,<s;, were con-

_ _ fined to a smaller cylinder of half the radius. This was done
C. Physical representation of the atmosphere to reduce computing time, in light of the larger number den-

As mentioned in the previous section, it is necessary tity of smaller turbules. The cylinder radius was chosen such
fill a realistic volume with quasirandomly sized, randomly that any turbules outside it would not have a detectable effect

positioned turbules in order to represent the turbulent atmo2" the total scattered pressure. After randomly plading
sphere in a physically meaningful manner. In order to reg/furbules into the coaxial volumes, the cylinders were skewed

istically model sonic boom propagation from significant al- 56° from the vertical to account for the direction of incidence
titudes, it is also necessary to address the nonturbulent upp&f the sonic boom.

atmosphere that exists above the turbulent PBL. Before doing a single-scatter propagation calculation,
the strength and number of turbules must be chosen in ac-

tions current to each sonic boom case. Based on the theoret-
ical altitude dependence of the velocity structure parameter
Cﬁ, a height dependence faf® may be obtained. In the
surface layer £<—Lyp) and mixing layer(above~0.1z)
of the PBL, C? is essentially constant, while Chintawong-
vanich et al!* show that C2xz%?® in the intermediate
C}fnatching layer, which roughly corresponds to the middle
region of Eq.(7). The altitude-dependent behavior of turbule
?rength can thus be summarized as

The JAPE-2 data used for this pagas well as Ref. B
was taken during flybys of T-38 aircraft traveling with speed
Mach 1.2 and altitude 10 km, under two different d¢ypes
of weather conditions occurring on the 19th and 28th of Au-
gust, 19972 In addition to the wind spectra obtained from
meteorological data taken on these two days, the height
the PBL was evaluated using the altitugleof the capping
temperature inversion, as measured by tethersonde. The t
sets of conditiongboth corresponding to sunny, windy after-
noons in the desertan be described as moderate turbulence qz(Zqo)' Z<Zq0,
dc.Jminat.ed't.Jy conveptive productiqn, and mild turbulence 9?= qz(zqo)(z/zqo)""?’, 240<2<0.1z, (9)
with a significantly thick shear-dominated surface layer, re- 2 _a
spectively. Since the wind fluctuations dominated those of 0%(Zq0)(0.12i/2q0) ™% 0.1z<z.
temperature on these days, the index of refraction fluctuatiofithe heightz,, was obtained by choosing the smallest alti-
variance can be described by using only the variance of wintude at which the data first started displaying height-
speed in the direction of mean wind: dependent £~ %) behavior;z,, was equal to 16 m for the

(u?)= 2.2 ®) mildly turbulent data, and 30 m for the moderately turbulent

K=o data. It should also be noted that a differegt was picked
Generally, conditions marked byu?)>3x10 ¢ are re- for each day, with a valuef® m for the mild situation, and
garded as moderately turbulent, while those having smalles m for the moderate case.
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The value of botiN and the “ground” strengtmz(zqo)
were consequently obtained through an iterative procedure &
similar to one described in Ref. 1, using valueg af) and
(u* calculated from wind fluctuations measured on each
day. A modified relation based on the fraction of a given
volume filled with ellipsoidal turbules according ngs) was
used as a guideline to choose paird\oénd qz(zqo) for the
previously described simulation volume. Thb turbules
were randomly positioned in the cylinder of height,
shaped according to altitude, given strengths according to
(9), whereupon their contributions tqu?) and (u*) were
summed and averaged along five horizontal lines in the di-
rection of mean wind placed randomly belay,. This was
repeated 2000 times for each pair and set of conditions, with
the final values chosen fdd and qz(zqo) being those that
produced the best agreement between the numerically mod- b
eled and measured refractive moméhach repetition, or
realization, involved differentlyfrandomly placed turbules,
as well as averaging lines. It should be noted that Boulanger
et al! did not account for the effect of the height dependence
of g; upon the measuregu?) and(u?).

The subsequent propagation of the output boom from
SHOCKN through the anisotropic PBL scattering model was
performed on 500 realizations, each for both moderate and
mild turbulence, with the horizontal component of the propa-
gation path at angles of 0°, 45°, and 90° to the mean wind,
and also for spherical turbules within the improved atmo-
spheric formulation given above. The propagation consisted
of summing the complex pressures scattered from each tur-
bule and the pressure due to the direct wave, all in the fre-
guency domain. The resultant frequency component sums
are Fourier transformed back to the time domain, giving
sonic boom waveforms as modified by turbulence. The rise
time of each waveforn{500 for each cagsewas calculated
using Eq.(1), and approximating dp/dt) .« by the slope
from 40% to 60% of the peak overpressure. These rise times
were then collected to create rise time distributions that are
compared in the next section to distributions from JAPE-2.

% Qccurrence

Illmlllll'll

% Qccurrence

% Qccurrence

Il. RESULTS AND CONCLUSION

Figure 1 compares the histogram of measured rise times
(a) to the results of the scattering center calculations for both Rise Time (ms)
spherical(b) and ellipsoidalc) turbules, under conditions of o _ _ _
mild turbulence. The conditions are such that the turbulencgle' 1.'R|se time d|str|but|qns for the T-38 awcraft_und.er mild, mecha'nl-
. . . ;i Cally driven turbulence(a) histogram of measured rise times, and predic-
is mechanically driven, so that moderately sized turbules argons using(b) spherical turbules antt) ellipsoidal turbules.
stretched in the direction of the wind. The distorted turbules
used to produce Fig.(&) are aligned along a wind direction
that is skewed 45° from the line of flight. Neither spherical causing moderately sized turbules to become elongated ver-
(b) nor ellipsoidal(c) turbule results accurately match the tically. Again, the predictions do not agree with the data. In
measured data; both overpredict the upward shift of risehis case, the shift to longer rise times shown in Fig$) 2
times. It should be mentioned, however, that the shape of thend(c) is underpredicted. Comparing paft® and(c) of the
distribution shown for a 45° azimuthal angle in Figic)l first two figures, it can be seen that there is not much differ-
matches the shape of the measured distribution better thamce in the shape of the predicted histograms using spherical
the distributions predicted for the cases of mean wind paraland ellipsoidal turbules.
lel or perpendicular to the line of flight. The promising results of Boulanget al! have not been
Figure 2 compares the distribution of rise times mea-significantly improved by the introduction of nonspherical
sured on a moderately turbulent d@y to histograms show- turbules. Evidently, the single-scatter, scattering center cal-
ing the results of sphericdb) and ellipsoidal(c) scattering culation cannot accurately predict the statistics of sonic
center calculations. The turbulence is convectively drivenpboom propagation through the turbulent planetary boundary
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APPENDIX: DEFINITION OF SCATTERING
a CONSTANTS S AND Cy

N
[«

In order to obtain a closed-form solution to the inhomo-
geneous wave equation in Cartesian coordinates, a Taylor
expansion is performed on two ‘“geometrical’ variables,
with retention of terms up to second order in the coordinates
(x,¥,2). There are nine such terms, the coefficients of which
are eventually reduced to two useful paramesggsandC,,
as they appear in Eq3). The constaniC, and effective
scalesg are thus defined as

g
[&)]
1

% Qccurrence
)
1

[
I

o
|

—Co=k?*(2DEHI+2DFGI+2EFGH—D?12—E?H?
—F2G?) +2ik(DGHy?*+EGIB2+FHI a?)
~(GBY)*~(Hay)*~(lap)? (A1)

and

o= (a?B2y2 + KA(D?y?+ E2B%+ F2a?— 2iKDEF),
(A2)

with

a=n\s, °—ikA?, pB=\s ?—ikB? y=\s,*—ikC?

(A3)

% Qccurrence

where the geometric coefficients are given by

20
c A2:Y§+z§ Yitzg o, XeHZo Xp+Zf
2rd, 2ry 2rd, 2r3

CXEHYE XEHY? _ XstYs Xt
2r3 2r3 2r3 2r3
(A4)

2

% Qccurrence

XetZe XHZ Y Zo Yo+ Z,
2rd 2ry 2r 2rs

Xs X Ys Yy Zs Z
T G=—+—, H=—+—, andl=—+—.
Rise Time (ms) Fst Tu Fst T st Ty

FIG. 2. Rise time distributions of T-38 aircraft under moderate convectiveThe (Xq,Y,Z¢) and (X,,Y,,Z,) are the source and receiver

turbulence conditionga) histogram of measured rise times, and predictions positions with respect to the center of a given turbule. while

using (b) spherical turbules angt) ellipsoidal turbules. ! .
r andry are the source—turbule and turbule—receiver dis-

layer. The calculation produces histograms which display@nces.
some features of the measured data, but these predictions are
not quantitatively accurate. Higher-order effects such as mul-
tiple scatter and changes in the time of flight within turbulgs 1p. Boulanger, R. Raspet, and H. E. Bass, “Sonic boom propagation
may be necessary to model air-to-ground boom propagation.through a realistic turbulent atmosphere,” J. Acoust. Soc. 8813412—
The single-scatter method did produce accurate results3417(1995. _ _

when applied by McBrideet al? to study the statistics of B W- Kennedy, R. O. Olsen, J. R. Fox, and G. M. Mitchlmint Acous-

. . tic Propagation Experiment Project SummaTfihe Bionetics Corporation,
groun_d-to-ground propagation of_ contlnuou_s waves. The for- | 45 cruces, NM, September 1991.
mulation developed for scattering by ellipsoidal turbules 3w. L. willshire, Jr., D. P. Garber, and D. W. deVilbiss, “The effect of
(presented in Appendix Amay thus be useful for future turbulence on the propagation of sonic boom®roceedings of the 5th
studies of acoustic scattering in the atmosphere, such as th«{’}temaﬂ"”al Symposium on Long Range Sound Propagalibe Open

. ) ! niversity, Milton Keynes, England, May 1992.

effect of .d|storted turbules upon scattering for near-groundsyy g wmcBride, H. E. Bass, R. Raspet, and K. E. Gilbert, “Scattering of
propagation. sound by atmospheric turbulence: A numerical simulation above a com-
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The interaction of a laser-generated cavity
with a solid boundary
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In this paper new observations of a laser-generated cavitation bubble interacting with an inertial
boundary are presented. Employing schlieren photography techniques and a thin film transducer
placed on the surface of the boundary, the pressure stresses induced in the solid boundary and the
surrounding fluid by collapsing bubbles, created very close to the solid surface, are experimentally
measured. Liquid jet development, shock wave emission, and “splash” phenomena are identified.
For different creation sites close to the boundary, the relevance of each of these phenomena with
respect to potentially damaging pressure stresses in the boundary is speculated 2000 ©
Acoustical Society of AmericfS0001-4966)0)03606-7

PACS numbers: 43.25.Yw, 43.30.Yj, 43.35[BAB]

INTRODUCTION AND MOTIVATION emitted when the bubble achieves minimum volume, while
the longer duration pressure was attributed to fluid flow ef-

In this paper we are interested in the phenomenon ofects through the now toroidal shaped cavity. For larger val-

cavitation and the possible mechanisms which may lead s of ¥(L,%), the transducer output appeared to be domi-

the observed associated damage. Over the last 100 years . . .
) : nated by acoustic transient signals.
large amount of work has been published on possible mecha- 17 ; . .
|-* conducted numerical simulations to pro-

nisms explaining how cavitation damage occurs. Reviews of Tong eta . .
this work can be found in Plesset and Prospetetigrch? vide an interpretation of experimental results presented for

Blake and Gibsofi,and Leightorf: At the present time, both three values of the stand-off parameter0.85, 0.92, and
experimental and theoretical work confirms that when al-2- The transducer results for=0.85 and 0.92 indicated a
bubble collapses near a solid boundary, provided it is suffidouble peak structure of a sharp spike superimposed on a
ciently close, the boundary destroys the symmetry of theslower, but longer lasting pressure profile. Assuming an in-
collapse process. The result is that a liquid jet is formedviscid, incompressible model for the fluid and a simple adia-
which threads the bubble and impacts on the bountidfy. batic model for the variation of the cavity pressure, the
Many workers have attributed the erosion of solid bound-boundary integral method was employed to calculate bubble
aries to this liquid jet impact or the “shock” waves that are shapes and induced pressure stresses. A new phenomenon
emitted when the bubble achieves minimum volume. Indeedvas identified, which was termed a “splash” effect and it is
Shimaet al*® provided ranges where they thought each orfound to precede the liquid jet impact on the boundary. The
both of these effects is important. “splash” effect is only valid for a small stand-off parameter

In a recent papéf using schlieren photography, photo- range and is dependent on whether there is a liquid layer
elaStiCity, and a thin film transducer placed on a solid boundbetween the bubble surface closest to the boundary, and the
ary, we recorded the pressure stresses at the surface of thgyndary itself, during the collapse phase and the thinness of
boundary of a laser-generated bubble in water, particularly,;q layer. Fory=0.85 and 0.92 it is predicted that when the

during the first collapse. For a range of values of stand-offiy i jet threads the bubble and impacts into this layer, the
parametery (the ratio of the distance the bubble is CreatGdcloseness of the boundary results in a radial flow away from

from the boundary to the maximum bubble ragjuse stud- the jet axis. This flow interacts with the flow setup by the

led the importance of the liquid "jet” with respect to pos- contracting bubble and a “splash” is projected away from
: : 5 =
sible damage processes. It is found that fof ; and y=1, th'e thin liquid layer, in a direction opposite to the liquid jet

the pressure transducer records a double peak structure. i C ina th ical simulafi th th
y=2, the pressure is observed to rise to a maximum oveffiotion. Lomparing the numerical simulations wi € ex-

approximately 2Qus after the initial jet impact, whose mag- perimentally deduced results, i_t was concluded that_ in the
nitude as measured by the transducer is surprisingly smalfase ofy=0.85 and 0.92, the first pressure peak is indeed
Superimposed upon this pressure is a sharp spike with af/€ to shock wave emission, resulting from this “splash”
upward gradient, similar to the laser initial breakdown. Theeffect subsequently impacting violently on the bubble, and is
smallness of the initial jet diameté®.2 mm relative to the not due to the bubble reaching minimum volume. The sec-
circular transducer diameté8.0 mm could partially explain  ond peak is attributed to the resulting flow through the tor-
the relative smallness of the transducer signal. We intereidal bubble. For stand-off parametersy# 1.2 and larger,
preted the sharp peak due to the passage of shock waveke liquid layer is shown to be too thick and the full devel-
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parts of the experimental setup, which is the high-speed im-
monitor age recording system. The ultrafast light source for the
schlieren photography of the bubble evolutions was a nitro-
Nd;YAG '_—J_‘Ipc gfr;?g;gr gen pumped dye laser yvith an output energy of approxi-
delayl" \aser mately 15:J and pulse width of 500 ps. The dye employed
was green Coumarin 500 which can be tuned to emit visible
radiation at wavelengths centered around 514 nm and having
p— a coherence length of about 20n. The light emitted by the
camera dye laser was spatially filtered by>a40 microscope objec-
tive and a 25am pinhole. It was then passed through a
50-mm focal length camera lens producing a parallel beam
of light to illuminate the cavity events.
H__ piezoslectric transducer The resultant images were formed on the sensitive area
) mounted on pmma block of a charge coupled devic€CCD) camera by a 135-mm
focal length camera lens and subsequently recorded by a
video-frame-grabber unit. To obtain Schlieren images a
knife-edge was placed between the camera lens and the CCD
camera, positioned half way in the waist of the beam. The
analog video signal from the camera was digitized and stored
Sin a 512x512 pixel array with 64 gray levels. The frame-

rabbed images were in turn passed to the computer and
They recorded the interaction of a laser-generated bubbl g P P

, X isplayed as analog video signals on a monitor. Hard copy
with a solid b_ound_ary for a range of values _Of the Sf["’md'()ffoutput was achieved by transferring the pictures to a personal
parameter using high-speed photography with framing rate

3omputer, where they were processed using a software pack-

of up to one million frames/s, and investigated the resultanglge and subsequently printed. For each shot of the Ng:Yag
surface damage on a flat metal specimére boundary 550 oniy one image was recorded, the time of which was

They concluded through their study that the liquid jet impaCtdetermined by manually varying the delay between the Nd

on t_he solid boundary is only important with respect to PO-and dye laser pulses. The good reproducibility of the laser

tential df”‘mage for the stand-off parameter rapg7, based o5 down process in water ensures that a sequence of im-

on predicting water hammer Pressures. ) ages of the evolution of a cavitation bubble created close to
In the present work we investigate experimentally the, s jiq houndary was obtained over a time span of hundreds

collapse of laser-generated cavities near boundaries for twg microseconds, but with a temporal resolution in each im-

values of a stand-off parameter less than 0.7. The aim of thg e of the order of a hanosecond.

study is to determine the pressure stresses induced on th The test area was a transparent glass cell with the di-

solid boundaryand the surrounding flujcand how these can mensions 5 5x 5 cm, filled to the brim with deionized wa-

be interpreted with respect to the newly postulated “splash”y -, provide a flat surface. The solid boundary employed

phenlc_)m_e?a. Vr\]/e Xva?t trc])”def(fjuce thg Lower staan-orf]f paramyas a polymethylmethacrylai@erspex block immersed in
eter limit for the “splash™ effect and determine It there IS o\ ater To measure the pressure development induced in

any other information we can glean about erosion Processee solid boundary by the oscillations of the laser-generated

We also note that the numerous uses of the laser in med'cﬂhvity, a pressure transducer consisting of a polyvinylidene

applications is making it increasingly important to under-g,,yiqe (pydf) film (20-um thick) was bonded to the surface.
stand laser-generated cavities, although whether bubbles e active area of the transducer had a diameter of 3 mm.
created mechanically, acoustically, or optically it is felt that-l-he output signal from the transducer was displayed as a
the general mechanisms behind the resultant damage will t{foltage, which was proportional to pressure, trace on a digi-
the same. tal storage oscilloscope.

The experimental setup allows for the simultaneous re-
|. EXPERIMENTAL SETUP cording of the optical interaction between the bubble and

The experimental setup is displayed in Fig. 1 and can b(_g)oundary, and the resultant induced pressure stresses in the

divided into main components. The first part comprises 6§0I|d.

Q-switched Nd:Yag laser operating at 1.@#n which was

used to generate t_he pavita';iqn bubbles_. The Ia_ser OUtpUt WaS =y bERIMENTAL RESULTS AND DISCUSSION

about 100 mJ, which is sufficient to easily obtain breakdown

in both air and water, and had a pulse width of 20—30 ns. In this section we present the experimentally determined
The laser beam was expanded using a 25-mm plano-concavesults consisting of transducer pressuatage traces and
focal length lens and then focused by a 28-mm focal length¢orresponding Schlieren images displaying bubble shapes of
f/2.0 camera lens. In the experiments, the cavitation interadhe interaction of a laser-generated cavity in water with a
tion events were studied both optically and through the ussolid boundary for small values of the stand-off parameter
of pressure sensitive transducers. The optical observations ¢§). Two sets of results are presented corresponding to
the transient events were conducted by the second and thikalues of 0.65 and 0.54.

dye
laser

Cavitation event

Digital
vt

Image area—1T .

FIG. 1. Experimental setup.

opment of “splash” effects is prevented for the case of the
first collapse cycle.

Another recently published paper with relevance to thi
work is the experimental study of Philipp and Lauterb8in.
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“push” pressure over a total time span of about 18—19
Superimposed upon this pressure development are a series of
faster spikes. The first spikgéabel @ is quite distinct(start-

ing at about 215us after initial breakdown having a rela-
tively sharp rise time and a peak which lasts approximately 1
us. About 2us later, a second spike is observed, although it
C is harder to distinguish, on the sharp rising slope of the
o longer pressure pulse. A third spikB is just visible a fur-
ther 1 us later. After the “push” or positive pressure, the
transducer records a negative presgoré‘pull” ) starting at
approximately 22Qus after initial breakdown, and lasting for
about 12us.

FIG. 2. Transducer plot at low resolution fgr=0.65. To try and understand how the laser-generated cavitation
bubble induces this form of pressure profile on the transducer

Figure 2 disp'ays a series of pressure Spikes at low tern\Ne now consider the schlieren sequence in F|g 4. Each of
poral resolution for a cavitation bubble interacting with athe pictures was photographed individually, i.e., each
solid boundary created a distanee,0f 0.71 mm from the schlieren image represents a different cavitation event. The
solid wall with a maximum bubble radiuR,,,y, of 1.09 mm delay between firing the Nd:Yag laser and the illuminating
(i.e., y=0.65). In the horizontal direction one division rep- dye laser was varied, yielding the set of photographs show-
resents 5Qus. Spike A corresponds to the pressure signal duénd the bubble between maximum radius and a few micro-
to the initial laser breakdown acoustic transient, while spike$€econds after minimum volume. Each time the Nd:Yag laser
B and C correspond to pressure signals around the first aritias fired, the resultant pressure signal, as recorded by the
second minimum volumes of the bubble, respectively. Fofransducer(Fig. 2), was observed. It is found that despite
the purposes of the present study we are interested in spike®/ery single laser shot generating a different cavitation
only, as it is felt that for the chosen stand-off parameter€vent, by ensuring the transducer records are the same each
values, this region is the one which will have most relevancdime, then the good experimental reproducibility of the
with respect to potential damage processes. We also notdtbble collapse process is confirmed. Hence the information
above that this work is a follow-up to the work of Shaw provided by the schlieren images can be regarded as sequen-
et all® and Tonget al,'” both of whom concentrate on this tial. Remembering this, the labels)—(g) in Figs. 2 and 3
time interval of the bubble oscillation cycle, but for larger correspond to the individual photographs in Fig. 4. The
values of stand-off parameter. switching of the nitrogen laser was recorded as an electro-

To investigate this region in detail, the pressure profilemagnetic interferencéEMI) pulse on the transducer trace.
in Fig. 3, which is a magnification of spike B in Fig. 2, will However, the actual time each cavitation event is illuminated
be considered in conjunction with a sequence of sevely the dye laser is 600 ns after the nitrogen laser was trig-
schlieren images, displayed in Fig. 4. Note that in Fig. 3 ingered due to the internal delay.
the horizontal direction one division now representu$ At maximum radiugFig. 4(a)] the bubble surface far-
while in the vertical direction the signal is magnified five thest from the solid boundary is spherical while the opposite
times. The transducer output illustrates that around the firssurface is flat along a length of 1.2 mm. It is noted, however,
minimum volume, for this chosen value of stand-off param-that the bubble is still detached from the solid wall as indi-
eter, the transducer is subjected to several distinct pressucated by the gray region between the bubble and the bound-
stresses which are different in intensity and duration. Thery. The white dot in the middle of the bubble is the laser-
main pressure signal rises to a maximum over approximatelgenerated self-illuminating plasma caused by the optical
15 us, and then falls away rapidly over a time span of 3—4breakdown process and indicates the initial geometrical cen-
us. Therefore it is evident that the transducer surface feels &r of the bubble. The plasma exposes the CCD camera at
breakdown and is therefore visible on every image even
though each picture may be exposed by the dye laser up to

i IENRSNUEN
HHH

t(50us/div) ——

g‘ < hundreds of microseconds later. As the bubble collapses, re-
T strictions placed on the right-hand side of the bubble due to
f\\} the proximity of the solid boundary result in the left-hand

e ‘ bubble surface moving much faster toward the bubble center.
HHHHHH :::\‘;:e FHHHHHHHHHHHHHH Consequently the collapse process follows the “classical”

. 3 \ asymmetric route to liquid “jet” developmentig. 4b)—
c 1N (d)] as has been observed by many autfidfor a range of
VA \\ v values. In Fig. 4c) the surface farthest from the boundary
-y + j has started to flatten, indicating the formation of the jet,
+ s which will then thread the bubble, impacting upon the
HSps/divy—> boundary. Because of the illumination technique employed
FIG. 3. Transducer plot of the highly resolved pressure peak due to the firdf) the experimental setuja parallel beam of light rather than
collapse of the cavitation bubble fgr=0.65. diffuse scattered light it is not possible to observe the jet
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FIG. 4. Schlieren images of an oscil-
lating cavitation bubble in front of a
solid boundary fory=0.65, at timeg

- (a) 110,(b) 170,(c) 200,(d) 210,(e)
216, (f) 219, (g) 220 us. The horizon-
tal bar in image(@) measures 1 mm.

actually passing through the bubble as other researctegarded as an experimental streamline, i.e., itis a method by
groupg®~1113have. However, the shapes of the bubble comwhich the movement of the fluid can be followed nonobtru-
bined with the transducer results give a clear indication of jesively, experimentally. The mechanism behind this effect is
development. Examining the transducer lBig. 3, the jet  described in more detail in Schiffees al!® In Fig. 4(d) the
probably impacts the boundary 4+ before Fig. 4). In marked laser path indicates fluid flow through the toroidal
Fig. 4(d), the bubble has the shape of a trapezium sitting orshaped bubble toward the solid wall.

another trapezium. The gray region which was sandwiched A couple of microseconds after photograptd)4was
between the bubble and boundary is no longer visible. Howtaken, the transducer indicates a noticeable rise in pressure.
ever, a separate line is visible which enters images @d  Superimposed upon this pressure buildup is the first spike
(d) from above the bubble, and is bent toward the collapsingegion. Photograph () which was taken about Ls after
bubble and in line with the laser-generated plasma. This lin¢his spike region first peaked, shows the bubble as it contin-
is caused by absorption effects along the original laser pathes to collapse. The bubble is now almost rectangular in
used to create the bubble. These absorption effects, whiatross section, elongated along a line parallel to the solid
are also just visible in previous schlieren pictures, can bdéoundary. The aforementioned gray/white line which
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“marks” the fluid flow is still visible above the laser-
induced plasma and is still bent toward the collapsing
bubble. Two faint shock fronts are just visible at the top of
the picture(the lower front being marked by the small ar-
rows). Since these acoustic transient fronts can be traced
back to emission sites on the bubble volume and it is evident
that they are emitted less than.a before photograph(é)
was taken, then it can be concluded that the first spike region
is caused by the passage of these shock waves through the
transducer.

As we have noted above in the Introduction, in Shaw
et all® for the larger stand-off parameters gfand 1, a -
double peak pressure profile was recorded consisting of a -
sharp spike superimposed on a longer lasting pressure stresss. 5. Detailed consideration of Fig(f4 The arrows indicate emission
Because the rise time of the pressure spike was similar to theenters of the shock waves. The horizontal bar in the image measures 1 mm.
initial breakdown we concluded that this transducer signal
was due to the passage of shock fronts identified in the COime, i.e., the bubble achieves minimum volume at approxi-
responding schlieren images. We postulated that the shogiately 218.s after initial breakdown. Several shock fronts
wave emission was a result of the bubble achieving miniyre yisible to the left of the bubble. Three of these fronts are
mum volume. The subsequent work of Toeigal ™" suggests  traced in Fig. 5. A brief calculation shows that they compare
that these shock wave emissions are not due to minimumy, the individual spikes on the transducer plgt:d before. A
volume being reached but are in actual fact due to thgyuestion we ask ourselves is why the minimum volume
“splash” impacting violently with the contracting bubble. shock wave effects are not particularly prominent on the
Indeed in both the work of Shaet al*® and Tongetal,'”  ransducer trace, i.e., emitted shock waves are visible in the
the schlieren images indicate that the bubble has smaller vokchiieren pictures, but why are they weak? Indeed examining
umes after the first spike pressure emission, i.e., the bubble {sq. 2 the pressure spiked) emitted at initial breakdown
continuing to collapse. For the stand-off parameter value ofompletely dominates the spikes associated with the splash
y=0.92, the numerical model predicts an impact betweelimpact and minimum voluméB). We speculate that the re-
the “splash” and the bubble surface on a ring around thesylt of the splash impact and the subsequent flow setup must
“jet base.” The numerical model used is limited to incom- jmpede the collapse process, reducing the compression at
pressible flow and therefore gives no information aboutminimum volume, which in turn will give rise to weak shock
shock wave emission. However, by careful comparison bewave emission. For this stand-off parameter value, the liquid
tween the theoretical and experimentally determined bubbl@im between the bubble and boundary is thinner, and there-
shapes and by tracing the emission sites of the shock frontgre the resultant splash is expected to be less energetic, but
in the schlieren pictures to the surface farthest from thet still occurs and consequently impedes the bubble collapse
boundary of the still collapsing bubbles, it was concludedprocess, resulting in weak shock wave emission at minimum
that this impact must be the cause of the acoustic emissiongolume. The splash effect probably also disrupts the symme-
For the smaller stand-off parameter valueyof 0.81, it was  try of the collapse as indicated by the multiple emissions.
again postulated that the pressure spike was due to the splash Also visible in Figs. 4f) and 5 are three dark regions.
impacting on the bubble surface, although the impact in thisthe dark regions above and below the bubftearked by
case was predicted to be on the bubble sides. For the resulimall arrowg seem to be a development of the dark region
presented here foy=0.65, it is felt that the first spike is still effect seen in Fig. @), now bigger and distinctly curved.
due to splash impact effects. Indeed Figa)4(c) indicate a The dark regions are distinguished by the schlieren photog-
thin film of liquid between the bubble and boundary, al-raphy, as these regions have a different density to the sur-
though the thickness does decrease, before the jet completalyunding fluid. Density changes occur either due to pressure
threads the cavity, which is deemed essential by Teireg!’  or temperature changes. We speculate that because of their
for the development of splash effects. The bubble shapgposition, i.e., the top and bottom of the bubble, that the
along the boundary in Fig.(d) is also consistent with the curved dark regions are associated with the splash impact
flow patterns predicted in Tongt all’ for larger stand-off and the resultant fluid flow.
parameter values. Last, the bubble continues to collapse as The last photograph taken in this sequefEg. 4(g)]
indicated by Fig. &). Tracing back the shock front marked coincides with the peak of the slow pressure development as
by the arrows in Fig. &), the emission site appears to be onrecorded by the transducer. As this photograph was only
the upper bubble surface near the boundary, i.e., the splasaken just over lus after Fig. 4f), shock fronts can still be
impact is on the bubble sides for thjssalue, consistent with seen moving toward the left-hand side of the photograph.

the observations of Tongt al’ Also visible in this image is a large dark area between a large
Below the rectangular shaped cavitation bubble a darlshock front on the left and the reexpanding cavitation
area is visible which is marked by a separate arrow. bubble. We conclude that this larger region has now under-

Comparing Figs. 3 and(®, it is felt that the second and gone a density change, and is therefore made visible by the
third spikes are associated with effects around minimum volschlieren imaging, in comparison to the surrounding fluid for
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ages are taken at times prior to Fig(seée Fig. §, while the
others correspond to the times as marked on the transducer
plot. In Fig. §a), it is unclear whether there is a liquid layer
between the right-hand bubble surface and the solid bound-

il e b e by gy
AT

A ary, although in Fig. &) the bubble does appear to be at-
L B tached to the boundary. As the bubble collapses it assumes
R I I B similar shapes to those observed in Fig. 4, except at the top
C and bottom of the bubble, nearest the boundary. In this case,
N T | these parts of the bubble appear to be distorted farther away
“\w o A LA A

from the bubble center along the boundary. This effect has
|.’19

also been observed by Benjamin and EllBchifferset a
and Philipp and Lauterborlf. Comparing Fig. &) with the
t(501s/div) —> transducer plot, it appears that this image was taken approxi-
mately 5us after the jet impacts the boundary, although the
pressure increase as recorded by the transducer initially is
very slight. The transducer indicates a steeper pressure rise
this time in the bubble evolution process. The bubble volumeeginning around the time photograpt@8was taken. In the
is also larger in this picture, indicating that reexpansion hasop half of this image the marked laser path is again visible,
begun. The slow pressure development is associated witdicating flow through the bubble. Approximately ds
fluid flow effects which are greatly increased by the splashater, the transducer plot rises considerably to a peak. Figure
impact. 8(f) shows the bubble 1-2s after this peak. A collection of
Figure 6 displays the transducer output at low temporakhock waves can be seen to the left of the bubble, although
resolution for a time span which includes the first two oscil-due to their closeness to one another, it is difficult to distin-
lation cycles for a laser-generated cavitation bubble with thyuish them. It is concluded from these observations that the
same maximum bubble radius as befoR,{=1.09mm)  main pressure spike is due to this multiple shock wave emis-
but positioned 0.12 mm closer to the solid boundérg.,  sjon.
y=0.54). The initial breakdown pressure spi®) still has For this value of stand-off parameter, it is felt that the
the largest amplitude, but the pressure spiB¢ which is  shock wave emission is solely due to the bubble achieving
associated with effects around the first minimum volume |$'n|n|mum volume. The schlieren pictures seem to indicate
significantly larger. The maximum stress here causes a preghat when the liquid jet threads the bubble there is no liquid
sure increase approximately twice that in the larger stand—of[%yer between the bubble surface and the boundary, or if a
parameter casey=0.65). The time expanded transducer jiquid film exists, then it is too thin to interfere with any
output around spikeB) is displayed in Fig. 7. The units on resyitant flows and no splash phenomena are observed. For
the abscissa are the same as in Fig. 3, while on the ordinate— g 5/0.6, Philipp and Lauterboffhsuggested that the no-
the signal is magnified two times with respect to Fig. 6. Onticeable elongation of the bubble along the boundary during
comparing this pressure P'Ot with Fig. 3, itis now found thatine collapse phase results in increasingly larger jet diameters.
one pressure spike dominates the results, although a longgprough this mechanism they predicted that the inner diam-
lasting but much smaller amplitude pressure is recorded t@ter of the toroidal bubble becomes larger while the outer
the left of the spike. In all, it is estimated that the transduceigrface remains relatively fixed, i.e., the bubble is now in
records a positive pressure for approximatelyyisz effect collapsing from within. They assumed that the liquid
Again, to understand this pressure development, West sets up a vortex flow, which maintains the symmetry of
present seven Schlieren picturésg. 8). The first two im-  he phybble volume compression, resulting in a violent col-
lapse. From their pictures, they predicted that the bubble
torus then disintegrates into many tiny bubbles along a ring,
which collapse almost simultaneously, each emitting a shock
wave. From our observations, it appears that since splash
effects no longer appear to occlar at least be significapt
there is nothing to disrupt the symmetry of the proposed
f vortex flow of Philipp and Lauterbotfi (or any other form of
AR AR I flow that might be set upand consequently we observe a
relatively “clean” minimum volume shock wave emission
as they suggested. With regard to Philipp and Lauterborn’s
assertion that many tiny bubbles are formed after minimum
*"'\-\_r volume is achieved, it is unclear from the transducer plot
whether this is the case or not, although a series of shock
fronts are observed in the Schlieren Figf)8as opposed to
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FIG. 6. Transducer plot at low resolution fgr=0.54.
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just one.
FIG. 7. Transducer plot of the highly resolved pressure peak due to the first 1N Fig. 8(f), betW.een. the shock fronts anq the. sphq
collapse of the cavitation bubble fgr=0.54. boundary, a dark region is also observed. Again, this indi-
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FIG. 8. Schlieren images of an oscil-
lating cavitation bubble in front of a
solid boundary fory=0.54, at timeg

- (a) 110,(b) 170,(c) 200, (d) 210,(e)
215, (f) 221,(g) 223 us. The horizon-
tal bar in image(@) measures 1 mm.

cates the fluid in this region has a different density or densityary for two values of stand-off parametgr=0.65 and 0.54.
gradient to that in the outer lying fluid. As stated before, thisUsing a combination of schlieren photography and a thin
is due to either pressure or temperature changes. The lafin transducer placed on the surface of the solid we have
photograph in the sequengkig. 8(g)] was taken when the recorded bubble shapes and induced pressures in both the
pressurdvoltage as recorded by the transducer has droppedolid and the surrounding fluid. Concentrating on time inter-
to a value similar to that before the jet impacted the boundyg|s around the first minimum volume, for the larger stand-
ary. The shoc!< fronts have now moved to thg extreme Ieft ob parameter value ¥=0.65) the solid is subjecte@s in-
the figure while the dark region observed in the previousyicated by the transducer trace several distinct pressure
photogrgph has now gone. The bublée bubbles in this stresses of varying duration and intensity. It is found that,
picture is clearly expanding. due to the presence of a thin liquid layer between the col-
lapsing bubble and the boundary, the splash phenomena is
lll. CONCLUSIONS still valid for this stand-off parameter value. The impact of
In this paper we have experimentally investigated laserthe splash on the bubble surface results in shock wave emis-
generated cavitation bubbles created close to a solid boundion and subsequent disruption in the bubble shape. The con-
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Field measurements of sonic boom penetration into the ocean
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Six sonic booms, generated by F-4 aircraft under steady flight at a range of al{i@ides5100 m

and Mach numberé£l.07-1.26, were measured just above the air/sea interface, and at five depths

in the water column. The measurements were made with a vertical hydrophone array suspended
from a small spar buoy at the sea surface, and telemetered to a nearby research vessel. The sonic
boom pressure amplitude decays exponentially with depth, and the signal fades into the ambient
noise field by 30—50 m, depending on the strength of the boom at the sea surface. Low-frequency
components of the boom waveform penetrate significantly deeper than high frequencies.
Frequencies greater than 20 Hz are difficult to observe at depths greater than about 10 m.
Underwater sonic boom pressure measurements exhibit excellent agreement with predictions from
analytical theory, despite the assumption of a flat air/sea interface. Significant scattering of the sonic
boom signal by the rough ocean surface is not detected. Real ocean conditions appear to exert a
negligible effect on the penetration of sonic booms into the ocean unless steady vehicle speeds
exceed Mach 3, when the boom incidence angle is sufficient to cause scattering on realistic open
ocean surfaces. @000 Acoustical Society of Amerid&80001-4966)0)03106-4

PACS numbers: 43.28.Mw, 43.30.Nb, 43.30.{HRLB]

INTRODUCTION column, decaying exponentially with depth. The decay is

Objects traveling faster than the speed of sound generafgave'(.angtrt]t depe;pdept, tWIttr;] sh:)rt wavelelng(hgt:/ ffre—
shock waves that result in impulsive acoustic signatureguenCle$a enuating faster than long wavelengt re-

known as sonic booms. The typical acoustic signature of guencie&; . . .
sonic boom is the N-wave” [Fig. 1(a)], which is character- The Sawyers and Cook theories were validated with

ized by sharp pressure jumps at the front and back of th .boratory expgrimgnts involving spherical _blﬁsisd small,
waveform, with a slow pressure drop in between. It has bee igh-speed projectileSEarly attempts to validate the theory

recognized from the early days of supersonic flight that sonie,[\”th f'e!d experiments, howe"eT' were unsucce_ssful. Yﬁung
d Urick attempted to quantify the penetration of sonic

booms generate undesirable environmental impacts ov _ . . .
populated areasprimarily because of startle response to the ooms in the ocga(m separ ate ex_perlmeljtby measuring
shock wave pressure rise, and low-frequency building rePOOM pressure signatures immediately above, and at several
sponse(i.e., vibration, rattie depths below, the air/sea interface. Underwater sonic boom

The undesirable acoustic qualities of sonic booms led t ressure measurements from these experiments exhibit dif-

legislation in the U.S(and most countries internationally erent decay rates with respect to depth, and neither matches

forbidding supersonic flight and the generation of sonicthe analytical theory or laboratory data. Urick’s results devi-

booms over land, except in designated military corridors. Asated enough to cause him to questlon the validity of the
evanescent wave theory for sonic booms in water.

a result, most sonic booms are currently generated over th Di ¢ bet the field dat d th Wiical
ocean. Sources of sonic booms over water include the Con- ISagreement between the lield dala and the analytica

corde, which flies routinely between Paris and New York’theory introduced some uncertainty regarding the validity of

and rocket launches associated with satellite deployments.the theory and its underlying assumptions in real world as

The restriction of supersonic flight to air spaces 0Veropposed to laboratory conditions. In particular, the theories

water has refocused sonic boom environmental impact rle Sawyer$ and CooR both assume a perfectly flat ocean
urface, but the ocean surface is continually perturbed by

search to the marine habitat, and to marine mammals, il . )
pcean waves. The possible effects of a realistic ocean rough-

particular. While the characteristics of sonic booms in air are th trati b into th t "
well understood and supported by a vast body of researcf}eSS 0N the penetration of booms Into the water was recently

(e.g., Carlson and MagliefiDarderi), data constraining the investigated using numerical methods by Rochat and

penetration of sonic booms into the ocean, and the chara _parroM and _Cheng and Le€, with each arriving at dif-
rent conclusions. Rochat and Sparrow concluded that

teristics of boom pressure signatures underwater, are scar &! . )
The original theory for the propagation of sonic bc)Omsroughness has a negligible effect, with underwater pressure
across the air/sea interface was developed by Sahyd level variations from a flat interface of 1 decibel or less. In

by Cook? For level flight, booms generated by objects tray-contrast, Cheng and_ Lee concluded that the sea surface
eling at speeds less than that of sound in w&tE00 mis, or roughness exerts a first-order effect on boom penetration,

Mach ~4.4) create an evanescent wavefield in the VVa,[e'particularly at large depths and low frequencies. At issue is
the magnitude of the scattered component of sonic boom
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kz | the slow pressure decay between the fore and aft shocks. In
2 | addition, the ringing observed in the water column measure-
s 60 | ment indicates that the data are contaminated by mechanical
B ) | interactions with the suspension system.
& 40 - 37D . Instrumentation has improved dramatically since the ex-
& Unt periments of Young and Urick, and modern systems are ca-
] 20 | pable of making high-fidelity measurements of sonic booms
w underwater. For example, a Concorde boom was serendipi-
0 l l l l tously recorded in 1996 by a hydrophone array off Nova
0.1 1.0 10 100 1000 Scotial? and the underwater boom waveform contains the

low-frequency components missing in the Young and Urick
Frequency, Hz measurements. However, correlation of this measurement
o . _ with theoretical results is difficult because the boom wave-
FIG. 1. Characteristics of a typicalN-wave" sonic boom measured on the {5 \yas not measured in air, and because the underwater
ground.(a) Simple N-wave time series. The straight-line approximation is f . . | i L h h
parameterized by a “rise timeft) which is the time from the onset of the WaVEIOIM IS curiously c_om_p icated by ringing that may_ av_e
boom to maximum pressure, and the total duraibi of the waveform.  resulted from the excitation of a low-frequency seismic
Rise times typically range from 2—20 ms, and durations are typically 100-mode in the shallow seabed.
400 ms.(b) Theoretical energy spectrum of &hwave boom with a rise In this paper we present the results of a field study that
time of 8 ms and a duration of 350 ms. . . . . Ly
provides the first simultaneous, high-fidelity measurements
. . : of sonic booms in the air and ocean. We take advantage of
energy in the water column, and its proportion to the evanes- . .
cent signal modern instrumentation systems to extend the frequency

The lack of consistency between the numerical™n9e of the measurements down to a few Hz, and use data

studies'®!* and disagreement between the analytic th&dry telemetry from a small spar buoy to avoid contaminating the
. . . 9 ? incoming sonic boom as it crosses the air/sea interface. We
with the field experiment$? underscores the need for reli- : : . )
measured six sonic booms at five depths in the waewn

able measurements of sonic booms underwater to serve asma112 m, and just above the air/sea interface. We find that

benchmark for the validation of theoretical models, and to . .
the pressure signatures we measured are in excellent agree-

rovide a foundation for environmental impact assessments, . . )
'FI)'he early data of Young and Urick suffer Flzrom the techno-ment with the analytical theory of Codkas implemented by

logic limitations of their day. Specifically, the data acquisi- S_parroyv and- Fergusﬂﬁ).dow_n 10 ~40-50 m, where the

) ) . . signal is lost in the ambient field.

tion systems employed in the experiments did not have

adequate low-frequency response, and the pressure measure-

ments are likely contammated by the interaction of the SONiG £ D PROGRAM

boom with the mechanical systems used to suspend the hy-

drophones in the water column. A sonic boom measured by The field experiment was conducted on May 11-12,
Urick® is shown in Fig. 2. The pressure signatures bear little1999 in the East Cortez Basif2.2 °N, 118.7 °W, approxi-
resemblance to ah-wave, primarily because the measure- mately 140 km W-SW of San Diego, CA. The location pro-
ment system lacked the low-frequency response to measugded deep watet1600 m) within a military air space. Sur-
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face support for the experiment was provided by the R/\Wertical profile in the water column, and to move the reso-
NEw HORIzoN. Flight support was provided by the Naval nant frequency of the suspension systen®.1 H2) outside
Air Station at Pt. Mugu, CA. the frequency range of the measurements. A GPS receiver
During the course of the experiment, the sea-state andras mounted on top of the buoy to provide position updates
weather were essentially constant. The NOAA environmenence a minute, with a nominal error of 100 m.
tal buoy near Catalina Islan@3.75 °N, 119.08 °Wreported The hydrophone data were digitized at the buoy, and
a significant wave height and period of 1.2 m and 8 s, rethen telemetered in real-time to a receiving station aboard the
spectively, an air temperature of 14 °C, and an average win&/V NEw HORIZON. A buoy telemetry system was employed
speed of 2 m/s. Wind and swell estimates made on statioto avoid contaminating the sonic boom as it crossed the air/
aboard the R/V Hw HORIZON were somewhat greater, with sea interface. During the supersonic passes the REW N
prevailing winds of 4.5-9 m/$10-20 kt$ and a swell of HORIzZON stood off several kilometers from the buoy with the
2—-3 m at a predominant period of 8—10 s. engines idling and the propellers de-clutched. The bandwidth
The conditions during the experiment fall into the Beau-of the telemetry system permitted the digitization of six data
fort Force 4-5 category. Wind and waves generally grewchannels(out of nine hydrophone stationsat a 500-Hz
during the day. By afternoon scattered white caps weresample rate. Different channel configurations were employed

present, but breaking waves were not observed. for the first and second day of the experimésee Results,
below).
Instrumentation Measurements of the in-air sonic booms generated dur-

. . i .__ing the experiment were also made by personnel from NASA
The instrument package consisted of a 115-m Verma‘)ryden using the SABER systetfi These measurements are

gldrgarj?nngi:rr;g;;f?ﬁ:gig ZSrrpac?(dfimag) S_?ﬁ; t\(gcg-crgl not reported here, but provided redundancy should the in-air
T 9. 9. sensor on the data buoy have failed. The SABER measure-

2”3; d %%nfg-eldca?tlrri]g ehzﬁtrﬁ %T\Oenehoenlgnr;eorﬁteenﬂﬁséir ments(with a sampling rate of 10 kHzwere also used to
quady 9es b examine the high-frequency characteristics of the booms en-

on top of the buoy~2 m above the watgrand eight phones ering the water column

at 15-m intervals in the water column. The shallowest anc} g '

deepest phones were located at 7 and 112 m depth, respec-

tively. The hydrophones’ signals were sampled at 500 HZFI' hi bl

and analog bandpass filtered. The in-air hydrophone pro- 'ght pian

vided a flat response from 1-60 Hz, a 10-dB/decade roll-off ~ Six supersonic passes were made with U.S. Navy F-4

between 60 and 150 Hz, and~&0 dB/decade roll-off above aircraft over the two days of the experiment. The overflight

150 Hz. The water hydrophones had a flat response froraltitude was varied from 610—6100 2000—20 000 ft to

3-200 Hz, with a steep roll-off~70 dB/decadeabove 200 provide a range of boom pressuf@6—530 Pa, or 2—11 psf

Hz. at the air/sea interface. Aircraft speeds ranged from Mach
Annular vibration isolators with a nominal resonant fre- 1.07—1.26, corresponding to the aircraft’'s best speed at each

quency of~1 Hz were utilized to decouple the vibration of altitude.

the suspension line from the hydrophone elemésge Fig. After transiting from Pt. Mugu to the experimental site,

3, insej. A 20-kg weight was attached to the bottom of thethe aircraft established radio contact with the R/\EVN

hydrophone array with a length of shock cord to maintain aHoRIzoN and were given an updated target position. Once a
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supersonic run was underway, the test pilots noted the speettherefore the actual flight track$or all the supersonic runs
altitude, and heading of the aircraft, along with a single po-may have varied from the straight-line estimates.
sition (latitude/longitudg at the beginning of the run. The
aircraft position and magnetic headit@ccurate to within 3
deg at the beginning of the run were used to estimate a fligh
track for each supersonic pass. Time series and spectral plots of each sonic boom mea-
Since the aircraft did not have GPS data loggers, it issured during the experimePass 1-pare shown in Figs.
impossible to know the exact lateral distance between thd—9. Data from six hydrophones were recorded during each
flight track and the data buoy. Based on straight-line flightrun. Measurements made during the first day of the experi-
track estimates, all of the tracks pass over the buoy withirment (Pass 3, 5, 6; Figs. 6, 8) 9ecorded hydrophone data
the tolerance of the estimates, except for gRass 2 The in-air, and at 7, 22, 37, 82, and 112 m beneath the sea sur-
straight-line estimate for Pass 2 runsl km west of the face. Measurements made during the second day of the ex-
buoy. This is significant given that the horizontal error isperiment(Pass 1, 2, 4; Figs. 4, 5) Yecorded data in-air, and
only slightly less than the aircraft altitudd.5 km). How-  at 7, 22, 37, 52, and 67 m beneath the sea surface. The shift
ever, no aircraft had an automatic heading-hold system, anward shallower depths on the second day was made after it

f{esults
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was realized that the booms were failing to generate detecfitering slightly distorts the theoretical wave shapes, but is

able signals near the bottom of the hydrophone array. required to provide an equal comparison to the measure-
The time series data for the in-water measurements anments.

compared with the linear, analytical theory of Sparrow and  The amplitude spectrum of the boom waveform and the

Fergusort? which is based on the work of Co6kThe ambient noise field at each hydrophone channel are shown

method assumes a flat air/sea interface, and no interactiam the right side of Figs. 4—9. The amplitude spectrum of the

with the seafloofdeep wate);, but allows for arbitrary boom ambient noise field represents the FFT of a randomly se-

wave shapes. To generate the theoretical pressure signatuftested segment of data immediately preceding the boom ar-

in the water column, the spectrum of the in-air pressure sigrival. A Gaussian window was applied to both the boom

nature was calculated, weighted by an exponential decagressure signature and the ambient noise segment prior to

with respect to wavelength and depth, and then transformeestimation of the amplitude spectrum.

back into the time domain. A Blackman window was applied

to the in-air data segment before calculating the fast Fourier . .

transform (FFT) to reduce Gibbs phenomenon associa’[euIBISCUSSIOn

with truncating an infinite series. The theoretical waveforms  The primary experimental objective of this work was to

shown in Figs. 4-9 were bandpass filter@d-200 H2 to  make high-fidelity measurements of sonic booms at the air/

mimic the analog circuitry of the in-water hydrophones. Thissea interface and at several depths in the water column. We
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begin the discussion by assessing the extent to which thikie boom duration and rise tinheompare top right panels of
objective was met. We then compare our measurements figs. 4—9 with Fig. 1b)]. The low-pass filter applied to the
theoretical predictions, and discuss the implications of thén-air pressure dat&0 Hz corner frequengyremoves any
similarities/differences for the validation of the theory undercontributions from reflected phases at the microphone. It ap-
real ocean conditions. We conclude with a brief review ofpears that our in-air measurements adequately characterize
some remaining issues and unanswered questions regarditite sonic boom impinging the air/sea interface above the
the penetration of sonic booms into the ocean. vertical hydrophone array, especially at low frequencies,
which are of primary importance to this study.

Several of the supersonic passes made during the experi-
ment were at fairly low altitudes, and under these conditions

We begin by examining the fidelity of the in-air mea- individual shocks from the various aerodynamic features
surement, which is important considering that it is used as &.g., nose, wings, cockpitvould not be expected to have
source function for the theoretical predictions of boom prescoalesced into single bow and tail shoolesg., Haye¥).
sures underwater. All of the in-air pressure signatures in thi€Jncoalesced shocks create extra spikes in the acoustic sig-
experiment are characterized by fairly simplevaves, and nature. These extra spikes generate relatively high-frequency
the amplitude spectra of the in-air signals have the expectegressure perturbations that are removed by the low-pass fil-
shape, with two separate corner frequencies corresponding ters, and in these cases we expect that the silNphlaves

Fidelity of sonic boom pressure measurements
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Pass 4, Mach 1.13, 2865 m (9400 ft)
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rendered by the in-air sensor do not perfectly represent théon of the surface wavefield. The suspension system de-
actual booms at the sea surface. Indeed, the SABER meaeuples the hydrophones from the jerking of the array by
surements made aboard the R/\¢WHORIzON for the low-  motions of the buoy and from strurfe.g., Sotirin and
altitude passes contain spikes embedded inNtiveave sig-  Hildebrand®) induced by current flowing past the array.
nature (although these measurements also contain spikes Inspection of the ambient noise pressure spectra in Figs.
from reflections off the ship’s superstructuré will be seen  4-9 indicates that our attempts to minimize noise levels on
in the following section that the failure to capture high- the hydrophone array using vibration isolators and shock
frequency spikes in the in-air measurement is not a signifieord (Fig. 3) were fairly successful. The pressure variance of
cant shortcoming since these features are almost immediatelge ambient field on individual hydrophone elements was
removed from the evanescent wavefield beneath the sea suypically less than 100 Ban the relevant band from 3—200
face. Hz. This corresponds to a dynamic head of less than 1 mm of
The principle concern for the underwater boom mea-water, root-mean-squafems). Ambient noise pressure vari-
surements is to keep noise levels on the individual sensors asce on the deepest phones is especially small, with typical
close to ambient as possible. Achieving low noise levels on aalues of 2—5 Pa In practical terms this resulted in excel-
hydrophone array suspended at shallow depths is difficulient signal-to-noise levels for boom measurements down to
because the hydrophones are mechanically linked to the m@bout 40-50-m depth. At this depth the amplitude of the
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boom pressure signal is equal to or less than the ambierdtgreement between data and theory
levels on the hydrophone array.

Additionally, the underwater boom signatures do not
contain any ringing as do those measured by UrimkDe-

The agreement between our data and the analytical
method of Sparrow and Fergusbhwhich is based on the

sharnais and ChapmafNor does the acoustic field contain theory Of.COOE can b.e obser.ved by comparing the solid and
gashed lines in the time series plots of Figs. 4-9. Data and

any measurable perturbation from the surface buoy. Thi )
demonstrates that by using a small diameter spar buoy astaeqry are. 'n, agfeeme”t at' all depthg and 'for all bpoms
surface mooring for the data acquisition system we avoideéj‘”th'n the I|m|tat.|ons of the signal-to-noise ratio. The signal
contaminating the boom waveform with mechanical cou-S @bove the noise to depths of 37 m for all booms, and to
pling down the suspension line. By conducting the eXperigreater depths for lower altitude flights with stronger booms.
ment in deep water, we also appear to have avoided interac- Examination of spectral attenuation provides additional
tion with the seabed. insight into the agreement between our data and linear
We conclude that the pressure measurements made ddheory. The evanescent decay of a sonic boom underivater
ing the course of this experiment provide accurate renderingscales a® ™ *0“Z, wherek, is the wavelength in air divided
of the sonic boom wavefields generated at the instrumerlty Mach numberzis depth, angu=1— M2/W?, whereM
array, especially at low frequencies. is Mach number andlV is the ratio of sound speed in air to
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Pass 6, Mach 1.26, 6100 m (20,000 ft)
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water. The correlation between this theoretical expressioihis means that, in the high-frequency approximation, ocean
and our Pass 1 measuremefdsongest boomis shown in  waves had to be 50—60° steep to generate a meaningful scat-
Fig. 10. The data follow the theoretical decay curves untiltered component and cause significant deviations from a flat
they approach the noise floor, at which point ambient noisénterface assumption. However, waves in the open ocean
overwhelms the signal. break if their steepness exceed8° (Stokes’). Indeed, ob-
The agreement between the predicted waveform and thgervations of wave steepness in the open ocean from a vari-
signal measured at the deeper hydrophones precludes the @ty of sea states give values of 0.5«Bhandekat®).
istence of a scattered component of the sonic boom signal Given the low supersonic speeds, and hence low grazing
propagating as an acoustic wave in the water with an ampliangles of the booms generated during our experiment, our
tude greater than 4 Pa peak to peak. The largest sonic boofailure to measure a significant scattered component of the
measured in air had a peak-to-peak amplitude of 800 Pdyoom signal underwater is not surprising. Indeed, we only
demonstrating that the scattered component in the water wasxpect a significant scattered component if the boom inci-
no more than 0.5% of the incident boom amplitude. dence angle is within a few degrees of 77, or just below the
In order for an airborne acoustic wave to enter the oceamangle required for acoustic transmission. If we allow for a
it must have a grazing angle of at least T#bm the hori- maximum wave steepness of 6°, then we expect a detectable
zonta). The grazing angles of booms generated during thiscattered component at incidence angles of 71°, correspond-
experiment(i.e., Mach cone angjerange from~20-30°. ing to a vehicle speed of Machk3.
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FIG. 10. Evanescent attenuation of sonic booms under-
: water. Pressure data from the top three hydrophones
E from Pass 1(Fig. 4) are compared with linear theory

: (Refs. 4 and b Mean spectral noise levels at 22-m
depth are shown for comparison. Attenuation is refer-
: enced to the spectral levels of the in-air measurement,
sl such that the noise floor would move up on this plot for

: the smaller booms of Passes 2—6.
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Thus the scattered boom signal is expected to be negligeoacoustic characteristics, than the continental slope of the
gible until vehicle speeds reach Maet8. At Mach~3 very  western coast.
rough sea states have the potential to scatter significant As discussed above, significant amounts of scattered en-
amounts of boom energy into the water column. Betweersrgy from booms are expected if vehicle speeds exceed
Mach 3 and Mach 4.4 the magnitude of the scattered signaljach 3, and if they exceed Mach 4.4 then sonic boom pen-
will increase with ve_hlcle spe_ed_and sea state._Above Mac@tration into the water is governed by standard plane wave
4.4 standard acoustic transmission theory applies. transmission theory. These high speed scenarios are associ-
ated with much more efficient boom penetration into the wa-
ter, and may generate underwater pressure levels substan-
tially larger than those measured in this experiment.

The results of this experiment demonstrate that the pengjowever, few vehicles in existence today travel faster than
etration of sonic booms into deep water from level aircraftyiach 3, and those that do tend to do so at very high altitudes
flight at velocities significantly less than 1500 niidach (e.g., space shuttle reentrie€onsequently, these types of

.4'4’ th_e speed .Of sound in watasan be accurately pre Pooms are both rare and of low amplitude. Therefore, it is
dicted with analytical theory. We found that the presence o : . .
9 Y : . . . not clear whether or not this particular scenario warrants a
a “real” surface wavefield at the air/sea interface did not .
8ncerted experimental program.

cause any observable differences between the data and tf ) . )
theory. Thus there is now uniform agreement between the Flight maneuvers have the potential to modify the pen-
original theories of Sawyetsand Coolé laboratory test&; etration of sonic booms into the ocean by changing the angle
the numerical method of Rochat and Sparf@wnd the field ~ Of incidence of the booms at the air/sea interface. In this case
results of our experiment. As a result we consider the firstmaneuvers are broadly interpreted to include any unsteady
order physics of the penetration of sonic booms across th#tight operations, including climb, descent, and acceleration.
air/sea interface to be well understood and validated. We are concerned not so much with classic focusing
There are three special cases of sonic boom penetratiastfects? but rather with phase matching of the acoustic sig-
into the ocean that were not addressed in this experimenga| at the air/sea interface. Under the proper conditions, an
penetration into shallow water, penetration from boomsobject traveling at relatively low supersonic spegds29°
propagating at speeds greater than Mad) and penetration  iye at Mach 1.5, for examplean generate a boom pressure
from booms generated during unsteady fligftaneuvers field that phase matches along the horizontal air/sea inter-

Penetration of booms into shallow water is a phenomeno ace. This is physically equivalent to the conditions resulting

that will almost certainly require experimental data owing to .
the difficulties associated with incorporating a realistic seaf-fror,n stgady flight ,at Speeds greater than Mach 4.4 as Qe-
loor into numerical computation€.In addition, a single ex- Scribed in the previous paragraph. A survey of the potential

periment may not suffice in this regard since the shallowfor routine rocket launches and aircraft operations to maneu-
water problem may be site-specific owing to the diversity ofver and generate phase-matched booms over the ocean is
seabed compositions found offshore the United Stéies  beyond the scope of this work. However, if the flight track
globally). For example, the continental margins of the east{parameters for a given mission are known, the phase velocity
ern U.S. have a different composition, and hence differenof the boom pressure field at the air/sea interface can be

Remaining issues
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Decay of large underwater bubble oscillations
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Pressure—time series from breathing-mode oscillation of la@mtimeter scale or larger
underwater bubbles reveal much higher decay rates than can be explained using viscous, thermal, or
radiative mechanisms which apply to microbubbles. It is shown that if one assumes energy transfer
to shape oscillationssurface capillary wave®f large amplitude in subharmonic resonance with the
breathing modgM. S. Longuet-Higgins, J. Acoust. Soc. Aril, 1414 (1992], then the shape
oscillations can drive fluid motions outside the bubble capable of exciting turbulent instabilities.
Application of an appropriate eddy viscosity from mixing-length theory to the viscous decay
mechanism appears to offer a credible explanation for the observed large decay rates. An analysis
is given to show that energy is transferred from the breathing mode to surface capillaries fast enough
to make the proposed decay mechanism viable.

[S0001-496600)01405-3

PACS numbers: 43.28.Py, 43.30[DXLB]

INTRODUCTION 300 m. In fact, Fig. 2 of Ref. 3 displays a lightbulb implosion
Ocean acoustic research is sometimes carried out usir&re;sur_e-time series _for a depth of 18 m which is remarkably
explosions or implosions, both of which result in a lafge mll_ar n sh_ape_ 0 .F'g‘ @ and(c). One notz_ible feature of
few to several cm radigsbubble which pulsates at a fre- the time series in Flg. 1 is the short decay time of the acous-
quency governed by depth and bubble parameters. After thtécr?c:gssure, which is on the order of the bubble oscillation

large bubble is created, the resulting pressure—time series Bt ) ,
a distant hydrophone soon settles down to an apparently lin- At depths greater than about 300 m, lightbulbs implode

ear oscillation resembling a strongly damped sinusoid. IrsPoNtaneously because of the hydrostatic pressure. For im-
fact, the damping tends to be about one factoe pér oscil- plosions at depths greater than about 300 m, glass spheres

lation cycle regardless of whether the source is an imploding@n be constructed with enough strength to withstand the
lighbulb or nearly a kilogram of TNT. We will review some Pressure until the breaking mechanism is triggered. At depths
of the data leading to this conclusion and then seek to detefiuch greater than 300 m, a different type of time series is
mine within an idealized model how the energy loss rate of found. At depths ranging between approximately 2500 and
large bubble can be so great and so nearly independent 8600 m, Orr and Schoenbeérgecorded implosion pressure—
bubble size and depth. time series consisting of one large spike with hardly any
Implosions of glass spheresor lightbulbs*® have been  oscillatory tendency. As we will show below, a decrease in
investigated with increasing interest as acoustic sources farumber of oscillations with implosion depth is consistent
probing the underwater environment, in part because of reguwith acoustic radiation as being the dominant decay mecha-
latory restrictions and dangers inherent in the use of explonism at great depth.
sives in shallow-water environments. Small implosive The literature applicable to the decay of bubble
sources may be used in the vicinity of receiving arrays withoscillations=° is primarily oriented toward smallsubcenti-
minimal concern about equipment damage. Lightbulbs promete bubbles. The gas voluméside a 100-W lightbulb is
vide an inexpensive and safe implosion device when comapproximately 150 cfhand would correspond to a sphere of
bined with a breaking mechanism to trigger the implosion. Aradius 3.3 cm at atmospheric pressure. Theoretical work for
useful discussion of several lightbulb implosion experimentghe implosion and oscillation of bubbles of this approximate
has recently been given by Heaetlal® While useful rela-  size is scarce. Perhaps the reason for this is that such large
tions exist* for predicting the peak level and breathing fre- pubbles in the ocean are rare, rise quickly to the surface, and
quency, no current theory adequately predicts the oscillatioare subject to breaking up.
decay rate for large bubbles. Although the current work began as an attempt to un-
Figure 1 gives examples of lightbulb implosion derstand the oscillation of implosion bubbles, we came to
pressure-time series taken by SACLANTCE&t depths of  realize that our results also apply to some features of bubble
36 and 91 m. Although pressure—time series from implosioryscillations produced by underwater explosidesy., SUS
experiments are subject to variability due to the nonspherictsigna| underwater soupeharged Chapmat has given a
ity of the source and interaction among water, gas, and glaggorough and useful review of the properties of bubble pulses
fragments; signatures of the type shown in Fig. 1 are quitefo|lowing SUS charge detonations. Results of that review are
typical of such implosions at depths down to approximatelyncorporated into our comparisons between theory and data
below.
dElectronic mail: medonald@saclantc.nato.int After reviewing the dominant decay mechanisftiger-
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) ) . ) ) . FIG. 2. Curves: Decay exponefit for various mechanisms as a function of
FIG. 1. Pressure—time serigRef. 4 at 1-m radius for lightbulb implosions e for oscillation of a bubble of radius 3 cm at pressure 1 atm taken to
at depths 36 and 91 m. Left panels use linear scale, while log scale foﬂepth. 7 is the bubble oscillation period=2n/w,. Dashed line: Fluid

absolute value of the pressure is shown in right panels to demonstrate "neﬁﬁrbulence decay from present model witk0.5 in Eq.(14). Data points:

decay. + from Ref. 3, Fig. 2; o Saclantcen dafef. 4).; x from ratio of second to
third bubble pulse peak pressure for SUS chafged. 10.

mal, viscous, and radiatiyenormally invoked for small
bubble oscillationgand which are inadequate to explain the ing constants are as follows:
damping of centimeter-scale bubble oscillations at depthdhermal damping /27 <10 kHz):

less than about 300 )nwe will propose a simple model B 3(y—1)( D |2
. . . . TH Y

which appears consistent with the observed decay of oscilla- —= “%a 2—) ; (2
tions in lightbulb-sized bubbles. The model invokes turbu-  “® @b
lence in the fluid just outside the bubble excited by shapdRadiative damping:
oscillations which are in subharmonic resonance with the B 1 /3 112
bubble’s breathing mode. The model yields a predicted rato —F= — Lp) : 3)
of decay time to oscillation period which is independent of wp 2C\ p
bubble radius and depth, in approximate agreement with datdiscous damping:
for depths less than about 300 m. 5

It is beyond the scope of the present paper to give an Bv:a—z- (4)

in-depth review of the often-difficult theory of fluid turbu-

lence. A few basic results from turbulence theory are, howonstants introduced if2)—(4) are the thermal diffusivity of
ever, cited from the fluid dynamics literature. It is our hopeajr p~0.2 cnf/s, the water sound speed= 1500 m/s, and
to encourage further investigation into the possible role ofhe kinematic viscosity of water=0.01 cn¥/s. The damping
turbulence in large-bubble decay by showing that a fewates per oscillation period due to thermal, viscous, and ra-
simple and fairly robust results from turbulence theory leadyjative effects for a lightbulb-sized bubbég=3 cm of gas
straightforwardly to a theoretical explanation for decay ratest pressure 1 atmosphere imploded at depth are shown in Fig.
much larger than linear theories of bubble oscillation predictp  The shape oscillation damping rate is discussed below.
Also plotted in Fig. 2 are data for bubbles created by light-
|. BUBBLE OSCILLATION DAMPING CONSTANTS bulb implosions and bubble pulsdgexcluding the initial
) o ) ) ~ shock wavg from 820-g TNT SUS chargé$.Remarkably,
When nonlinearities in bubble implosion/  explosion the decay per oscillation of the bubble created by 820-g TNT
have disappeared, breathing-mode oscillations of spheric@ys charges is nearly indistinguishable from that for light-
bubbles have time dependence expty—pBr—Bv  bulb implosion bubbles, suggesting that some sort of scale-

—iwp)t, where the breathing frequency is independent mechanism may be at work.
3yp It is clear from Fig. 2 that the sum of the theoretical
wp=a 1/ —, (1) decay rates for a nominal 3-cm radius bubble taken adiabati-
P cally to depth is far too small to explain the observed damp-

a is the equilibrium bubble radiusy is the ratio of specific ing rates, of order one-fold per oscillation period. Thus, we
heats of the ga€l.4 for ain, p is the ambient pressure, apd are motivated to consider other mechanisms that would ex-
is the fluid density. The linear nature of the oscillation is plain the observed decay rate. We first considered nonlinear-
evident after the first one or two oscillation periods in Fig. 1,ity in a purely radially oscillating bubble. The numerical in-
and persists for several oscillations thereafter. We are cortegration carried out by Prosperetti and LéZzetained
cerned with bubbles of sufficient size to be regarded as adiadominant nonlinearities for a bubble collapse from a radius 4
batic, so thatocp ™3 for a lightbulb implosion. The damp- times its pressure equilibrium radius. At the end of the first
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oscillation period, the bubble had lost approximately 74 per-  According to Longuet-Higgin$, the dominant loss
cent of its initial energy. When these numbers are interpretechechanism for shape oscillations is viscosity, resulting in a
as an underwater implosion, the effective depth is approxidecay constant

mately 2700 m, and the resultant oscillation decay turns out 2n?

to be well explained by linear acoustic radiation. This state- g =(n+2)(2n+1)v/a%= et (9)

ment is justified as follows:

For a lightbulb of internal pressure 0.8 étﬂynploding The decay per oscillation period due to shape oscillations is
at a depth of 2700 m, the linear decay in amplitudeshown with the other mechanisms in Fig. 1, and is again too
exp(—pr) due to radiatior[Eq. (3)] is approximately 0.5. small to explain the damping of order ogdold per oscilla-

Near equilibrium, a submerged bubble’s internal energy intion at these depths for centimeter scale bubbles.
creases approximately quadratically with the difference be-

tween bubble radius and its equilibrium value. Thus, &4.

would predict that each oscillation period results in a dimi-
nution of energy by a factor of approximately 0.25. The 74%/!- A MODEL INVOKING EDDY VISCOSITY
energy loss found in Ref. 11 appears mostly linear in nature

f led implosion denth of 2 ) diati We hypothesize that fluid instabilities similar to those
or a scajed implosion ept 0 700 m. .Smc.e ra |§1t|ve aNGnvolved in turbulence may be generated by the shape oscil-
nonlinear losses decrease with decreasing implosion dept

h hani d by Ref. 11 wil for th tions of large bubbles, with a result of high energy decay
tbe mecdanlsm pr(I)pOS$ yh I? ' Wlh not?)gtcz)cour;t orht &ates. The mechanism we propose is that during its oscilla-
observed energy loss for shallofless than -m depk tion, the surface of the bubble develops fingering instabilities

implosior;]s. iol i | hanism by | that manifest themselves as high-order shape oscillations.
Another possible rapid energy loss mechanism by largg,o high spatial variation of the resulting fluid velocity then

bubbles is that of shape oscillations in subharmonic resoges smaller scale instabilities reminiscent of turbulence.
nance with the breathing modd.onguet-Higgins had con- Our proposed mechanism is analogous to a multiscale

sidered 'th|s mechqmsm to explain large damping rat'es _O%stability12 proposed successfully to explain the onset of
served in subcentimeter scale bubbles. Shape oscillations, . i.scale irregularities in the earth's ionosphere

may be larger in amplitude than the breathing-mode oscilla- One of the most basic ways to model turbulent-like ef-
tions because they do not chan_ge the bubble’s volume. T_ cts in a fluid is to use an eddy viscosity from mixing
normal modes of shape oscillations are such that the radi ngth theory?

displacements of the bubble surface are spherical surface

harmonics, and are thus proportional tB,(cos6), P,(x) Ve (TN), (10

being the Legendre polynomial of ordey and ¢ the polar wherev is the velocity of a parcel of fluid relative to the

angle W.'th respect to some arbltra_ry direction. The SurfaC%tverage flow velocity in its vicinity) is the mixing length or
hgrmomcs consist of standing capillary waves on a SpherSharacteristic distance the parcel travels before dissolving
with frequency into the background fluid, and the brackétsindicate an
5 ensemble average. Eddy viscosity is one form of so-called
anz(n—l)(n+1)(n+2)lra3, () anomalous transpdftin which turbulent fluid motions lead
) ) to dissipative effects qualitatively similar to molecular dissi-
where T=73dyne/cm is the surface tension of water. Thepation (e.g., viscosity but quantitatively many orders of
sgbh_arm_omc resonance condition invoked by Longuetyyagnitude larger. In computations of ocean fluid processes,
Higgins is it is customary to employ an eddy viscosity coefficient tuned
20,= wp. (6)  to bring about the closest agreement between computed re-
sults and observations. Specific choices depend upon the
length and time scales of interest, and the degree to which

Substituting Eqgs(1) and (5) into (6) yields the resonance

condition fluid instabilities may be operable. A recent calculation of
3yp nonlinear oceanic internal wav@used a value of 10 ffs,
(n=H(n+1)(n+2)=a-,—. (7)  which is 10 times the kinematic viscosity of water.

Results developed in the theory of turbuleticare usu-
We can take the large limit in (7) as justified by substitu- ally applied to describe the time-averaged evolution of an
tion of minimal parametera=1cm, p=1 atm, yielding a unstable fluid. The averaging period is taken to be much
value of 1.43% 10" for the right-hand side, anth=24.  |onger than the time scale of the dominant flow instabilities.
Lightbulb implosions will always lead to larger values@f The presence of an oscillating flow in our case does not

andp, so the resonance condition becomes prevent us from invoking the mixing length theoretical result
3yp of Eqg. (10), since we will showa posterioriin Fig. 4 below
n3zaﬁ. (8) that for the fluid surrounding a large oscillating bubble, fluid

instability operates on a time scale much shorter than the
Even thougm is constrained to integer values, the resonancéubble oscillation period.

is a very broad one due to the rapid decay of oscillations. If large shape oscillations are occurrin@ith large
This means that it is likely for large that several harmonics meaning that maximum radial displacement is a non-
near the value given ifB) will be excited. negligible fraction of the oscillation wavelengtht is rea-
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sonable to taka in Eqg. (10) proportional to the shape oscil- that at small to moderate depths turbulence may be active in
lation wavelength, and proportional to the capillary wave damping oscillations of large bubbles, while at great depth

speed. Thus, radiative damping becomes dominant.
a
Aoc—, (11)
n Ill. ENERGY TRANSFER: RAYLEIGH-TAYLOR
INSTABILITY
and
T wph. (12) In order for the proposed mechanism to explain the rapid

_ _ _ _ damping of the breathing mode, there must be a mechanism
The proportionality constants i{10)—(12) are of order unity.  for transferring energy to shape oscillations on a time scale

Thus, we hypothesize that shorter than the oscillation period. We will present some
a2 theoretical arguments to the effect that energy is indeed

Ve~ KWy 7, (13)  transferred rapidly to capillary waves during the outward ac-
celeration phases of bubble oscillation. The mechanism is the

wherex is a dimensionless constant of order unity. Rayleigh—Taylor instability®’ familiar as the operative in-
If we adapt the decay consta(®) to include v, rather  stability mechanism when a heavy fluid overlays a lighter
than the molecular value, we find one. In such a configuration an initially plane interface be-
2, n2 tween the fluids develops ripples, and then fingers of the two
ven ) . . : .
ne= 32 =2kwy, (14)  fluids migrate into each other as the heavier fluid attempts to

sink and the lighter one attempts to rise. In the case of an
wherep,, stands for the eddy transport decay rate of surfac@scillating bubble, gravity is replaced by the outward accel-
harmonicn. The decay rate per oscillation period for this eration of the bubble wall during half the oscillation period.
hypothesized mechanism is Although this acceleration is time dependent, we will obtain
order of magnitude estimates for instability growth time us-

27 Bnel wp =24 = const (15 ing a constant root-mean-squar@chs) value for the accel-
The above mechanism witk=0.5 would then lead to ap- eration.
proximately ones-fold per oscillation, independent of bubble For capillary wavelengths much smaller than the bubble

radius and deptiias long as is large, which will apply for  radius, we may use results for a plane interface between air
centimeter scale bubbleg agreement with the time series and water withx along the interface ang normal to it. For

of Fig. 1. As shown in Fig. 2, the radiative contribution to disturbances of the form exgk—kly|+Tt), the instability

the decay increases as the square root of depth, so that gowth rate including surface tension but neglecting the den-
some large depth radiative damping would dominate and fursity of air when added to or subtracted from that of wat#t is
ther enhance the total decay rate. This seems to be consistent

: R T
with the results of Orr and Schoenbérindicating very 2=Ak— —k3, (17)
strong damping and almost no oscillation tendency at implo- p
sion depths of approximately 2500 m and greater. whereA is the acceleration of the interface taken to be posi-

If fluid instabilities are indeed operative in damping the tive in the direction of the water side of the interface. One
oscillation of large bubbles, one should consider whether thehould notice that during a contractiémegativeA) Eq. (17)
traditional criterion for turbulence is satisfied; namely thatleads to imaginary growth ratépropagating rather than
the Reynolds number for the fluid motion be large comparedrowing capillary waves Thus, the alternation of the sign of
to some value determined by the geometry of the system. In
a system with characteristic length and velocity scalesd
v, the Reynolds number isL/v, wherev is the molecular
kinematic viscosity. For shape oscillations of modethe
characteristic length scale is taken to be the average capillar
wavelengthl =2a/n, and the velocity scale is taken to be 1004

10 T

v=wpL. The Reynolds number is thus )
2 = 4

wp [ 27a =

R= | 1o x
2004 3

The dependence upon depth Rf for shape oscillations of
the nominal 3-cm bubble taken to depth is shown in Fig. 3.

R. is of order 10, certainly large enough to indicate fluid
instability. Its depth dependence may be shown f{d6) to 300
be proportional tgp~ 69" where 1/6- 1/9y=0.246. We 0.0x10°
have shown in the dotted line of Fig. 3 that a fit of the form

p~ Y4 is quite accurate for the depth dependenc&®gof

The large values oR,, for depths less than about 300 m

and its gradual decrease with depth support our hypothes

2.0x10%

FIG. 3. Reynolds numbelEq. (16)] based on capillary wavelength and
Egase speed of shape oscillations of a 3-cm bubble taken to depth. The
tted line is a fit top~ ¥,
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0 T T T T viscosity (13) is used in(9), with one free parametek
=0.5. In order to make a more rigorous argument for this
1 . mechanism, one needs to examine in detail the subharmonic
resonance as discussed by Longuet-Highas a means of
100 . transferring energy quickly from the breathing mode to the
shape oscillations. We have made a step in this direction by
showing in the analysis leading to Fig. 4 that the Rayleigh—
Taylor fingering instability has ample time to generate para-
2004 . sitic capillary waves during the first outward acceleration
following a lightbulb implosion.

Depth (m)
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This paper develops a new approach to matched-mode procéltifig) for ocean acoustic source
localization. MMP consists of decomposing far-field acoustic data measured at an array of sensors
to obtain the excitations of the propagating modes, then matching these with modeled replica
excitations computed for a grid of possible source locations. However, modal decomposition can be
ill-posed and unstable if the sensor array does not provide an adequate spatial sampling of the
acoustic field(i.e., the problem is underdetermined~or such cases, standard decomposition
methods yield minimum-norm solutions that are biased towards zero. Although these methods
provide a mathematical solutigne., a stable solution that fits the datdhey may not represent the

most physically meaningful solution. The new approach of regularized matched-mode processing
(RMMP) carries out an independent modal decomposition prior to comparison with the replica
excitations for each grid point, using the replica itself as ahpriori estimate in a regularized
inversion. For grid points at or near the source location, this should provide a more physically
meaningful decomposition; at other points, the procedure provides a stable inversion. In this paper,
RMMP is compared to standard MMP and matched-field processing for a series of realistic synthetic
test cases, including a variety of noise levels and sensor array configurations, as well as the effects
of environmental mismatch. @000 Acoustical Society of Amerid&0001-4966)0)04305-§

PACS numbers: 43.30.Bp, 43.60[BILB]

INTRODUCTION undersampled, causing spatial aliasing, and the decomposi-
. . _ tion for these modes is singular. Alternatively, if the array
The problem of localizing an acoustic source in theaperture spans too small a fraction of the water column, the
ocean has received a great deal of attention in recent yeangwer-order modes are poorly sampled, leading to an ill-
Matched-field processin@VFP) localization matches acous- conditioned inverse problem. Singular value spectra and
tic pressure fields measured at an array of sensors with mogasolution matrices computed for the modal inverse problem
eled replica fields computed for a grid of possible sourc&an provide insight into how well individual modes are re-
locations using a numerical propagation modeg., Refs.  g5vedin a particular scenartb.
1—4_1). The grid point W_it_h the highest match is taken_to bethe  Eor a transient source at very long range in deep water,
estimated source position. Matched-mode proces$dP)  eaney and Kuperm&hdeveloped a time-windowed mode
consists of first decomposing the measured fields to obtaiger that oyercame the underdeterminacy of modal decom-
the excitations or amplitudes of the const!tuent propagatlnga)osi,[ion by windowing the data in the time domain in such a
mo_des(e.g., Refs. 4_1)5 the source Iocatlgn can.then be way that only a well-determined subset of the modes was
estimated by matching these excitations with a grid of mod-present in each time window. However, this paper will con-
eled replica excitations. . . B ' .
. . sider methods of directly solving an underdetermined modal
A potential advantage of MMP is that subsets of theinverse problem Y g
complete mode set can be considered to address problems Inversion methods typically applied to underdetermined

such as environmental mismatthFor example, in cases o ; : :
where seabed geoacoustic properties are poorly known, thr%odal Qeco.mposmonSewewe‘d.m Sec.)larg b asedexplic-
matching can be applied only to low-order modes that inter-!:[y or |m”pI|C|tIy_) on. determining 'the minimum-norm or
act minimally with the bottom. MFP methods, which con- smallest” solution, i.e., the soluthns are blased_toward
zero. Although these methods provide a mathematical solu-

sider the total field, cannot be adapted in this manner. , ; X
A potential disadvantage of MMP involves the modal tion (a stable solution that fits the datéhey may not repre-

decomposition itself, which represents a linear inverse probSent the most physically meaningful solution. This paper de-
lem that can be ill-posed and unstaléall errors on the velops and tests a new approach, referred to_ as reg_ulanzed
data lead to large errors on the solutiom particular, MMP ~ Matched-mode processin@MMP), which applies particu-
can give poor results when the sensor array provides an if@rly to underdetermined problems. RMMP carries out an
adequate spatial sampling of the acoustic field leading to afdependent modal decomposition prior to comparison with
underdetermined inverse problem. If the array contains fewelne replica excitations for each grid point, using the replica
sensors than modes, the highest-order mode functions afigelf as thea priori estimate in a general regularized formu-
lation of the inverse probledf° This should provide a
dCurrent address: Defense Research Establishment Atlantic, 9 Grove Str?r,]ore meaningful modal dec_omposmon for_grld points at or
PO Box 1012, Dartmouth, NS B2Y 327, Canada. near the actual source location; at other points, the procedure
PElectronic mail: sdosso@uvic.ca provides a stable inversion, although it may not be particu-
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larly physical. At every point of the search grid, RMMP (T denotes transposeNote thatx contains all the informa-
produces the optimal match possible between the decontion regarding source location. In practical cases, the acoustic
posed and replica modal excitations, subject to fitting thesignals is contaminated with noise, so(3) becomes
acoustic data. The conjecture examined here is that the opti- AX— St = @
mal match generally favors the actual source position over =P

other points of the search grid. In this paper, RMMP sourcevherep is the vector of measured acoustic pressisinal
localization is illustrated and compared to standard MMPplus nois¢

and MFP for a series of synthetic shallow-water test cases T

involving a variety of sensor array configuratiofiscluding P=LP(21),...p(zn)] - ®)
undersampled and short-aperture aryagad several signal- Modal decompositionalso referred to as mode filtering
to-noise levels. In addition, the ability to adapt RMMP to consists of solving7) for an estimateéx of the true mode
environmental mismatch is illustrated for a case where seaxcitations x, which represents a discrete, linear inverse
bed geoacoustic properties are poorly known. problem.

The remainder of this paper is organized as follows.  According to(2), if the mode functionsp,(z) are ad-
Section | A reviews applications of linear inverse theory toequately sampled over their entire extdne., to a depth
modal decomposition. Section 1B develops the new apwhere they have decayed to essentially yemd density is
proach of RMMP. Section Il A compares source localizationclose to unity, the matri will be approximately orthogonal
results for RMMP, MMP, and MFP for a known ocean en- (Hermitian, i.e.,
vironment, while Sec. 11B considers the three localization

methods in the presence of environmental mismatch. Finally, ATA~I, ©
Sec. Il summarizes the paper. wherel is the identity matrix and denotes conjugate trans-

pose. The simplest approach to modal decomposition is
I. THEORY based on modal orthogonality and appl#&’ as a general-

ized inverse, known as the sampled mode-sha|dS)

A. Modal decomposition . .
posi mode filter, to(7) to obtair?’®

In the far field, the normal-mode model for the acoustic

- X=A'p. (10)
pressure signad at depthz due to a source at rangeand
depthzs can be writtef’ Buck et al}* note that the SMS generalized inverse is opti-
M ikt mal for detecting a single mode in spatially white noise, but
s(z)=b 2 dm(2) F(26) —, (1) is nonoptimal for more than one mode when the spatial sam-
m=1 M pling does not preserve mode orthogonality. They suggest

normalizing AT by applying a weighting matrixV so that

where ¢,, and Kk, represents thenth mode function and ¢ A X
the diagonal elements &¥A'A are unity, where

wave number, respectivel¥ is the total number of propa-
gating modes, anti=e'"*\27/p(z5) wherep is density(* w=diad | ¢4 2. | dull 21, (11)
represents complex conjugatjoriThe mode functions are o o 5 ) .
eigenfunction solutions of the depth-separated wave equ&nd l#5l*= S5l #i(2)|*/p(z2)dz. Unfortunately, in practical

tion, and form an orthonormal set according’to cases, an adequate sampling of the modes to ensure orthogo-
. nality is often not possible, particularly in cases of an acous-
o 0 if m#n, i ;
b2 b% (2] p(2)d 2= - @) fucally penetrable seabed where the mogle functions extend
0 1 if m=n. into the bottom. In these cases, the SMS inverse can perform
poorly.

If the signal is recorded at a vertical line arr@yLA) of N

) . i i To consider the modal inverse problei in more de-
sensors(1) can be written as a linear matrix equation

tail, assume that the noisg on measuremeng; is due to an
Ax=s, (3)  independent, Gaussian-distributed random process with zero
mean and standard deviatiow;. The least-squares
(maximum-likelihood solution is determined by minimizing
s=[s(2y),....5(zn)]1", (4)  the x? misfit'®~19

A is an NXM matrix with columns consisting of the X2=|G(AX—p)|?=(AX—p)'GTG(AX—p), (12
sampled mode functions

wheres is the signal vector

where the matrixG=diad1/o4,...,1loy] weights the data

$1(z1) - du(za) equations according to their uncertaintiéfer correlated
A= : : , (5) noise,G'G is replaced by the inverse of the data covariance
matrix). Settingdy?/dX=0 for a minimum yields the solu-
d1(zn) 0 dmzn) tion
andx is a vector of the mode excitations or amplitudes atthe  _ 4 4 i pt~t
receivers X=[A'"G'GA] “A'G'Gp. (13
) ) T Note that if A is orthogonal and all data have the same un-
x=b| ¢1(zy) M,---@M Z M (6) certainty G= o), the least-squares solutidh3) reduces to
\/k_lr VKmr the SMS solution10). The least-squares approach provides
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an unbiased estimate of the true solutios., the solution to  divide naturally into groups, deciding which ones to omit is
the noise-free problepprovided the matrix in square brack- more difficult. An objective approach, applied in geophysical
ets is nonsingular. In addition to the possibility of singular-inverse theory, is to require that the data be fit to a statisti-
ity, the matrix can be ill-conditioned, leading to an unstablecally appropriate level, for example, to omit smaj}, until
inversion. In modal decomposition, singularity and ill- the y? misfit is approximately equal to its expected value,
conditioning are a common result of an inadequate senscx2~<xz>.2122 For N real data with Gaussian errofg?)
array. If the array contains fewer sensors than modes, the N; for N complex data with errors on real and imaginary
higher-order mode functions will be spatially aliased, and theparts{xy?)=2N (assumed in this paperNote that the for-
modal decomposition is singular; if the array spans too smalimulation in(16) applies to both over- and underdetermined
a fraction of the water column, the lower-order modes willinversions, although fo@ <M, the solution is not unbiased.
be poorly sampled, leading to an ill-conditioned inverseRemoving singular values stabilizes the inversion by implic-

problem(illustrated in Sec. . itly determining the “smallest” solution in the sense tHal

A common approach for solving ill-posed inversions isis biased to be as close to zero as possible.
based on singular-value decompositi®VD).'® The SVD Another approach to ill-posed inversions is zeroth-order
of GA is given by or smallest regularization, which is based on minimizing an

objective function¥ that combines a term representing the
data mismatch and a term representing the magnitude of the

whereU andV areNx M andM X M matrices, respectively, Solution'®

whose c_olumns are _orthoqormal eigenvectors, Ang an . W =|G(AX— p)|2+ 6|H|2. (17)

M X M diagonal matrix of singular values ordered according

to decreasing magnitude. Usirig4) in (13), the SVD solu- In (17), H represents an arbitrary weighting, known as the
tion to the linear inverse prob|em is given by regularization matl’iX, and is a tradeoff parameter that con-
trols the relative importance of the two terms in the minimi-
zation. MinimizingW with respect t& leads to

X=[A'G'GA+ 9HTH] ATG'Gp. (18)

where thev,, anduy, represent thenth columns ofV andU,  For the simple case of an identity weightirtg=1, (18) can
respectively. Equatio(il5) is not defined if one or mork,,  be expressed as

are zero, which corresponds to a singular matrix1ig). An
ill-conditioned matrix is characterized by one or moxg
being very small. Equatiofil5) indicates that smalk,, can
cause the errors on the datato have a greatly magnified
effect on the solutiorX (i.e., small\,, cause instability

Yand® and Voronovichet al? applied SVD to modal de- : . :
composition, but decomposed'G'GA instead of GA. Am (rather than large and a stable inversion is achieved.

However. the SVD of3A is recommended. because its sin-The tradeoff parametet can be set so as to just stabilize the
gular values are the square roots of the singular values dfYersion; alternativelyg can be set to achieve the expected

2 i : 3
ATG'GA, which are more numerically stable for small sin- X~ Misfit to the data(see the Appendix Timonov> and

gular values? To stabilize singular or ill-posed inversions, BUCK €t al** considered a smallest regularizlczed inversion us-
T |** considered

the reciprocals of zero or small singular valueif) can be N9 the identity weighting. Voronovictet a

set to zero, thereby removing their effect on the inversion. W0 forms of smallest regl_Jllanzatlon, one wih=1, and the
M —Q small singular values are omitted,5) becomes other withH = diad(| ¢1(z)| ~"....|u(z)| "] so as to concen-
trate the minimization on the mode amplitudes whose exci-

3 Q . tations at the source are small.
X= m§=:l VUnGp/A, Q=M. (16) In the case where there are fewer sensors than modes,
the modal decomposition is underdetermined, wWiih- N

How small\,, needs to be in order to be omitted from the zero singular values indicating spatially aliased modes. The
inversion can be somewhat arbitrary. Omitting singular val-singularity can be overcome using SVD or smallest regular-
ues generally decreases the solution variance at the experigation, as above. However, Yaht} suggested that an alter-
of a decrease in parameter resolution. Some care is requiretative approach is to omit the aliased high-order modes from
to obtain an optimal tradeoff between solution accuracy andhe formulation(effectively, setM =N) and then invert the
resolution. In an Arctic application of MMP, YaRqoted resulting square mode matrix. This method only inverts the
that the singular values divided naturally into two groups,properly sampled low-order modes and removes the singu-
with the singular values in one group being several orders ofarity. However, omitting the aliased modes from the inver-
magnitude larger than those in the other. He proposed thaion effectively delegates them to be part of the noise,
the large singular values correspond to eigenvectors thahereby reducing the signal-to-noise rat®NR) by an un-
span the mode ‘“signal space” while the eigenvectors assoknown amount.
ciated with the small singular values span the mode “noise  Finally, a useful measure of how well individual mode
space,” providing a physical basis for neglecting the smallexcitations can be resolved for a particular scenario is given
singular values. However, when the singular values do noby the resolution matriX associated with the linear inverse

GA=UAVT, (14)

M
X=VA U'Gp= > v, ul Gp/\p, (15)
m=1

M
X= 2, VUl GpAp/(N2+6). (19)
m=1

The factor\,/(\2+ 6) in (19) replaces I, in (15). For an
appropriate choice of in (19), this factor is small for small
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problem(7). Let A~9 represent the generalized inverse assoan a priori estimate and minimizingH(X—X)| should pro-
ciated with any of the inversion methods outlined in thisvide a more meaningful solution to the modal decomposition
section. Noting thatp)=s=A(X) from (7), it follows that  inverse problem than minimizin&| or |HX| (as per SVD or
for the noise-free case=A"9s=A"9A(X), or smallest-regularized inversions, respectiyeRor grid points
- - away from the source location, this procedure still provides a
X=R(x), (20 stable inversion, although the regularization may not be par-
whereR=A"9A is defined to be the resolution matrix. If ticularly physical. The regularization matrkt can be taken
R=1, then each parameter of the solution is perfectly reto be the identity matrix, oH can represent a weighting
solved. However, ifR has significant nonzero off-diagonal designed to concentrate the regularization on specific modes
terms, the parameters ®frepresent weighted averages of the (considered in Sec. )ll At every point of the search grid,
expected parameters, and cannot be individually resolved®®MMP produces the maximum match possildeibject to
Resolution matrices for several different VLA configurationsfitting the acoustic dajabetween the replica and the con-

are illustrated in Sec. Il. structed modal excitations. The conjecture examined in this
paper is that the procedure of maximizing all matches gen-
B. Regularized matched-mode processing erally favors the source position over other points of the

Th . tion d ibed SVD and llest search grid. Since RMMP requires an independent modal
lari t'e prevlﬁuz sechl_oE (lalscn € dal d an smi. estregui'nversion prior to matching excitations at each grid point, it
arization methods which aflow modai decomposition 10 be;q important that these inversions be carried out in an effi-

applied to ill-posed inversions resulting from inadequate SeNziant manner, as described in the Appendix.

sor arrays. However, both approaches yield the smallest so- The use of a nontriviah priori estimatex in regularized

Lﬁtlon (m'?k"m(l;m |X|)| fortq g.|v|en' Ie.vel t(')f mt'Sf't]; n essendcel, inversion requires a consideration of the treatment of magni-
€se methods apply a trivialpriori estimate ol zero moaal y,4e g phase information. Matched-field and standard

excitations to the dgcompos_mon. Although these me_thm?natched-mode approaches to source localization are based
produce a mathematl_cal solut|on_, they do not necessanly "B matching the relative magnitude and phase between the
resent the most physically meaningful solution, as there is NQensors of an array, since the absolute magnitude and phase

phyical reason to tlnastowar(:]stzerd. arized i _ of the source are typically unknown. This is commonly done
more general approach to regularized inversion apjin- e Bartlettineay processor

plies a nontriviala priori estimateX by minimizing an ob-
jective function? that combines the data mismatch and a
regularizing term incorporating the prior estimate?®

¥ =|G(AX—p)|?+ 0|H(X—X)|2. (22)
In (21), H again represents an arbitrary weighting matrix, Whered represents either the measured field or its constituent
and @ is a tradeoff parameter that controls the relative impor-mode excitations, and(r,z) represents either the replica
tance of the data misfit aral priori estimate in the minimi-  fields or replica excitations for matched-field and matched-
zation. Minimizing'¥ with respect td& leads to mode methods, respectively. The Bartlett processor is based

- . ot tir—Latt ~ on the projection of the modeled replicas onto the measured

X=X+[A'G'GA+OHH] "A'G'G(p—AX). (22) " gata(or its modal componentsand as such, depends only
An objective choice fol is the value that produces)& data  ©n the relative magnitude and phase from sensor to sensor
misfit equal to the expected value, effectively applyingahe over the array. However, for a nonzexpthe regularization
priori information subject to achieving a statistically mean-objective function(21), which is based orl, difference
ingful fit to the data. The methodology of efficiently deter- norms, is potentially dependent on absolute magnitude and
mining 6 is given in the Appendix. phase. Thus, the prior estimate must be normaliaedoth

In applying regularized inversion to modal decomposi-magnitude and phaséo remove this dependence. An appro-
tion, the obvious question is how to obtain a meaningful Priate normalization can be derived as follows.
priori estimateX. The idea underlying the new approach of By considering21), itis apparent that for the dapaand
RMMP developed here is to make use of the modeled replicie a priori estimateX to be consistentp and p=AX must
mode excitations that are calculated for the MMP searcthave the same magnitude and phase.practical applica-
grid. In MMP source localization, the replica excitations for tions, the data and prior estimate will generally not be com-
each point of the search grid are computed via a normalPletely consistent; nonetheless, normalizations based on this
mode forward model, which provides a unique, stable, noisegoal remove the arbitrary nature of the magnitude and phase
free solution. Thus, if the source is actually located at a parof p andX.) For the following discussion, l&t' represent the
ticular grid point, the replica excitations computed for thatprior estimate(computed using a normal mode modbe-
point provide an ideah priori estimate for the modal decom- fore normalization, andk represent the normalized value
position. This observation provides the basis for RMMP: anused in(21) and(22). An appropriate magnitude normaliza-
independent regularized inversion of the measured acoustlon is to scal&’ so thatAX” =p’ has the same magnitude as
fields for the mode excitations is carried out prior to match-p. The required phase normalization can be accomplished by
ing with the replica excitations for each grid point, using therotatingX’ so that the phases @f and p are as similar as
replica itself as the prior estimage For grid points at or near Possible. Let the phases of tiith element ofp andAX’ be
the actual source location, using the corresponding replica agiven by ¢; and fp,— , respectively. The rotatio@ that mini-

ldTq(r,z)|?

= [dPlatro)? @3
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mizes the squared phase difference across the akray (@) VLA Configuration Types

=M (4~ i~ B)?, found by setting’A/95=0, is given !
by f=40Hz ® ®
N S ? e
1 A _ ®
B= N 2 ((//] — d/]) (29 300 m water (r.2) = (6 km, 100 m) [ ] ®
=1 ! ¢ swR-tsam
[ ] =
(note that this phase rotation simply corresponds to the av- :: g - 333
erage phase difference over the ajrahhus, the normaliza- ¢ °
tion
ol 5£‘msediment p=16gem® c,=1650m/s
. Pl s @=03dB/A  c,=300mis
— Bor s
X=—=7€'PX 2
|AX!| e ( 5) W ...........................
produces the priori estimateX that is as consistent as pos- T p=21glm’ Ce=2000m/s [mismatch: ¢, = 2300 mis
sible (in magnitude and phaswith the acoustic datp. This ~ Pasement @=05dB/A  c,=800m/s
has the effect of removing absolute magnitude and phase
information from the inversion, while retaining relative ®
(sensor-to-sensprinformation. The phase rotation derived °
here minimizes the phase difference over all sensors in the 5ol ]
array, and should be less sensitive to noise than basing th
rotation on any single sensor, as is commonly done. An al- ‘00l ]
ternative normalization can be derived by seeking the com- .
plex scalarr that minimizes| 7p’ — p|?, which has the solu- %
tion 7=p'Tp/|p’'|%;, however, this procedure allows g 180r E
undesirable cases such f&s 0 and is not followed here. e |
200} | :
Il. EXAMPLES 250 1
A. Localization in a known environment aool . \ L .
For the purposes of this paper, the ultimate test for a 1475 1483%und ;ﬁiﬁd (m/g)tgo 1498

new approach to modal decomposition, such as RMMP, is

how well it performs in source localization. This and the FIG- 1. (a) Schematic diagram Qf tht_e shallow-water environ_ment assumed
following section compare RMMP, MIMP, and MFP local- [\ e ceseparameters defhecin e inhe minatch in baseme
ization results for a series of realistic synthetic test casesie for test cases.

The MMP algorithm is based on a smallest-regularized

modal decomposition that achieves the expeg@dmisfit . 26 .

and omits aliased modéas described in Sec. IDAsince a 0N model SAFARI,™ and subsequently adding random
previous study of the various MMP techniques indicated thidGaussiannoise to a designated SNR. The replica acoustic
approach yielded the best results on similar test cisés. fields (for MFP) and replica mode excitatiorieor MMP and
The RMMP algorithm implements the theory developed inRMM';) were computed using the normal-mode model
Sec. 1B and the Appendix, retaining aliased modes. In thi®RCA™" In this section, cases are considered in which the
section, an identity regularization matrix is applied for both"ePlicas were computed with exact knowledge of the envi-
MMP and RMMP. For all three methods, the match betweeffonmental parameters. Section |1 B considers the case of lo-
data (acoustic fields or modal excitationand replicas is cahzangn with environmental mismatch in the basement
quantified using the Bartlett procesg@g). properties. o .

The test cases are based on the shallow-water environ- N compiling the source localization results, three differ-
ment illustrated in Fig. 1. The environment consists of aNt SNRs 0f 15,5, and 0 dB were considered, wheréfibe
300-m water column with a typical Northeast Pacific conti-S€NSOF SNR is defined
nental shelf sound-speed profileoverlying a 50-m-thick
sediment layer and semi-infinite basement. The sediment SNR=10logd|s|*/|n|?] (26)
layer has a compressional speed @f=1650m/s, shear
speed oft,=300m/s, density op=1.6 g/cnt, and compres- (note that no averaging of the acoustic fields was applied
sional and shear attenuationsa® 0.3 dB/\ (wherel is the  Source localization results were also compiled for a number
acoustic wavelengih The basement has,=2000m/s,c;  of different VLA configurations that sample the 12 modes in
=800m/s, p=2.1g/cni, and «=0.5dBA. This environ- various ways:(i) well-sampled, with 12 sensors equally
ment supports 12 propagating modes at a source frequenspaced over the entire water colunfin) undersampled, with
of 40 Hz, as shown in Fig. 2. Synthetic acoustic data were&—11 sensors equally spaced over the water column(iand
computed for this environment for a source at,zj short-aperture, with 12 sensors spanning the top 0.5-0.9 of
=(6 km,100 m) using the wave-number integration propagathe water column.
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FIG. 2. Mode functions for the true environmeisblid lineg, and for the

mismatched environmenotted line$. Dashed lines denote the water— FIG. 3. Singular-value specti@ormalized by the largest value;) of the

sediment and sediment—basement interfaces. mode matrix for VLAs consisting of 12—6 sensors(a)—(g), respectively.
Note the discontinuity on the vertical axes.

Before examining the localization results, it is interest- S o )
ing to consider the singular-value spectra and modal resol€sulting in complete ambiguity between the corresponding
tion for the various array configurations. Singular-valuemOde excitations. Figure(® shows the resolution matrix for

spectra of the mode matrices are shown in Fig. 3 for thét VLA spanning the top 0.7 of the water column. In compar-
well-sampled and undersampled cases. For the well-sampld@d Fig. Sc) and (a), it is apparent that the short aperture
case, Fig. @) shows that all singular values are within one array leads to a general decrease in resolution, particularly of
order of magnitude, indicating that sufficient linearly inde-
pendent information is available for all modes, and hence the
modal inversion is well-conditioned and stable. Figufe)3 B IR .
(g) show that each time the number of sensors is reduced b - "
one, a zero singular value occurs, indicating aliased mode:>
and a singular modal inverse problem. Figure 4 shows sin-

gular value spectra for the short-aperture cases. In this cast @ 5/(d)

no zero singular values occur. However, as the aperture o 01 100

the array is reduced, the number of small singular values ™[~ 7 7T o
increases and the magnitude of the small singular values de - 15 e, :
creases, indicating correspondingly less linearly independen > 1°_6 .
information and an ill-conditioned modal inversion. Figure 5 oc.010 10_8

shows modal resolution matrices for selected cases, com ®) ‘f’w ©

puted for the smallest regularized solution at SNF5 dB, °'°°; 10 .

retaining all modes in each case. Figuke)5hows that the 10?1 R ] ‘02‘ T

well-sampled case provides excellent resolution of the exci- - ! 10

tations of the lower-order modes, although the higher-order > ‘°: N e .
mode excitations are somewhat less well resolved, due to th ‘0_4 1076
penetration of the corresponding mode functions into the '° .

. - . 1051 108l .
seabed(Fig. 2. It is interesting to note that mode 10, the

. . 1234567 89101112 12(_345678910‘1112
most poorly resolved mode in Fig(&, also has the largest Singular Value Index, j Singular Value Index, |

amplltqde n th? sub-bottom in Fig. 2. FIgWéb}SShOW; the FIG. 4. Singular-value specti@ormalized by the largest value) of the
resolution 'matrlx for the Under'sampled case with eight S€Nmode matrix for VLAs spanning 1.0-0.5 of the water column are shown in
sors. In this case, the seven highest-order modes are aliasesl-(f), respectively.
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FIG. 5. Resolution matriceghormalized by largest elemenfor smallest-
regularized solution anth) well-sampled caseb) undersampled case with

eight-sensor VLA, andc) short-aperture case with VLA spanning 0.7 of the

water column.

the lower-order mode excitations, although the resolution
matrix is still diagonally dominant.

An example of source localization for this test case is
given in Fig. 6, which shows ambiguity surfaces for RMMP,
MMP, and MFP for the well-sampled cadeg. 6(a)—(c)] for
an undersampled case with eight sen$big. 6(d)—(e)], and
for a short-aperture case with a VLA spanning the top 0.7 of
the water column[Fig. 6(f)—(g)]. In each case, the
SNR=5dB. The search grid employed extended from 0-12
km in range with a range increment of 100 m, and from
0-300 m in depth with a depth increment of 10(he., a
total of 3600 grid points The estimated source location cor-
responds to the grid point at which the Bartlett match was a
maximum. For the well-sampled cases, all three methods un-
ambiguously localize the source at the correct positiof6of
km, 100 m. For the undersampled cases, the highest match
occurs at a strong sidelobe at approximat@ly km, 225 m
for all three methods. For the short-aperture case, a more
complicated sidelobe pattern is evident, and RMMP and
MFP localize the source correctly, while MMP does not. It is
interesting to note that for all methods, the sidelobe structure
of the ambiguity surfaces is similar; however, RMMP ob-
tains higher matches at all positions as it represents an opti-
mization process.

The localization results in Fig. 6 are for a single realiza-
tion of random noise on the data. To obtain meaningful gen-
eral comparisons between the three localization algorithms,
100 independent acoustic data getsere computed by add-
ing 100 different random noise realizationgo the acoustic
signal s for a source located atr (z) =(6 km,100m). The
relative performance of the three localization algorithms is
quantified by the estimated probability of correct localization
P, taken to be the fraction of time$or the 100 noisy data
setg that the estimated source location is within a suitably
small region about the true source location, defined here by
+200 m in range and=10 m in depth(Tabrikianet al?® and

dB
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tion; however, with a 6-sensor VLA, MMP has a substan-
tially lower probability than RMMP and MFP. Figure(ty
shows that at SNR5 dB, all methods localize quite well for
eight or more sensors. For 6—11 sensors, RMMP has consis-

tently higherP values than the other two methods, with sub-
stantial improvements fox8 sensors. Figure(@ shows that
for the undersampled cases at SN®RJB, RMMP consis-
tently localizes at a higher level than MFP and MMP. For
array apertures of 0.9—-1.0 of the water column, Fig)-#(f)
shows that all methods have similar probabilities of localiza-
tion. Figure Te) shows that at SNR5dB, MFP produces
slightly better overall localization results than RMMP, while
at SNR=0dB [Fig. 7(f)] RMMP produces slightly better re-
sults than MFP. For apertures of 0.5-0.8, MMP performs
very poorly at all SNRs for the short-aperture test cases.
The probability of correct localization results shown in
Fig. 7 compares the relative success of RMMP, MMP, and
o - - 1 3 MFP for 100 noisy data sets and a number of VLA configu-
rations. Another way to illustrate the performance of the
various methods for selected cases is using probability am-
biguity surfacegPAS), which show the estimated source po-
sitions for each of the 100 localizations. Figuré)8(c)
show PAS for a six-sensor VLA for RMMP, MMP, and
) MFP, respectively, at SNR5dB. These figures show that
L ‘(C)r . RMMP has the highest probability of correct localizat(es
6 7Nur§ber(§>fsalgorsn 12 5 6 Arré;Ape.gure 9 1 in Fig. 7(b)], gnd that in each case, the majority pf the.incor—
rect localizations for all methods concentrates in similar re-
FIG. 7. Estimated probability of correct localizati®nwith known environ- gions which correspond to sidelobes of the individual ambi-
mental parameters for MFRriangles, MMP (open circles and RMMP  guity surfaces shown in Fig. 6. Figuréd®—(f) show PAS for
(filled circles. (a)—(p) give result_s for undersampled cases at SNRs of 15, 5,5 0.6-aperture VLA for the three methods. It is interesting to
and 0 dB, respectively(d)—(f) give results for short-aperture cases at the . .
same SNRs. Error bars denote 90% confidence intervals. note that the poor performance of MMP for this case is due
almost entirely to incorrect localizations at a single strong

0.8¢

0.6f
<o
0.4

0.2

0.0

Michalopoulo®® used similar criterin Note that since Sidelobe.

RMMP produces the optimal matctwith respect to the B. Localization with environmental mismatch

noise at each grid point, it is possible for one or more per- hi int it has b d that th i ¢
fect matches to occur in an ambiguity surface. In cases where 1° this point, it has been assumed that the properties o
more than one perfect match occurs, the localization is adl'® 0cean environment are known perfectly for all localiza-
signed a fractional value depending on how many of thé!on _exa_mples. Of course, this is never the case in pr_actlcal
perfect matches are located within the acceptable regiofPPlications. In particular, seabed geoacoustic propeees
(e.g., two-thirds when two of three perfect matches ardPecially basement parameteese difficult and expensive to
within += 200-m range~10-m depth of the true locatipn measure, and are often only approximately known. Errors in
Ninety-percent confidence intervals for the probability ofthe environmental parameters, referred to as environmental

correct localization are computed usifig mismatch, affect both matched-field and matched-mode
. _ _ methods. In MFP, the modeled replica fields are not exactly
P+1.645/P(1-P)/n, (27) correct. In matched-mode methods, both the modal decom-
wheren= 100 for the 100 noise realizations. position and the replica modal excitations are inexact. How-

Figure 7 shows the probability of correct localization ever, in some cases, matched-mode methods can be adapted
results for RMMP, MMP, and MFP obtained for the known to environmental mismatch by omitting the modes that are
environment, with error bars denoting 90% confidence lim-most strongly affected by the mismatch. MFP, which consid-
its. Figure Ta)—(c) showsP for the well-sampled case and ers the total field, cannot be adapted in this way.
undersampled cases consisting of 6-11 sensors for SNRs of The synthetic acoustic data considered in this section
15, 5, and 0 dB. Figure (@—(e) showsP for the well- Were created using the ocean environment in shown in Fig.
sampled case and for short-array cases consisting of 0.5—-019 however, all replicas are computed for an environment
of the water column for the same SNRs. In all cases, théhat included a mismatch in the basement compressional
probabilities of correct localization decrease with SNR. Fig-speed of 300 m/§i.e., using 2300 m/s instead of 2000 m/s
ure 7A@ shows that at SNR15dB with 7—12 sensors, all An acoustic source in this mismatched environment produces
methods yield a high probability of correct source localiza-14 (rather than 12propagating modes, shown in Fig. 2; in
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FIG. 8. PAS for a six-sensor VLA at SNR5 dB with
known environmental parameters usi@ RMMP, (b)
MMP, and (c) MFP, corresponding results for a 0.6-
aperture VLA are shown iid)—(f). Color levels indi-

cate the estimated probability of correct localization for

each grid point, with black boxes delineating the area
deemed a correct localization.
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addition, the high-order modes which penetrate significantly
into the basement are noticeably altered compared to the
modes for the known environment.

As in the previous section, localization results for
RMMP, MMP, and MFP are considered for three SNRs and**
for well-sampled, undersampled, and short-aperture case:
Figure 9 shows the probabilities of correct localization for
these cases. In this figure, higher-order modes were not omit
ted from the Bartlett processor to ameliorate environmental
mismatch; however, as before, MMP omitted aliased higher-
order modes for the undersampled cases. Both MMP anc
RMMP use an identity regularization matrix. In comparing
Fig. 9 with Fig. 7(no mismatch it is clear that the probabil-
ity of correct localization decreases with environmental mis- “*
match, in some cases by a substantial amount. Also, althoug
the results of RMMP were generally superior to the MFP
results in Fig. 7, the RMMP and MFP results are much more
comparable in Fig. 9.

As previously mentioned, a potential advantage of the
modal processors is the ability to concentrate on subsets ¢
the complete mode set. In particular, if environmental mis-
match of the geoacoustic parameters is suspected, it ma
make sense to omit the higher-order modes which interac™®
most strongly with the seabed. Figure 10 shows localization
results obtained by including only the eight lower-order
modes in the Bartlett processor for RMMP and MNtRe
MFP results in Fig. 10 are identical to those in Fig. B
Fig. 10, RMMP employed a diagonal regularization matrix
with a value of 1.0 on the main diagonal for the first eightFiG.

1.0

©]

10 11 12

9

8
Number of Sensors

5 6 7

Array

- .8
Aperture

9. Estimated probability of correct localizatiéhwith environmental

modes and 0.5 for the remaining higher-order modes to efnismatch(higher-order modes retainetor MFP (triangles, MMP (open

fectively concentrate the regularization on the modes that ar

g’rcleé, and RMMP (filled circles. (a)—(c) give results for undersampled
cases at SNRs of 15, 5, and 0 dB, respectivéth:-(f) give results for

retained. MMP used an identity regularization matriX. A short-aperture cases at the same SNRs. Error bars denote 90% confidence

comparison of Fig. 10 with Fig. @all modes includedindi-
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cates a significant improvement in RMMP localization when
using only the well-determined modes. The difference is
smaller for MMP (for the undersampled cases, this is likely
due to the fact that aliased higher-order modes are omitted in
both Fig. 9 and Fig. 10 For the undersampled cases at
SNR=15dB [Fig. 10a)], all methods work well, with the
exception of MMP for a six-sensor array. For the short-
aperture cases at the same SNR, good results are obtained for
MFP for apertures>0.6, while the RMMP results are uni-
formly excellent at all apertures. For both undersampled and
short-aperture cases at SNB and 0 dB[Fig. 10b)—(c)
(e)—(f)] RMMP consistently achieves a significantly higher
probability of correct localization than MFP or MMP. The
advantage obtained using RMMP compared to the other lo-
calization methods is substantially greater for the mis-
matched environmertbmitting higher-order modégshan for

the exact environmenfretaining all modes For instance,
the localization results for the known environment in Fig.
o — 9 7(e) show that for a 0.6-aperture VLA with SNFS dB,
RMMP and MFP have probabilities of correct localization of

o8 P=0.65 andP=0.71, respectively. However, for the same

061 case in the mismatched environment, the localization results
@ oal in Fig. 10e) areP=0.65 andP=0.33 for RMMP and MFP,

’ respectively. Figure 11 shows PASs for the six-sensor and

0.2t 1 0.6-aperture cases for RMMP, MMP, and MFP. The major

00 (c) ] difference between this figure and the PASs obtained for the

e 7 8 9 10 11 12 5 6 7 8 o 1 exact environmentFig. 8) is the degradation in the MFP
Number of Sensors Array Aperture results.

FIG. 10. Estimated probability of correct localizatiBrwith environmental
mismatch(higher-order modes omittedor MFP (triangles, MMP (open
circles, and RMMP (filled circles. (a)—(c) give results for undersampled
cases at SNRs of 15, 5, and 0 dB, respectivél):-(f) give results for
short-aperture cases at the same SNRs. Error bars denote 90% confidence

. SUMMARY AND DISCUSSION

This paper developed and tested a new approach to

intervals. modal decomposition and matched-mode processing for
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source localization, with particular application to underdeterthe expectegy? misfit. Determining the appropriate value of
mined problems. Regularized matched-mode processing caé-can be the most time-consuming aspect of the inversion,
ries out an independent inversion of the measured acoustand in RMMP, a new value o must be determined for
fields for the constituent modal excitations prior to compari-every grid point. Hence, it is important to devise as efficient
son with the replica excitations at each point of a search grida scheme as possible. The following approach was developed
using the replica itself as anpriori estimate in a regularized and found to be highly effective. This approach can be ap-
inversion. For grid points at or near the source location, thigplied to both RMMP and standard smallest regularization; in
should provide a more physical solution than standardhe latter caseX=0.
minimum-norm inversion schemes whi¢axplicitly or im- By defining
plicitly) apply ana priori estimate of zero. Away from the _ N — S — e o
source position, a stable solution is obtained, even ifahe p=G(p—AX), A=GAH %, X=H(X-X), (A1)
priori estimate is not particularly physical. In effect, RMMP the regularized solution&8) or (22) can be simplified to
produces the optimal match between measug@ecom- . _
posed and replica excitations at every point of the search ~ X=[ATA+ 6117 *A"p. (A2)
grid. It is observed here that optimizing the match generally, T ~
favors the source location over other points. As RMMP re-SlJbStItutIng the SVD of
quires the modal decomposition to be solved for each grid  A=UAVT, (A3)

oint (as opposed to only once prior to matching for standard . )
E/IMP), an perlzﬁcient inver)gion scFr)\eme was devgloped. into (A2), the regularized solution becomes

RMMP was compared to MMP and MFP for a series of 53— [ A2+ 911 1AU'p. (A4)

a shallow-water test cases involving several noise levels and o . o )
a variety of sensor-array configuratiofsell-sampled, un- Using the definitions iffA1), the y? misfit (12) can be writ-
dersampled, and short-aperturé& was found that RMMP  €n as
produced generally better localization results in cases where > 75— —+t, 7
the environmental parameters were exactly known. For cases X°= (AX=p) (AX=P). (AS)
involving environmental mismatch in the geoacoustic paramSubstituting(A3) and (A4) into (A5), the functional depen-
eters, by omitting the highest-order modes that are most seslence ofy? on @ is given by
sitive to bottom properties, RMMP produced substantially e — — o
better localization results than the other two approaches. The X*(0)=P'P—P'U[A*~20A%J[A*+61]2U'D.  (A6)
optimal number of modes to omit is difficult to define pre- An efficient approach to determine the value éthat pro-
cisely in general. If the range of possible environmental mis-duces the desireg?(6) to high precision is given by New-
match can be estimated, examining mode functions and wawen’s method. Expanding?(6) in a Taylor-series expansion
numbers computed for end-case environments can provide first order about an arbitrary starting valdg leads to
insight into the number of modes that are essentially insen- ax2(60)
sitive to the mismatch. Fortunately, the localization results  ,2(g)—,2(g,)+ X 170
do not appear to be overly sensitive to this factor: for the a6

case presented here, similar localization results were ob=qyation(A7) can be rearranged to solve fér
tained when 6-10 low-order modes were retained.

(6—6o). (A7)

RMMP essentially represents an optimization process _ ax*(6o) ] 2002
providing the best possible match, given the data uncertain- 6= 0ot a0 X ()= x"(6o)], (A8)
ties, at each point on the ambiguity surface. This was showulhere the partial derivative itA8) is evaluated, usingA6)
here to generally favor the true source location over othe{0 be ' '
locations(i.e., provides a higher probability of correct local-
ization). However, it should be noted that the resulting Ix2(6o) M N2 .
higher sidelobe levels could potentially lead to a higher prob- > - 2002 —'(UTEBJ-Z. (A9)
ability of false alarms for low SNR cases. a6 =1 (Xj2+ 00)3

If x(6) is sufficiently close to the desired value, the proce-
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The authors gratefully acknowledge helpful discussions— ¢ @nd the procedure is repeated iteratively until a satis-
with David Thomson, Ross Chapman, Michael Wilmut, angfactory value is obtained. Finally, froifA1) the solution is
Cedric Zala. This work was supported by a National Science  x=H~x{ g) +x. (A10)

and Engineering Research Coun®ISERQ research grant. . ) _ )
Note that this approach requirklsto be a nonsingular matrix
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X must be regularized
The above procedure allowsto be determined using
For a meaningful regularized modal decomposition, theonly a single application of SVD, i.e., repetitive computation
tradeoff paramete® must be determined so that noisy dataof the matrix inversion in(18) or (22) for different values of
are fit to a statistically meaningful level, such as achievingé is avoided(note that the matrix inversion ifA6) involves

APPENDIX: EFFICIENT COMPUTATION OF
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Computed narrow-band time-reversing array retrofocusing
in a dynamic shallow ocean
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A time-reversing arrayTRA) can retrofocus acoustic energy, in both time and space, to the original
sound-source location without any environmental information. This unique capability may be
degraded in time-dependent or noisy acoustic environments, or when propagation losses are
prevalent. In this paper, monochromatic propagation simulatibased on the parabolic equation
code, RAM are used to predict TRA retrofocusing performance in shallow-water sound channels
having characteristics similar to those measured during the recent SW4dRisllow-water
acoustics in a random medigrexperiment. Results for the influence of source—array range, source
depth, acoustic frequency, bottom absorption, internal wave strength, and round-trip time delay are
presented. For a fixed channel geometry, higher frequencies, deeper sources, and lower bottom
absorption improve TRA performance and allow retrofocusing at longer ranges. In a dynamic
shallow-water channel containing a random superposition of linear internal waves, the size of the
retrofocus is slightly decreased and sidelobes are suppressed compared to the static channel results.
These improvements last for approximately 1 to 2 min for source-array ranges near 10 km at a
frequency of 500 Hz. For longer time delays, the internal waves cause significant TRA retrofocus
amplitude decay, and the decay rate increases with increasing internal wave activity and acoustic
frequency. ©2000 Acoustical Society of Amerid&0001-49660)06106-3

PACS numbers: 43.30.Vh, 43.30.Yj, 43.30[BLB]

INTRODUCTION mined by the signal frequency, the source—array geometry,
and the acoustic environment. In general, higher frequencies
Acoustic time reversal is the process of recording anead to better TRA retrofocusinglackson and Dowling,
acoustic signal and then replaying it backwards so that the@991). Similarly, larger array apertures and shorter source-
last part of the recording is played first and the first part ofarray ranges may also improve TRA retrofocusiPgwling
the recording is played last. When this process is accomand Jackson, 1992; Hodgkiss al., 1997. The acoustic en-
plished by an array of transduceestime-reversing array, or vironment may aid or limit TRA retrofocusing. For example,
TRA), the replayed sounds will focus at the place of theirinhomogeneous media may produce TRA superfocuhiag
origin, provided that the acoustic environment is reciprocaichev, 1982; Dowling and Jackson, 1992; Deroefal,
and absorption losses are small. Because this retrofocusirni®95; Khosla and Dowling, 1998while environmental dy-
occurs without environmental information, TRAs have somenamics typically cause retrofocus-amplitude de@@gwling
unique properties that are of interest in ultrason(Esk,  and Jackson, 1992; Dowling, 1994; Khosla and Dowling,
1997; Tanter, 1998and underwater sounfJackson and 1998.
Dowling, 1991; Dowling and Jackson, 1992; Dowling, 1993,  In a dynamic environment, the refractive-index structure
1994; Parvulescu, 1995; Kupermanal, 1998; Songet al,  associated with the source-to-array propagation step may
1998; Khosla and Dowling, 1998In fact, acoustic time re- change before the array-to-source propagation step because
versal is now well on its way to becoming an establishedof the requisite time delay for propagation, recording, and
technique for focusing acoustic waves in unknown environsignal processing. Therefore, when the time-reversed sound
ments, and for acoustically characterizing unknown environis reintroduced into the medium, it travels back through an
ments by quantitatively interrogating the retrofocus size andhltered version of the original environment, and retrofocus-
field amplitude. In particular, active TRA systems may fa-ing is degraded because of this mismatch. Longer time de-
cilitate moderate rangg@ens of kilometersunderwater com- lays produce larger mismatches that lead to greater TRA ret-
munication through unknown acoustic environments. Novetofocus degradation. The studies mentioned above show that
uses of time-reversal concepts are also occurring in othethis degradation may consist of lower focal amplitude, larger
areas of acousticéRose et al, 1999; Rouxet al, 1999; focal size, or stronger and more prevalent sideldbparious
Yonak and Dowling, 1999 retrofoci.
The dimensions, field amplitude, and temporal decay of  The environment may also limit TRA retrofocusing per-
the retrofocus produced by a narrow-band TRA are deterformance through absorption losg@anteret al., 1998 and
the restrictions associated with modal propagatiknoper-

dauthor to whom correspondence should be addressed. Electronic maill1&MN, 199_7- Hence, one of the most challenging apphc_:anns
drd@engin.umich.edu of TRAs lies in shallow ocean sound channels where internal
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usually more prevalent at higher frequencies. Assessments 1
rough surface scattering and TRA performance are provide:
in Kupermanet al. (1998 and Khosla and Dowling1998. Water Column Depth = 75 m
This paper presents the results of monochromatic nu: ;
merical simulations of TRA retrofocusing performance in
static and dynamic shallow ocean sound channels. The mai =
independent parameter is the source—array raRg€he in- ﬁgf : ' : ﬁf%igﬁiiiﬁggﬁﬁ%
fluence of variations in source depth, acoustic frequency&fpeed )50 m/s &5 density=2200 ke/m3 555 attenuation=0.4 dB/A &
bottom absorption, internal wave strength, and round-tripsziEis R i
time delay on TRA retrofocusing performance is presented: =
Properties of the sound channel are drawn from MEASUrgqs 1. schematic of the sound channel and time-reversing &RM)
ments made during the SWARM experimeitpel et al,  geometry. The horizontal coordinate iis The vertical coordinatez, in-
1997; Finette, 199)8 and reference source(gensenet al, creases downward. The omnidirectional source atf roadcasts at time
1994. For simplicity and clarity, only results from range- t;. The TRA _receives the signgl aR(zn)‘ and retransmits to form the
. . retrofocus at time,. In a dynamic acoustic environment, TRA retrofocus
independent environments are presented, and only one arr

. - . . %perties may be degraded whignr-t;>0.
geometry has been considered: a linear vertical array having

24 elements that spans the nominal water column depth, an . S .
. : wnward-refracting profile indicates favorable conditions
only sends and receives narrow-band signals. The effects L . ”
or an active internal wave field. Such conditions were

subsampling a water-column-spanning array are presented |n .
Kupermanet al. (1998 sought for the SWARM experimerifpel et al, 1997. For

. : . . : TRA operations, the main effect of the downward-refracting
The remainder of this paper is organized into four sec-_ .. : .

. . . . . I[?roflle is to enhance the importance of array elements in the
tions. The next section describes the acoustic environment . .

[ower half of the water column while leaving the upper array

used in this study, the internal wave model, and the compu- o
elements somewhat underutilized.

tational technique. Sections Il and Il present the simulation The density, speed of sound, and thickness of the two

results for static and dynamic sound channels, respectivel)b. X
: . . o ottom layers are based on core and chirp measurements
The final section summarizes the findings and states the con-

clusions drawn from this study made at the SWARM sitéApel et al, 1997. The top layer
' has a thickness of 23 m, sound speed of 1650 m/s, and den-

sity of 1700 kg/mi. The second layer is much thicker and has
a sound speed of 1950 m/s and a density of 2200 kg/m

This study utilizes parabolic-equatigRE) computations  Attenuation values of 1.0 decibel per wavelength in the up-
to predict how TRA retrofocusing is influenced by the envi- per layer, and 0.40 decibel per wavelength in the lower layer
ronmental parameters, source—array geometry, and acoustiere extrapolated from tabulations in Jens¢l. (1994 as
frequency. The sound propagation computations were peconservative matches to the available geological measure-
formed using the wide-angle PE-code RAKZollins, 1993, ments. The top of the sound channel was treated as a flat
1994, 1998 The following three subsections describe thepressure release surface.
environments investigated, the internal wave model, and the

waves produce dynamic inhomogeneities, modal propagatio R
is assured, and bottom absorption, bubbles, and rougt L 5
surface scattering provide important loss mechanisms. Fc 2z I _ . §
the 100-Hz to 1-kHz simulation results presented here, only _‘[ rrteaiom tabl i
bottom absorption losses are included because they are like spacing =3 m §
to be the dominant loss mechanism at the source—arra s ROORImATESH (R 2 g
ranges of interestl to 50 km. The effects of bubbles are coordinate: (0,z;) 8
g
3
3
[¢]

|. COMPUTATIONAL APPROACH

implementation of RAM. Op——
A. Environment 101 .
The basic or generic environment for this study is a _20F E
range-independent sound chanfsele Fig. 1 having a depth E 30 3
D=75m and a two-layer bottom. Thecoordinate runs in _:-405_ ]
the horizontal direction and thecoordinate has its origin at N ]
the water surface and increases downward. The sound-speed @ 50p E
profile in the channel, shown in Fig. 2, was obtained by 60F 1
smoothing and combining oceanic measurements of water 70:— ]
temperature and salinity as a function of depth. These mea-

_ _ 146074801500 1520 7540
surements were provided by Finette998, and were made Speed of Sound, c(z) (m/s)
at the SWARM shallow site where the actual ocean depth is

_ FIG. 2. Speed of sound versus depth for the standard sound channel. This
75 m(Apel et al, 1997. The unusual strength of the down profile is based on measurements made during the 1995 SWARM experi-

ward refraction in the profile Qf Fig. 2 is_ common in mMid t0 ment and was provided to the authors by Dr. Steven Finette of the Naval
late summer at the SWARM site. In addition, such a stronglyResearch Laboratory.
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O w;(ky). The internal wave modes and frequencies particular
10k to this study were calculated frofd) using standard shoot-

i ing techniques(see Pres®t al, 1986. Hence, a dynamic
AQO;' three-dimensional simulation of the internal-wave-induced
%30;— vertical displacemeng can be obtained by a triple sum over
£ a0k internal-wave mode§), horizontal wave numbers(), and
o L .
8ok azimuthal angle$6),

60:_ 7](r1¢!zvt):Re{z 2 E F(kh,j)W(kh,j,Z)
70F 1 b
07620 30 40 X ex ikl cos6 cose+ ikl sinésine

Buoyancy Frequency, N(z) (cph)

FIG. 3. Buoyancy frequency versus depth for the standard sound channel. —iw(ky,j)t]}, (2a)
This profile is based on measurements made during the 1995 SWARM

experiment and was provided to the authors by Dr. Steven Finette of the . . . .
Naval Research Laboratory. where ¢ is the azimuthal angle associated with thez co-

ordinate system. ThE term is a Gaussian random complex

weighting having a uniform distribution if and a Garrett—

The environmental parameters given above will be the'}/I K { ‘ d b d horizontal
same throughout the rest of this paper unless stated otheb-eurn spectrum in mode number and horizontal wave num-

wise. For example, results from differing levels of absorption

in this environment are presented in Sec. Il. 4 o 2Dl L2212y -2
(IF (kn, ) )= —EoML[“+ 51 P kkn(kn+ k)%

B. Linear internal waves (2b)

The dynamic effects of internal waves on TRA retrofo- Where

cusing were predicted by inserting a random superposition of mif.

linear internal waves into the sound channel described above k; :Wz)dz’ (20
(similar to the formulation in Dasheet al,, 1979 and Tiel- 0

burger et al, 1997. The interaction of tides and the local o -1

continental shelf can lead to nonlinear soliton-type internal  M={ >, (j2+ji)‘p’2] , (2d)
waves, while random shallow-water linear internal waves are =1

merely the near-coast extension of deep-water linear interng s the internal-wave energy levdl, is the mode weight-
waves(Garrett and Munk, 1979, provides a review of deep-ing parameter, ang is the mode weighting exponent. The
water internal wave propertiesHere, the internal wave sym given in(2a) was calculated using a variable azimuthal
model is intended to represent the shallow SWARM site inresolution so that random numbers were assigned to approxi-
th"e gpsence of soliton activity. Figure 3 shows the Brunt-mately equal tile areas of thg— @ plane for each value gf
Vaisda or buoyancy frequency profil&y(z), used to deter- Hence, the number of evaluations in(2a) increased linearly
mine and animate the internal waves. This profile was obwth increasingk,. The parametric ranges and increments
tained by smoothing water-column density measurementgsed were: £j<15, 5x10 *m 1<k,<1.5x10 'm,
from the SWARM shallow sitéFinette, 1998 with steps of Ak,=5x10"*m™%, and 0<#=<360° with
Internal waves cause heaving motions within the watei g=2 ° whenk,=1.5x 10" m~L. The internal wave mode
column that alter the local sound speed by lifting and lower-shapesw(k, ,j,z) evolve gradually with increasing;,, so
ing the otherwise static contours of constant sound speeghode shapes were interpolated between the minimum and
The vertical deflections produced by these internal waves argaximum values ok;, with intervening calculations every
governed by a second-order differential equati@ashen 10-2m~L |t was found that additional refinements influ-

etal, 1979 enced the statistics of the simulated internal wave fields less
d2 N2(2)— w? than a change in the random number seed. In addition, the
FW(Z)-I— k2 v W(z)=0, (1)  plane¢=0 was chosen throughout this study, so the second

Cc

term in the exponential function if2a) was consistently
which, along with the waveform boundary conditions of zero.

W(0)=W(D)=0, creates an eigenvalue problem. Here, The Garrett—Munk spectrum parametergg(p,j,)
W(z) is the vertical displacement produced by an internalwere chosen to match a temporal power spectrum of vertical
wave having radian frequenay, k;, is the horizontal wave displacements measured at the SWARM shallow Gitem
number of the internal wave, arid=2() sin (°latitude is  depth without soliton activity(Finette, 1998 This was ac-
the inertial frequency witl§) equal to the rotation rate of the complished by using?a) at a fixed depth of 25 m to generate
earth. In this studyf, was evaluated at a latitude of 39.25°, a synthetic vertical displacement time series, computing the
corresponding to the center of the SWARM site. When power spectrum from this synthetic time series, and then
andk,, are independent parametef$) has eigenmode solu- comparing the resulting synthetic spectrum with the
tions W(k,,,j,z) at a discrete set of frequency eigenvaluesSWARM measurements. Adjustments were made to the
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spectrum parameters until a visually acceptable match of the(r,0z,t) at each depth and range location in the input file
two spectra was achieved. Figure 4 shows a sample result foo RAM. Corrections to the internal-wave-induced sound-
the final parameter choicesj, =1, p=4, and E, speed changes due to the adiabatic gradients in the water
=24.6J/n%. Other independent research suggests similacolumn variables were on the order of 1% and were therefore
values for these paramete(Jielblrger, 1997; Yoo and neglected.
Yang, 1998; Yang and Yoo, 1988Spectral matches ob-
tained with shallower(15 m) and deepef40 m) synthetic ) .
data were not quite as good as that shown in Fig. 4, bu?' RAM implementation
deviations from the measured spectrum at these locations The main value of a computational study like this one is
were comparable to those produced by changes in the raithe ease with which parametric studies may be completed.
dom number seed. Here, the main computational tool is the one-way wide-angle
Sample internal-wave vertical-displacement fields,PE code RAM(Collins, 1993, 1994, 1998nodified to out-
7(r,0z,t), are shown in Fig. 5 fot=0 (a), andt=20min  put the real and imaginary field components at each grid
(b) over a 50-km range. Comparison of Figaband (b)  point. RAM is based on a split-step Pastdlution method. In
shows that the short wavelength features of the internal wavtihe forward propagation stept timet,), a point source with
field decorrelate in 20 min, while the long wavelength fea-radian frequencyw located at () ensonifies the sound
tures persist, as expected. The disruption by internal waveshannel described above. Elements of the TRA located at
of the initial layered sound-speed profilEig. 2) is accom- (R,z,), record this field, complex conjugateg @omplex con-
plished by merely deflecting the static sound-speed profile bjugation is the equivalent of time reversal for narrow-band

a) t=0
0

10
20

E a0}
N
£ 40
o
[
Q 50
60 FIG. 5. Sample synthetic internal-wave vertical dis-
70 placement fields over a 50-km range at an initial time
0 20000 30000 50000 (a), and 20 min latefb). In 20 min most of the small-
Range, r (m) .
] scale fluctuations have changed, but the larger scale de-
b) t,=20 min flections persist. The gray scale ranges from wtes
0 than —8-m downward deflectionto black (more than
10 +8-m upward deflection
20
E 3
N
£ 40
Q
Q
Q 50

60 f
70

0 20000 30000 50000
Range, r (m)
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signals (Jackson and Dowling, 199fl amplify it, and re-

broadcast it(at timet,). Thus, the response of the array is  °
entirely described by the complex-conjugate Green’s func- ;Z

tion, G, [see Dowling and Jacksof1992, Eq. (10), or Tol ﬁ
Kupermanet al. (1998, Eq. (7)] s -

010 0.30 0.50 0.70 0.90
T

§40 F
N g 50 [resm— e =
. . 60F <y
Geo(T ,z,tz—tl)=nzl Gyo(r,z;R,2,)G¥,(R,2,;0,25) o ]
(3) -200 -100 Rangeo, ¥ (m) 100 200

wherer and z are the range and the depth coordinates, reFiG. 6. Sample retrofocus field without internal waves for a source depth of

spectively, N is the number of array elements, z=25m, an acoustic frequency bf 500 Hz, and a source—array range of

Gyo(T 21! Zr) is the Green’s function at radian frequency R.: 10 km. The peak amplitude occurs at the cqrr_ect location and _the nearest
Mad == . . sidelobe is roughly 60 m up-range from the original source location.

w for acoustic propagation fronr (,z’) to (r, z) at timet,,,

and the asterisk denotes complex conjugation. The time de- . o s
lay, t,—t,, becomes important in dynamic environments range sidelobes. This is a clear indication that nearly all of
v L2 1 .

For all retrofocusing computations presented here, the arrahe propagating sound energy passes near the source loca-
on, and that the retrofocus is not spurious.

had 24 elements with 3-m vertical spacing. Here, the use o
RAM to compute the field&,, andG,,, limits the acoustic
propagation to the —z plane. Out-of-plane scattering from IIl. STATIC SOUND CHANNEL RESULTS
the fU”y three-dimensional synthetic internal wave fields is The results of this investigation into the retrofocusing
neglected. Neglect of azimuthal scattering is acceptable a§apab|||ty of a time-re\/ersing array are presented in two
long as the average water column properties are range indgarts. This section contains results for static sound channels
pendent, and the internal-wave-induced horizontal gradientgcking internal wave motions. The parameters explored here
in the speed of sound are much smaller than the verticghclude source depth, source—array range, acoustic fre-
SOUHd-SDGEd gradients. Both conditions are satisfied here. quency, and bottom attenuation. The next section covers a
To characterize the strength of the retrofocused field afiynamic sound channel containing internal waves.
different ranges and depths, the TRAansmission losss Figure 7a) shows how the retrofocus field at=0 de-
defined pends on the source depthin the standard sound channel at
Geu(r,Z,t—ty) a frequency of 500 Hz anB=10km. The darkness of the
TLe,=—20 Io%m . (4) gray scale is proportional t&.,(0,2,0)/G.,(0,z,=63 m,0)
cw s where the loudest retrofocus was obtained at a source depth
Here, the reference amplitude is that obtained at the retrofaz,=63 m. This figure shows that retrofocusing is loudest in
cus of the same array operated in free space when thiae lower third of the sound channel, as would be expected
source—array range is 1 m. with the pressure release boundary condition=a0 and the
Studies of one-way propagation and computational recistrongly downward-refracting sound-speed profifég. 2).
procity, as well as comparisons to modal sum calculationskigure 7b) shows the same retrofocus information normal-
were conducted to determine the input parameters best suitézed by the peak amplitude on each vertical slice. In an ideal
for the retrofocus problem at hand. Such parameters includenvironment, the central dark diagonal curve in Figh)7
the number of Padirms, depth and range grid spacing, andwould be straight and most of the figure would be white.
computational bottom depth and attenuation. Convergenciere, the vertical sidelobe structure is weakest above the
studies confirmed the choices of eight Pdeens, a depth source and when the source resides in the lower half of the
grid spacing of 1/60th of a wavelength or less, and a rangsound channel below the thermocline.
grid spacing of no more than four-thirds of a wavelength. A Figure 8 shows how the retrofocus fieldrat 0 changes
short-range step is required to obtain the details in the retrowith increasing source—array rangeat four acoustic fre-
focus peak region. The computational bottom depth wasguencies,f=100Hz, 250 Hz, 500 Hz, and 1 kHz, for a
taken to be at least three times the water column depttsource depth of,=25m. For both this and the next figure,
Within a few wavelengths of the computational bottom, thethe gray-scale darkness is proportiona@g,(0,z,0) divided
attenuation ramps up to a final value of 10.0 dB per waveby its maximum value. This scaling eliminates the effect of
length to prevent artificial reflections. focal amplitude decay caused by increasihg
Figure 6 shows a sample TRA retrofocus calculation in  Several interesting trends are shown in Fig. 8. First,
the standard sound channel without internal waves for &igher frequencies produce smaller retrofoci whose size is
source depth okz,=25m at a frequency of 500 Hz and a essentially proportional to the acoustic wavelength. Here, the
source—array range &= 10 km. The horizontalrange axis  vertical retrofocus size is approximately three wavelengths
is zoomed in to the region near the source. The array lies offor lesg out to ranges of 10 km at all four frequencies. A
the figure to the right. As expected, the retrofocus peak apsecond trend shown in Fig. 8 is that higher frequencies lead
pears in the correct location and is clearly the highest amplito effective retrofocusing at longer ranges. Better retrofocus-
tude feature on the vertical path througk 0. In fact, close ing at longer ranges requires more weakly absorbed modes,
inspection of Fig. 6 shows that all sound amplitudes abovend higher acoustic frequencies allow a greater number of
and below the retrofocus are well below the up- and down<all types oj modes for fixed sound channel properties. A
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FIG. 7. Retrofocus field amplitude through the channel depth on a vertical line @tversus source depth without internal waves at an acoustic frequency
of f =500 Hz and a source—array rangeRof 10 km. In(a), the gray scale is normalized to the overall peak amplitude, which is found at a source depth of
z,=63 m. Because of the modal structure of the sound channel, source locations in the lower third of the channel lead td@tdergestrofoci. In(b),

the gray scale is normalized by the peak amplitude on each vertical slice so that the sidelobe structure of each retrofocus is more clearly digpkyed. M
sidelobes occur when the retrofocus is in the lower half of the sound channel.

third trend seen in Fig. 8 is the downward drift and verticalsame three trends are found except that vertical drift of the
growth of the focal spot at all frequencies with increasingretrofocus location is less pronounced because this lower
range. This third trend has also been found in TRA experisource lies near the antinode of the most persistent propagat-

ments performed in the Mediterranean Seladgkisset al, ing mode.

1997. The retrofocus drift is most apparent &t 100 Hz To complement the results in Figs. 8 and 9, Table |
[Fig. 8@], where there is essentially only one propagatingprovides the computed-field transmission loss,,JLfor the
mode forR>20 km. retrofocus-field peak amplitude through the depth at source—

In Fig. 9, results similar to those shown in Fig. 8 arearray ranges of 1 kesR<50km for four acoustic frequen-
displayed for a deeper source placedzat 50 m. Here, the cies, f=100Hz, 250 Hz, 500 Hz, and 1 kHz, and source
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a) Frequency = 100 Hz b) Frequency = 250 Hz
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FIG. 8. Retrofocus field amplitude

through the channel depth on a vertical
line atr =0 versus source—array range
R without internal waves for a source
depth ofz;=25 m at acoustic frequen-

cies off =100 Hz(a), 250 Hz(b), 500
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depths ofzz=25m (Table 13 and z;=50m (Table Ib. increasing source—array range until absorption losses in the

These results show that TJ is not always monotonically modal propagation cause the retrofocus location to shift. At
increasing with increasin®. Table | also lists the depth of this juncture, sidelobe amplitudes sometimes exceed that of
the retrofocus pealg,, (which indicates the vertical retrofo- the intended retrofocugfor example:f=1kHz, z;=25m,

cus drify, and the amplitude of the largest vertical sidelobeand R=40km). As R is increased further, the retrofocus
in dB relative to the retrofocus peak amplitude. For the shaleventually settles onto the lowest propagating mode and
lower source, sidelobe amplitudes generally increase witlsidelobes no longer exi$see Fig. 8)—(c)]. Sidelobes are

TABLE I. TRA retrofocus parameters for various source—array ratigeand frequencief ) for two source depthg,=25 m(a) andz;=50 m(b). The TRA
transmission loss, T4, , is computed froni4) for the peak value of the retrofocus field through the depth. The vertical location of this retrofocus pgak is

The sidelobe ratio is based on the strongest sidelobe, and a negative sidelobe ratio implies that the sidelobe amplitude is less than the aktrtifocus pe
sidelobes are absent or the sidelobe ratio is less th&h dB, table entries are left blank.

Frequency
100 Hz 250 Hz 500 Hz 1000 Hz

TLco(Zp) Zy Sidelobe  TL,(zy) Zyp Sidelobe  TL,(z) Zy Sidelobe  TL,(zy) Zy Sidelobe
Range(km) (dB) (m)  ratio (dB) (dB) (m)  ratio (dB) (dB) (m)  ratio (dB) (dB) (m)  ratio (dB)

(a) Source depth25m

1.0 37.3 23.5 —-20.1 37.0 255 —155 37.0 250 —15.0 37.6 25.0 -7.1
2.0 41.7 255 —-19.2 41.6 255 —-17.1 41.8 25.0 —-16.1 41.9 25.0 -9.1
5.0 49.4 29.0 -17.1 50.0 26.0 —24.7 50.1 250 —16.5 50.7 250 —11.3
10.0 56.1 39.5 58.7 275 -15.1 60.0 250 —125 60.2 25.0 -9.1
20.0 61.9 51.0 68.0 46.5 74.1 26.0 —11.6 73.7 255  —4.2
30.0 67.9 53.0 66.1 52.0 82.3 365 +0.7 86.3 26.5 -0.6
40.0 74.1 53.0 66.5 54.5 77.2 48.0 -38.2 94.4 290  +3.7
50.0 80.2 53.5 68.7 55.5 73.1 51.0 -57.0 103.6 29.5 -2.0
(b) Source depts50 m

1.0 35.9 50.0 —-18.5 36.1 50.0 —-19.9 36.1 50.0 —-17.4 35.3 50.0 —-13.3
2.0 40.3 51.0 —-22.5 40.2 50.0 -—-219 40.2 50.0 —20.1 40.4 50.0 —12.6
5.0 46.8 50.5 -32.3 46.6 50.0 —-29.4 46.6 50.0 —-15.8 46.7 50.5 -17.0
10.0 52.7 52.5 52.0 51.0 -37.5 52.0 50.0 —37.8 52.5 50.0 —22.7
20.0 60.8 53.5 57.8 53.5 57.6 51.0 -54.3 57.8 50.0 —36.6
30.0 67.7 535 61.7 55.5 61.0 52.5 61.2 50.5 —-35.2
40.0 74.1 53.5 65.1 56.0 63.4 54.5 63.6 51.0 —40.9
50.0 80.2 53.5 68.2 56.0 65.4 56.0 65.7 51.5
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TABLE Il. TRA retrofocus parameters for various source—array ran@sand bottom absorption levels for two source depths:25m (a) and zg
=50m (b) at a frequency of 500 Hz. Other parameters are the same as for Table I.

Quarter attenuation Half attenuation Nominal attenuation Double attenuation
TLeo(Zp) Zy Sidelobe  TL,(z) Zy Sidelobe  TL,(z) Zy Sidelobe  TL,(z) Zy Sidelobe
Range(km) (dB) (m) ratio (dB) (dB) (m) ratio (dB) (dB) (m)  ratio (dB) (dB) (m) ratio (dB)
(a) Source depth25m
1.0 35.6 25.0 -12.7 36.1 25.0 -13.7 37.0 25.0 -15.0 38.5 25.0 154
2.0 39.4 25.0 —-13.9 40.3 25.0 —14.8 41.8 25.0 -16.1 44.5 250 -17.1
5.0 44.6 25.0 -18.9 46.7 25.0 -19.6 50.1 25.0 -16.5 56.0 25.5 -13.3
10.0 50.1 25.0 —13.38 53.7 25.0 -155 60.0 25.0 -125 70.8 26.0 -5.4
20.0 56.3 250 -16.0 62.7 255 -14.0 74.1 26.0 -11.6 75.5 48.5 -34.3
30.0 61.3 255 -14.4 70.3 255 -7.9 82.3 36.5 +0.7 68.2 52.5
40.0 66.1 255 —-13.8 77.6 26.5 —8.8 77.2 48.0 —-38.2 68.5 56.0
50.0 69.6 25.5 -10.5 83.1 275 0.0 73.1 51.0 -57.0 70.5 57.5
(b) Source depts50 m
1.0 35.2 50.0 -13.3 35.5 50.0 —-14.6 36.1 50.0 -17.4 37.1 50.0 —-22.4
2.0 38.5 50.0 -14.1 39.1 50.0 -17.1 40.2 50.0 -20.1 41.7 50.0 -—18.2
5.0 43.5 50.0 —-17.4 44.8 50.0 -18.3 46.6 50.0 -15.8 48.8 50.0 —25.2
10.0 47.8 50.0 -21.9 49.6 50.0 -17.9 52.0 50.0 -37.8 54.6 51.0 -51.9
20.0 52.6 50.0 -—175 55.0 50.0 —35.8 57.6 51.0 —54.3 60.2 54.0
30.0 55.7 50.0 —-34.3 58.3 50.5 -61.2 61.0 52.5 63.8 56.5
40.0 58.1 50.0 —38.6 60.7 51.0 -57.9 63.4 54.5 66.9 58.0
50.0 59.9 50.0 —44.4 62.6 51.5 —59.9 65.4 56.0 69.7 58.5

uniformly small for the deeper source. In addition, examinathe deeper source is much less influenced by the level of
tion of Figs. 8 and 9 and Table | shows that when the retrobottom losses, which confirms the description of sound-
focus occurs within a wavelength or two of the intendedchannel retrofocusing given above.
depth ) the shallower source generally produces a quieter  From these studies of retrofocusing in static sound chan-
but smaller retrofocus. nels, a common theme emerges: deeper sources lying below
Taken together, these results clearly show that the shapgble strongly downward-refracting portion of the sound-speed
and number of propagating modes in the sound channel aggofile generally lead to a louder, larger TRA retrofocus in-
critical to forming a robust retrofocus. The shallower retro-dependent of the acoustic frequency, source—array range,
focus requires acoustic penetration of the stronglyand attenuation level. Results given in the next section also
downward-refracting portion of the sound-speed profile, andhow that the TRA retrofoci produced by shallow and deep
this is only possible with the highest-order propagatingsources have differing properties in dynamic shallow-water
modes. A higher acoustic frequen@y deeper sound chan- environments.
nel) allows more of the highest-order modes to propagate
further._ Retrofocusing at the degper source does not requgﬁ_ DYNAMIC SOUND CHANNEL RESULTS
acoustic modes that penetrate into the strongly downward-
refracting portion of the sound-speed profile, and thus is less  This section presents TRA retrofocusing results for a
sensitive to the presence or lack of the highest-order modedynamic sound channel that contains a linear superposition
This point is supported by the retrofocus size results in Figsof synthetic internal waves whose temporal spectrum was
8 and 9, which show that deeper retrofoci tend to have largematched to measurements taken during the SWARM experi-
vertical extent. ment. Throughout this section, the static characteristics of
To confirm these interpretations of the relative ampli-the sound channel are the same as those described in Sec. |
tudes and sizes of the TRA retrofocus, a parameter study oand shown in Fig. 1. The main effect of dynamic evolution
the bottom attenuation level was undertaken at an acoustiaf the sound channel is to degrade the retrofocus amplitude
frequency off =500 Hz with different attenuation values in during the time delayt;—t;) between the source broadcast
the two bottom layers. In practice, of course, once an oceaftime=t;) and the formation of the retrofocus (time,).
site has been selected there is no control over these variablée independent parameters explored in this section are
but understanding the trends may lead to more effective usgource depth, source—array range, acoustic frequency, inter-
of TRA systems. The results of this attenuation study arenal wave strength, and time delay.
presented in Table Il for one quartéd.25 and 0.10 dB)), Figure 10 shows a sample of how the TRA retrofocus
one half(0.50 and 0.20 dB/), one(1.00 and 0.40 dBJ), and field degrades foz,=25m, f=500 Hz, andR=10km. The
two (2.00 and 0.80 dB/) times the nominal attenuation val- first frame[Fig. 10@)] corresponds to the ideal case of ret-
ues for source depths af=25m (Table 1l andz;=50m  rofocusing in afrozenocean containing SWARM-strength
(Table Ilb. When the retrofocus occurs near its intendedinternal wavesi.e.,t,—t;=0). The second, third, and fourth
location, greater bottom loss always leads to lower retrofocuframes|Fig. 1Qb)—(d)] show the retrofocus field at time de-
amplitudes. However, comparisons within Table Il show thatlays oft,—t,;=1, 2, and 5 min, respectively. The gray scale
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a) 44,20  E—— =25m. Here, the four internal-wave energy levels have been

o 0.10  0.30 0.5'0 0.70 _ 0.90 . . . .

obtained by multiplying the value d, obtained by match-
ing the synthetic internal-wave spectrum to the measured
SWARM spectrum by: 4, 1, 0.1, and 0.01, adjustingand
then recomputing the forward and backward propagating
sound fields at the same time delays. All the results in Fig.
11 are for one internal wave realization. The black dots in
Fig. 11(c) denote the locations of the retrofocus fields shown
i in Fig. 10b)—(d). As expected, the more active internal-

0 . : : wave fields and the higher frequencies lead to the quickest
loss of amplitude. However, the field decay is not always
monotonic and there are cases where the internal waves
slightly enhance the retrofocus or cause it to reemerge after a
hiatus of many minute§see Fig. 1(b)]. Similar time-
dependent features of shallow-water TRA retrofocusing have
been observed during the experiments in the Mediterranean
Sea(Song, 1998
o) 4422 min f— ] Results similar to those shown in Fig. 11 are obtained at
010 0% 050 070 0% z.=50m, except that the retrofocus amplitude decay rates
are different. When results like these are averaged over mul-
tiple realizations for fixed internal-wave energy level at a
variety of source—array ranges, a performance envelope for a
water-column-spanning TRA can be plotted. Figure 12 pre-
sents such performance envelopes for SWARM-level inter-
nal waves, 0.5knmsR<50km, 0.2<t,—t,;<300, f
=100Hz, 250 Hz, 500 Hz, and 1 kHz, and source depths of
z,=25m[Fig. 12a)] and z;=50m [Fig. 12b)]. Here, the
plotted curves are the loci of the points where the amplitude
at the intended retrofocus location has fallen by a factor of 2
(6 dB) from its value whent,—t;=0. These results are
based on 20 internal-wave realizations with the extreme
highest and lowest retrofocus ranges ignored. Acceptable fo-
cusing should occur below and to the left of these lines,
while retrofocusing is marginal or not assured above and to

, . . the right of them. The horizontal error bars denote the 50%-
FIG. 10. Sample retrofocus fields with SWARM-strength synthetic internal . . .
waves for a source depth af.—25m, an acoustic frequency of ponfldence interval for _each curve. As__the widths of these
=500 Hz, and a source—array range R& 10 km. The time delay i, intervals suggest, considerable variability was found, espe-
—t,=0, 1, 2, and 5 min in frame&), (b), (c), and(d), respectively. This  cially for the deeper sourcgFig. 12b)]. These half-life
series of frames shows how the retrofocus is degraded in a dynamic sound|;ryes are truncated when the retrofocus is lost because of
chanmel Comperison ofarle) i 19,8 shovs el e nlerna waves_apsorption. The black dots in Fig. (2 denote the locations
sidelobes. of the retrofocus fields shown in Fig. @)—(d). The upward-
sloping diagonal line in both frames is the causality bound-
ary. Realizable TRA systems must operate above and to the
is the same in all three frames. Comparison of these threleft of this line.
frames shows that the retrofocus is degraded by amplitude Comparison of the two frames of Fig. 12 shows that, for
loss, sidelobe growth, and position migration, but not by arsufficiently long time delayg$greater than 10—20 min at 1
obvious change in retrofocus size. In fact, a comparison okHz, for examplg, the shallower source leads to a more ro-
Fig. 10@ and Fig. 6 shows that the internal waves lead tobust retrofocus. However, the deeper source generally allows
only a slight reduction in the size of the retrofocus and aonger-range retrofocusing for time delays less than 10 min.
somewhat stronger suppression of the nearest sidelobeBhe explanation of this changeover may lie in the fact that all
Hence, the retrofocus amplitude is chosen to be the maiimportant propagating modes must arrive in phase at the
performance metric as —t, increases. It would certainly be source location for proper retrofocusing. Shallow-source ret-
critical to any underwater communication scheme based orofocusing relies primarily on the higher-order modes, while
amplitude modulation. deeper-source retrofocusing utilizes all propagating modes
Figure 11 provides a sample of how the amplitude at thethis is why deeper retrofoci are also lougeHence,
intended retrofocus location changes with increagingt, internal-wave-produced scattering and phase perturbations of
when R=10km at four internal-wave energy levels fér the low-order modes do not influence the shallow retrofocus
=100Hz [Fig. 11(a)], 250 Hz[Fig. 11(b)], 500 Hz[Fig. = as much as the deeper one because the shallow retrofocus is
11(c)], and 1 kHz[Fig. 11(d)], and a source depth af;  not produced by as many modes. Thus, the deeper retrofocus
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FIG. 11. Sample retrofocus field amplitude versus time delay for four internal-wave energy levelfRwli€km. The vertical axis is the retrofocus field
amplitude atz=z,=25 m divided by that found without internal waves. The various curves are foF4-6—), 1.0(---), 0.1(---+), and 0.01(——-) times
the measured SWARM internal-wave energy level. The four frames are for acoustic frequencies of (B}026@ Hz(b), 500 Hz(c), and 1 kHz(d). The
retrofocus persists for longer periods of time at lower frequencies and lower internal-wave activity levels. The blackcilotsriaspond to the fields shown
in Fig. 10b)—(d).

decays more quickly because it is sensitive to internal-waveretrofocusing is enhanced compared to that computed for
induced perturbations of all propagating modes. shallow sources that primarily excite more rapidly attenuated
high-order acoustic modes. In fact, the ultimate source—array
range for TRA retrofocusing in quiescent shallow-water
sound channels will be set by mode stripping caused by bot-
This paper reports the findings of a broad computationatlom and bubble absorption, and scattering losses from the
study of time-reversing array retrofocusing in the shallowbubbles and the ocean’s free surface.
ocean with a water-column-spanning array. The influences of The second main conclusion is that internal-wave-
source depth, source—array range, acoustic frequency, bdeduced fluctuations actually aid TRA retrofocusing for short
tom absorption, internal-wave strength, and time delay havéme delays(a minute or less at source—array ranges of 10
all been presented. Although the many specific parametrism) mainly by suppressing sidelobes, but do eventually de-
and geometric choices have been guided by measuremerggade retrofocusing at longer timgsens of minutes at
made during the SWARM experiment, the parametric studiesource—array ranges of 10 knThe beneficial effects come
presented here should encompass a large fraction of all shabout because internal waves induce mode coupling that al-
low ocean environments, and should be readily extendable ttows low-order modes to properly scatter into higher orders
mildly range-dependent environments. as the backward-propagating signal nears the original source
There are three main conclusions that can be drawn frorfocation. Such scattering increases the acoustic energy in the
this study. First, modal propagation sets limits on TRA ret-higher-order modes compared to the same signal in a sound
rofocusing in a static sound channel. When the acoustic frechannel without internal waves, and leads to a slightly
qguency is higher and more modes are available, TRA retrosmaller retrofocus with lower sidelobes. However, the ben-
focusing is better and extends to longer ranges. Similarlyeficial effects of this internal-wave-induced mode coupling
when the initial source lies in the lower portion of the soundare lost when the time delay is large enough for the internal-
channel where the speed of sound gradient is weak and manyave dynamics to significantly change the refractive index
modes have both nodes and antinodes, time-reversing arragructure in the sound channel. As expected, significant

IV. SUMMARY AND CONCLUSIONS
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tive environments, absorption losses are likely to set the ul-
timate source—array range.
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An external flow approach is used to predict the viscous drag due to oscillating flow in an air-filled
stack of fixed identical rigid spheres. Analytical expressions for dynamic and direct clugent
permeability, high-frequency limit of tortuosity, and the characteristic viscous dimension are
derived using a cell model with an adjustable cell radius which allows for hydrodynamic
interactions between the spherical particles. The resulting theory requires knowledge of two fixed
parameters: the volume porosity and the particle radius. The theory also requires a value for the cell
radius. Use of the cell radius corresponding to that of the sphere circumscribing a unit cell of a cubic
lattice arrangement is proposed. This is found to enable good agreement between predictions of the
new theory and both published data and numerical results for simple cubic and random spherical
packings. ©2000 Acoustical Society of Amerid&0001-4966)0)04405-2

PACS numbers: 43.35.BHEB]

INTRODUCTION and each particle. In concentrated suspensions and granular
materials, there will be interactions between the flows around
Models for the acoustical properties of porous granulaiparticles. Cell models such as those by Kuwabaaad
materials may be classified as “internal” and “external” Happel* modified by Strouf, for the oscillatory motion of
flow models. Internal flow modeléor pore-based models the fluid have been developed to account for such interac-
derive expressions for the viscous force that assumes that thigns. In these models, each cell consists of a central particle
fluid phase exists in tubular pores in the rigid frame. Twocore and a concentric shell of fluid. The hydrodynamic inter-
recent pore-based models for rigid-framed absofenave  actions between particles are taken into account through the
been shown to give improved agreement with acoustical datgoundary conditions on the outer surface of the cell. In the
compared with simpler models that assume uniform identicakywabara model, the vorticity of fluid velocity is supposed
pores. One of thehrequires information about porosity, tor- g be zero. In the Happel model the shear stress is assumed
tuosity, flow resistivity, and the pore geometry. The porezerg at the cell boundary. Cell models have been found to
geometry is described by two characteristic dimensionsgive good predictions for the acoustical properties of concen-
These may be deduced from laboratory measurements, ifrated suspensions of spherical partiéescell model, with
cluding the Brunauer—Emmett—TellET) method, or ap-  4qditional averaging over the distribution of the Voronoi
proximated from other measured parameters. The oth&fg|is has been applied to calculations of the flow resistivity
mode? requires information about the “pore” size distribu- qf fibrous material§.In highly concentrated systems the ap-
tion. This may be obtained through use of laboratory techyjicapility of the cell model approach becomes questionable.
niques such as water suction or mercury injection for granuneighboring solid particles will be in contact and hence will
lar materials. These measurements are tedious and tiMgnetrate the hypothetical cell around each individual par-
consuming if the “pores™ are small. The question arises ofiije Nevertheless, in this paper, we will show that adjust-
whether it is possible to derive alternative models for theqant of the cell radius enables reasonable values of DC per-
acoustic behavior of porous granular materials based, for ®fheability, tortuosity, and the characteristic viscous
gmple, on kngwledge of the constituent grain sizes and packjimension of a material consisting of rigidly fixed stacked
ing characteristics. spheres, even for some types of close packing. In fact, we

External-flow models consider the fluid flow around nron6se use of a cell radius that has a simple geometrical
constituent particles rather than in hypothetical pores. TheYnterpretation.

require knowledge of porositjor particle volume fraction Section | reinterprets the high- and low-frequency limits

particle shape, particle size, and the properties of the packs e complex tortuosity function derived by Johnsairal?

ing. The drag force between phases in dilute SUSPensions §§ tarms of dynamic drag. In Sec. Il these results are com-
calculated as the sum of the forces between the moving fluifl,eq with the corresponding limits of a modified form of the

Kuwabara/Strout cell model. This enables derivation of ex-
dAuthor to whom correspondence should be addressed. plicit analytical expressions for the acoustical constants and
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the geometrical factor as functions of porosity, particle ra-ll. THE DRAG FORCE IN THE PRESENCE OF

dius, and cell radius. In Sec. lll we find an appropriate ex-HYDRODYNAMIC INTERACTIONS BETWEEN RIGID

pression for cell radius and compare the predictions of th&ARTICLES

resulting theory with published data and with numerical re-

sults obtained independently for different types of packing., .
) . fluid

Section IV offers concluding remarks.

Consider the oscillatory flow of incompressible viscous
with macroscopic velocitye ™'t around a fixed spheri-
cal particle. The fluid velocity field around a sphere can be
represented By

I. COMPLEX DENSITY, TORTUOSITY, AND u=[v+curlcurkf(r)v)Je ',
PERMEABILITY IN THE EXTERNAL FLOW MODEL
_ o _ _ wheref(r) is the potential function.
Consider a fluid-filled granular material of porosity The components of the fluid velocity in a polar coordi-
and consisting of rigid identical spherical particles of radiuspate systenfwith the polar axisz parallel tov) are
R. Suppose that the solid phase density is much greater than

that of the fluid(continuous phageln this case, the momen- B ) df  df
tum conservation equation for the fluid is Up=—v sin 0 1=ror—qo ),
Jdv ap
S St df
PPor =T oDl @ ur=v cos&(l—zm).

wherep is the fluid densityp is the pressure variation in the

sound wavey is the fluid velocity averaged over unit vol- The potential function obeys the following equation:

ume of the fluid, and (w) is the frequency-dependent drag

coefficient. _(AAf_%Af> =0, (5)
The waves are supposed to be harmonic and, conse- dr 7

quently,d/dt— —iw.

=d2/dr2+ : . .
The complex density of the fluid is defined by whereA=d</dr-+(2/r)d/dr is the radial part of the spheri

cal Laplacian operator.
op 1 D(w) The nonslip boundary conditionsi §|g=u,|g=0, where
plw)=—— ~Po : (28 Risthe particle radiusare applied on the particle surface. In

IX —lwv —iwpod
o . .. terms of the potential function they can be rewritten as
The complex density in a rigid-framed porous material is
related to the complex tortuosity(w) and complex perme- df 1
ability k(w) defined by Johnsoh, arl =2 ©
R
p(w)
a(w)= P Af|g=3. (7)
; : (2 In the Kuwabara/Strout mod®l the vorticity of the fluid
i ¢ ing -
k(w)= = velocity is assumed to be zero at the outer cell boundary

wp(@)  wpo(l+(=Dl(w)iwpod)) (curl u|,=0, whereb is the cell radius In terms of the
Johnsoh has considered the analytical properties of the lin-potential function that means that
ear response functioa(w) as well as its low- and high-

imits vi dAf
frequency limits viz., . —0. )

: ¢ in b

ima(w)=7———, L .

0—0 Ko wpo In the original version of the Strout/Kuwabara model, the
o\ 12 (3)  radial component of fluid velocity is assumed to vanish at the

im a(w)=a.+ '_77> falcd external cell boundary. Instead, we choose the value that

w0 wpPo A results from matching the magnitude of the macroscopic

where a, is the high-frequency limit of tortuositgknown fluid yelocny v with the z component of the fluid particle
velocity averaged over the cell volume. Hence

simply as tortuosity in many publications; for example, see

Ref. 2, kq is the DC permeability, and is the characteristic 2 T (b
viscous dimension of the material. <UZ>”:ﬁJ' f (u,(r,0)cos o
From (3) and(2), the following limits for the drag term sm(b°—R%)Jo Jr
can be obtained: —uy(r,6)sin 6)r? sin ododr
. ¢277 3
lim D(a))zk—, (43) =p— 2v ng _R_ =v
00 0 b*—R*| " dr|, =~ 2 '
i 1/22 - . .
lim D(w)=—iwpgd (am—1)+(—77) Z } (4p) It should be noted that the ryonshp poundary conditién .
w— wpo has been used here. From this equation, the boundary condi-
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tion for the radial component of the fluid velocity on the ands= \(wp,/i 7)R?.
outer cell boundary can be obtained. In terms of potential  The high-frequency limit of the drag term is
function it has the form

5 . L 1 9 i7] 1/2
A © (=)= lopll= @) 3% 30-0)R | wpe) |
rdr b 2 Comparison of this expression withdb) yields explicit ex-
where pressions for the high-frequency limit of tortuosity and the
B3 characteristic viscous dimension in terms of porosity, grain
62(5) _ (10) radius, and cell radius,
4(1-0)da,
The magnitude of the drag forcE, parallel to the direction A= 9—(1_ ) ' (13
of the velocity,v, is calculated frofy
1_
F=| (=P cos#+ o, cosb—o,,sinH)df, 2¢

. L , . The latter expression coincides with the well-known result
where the integration is performed over the spherical partlcl%r tortuosity obtained by Berrym&rand is independent of
surf?_che. f th the cell radius.

€ components of the stress tensor are Comparison of the low-frequency limit & (w), i.e.,

97(1-0)(1-¢)Qy
2R? ’

U, AU, AUy Uy

=2p—, =p| — + -],
T =M g Tro ”(raa o r

D(w—0)—

The p.ressur@ on the part?cle surface is calgulated from the \iih (48 gives an explicit expression for dc permeability,
equations of fluid motion in the polar coordinate system and

is connected with the potential function in the following K :E $* R? (15)
way: 79 (1-¢)(1-6)Q,

P=Py+ nvR cos @ where

f wpg) [ df - 5
rdr R_M”R_(W)(rd_r R_A”R>)' =596 50-0? (16
Using boundary condition$6), (7) the expression for the IS Kuwabara's low-frequency correction factor.
drag force becomes These results fo\, a.., andk, are exact to first non-
trivial order in solid concentration-1¢.
Fo 4 R _3dAf FAAf|oe ®po Our modification of the boundary condition for the ra-
N rdr |5 Roip ) dial component of fluid velocity does not change the expres-

_ sion fork, and A that would have resulted from use of the
The drag term is calculated as the sum of the drag forces ogriginal version of Strout/Kuwabara theory. However, it

individual particles, changes the predicted value of tortuosity significantly. The
nE assumption of zero-component of velocity at the outer cell
D(w)= - (11 boundary gives
wheren=(1— ¢)/(4/3)wR? is the number of particles per a,=1+ (1-¢) (1+20). (14
unit volume. 2¢
As a result of solving Eq(5) with boundary conditions  This expression leads to values of tortuosity that exceed the
(6)—(9), we get results of numerical calculations and data by a significant
3 margin.
D(w)=+iwpo(l—¢)| 1+ 5(6‘1—1) The geometrical factor is defined by
—13 8C(ook0
exp(2s(0"°—1))A;+A, M=——, (17)
X —173 ; (12 A
and corresponds tor?/s in the notation of Attenborougt,
where wheren is the dynamic shape factor asds the static shape
A;=(sO 3_1)(s2+3s+3), factor. For materials with cylindrical pores
_ 1 1
A,=(sO " 13+1)(s?—3s+3), - —~ ba> -
=g ke=goa cog 0, A=a,
Bi=(sO 3-1)(~s%(O0 1-1)+3s+3), _ _ _
wherea is the pore radius and is the angle between the
B,=(sO *+1)(s?(©0 1-1)+3s-3), pores and the sound propagation direction. Hence the geo-

3115 J. Acoust. Soc. Am., Vol. 107, No. 6, June 2000 Umnova et al.: Cell model for dynamic drag 3115



10 T T T T

0.1

0.01

normalized permeability
normalised viscous dimension

| ] 1 1 1 0.1 | ] ]
0.4 0.5 0.6 0.7 0.8 0.9 1 04 0.5 0.6 0.7 0.8 0.9 1

porosity porosity

FIG. 1. Dimensionless dc permeability /d?[d=3/(4m)/(3(1— ¢))R is FIG. 2. Dimensionless characteristic viscous dimensiéd for SC packing
the base vector of the lattitdor SC packing as a function of porosity, as a function of porosity, circles—numerical resfef. 12 for SC pack-
circles—numerical result§Ref. 12, solid line—cell model(19), dashed ing, solid line—cell model19) results, dashed lines—cell mod@l8) re-
lines—cell model(18). sults.

metriclal factor is 1 for a material with cylindrical pores. only for very dilute systems. In Fig. 2 the corresponding
Allard” suggests thavl could take values up to 10 for mate- comparisons for characteristic viscous dimension are pre-
rials with noncylindrical pores. On the other hand, Johfisongented. The results of cell model with modified radius are
has found thaM =1 gives the best agreement between hisgjoser to numerical values than those with the unmodified
predictions and data for glass beads. Numerical simulationggijys, except for close packing. Overall, the error is not
with an intersecting tubes modéIndicate that is approxi-  more than 20% for the modified cell model, whereas with the
mately constanti.e., changes within a factor of twover the  ynmodified theory and some values of porosity, it exceeds
range of porosity that causég to vary over eight orders of 404
magnitude. In fact, our choice(19) of the connection between po-
rosity and the paramet& in SC packing corresponds to the
11l. COMPARISONS WITH NUMERICAL RESULTS AND minimum of t_he mean value of the absol_ute differe_nce be-
DATA tween numerical resuftsand cell model estimates. With the

] . cell radius given byd/(1— ¢)=0.675, then, for DC perme-
So far we have not defined the parameterthe ratio ability,

of the particle volume to the cell volume. In the original

version of the Kuwabara/Strout model it was taken to be 1 N [kp"™— kge”|
equal to the volume fraction of the solid phase in the mate-  ex=p izl < 100%=15.8%,
rial, - 0
0=1—¢. (18)  Where N is the number of points with different porosity

) where comparisons are made. Similarly wi@/(1— ¢)
Instead, we propose use of larger spherical cells based g 675, then, for characteristic viscous dimension,
on spheres that circumscribe the unit cells of the packing. In

this case for simple cubi¢SO packing, 1 N Anum— A cel|
Ep=— > —mm— X 100%=7.3%.
3 N= A
9=7(1—¢)50-6731—¢), (19
. If ©/(1-¢)=0.6, theng, =8.2% ande,=10.7%, if ©/(1

Chapman and Higdon have calculated the drag parameters¢)=0.8 theng,=11.5% ande ,=10.7%.

and the dynamic permeability of different packings of iden- In Fig. 3, the cell model predictio