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Abstract: Distortion product otoacoustic emission (DPOAE) level/phase
maps were collected in humans with and without an interference tone (IT)
near the DPOAE frequency place (fy,) at primary-tone levels of 75 dB SPL.
A DPOAE component with the expected steep phase gradient could be ex-
tracted at fy,, however, considerable vertical-phase banding, presumably in-
dicative of reflection emissions, remained. An IT placed 0.33 oct above f,
removed most of this banding, revealing DPOAE components originating
basal to the IT frequency place. These findings suggest that the commonly
accepted two-source model of DPOAE generation may need to be qualified
when higher primary-tone levels are utilized.
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1. Introduction

Kim (1980) first proposed that distortion-product otoacoustic emissions (DPOAEs) are pro-
duced by a combination of two emission-generator components, one originating at the f; place
and the other arising from the DPOAE frequency place (fg,). The now commonly accepted
two-source model (e.g., Zwieg and Shera, 1995; Talmadge ef al., 1998) for apical DPOAE
generation (i.e., fq, </} €.g., 2f;-f, DPOAE), supported by numerous studies in humans (e.g.,
Talmadge et al., 1999; Knight and Kemp, 2000, 2001; Kalluri and Shera, 2001; Konrad-Martin
et al., 2001; Dhar et al., 2005), proposes that within the cochlea, there are two separate con-
tributors to the DPOAE levels and phases measured in the ear canal when elicited by low- to
moderate-level primaries. The first contributor, referred to as the “generator” or “distortion”
source, is thought to arise from the nonlinear interaction between the f; and f; primary tones.
The primary-tone “overlap” region for apical DPOAEs is assumed to be near the tonotopic
location on the basilar membrane (BM) of the higher-frequency f, primary tone, which creates
energy at the DPOAE frequency that then travels both apically and basally within the cochlea.
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The apically traveling energy reaches the fy, place on the BM and is then reflected back basally,
thereby providing the second source (reflection) of the otoacoustic emission (OAE) measured in
the ear canal. This energy reflection is attributed to the presence of randomly distributed inho-
mogeneities on the BM in the f4, region. The interaction of these two sources results in the
commonly observed fine structure in human DP-grams.

Emissions that Kemp and Knight (2000, 2001) called “place-fixed” and “wave-fixed”
OAEs correspond to the more mechanistic terms “coherent linear reflection” and “nonlinear
distortion,” respectively, adopted by Shera and Guinan (1999) to refer to these same emission
properties. The Shera and Guinan (1999) formulation emphasizes the unique phase character-
istics of the DPOAE, depending upon the site of emission generation. For example, for the
wave-fixed component, a constant f,/f;-ratio sweep maintains the relative phases of the f; and f,
primary tones and the DPOAE. Thus, because of the property of cochlear-scale invariance,
DPOAE phase remains relatively unvarying for a constant f5/f;-ratio sweep resulting in shallow
phase gradients. Because the DPOAE-place component (reflection) comes from the fy,, for a
constant f,/f}-ratio sweep, the phase for this constituent changes rapidly and is associated with
steep phase gradients.

In the DPOAE level/phase (L/P) maps described by Knight and Kemp (2000, 2001),
when DPOAE phase is plotted as a function of DPOAE frequency, a constant vertical-phase
band for a given DPOAE frequency presumably indicates a place-fixed (reflection) source. In
contrast, a constant horizontal-phase band for a fixed f,/f,-ratio sweep as a function of DPOAE
frequency is considered indicative of a wave-fixed (distortion) source.

It is important to emphasize that the majority of the research designed to explore the
two-source DPOAE model in humans has been conducted in exceptional subjects having very
robust DPOAEs (e.g., Dhar et al., 2005) using low to moderate primary-tone levels (e.g.,
Konrad-Martin et al., 2001; Kalluri and Shera, 2001). Recently, our laboratory assembled
DPOAE L/P maps like those described by Knight and Kemp (2000, 2001), at similar higher
primary-tone levels with L,,L,=75,75 dB SPL. These higher primary-tone levels are required
to obtain robust 2f;-f, and 2f,-f; DPOAEs across a wide range of f,/f] ratios, especially in
subjects with various types of sensorineural hearing loss (e.g., Stagner et al., 2007). In these L/P
maps, both horizontal- and vertical-phase banding were obtained that were very similar to that
originally described by Knight and Kemp (2000, 2001).

In an attempt to “unmix” the two DPOAE components presumably indicative of the
two emission mechanisms, interference tones (ITs) were placed near the fy,, and DPOAE L/P
maps were obtained with and without the IT. Vector differences computed between the two
conditions extracted a reflection component at f4, for both the 2f-f; and 2f,-f; DPOAEs; how-
ever, significant vertical banding still remained. In subsequent experiments, ITs placed 0.33 oct
above f, removed most of the observable vertical-phase banding for both DPOAEs. The present
report describes these theoretically important findings consistent with the presence of other
DPOAE sources at higher primary-tone levels in humans.

2. Methods
2.1 Subjects

DPOAESs were measured in three ears of three normal-hearing human subjects between 18 and
30 years of age. Each subject had normal DPOAEs as compared to our laboratory’s database.
All subjects provided informed consent and received monetary compensation for participation
in the study. DPOAEs were obtained with subjects seated comfortably in a reclining chair
within a single-walled sound booth situated in a quiet laboratory setting. The human-research
protocol was approved by the institutional review board (IRB) of the VA Loma Linda Health-
care System.

2.2 DPOAE measures

To assure normal baseline DPOAEs, “DP-grams” as a function of f, frequency were measured
with £, ranging from 0.275 to 15.3 kHz in 0.1-oct steps with L;,L,=55,55; 65,65; 75,75; and
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65,55 dB SPL. Primary tones were produced by two digital-to-analog (D/A) channels of a
digital-signal processing (DSP) board (Digidesign, Audiomedia), mounted in a microcomputer
(Apple, Macintosh Quadra 700). The f; and f, signals were presented using two ear-speakers
(Etymotic Research, ER-2), and the level of the ear-canal sound pressure was measured using a
low-noise microphone assembly (Etymotic Research, ER-10B+). The ear-canal signal was syn-
chronously sampled at 44,100 kHz and averaged (n=4) by an analog-to-digital (A/D) channel
of the DSP board. A 4096-point fast Fourier transform (FFT) of the averaged time sample was
performed by customized software. The 2f|-f> and 2f;-f; DPOAEs and associated noise-floor
(NF) levels were extracted from the FFT. The NF was based upon the average of eight frequency
bins on either side of the DPOAE frequency bin, excluding the first bin on either side of the
DPOAE frequency.

2.3 DPOAE level/phase (L/P) maps

To generate DPOAE L/P maps, DPOAEs were measured in response to constant f,/f] ratio
sweeps varied in 0.025 increments from f,/f;=1.025 to 1.5, with DPOAE frequency steps of
~43 Hz, from 0.5 to 6 kHz for both 2f;-f, and 2f,-f;, resulting in f; ranging from
0.258 to 12.016 kHz and f5 from 0.366 to 18.023 kHz. For this study, the L/P maps were col-
lected at primary-tone levels of L,,L,=75,75 dB SPL, using a 2048-point FFT and four- or
eight-time averages. DPOAE level was directly plotted (Microsoft Excel 2003, v.11.5), while
phase was corrected for primary-tone phase variation and unwrapped by “looking” in two di-
rections (f5/f; ratio and DPOAE frequency) using custom-developed Excel-based routines be-
fore plotting. Final, more detailed analysis and plotting were performed in MATLAB.
DPOAE L/P maps were obtained with and without an IT placed at either 44 Hz below
Jap (IT=65 dB SPL) or at 0.33 oct above f, (IT=75 dB SPL). ITs were presented on alternate
trials throughout the protocol to minimize any effects due to time-dependent changes in
DPOAEs. The IT, which was digitally mixed with f|, was rotated in phase by 90° over the four
presentations and then time averaged to eliminate the majority of emission components pro-
duced by the IT. Vector differences were computed between control (no IT) and IT conditions to
produce residual DPOAE L/P maps consisting of DPOAE components removed by the IT. DP-
grams with and without the IT and for the residual were extracted from the DPOAE L/P maps
for wide (f;/f;=1.20) and narrow (f5/f;=1.025) primary-tone ratios. The phase of the residual
was unwrapped in the frequency direction and plotted as a function of DPOAE frequency and
phase in cycles. Plotted this way, the slope is in units of time and can be thought of as a delay.
The contrast of these delays suggests different physical mechanisms of emission production.

3. Results

The results of obtaining DPOAE L/P maps with and without an IT near f;, are shown for a
representative subject in Fig. 1. Similar results were found for the other subjects, but the subject
illustrated had the most robust DPOAESs, making it more straightforward to appreciate the find-
ings in the DPOAE L/P maps. On the left of Fig. 1 are six DPOAE L/P maps [Figs. 1(a), 1(c),
and 1(e) =level; Figs. 1(b), 1(d), and 1(f) =phase] corresponding to the control [Figs. 1(a) and
1(b)], IT [Figs. 1(c) and 1(d)], and residual [Figs. 1(e) and 1(f)] experimental conditions. In the
control condition of Fig. 1(a), DPOAE fine structure is evident in the level plot at f,/f ratios of
~1.2 (upper dashed black line) as peaks and valleys (arrows). In the corresponding phase plot
of Fig. 1(b), the two frequently observed phase behaviors for the 2f;-f, DPOAE are clearly
evident. That is, horizontal-phase banding dominates at wide f,/f; ratios, which presumably
represents distortion emissions, while vertical-phase banding associated with reflection emis-
sions is apparent at f5/f; ratios less than about 1.1. For the 2f,-f; DPOAE [bottom half of Fig.
1(b)], vertical-phase banding was obtained for all f/f; ratio values. In the IT condition shown in
the level plot of Fig. 1(c), DPOAE fine structure is substantially reduced (arrows). However, in
the corresponding phase plot of Fig. 1(d) for the 2f}-f;, DPOAE, significant vertical banding
remained, especially above 3 kHz. Likewise, much of the vertical-phase structure associated
with the 2f;-f{ DPOAE remained in this frequency region. In the residual map of Fig. 1(e),
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Fig. 1. (Color online) DPOAE L/P maps obtained with and without an IT placed 44 Hz below fq,. The residual map
in (e) demonstrates that DPOAE components can be extracted near fj, that have vertical-phase banding properties in
(f) (arrows). Red/gray dashed line in (h) demonstrates that these emissions have the expected steep phase gradients
consistent with a DPOAE-reflection component. However, in the presence of the IT, large DPOAE components
remain (c) associated with similar vertical banding (d) and phase gradients as indicated by the blue/gray line in (i).
Black dashed lines on the DPOAE L/P maps indicate f,/f| ratios where data were extracted for the plots in (g) and
(h) (see text for complete details of this and Fig. 2).

based upon the vector difference between the control (no IT) and IT maps, patchy residuals are
evident where the IT removed DPOAE components for the 2f|-f, (white arrows) and for the
2f>-f1 (black arrows). Finally, in the corresponding phase map of Fig. 1(f), the phase behavior of
these residuals showed vertical banding as commonly described for a reflection component
from fg4,. It should be emphasized that the phase banding was notably much narrower (i.e.,
steeper phase gradient) for the residual 2f;-f; DPOAEs at wide ratios [Fig. 1(f), white arrows] as
compared to the narrow ratio 2f;-f, or 2f,-f; for all conditions [Figs. 1(b), 1(d), and 1(f)].

The four plots to the right of the DPOAE L/P maps illustrate more familiar analyses.
For example, Fig. 1(g) demonstrates DP-grams extracted from these maps at an f5/f; ratio of 1.2
for the 2f-f, DPOAE without (solid black line) and with (solid blue/gray line) the IT near fy,. It
is clear that in this situation the IT essentially eliminated the fine structure supporting the visual
impression gained by comparing the central regions (white arrows) of the control [Fig. 1(a)] and
IT [Fig. 1(c)] DPOAE L/P maps.

The remaining three plots show phase curves extracted for the 2f-f, DPOAE at wide
[Fig. 1(h)] and narrow [Fig. 1(i)] f/f; ratios, as well as for the 2f,-f; DPOAE at a narrow ratio
[Fig. 1(j)] for control, IT, and residual conditions. For the 2f}-/; at a standard ratio (f,/f;=1.2),
shallow phase slopes [Fig. 1(h)] were obtained for both the control (solid black line) and IT
(solid blue/gray line) conditions, consistent with the horizontal-phase bands seen in the corre-
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sponding phase maps at this ratio [Figs. 1(b) and 1(d)]. For this same f,/f; ratio, the residual
showed a steep phase slope (dashed red/gray line) associated with the vertical-phase banding
[Fig. 1(f), white arrows] extracted by the IT near fy,. These findings illustrate the ability to
extract a reflection component from the fy,. However, most notably, significant vertical-phase
banding remained [Fig. 1(d)] that could not be removed by the IT.

At narrow f,/f; ratios of 1.025 [Fig. 1(i)], steep phase-gradient DPOAEs were ob-
tained for both the control (solid black line) and IT (solid blue/gray line) conditions accompa-
nied by vertical-phase structure. However, at this narrow ratio setting, the residual was too near
the NF to measure its phase characteristics. This more conventional analysis confirms the ob-
servations noted above on the L/P maps that the slopes of the phase gradients for the wide ratio
2f1-f>» DPOAE residual [white arrows in Fig. 1(h)] are roughly twice those of the narrow ratio
2f1-f> [Fig. 1(1)], or 2f5-f; [Fig. 1(j)] components for the control, IT, or residual (black arrows)
conditions suggesting that the 2f;-f, DPOAE from fy, has a much longer latency than these
narrow-ratio 2f;-f, and 2f,-f; components associated with steep phase gradients.

Phase curves for the 2f;-f; DPOAE are shown in Fig. 1(j) for the narrow f,/f;-ratio
condition (1.025) equidistant below the white dashed centerline at f,/f;=0. For this DPOAE, all
conditions revealed steep phase gradients associated with the vertical-phase banding observed
in the phase maps, which is consistent with the place-fixed behavior of this emission.

Figure 2 displays the results of repeating the same experiment depicted in Fig. 1 in the
same subject in a different session, but with the IT placed 0.33 oct above f5. First, the striking
similarity of the DPOAE L/P maps between Figs. 1(a) and 2(a) with respect to DPOAE level
should be noted thus demonstrating the excellent test/retest reliability of these maps within the
same individual. In the control condition of Fig. 2(a), fine structure is again evident in the
DPOAE levels at wide f>/f] ratios of ~ 1.2 as peaks and valleys. In the corresponding phase plot
of Fig. 2(b), the two phase behaviors can again be observed for the 2f1-f, DPOAE. For the 2f5-f;
DPOAE (bottom half of plot), the phase banding is vertical, which supports the presence of a
reflection-based generation mechanism. In the IT condition illustrated in Figs. 2(c) and 2(d), as
compared to Fig. 1(c), it can be seen that the fine structure at f,/f;=1.2 in the level plot [Fig.
2(c)] is not affected by the IT, when it is placed 0.33 oct above f5. This outcome suggests that the
IT had minimal effects on the f, source at this distance basal to f,, otherwise the DPOAE fine
structure would be modified by a reduction in this DPOAE component. In contrast to the pre-
vious experiment, in the related phase plot of Fig. 2(d), a significant amount of the vertical-
phase banding that was present in the control condition [Fig. 2(b)] is removed by the IT for both
DPOAE:s. In the residual maps of Figs. 2(e) and 2(f), a large residual DPOAE for both the 2f;-/>
and 2f,-f; emissions is evident in Fig. 2(e), which is indicative of the DPOAE components
removed by the IT that presumably originate, or are modified, from BM regions situated basal to
the IT place. In the corresponding phase map of Fig. 2(f), the phase behavior of these residuals
shows both horizontal- and vertical-phase banding for the 2f;-f, DPOAE, and vertical-phase
banding for the 2f5-f; DPOAE.

The top plot of Fig. 2(g) at the right of the DPOAE L/P maps shows DP-grams ex-
tracted for an f,/f; ratio of 1.2 for the 2f}-f, emission collected without (solid black line) and
with an IT (solid blue/gray line) placed 0.33 oct above f;. These DP-grams traverse the center of
the fine structure regions in Figs. 1(a) and 1(c) (dashed black line at 1.2). It is clear that both
DP-grams superimposed on one another convincingly indicate that in this situation the 75 dB
SPL IT did not influence DPOAE sources originating from the £ place that interact with the
source reflected from the £y, to produce this fine structure. This observation reinforces the no-
tion that the modifications produced by the IT resulted from its influence on DPOAE compo-
nents located basal to the IT place.

The other three plots depict DPOAE phase gradients extracted from the DPOAE L/P
maps for the 2f1-f, and 2f5-f; DPOAEs for wide (1.2) and narrow (1.025) f5/f; ratios for the
control, IT, and residual experimental conditions. Figure 2(h) shows phase curves for the wide
1.2-ratio condition, a circumstance where all the phase curves have shallow slopes that are in
agreement with the horizontal-phase banding observed across all three experimental condi-
tions. At this ratio, the IT presumably removed a distortion component, which is in accord with
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Fig. 2. (Color online) DPOAE maps obtained with and without an IT placed 0.33 oct above f,. The residual map in
(e) demonstrates that by placing the IT above f,, large DPOAE components can be extracted that have phase
properties of both distortion and reflection emissions, depending upon the f,/f; ratio (f). Shallow and steep phase
gradients associated with these two components were confirmed by extracting the phase curves at a wide f,/f; ratio
in (h), and at a narrow ratio in (i) (dashed red/gray lines). In (d), almost all of the narrow f,/f;-ratio vertical-phase
banding was removed by the IT for the narrow ratio 2f}-f, DPOAE, and similarly for the 2f,-f; DPOAE, suggesting
that both of these reflectionlike components originate in regions of the cochlea that are basal to the IT place.
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the shallow phase slope for the residual (red/gray dashed line) constituent. However, this com-
ponent apparently was not generated at f5, but rather basal to the IT frequency place above f>.

For the narrow ratio situation at 1.025 shown in Fig. 2(i), steep phase gradients were
obtained for all conditions. The phase gradient for the residual (red/gray dashed line) seen in
Fig. 2(f) as vertical banding is consistent with the IT removing a DPOAE source with reflection-
like phase properties that does not arise from the fq,.

In Fig. 2(j), the phase slopes are steep for all three experimental conditions as com-
monly observed for the place-fixed behavior of the 2f,-f DPOAE. However, in this situation,
the IT was considerably above the fy, until the f,/f; ratio values were equal to or >1.3 in con-
trast to Fig. 1(j) where it is just below the fq, for all ratios. Thus, these place-fixed components
also appear to originate from regions that are substantially basal to the fq,.

4. Discussion

A number of studies in human subjects (e.g., Talmadge et al., 1999; Knight and Kemp, 2000,
2001; Kalluri and Shera, 2001; Konrad-Martin et al., 2001; Dhar et al., 2005) have supported
the two-source model of DPOAE generation synthesized by Shera and Guinan (1999) for low-
to moderate-level primaries. The present results from human subjects also confirm that a steep
phase gradient DPOAE component can be extracted with ITs near f4,. Presumably, this emis-
sion corresponds to the reflection component arising from randomly distributed inhomogene-
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ities on the BM in the fy, region. However, significant vertical-phase banding remained in the
DPOAE L/P maps that was shown to be associated with steep phase gradients. By placing the IT
0.33 oct above f;, most, if not all, of this remaining vertical banding, along with a significant
component associated with wave-fixed phase behavior, was extracted [Fig. 2(f)]. It is notewor-
thy that the high-frequency IT did not alter the pattern of DPOAE fine structure at wide f5/f
ratios, which is due to the interaction of the f, and f4, emission components. This finding sug-
gests that the IT acted by removing or modifying components basal to the £, that were respon-
sible for the remaining place-fixed phase behavior. These results are in agreement with evidence
that other emissions, such as the 2f;-f; DPOAE, can be generated basal to the f; place (e.g.,
Martin et al., 1998). The fact that placing the IT 0.33 above f, strongly influenced the 2f5-f;
DPOAE supports the earlier findings for this emission. These remaining steep phase gradient
emissions also cannot be attributed to suppression of multiple internal reflections, since Dhar et
al. (2002) demonstrated that the presence of such reflections interact to significantly alter
DPOAE fine structure, which, in this case, remained unchanged when these emissions were
removed by the IT. It is possible that these basal source contributions could somehow be re-
flected from fg,. In this latter situation, the high-frequency IT at 0.33 oct above f; eliminates the
basal source and consequently the reflected component from fg4, associated with vertical-phase
behavior. However, the observations that this component cannot be affected by the IT at g,
[Figs. 1(c) and 1(d)] and that the fine structure remains unchanged [Fig. 2(c)] in the presence of
the high-frequency IT seem to support the notion that this particular DPOAE component asso-
ciated with vertical-phase banding comes from a region basal to f.

Overall, the present findings suggest that the two-source model of DPOAE generation
in humans may be limited to situations where the primary tones are kept at low to moderate
levels. As primary-tone levels are increased to higher levels, as in the present case, it appears
that other emission components are generated basal to £, for the case of the 2f,-f, DPOAE, and
even well basal to the emission place for the upper sideband 2f5-f; DPOAE. These basal com-
ponents have phase properties that have previously been attributed strictly to distortion or re-
flection emissions generated at f, or fy,, respectively. Knight and Kemp (2000) obtained
DPOAE L/P maps in two human subjects in response to 70-dB SPL primary-tone levels that
were very similar to the ones illustrated here. They subsequently attempted to extract the place-
fixed and wave-fixed components (Knight and Kemp, 2001) using temporal windowing and
inverse fast Fourier transform (IFFT) techniques. The resulting outcomes led these authors to
conclude that both emission types were widely distributed, a finding that is contradictory to the
current results. Recently, Dhar et al. (2005) also discovered over a very restricted frequency
range of 400 Hz that the reflection component dominated at narrow ratios and low primary-tone
levels. Interestingly, this outcome was not observed over the large frequency span encompassed
by the current DPOAE L/P maps. It is important to emphasize that the present results were
obtained using IT techniques that directly remove emission components by the suppressive
effects of a third tone in a nonlinear system.

The other more frequently employed strategy of using time windowing and IFFT fil-
tering assumes that only two components are to be separated, and that this approach can be
utilized, because their corresponding phase behaviors result in unique and separable latencies in
the pseudotime domain. It appears likely that under the conditions used in the present study,
these methods would also extract two components, but the assumption that one of the compo-
nents arose entirely from fy, and the other from f, would be incorrect. Of course, this circum-
stance represents an important issue that needs to be tested by comparing the distribution of
components that can be extracted with the two techniques at these higher primary-tone levels.
Opverall, if other investigators can confirm these findings, then the commonly accepted two-
source model of DPOAE generation in humans may require further qualifications based upon
primary-tone levels.
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Abstract: Previous research has shown that listeners can adapt to particu-
lar samples of noise, a phenomenon known as “frozen noise” [Langhans and
Kohlrausch, J. Acoust. Soc. Am. 91, 34563470 (1992)]. However, no stud-
ies have reported a similar effect for multi-talker babble. The results of this
study comparing open-set word recognition in multi-talker babble showed
that listeners are significantly more accurate when the babble is fixed than
when the babble is random. This documents the effect the authors refer to as
“frozen babble.”
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1. Introduction

Previous studies have shown that listeners can adapt to particular repeated samples of identical
noise, a phenomenon known as “frozen noise.” For example, Langhans and Kohlrausch (1992)
reported that the threshold for listeners to detect the presence of signals presented in frozen
noise is significantly lower than for signals presented in random noise. However, no studies have
reported such effects for multi-talker babble, a form of noise that is being used more in studies
of speech perception and spoken word recognition due to its high level of ecological validity
(e.g., Killion et al., 2004; Cutler et al., 2004; Wilson, 2003). In this paper, we report a subset of
data from a larger study, in which a change in our methodology allows us to compare spoken
word recognition performance of words mixed with a fixed segment of babble to spoken word
recognition of words mixed with a random segment of babble.

2. Method
2.1 Materials

The stimulus list consisted of 1428 English words chosen from the Hoosier Mental Lexicon
(HML; Nusbaum et al., 1984), designed to be a representative sample of the entire English
lexicon. To create a representative sample, the list was constructed such that it did not differ
statistically from either the HML or the CELEX (Baayen et al., 1993) on the following features:
(1) number of phonemes, (2) number of syllables, (3) syllable structure, (4) initial phoneme,
and (5) lexical frequency.
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Fig. 1. (Color online) Percent correct of fixed and random babble groups.

Digital audio recordings of each word were created from the production of a male
speaker of American English in an IAC sound-proof booth at a sampling rate of 22.05 KHz.
Six-talker babble (three male and three female speakers) from the Connected Speech Test (Cox
et al., 1987) was added to the stimuli at three different signal-to-noise ratios (S/N): 0, 5, and
10 dB. The signal was centrally embedded in the babble, with a leading and trailing 420 ms of
babble. The S/N ratio for each token was determined by comparing the rms average amplitude
of the signal file with the babble file.

2.2 Procedure

The stimuli were presented to 96 native English-speaking undergraduates from Indiana Univer-
sity over Beyer-Dynamic D-210 headphones at 77 dB SPL. Each listener heard only one-
quarter of the stimuli (357). One-third of the stimuli were presented at each S/N and were fully
randomized such than no listener heard the same words at the same S/N. The experiment was
self-paced and responses were typed on a keyboard.

2.3 Fixed versus random babble

After running the first 48 listeners, two changes in the methodology were made. The first change
involved a switch from using a fixed portion of babble to a random portion of babble. That is, the
stimuli presented to the first 48 listeners used a segment of multi-talker babble which always
began at a fixed point. In contrast, the stimuli for the remaining 48 listeners were mixed with
randomly selected segments of multi-talker babble.

In addition to the fixed versus random babble difference, a slightly different leveling
procedure was used for the stimuli presented to the final 48 listeners. The level of the stimuli
with fixed babble was equated before mixing in the multi-talker babble, which had the effect
that the overall level of the stimuli increased as S/N decreased. Alternatively, the random babble
stimuli were releveled after mixing in the babble, so that the average rms amplitude of all the
stimuli was equal.

3. Results and discussion

Figure 1 shows the mean accuracy rates for listeners in the frozen and random babble condi-
tions. The listeners in the random babble condition were significantly less accurate (mean
=48.0, SD=0.303) on the word recognition task than the listeners in the frozen babble condition
(mean=57.7, SD=0.307; t=9.75, p<<0.0001). To determine whether these differences were
due to random subject factors, the listeners in each condition were split in half and the two
groups were compared. No significant difference was found between the two subgroups in ei-
ther condition.
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Fig. 2. (Color online) Learning rate for fixed and random babble. Each point corresponds to the mean percent correct
for all subjects in the respective condition over a 50 trial window starting with trials 1-50 and ending with trials
308-357. The left axis shows percent correct. The line shows the least-squares fit to the difference in percent correct
between the two groups for each 50 trial window and is represented by the right axis.

The significant difference in word recognition accuracy between the listeners in the
fixed babble condition and the random babble condition is consistent with the claim that the
listeners in the former condition adapted to the frozen babble. However, it remains possible that
the difference was related to the releveling of the stimuli.' To address this, we examined
changes in accuracy over the course of the experiment. If the accuracy difference comes from
listeners adapting to the frozen babble, we should see an improvement over the course of the
experiment (as they become more familiar with the noise pattern). Note that it is common for
listeners to improve over the course of an experiment as they become more familiar with the
task. It is likely that the listeners in the random babble condition will also show some learning,
but not as much as the listeners in the fixed babble condition. If listeners in the fixed babble
condition show a steeper learning curve than those in the random babble condition, we can
conclude that the difference in accuracy is not due to the way the stimuli were leveled, but rather
to the difference between fixed and random babble.

Figure 2 displays the accuracy for subjects in each condition over a moving 50-trial
window. The first point represents trials 1-50, the second point 2—51, and so on. To determine
whether these learning rates were significantly different, the frozen babble values were sub-
tracted from the random babble values, and a Pearson’s  correlation test was performed be-
tween these differences and the trial window. If the learning rates are the same, then there
should be no correlation (as the difference should be a horizontal line). However, a significant
positive correlation indicates that the frozen babble group shows a steeper learning rate. This
analysis revealed a strong positive correlation (r=0.766; p <0.001), consistent with the claim
that the difference in accuracy shown in Fig. 1 is an example of the frozen noise phenomenon.

In order to determine whether the frozen noise phenomenon can be changed based on
the S/N ratio in the stimuli, we also analyzed the data at each S/N ratio. Analysis of the learning
rate between the fixed and random babble groups was significant at each S/N ratio, as shown in
Fig. 3. In addition, learning rate was computed for each listener as the slope of the least-squares
fit regression line to the moving window data for each listener. A 2 X 3 ANOVA was carried out
with learning rate as the dependent variable, babble type (fixed versus random) as between
subjects factor, and S/N (0, 5, and 10 dB) as within subjects factor. The ANOVA showed babble
type to be a significant factor (fixed=0.0333, random=0.0122, F=7.4284, p<0.01), but nei-
ther S/N (F=1.0649, p >0.3) nor the S/N by babble type interaction (F<1) was significant.

4. Conclusions

Our results indicate that the frozen noise phenomenon affects listeners who listen to stimuli
mixed with the same set of multi-talker babble. Although this outcome is expected given the
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Fig. 3. (Color online) Learning rate for fixed and random babble by S/N. The axes are the same as in Fig. 2 but

broken down for each S/N used.

literature on frozen noise, this has not been previously reported for multi-talker babble, which
has been used in a number of studies in recent years. Some of these studies have used frozen
babble (e.g., Cutler ef al., 2004; Engen and Bradlow, 2007),2 while others have used random
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babble (e.g., Killion et al., 2004; Wilson, 2003). Depending upon the research questions being
investigated, the use of frozen babble may be desired. It is our hope that this finding will aid
researchers in designing future experiments using stimuli mixed with multi-talker babble.

'A recent study by Engen (2007) found that releveling stimuli of different S/N ratios had little effect. Nevertheless,
this possibility will be considered here.

*Note that Engen and Bradlow (2007) repeated the same segment of babble in their six-talker babble condition,
while they alternated randomly between four different segments of babble in the two-talker babble condition.
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Abstract: Cochlear implant (CI) users have limited access to fundamental
frequency (FO) and timbre cues, which are needed to segregate competing
voices and/or musical instruments. In the present study, CI users’ melodic
contour identification was measured for three target instruments in the pres-
ence of a masker instrument; the FO of the masker was varied relative to the
target instruments. Mean CI performance significantly declined in the pres-
ence of the masker, while mean normal-hearing performance was largely un-
affected. However, the most musically experienced CI users were able to
make use of timbre and FO differences between instruments.
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1. Introduction

In music, timbre cues are important for segregating multiple instruments presented in a poly-
phonic context. When multiple instruments are played simultaneously or non-simultaneously,
timbre cues can be used to track the melodic components within a piece of music. Due to the
limited spectral resolution currently available in cochlear implants (Cls), CI users often have
great difficulty in understanding, perceiving, and appreciating music, especially large ensemble
performances (e.g., Looi ef al., 2008). Melodic pitch perception is difficult for CI users, even
with a single instrument (e.g., Guerts and Wouters, 2004; Kong et al., 2004). Melodic contour
identification (MCI) has been used to quantify listeners’ melodic pitch perception. Galvin et al.
(2007) found that CI users” MCI performance was quite varied, depending on musical experi-
ence before and after implantation, and was generally poorer than that of normal-hearing (NH)
listeners. Galvin ef al. (2008) also showed that timbre cues can significantly affect CI users’
MCI performance, suggesting that melodies might sound quite different (in terms of pitch se-
quences), depending on which instrument is playing. In general, as musical listening tasks be-
come more complex, CI users experience greater difficulty. Musically experienced CI users
may encounter less difficulty, and training has been shown to improve CI users’ timbre percep-
tion (Gfeller ef al., 2002) and MCI performance (Galvin ef al., 2007).

However, even musically experienced CI users can have great difficulty with poly-
phonic music. Looi ef al. (2008) showed that instrument identification was much better with
solo instruments than with small or large ensembles. Due to the lack of spectro-temporal fine
structure cues, CI listeners have difficulty using timbre cues to segregate instruments, resulting
in distorted or confusing melody lines. Currently, it is not well known how CI listeners’ melodic
pitch perception may be influenced by a competing instrument. In the present study, MCI was
measured for different instruments (organ, violin, and piano), with or without a competing
instrument (piano). The masking contour was always flat (no change in pitch). Four masker
notes (A3, A4, A5, and A6) were tested to observe whether listeners could use FO and timbre
differences between the masker and target instruments to identify the target contour.

2. Methods

Seven CI and seven NH subjects participated in the present experiment. All CI subjects partici-
pated in previous MCI studies (Galvin ef al., 2007, 2008), and thus were familiar with the MCI
task and instrument stimuli. CI subject demographics are shown in Table 1. Note that subjects
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Table 1. CI subject demographics.

Subject Gender Age CI experience (years) Device/strategy
S1 M 50 1 Freedom/ACE
S2 F 63 4 N24/ACE
S3 M 56 17 N22/SPEAK
S4 M 49 15 N22/SPEAK
S5 M 77 11 N22/SPEAK
S6 M 74 8 CII/Fidelity 120
S7 M 60 16 N22/SPEAK

S1 and S2 had greater music experience before and after implantation, compared with the other
CI subjects. The mean age for NH subjects was 37.9 years (range: 20—52 years). Two of the NH
subjects were active musicians, and five of the NH subjects had some musical instruction (e.g.,
piano, cello, organ, or drum lessons) during childhood. All NH subjects participated in the
previous study by Galvin et al. (2008), and thus were experienced with the MCI task and instru-
ment stimuli. All subjects were paid for their participation, and all provided informed consent
before participating in the experiment.

Target stimuli consisted of nine five-note melodic contours (rising, flat, falling, flat-
rising, falling-rising, rising-flat, falling-flat, rising-falling, and flat-falling), similar to those
used in the previous MCI studies (Galvin ef al., 2007, 2008). All notes in the contours were
generated according to /=2"12f, ... where fis the frequency of the target note, x is the number of
semitones relative to the root note, and f,. is the frequency of the root note (A3, the lowest note
of the contour). The spacing between successive notes in each contour was varied to be one,
two, three, four, or five semitones. Across all target contours and interval conditions, the FO
range was 220—698 Hz. Each note was 250 ms in duration, and the interval between notes was
50 ms. The contours were played by sampled instruments with synthesis (Roland Sound Canvas
with Microsoft Wavetable synthesis). The three target instruments were organ, violin, and pi-
ano. The three instruments were selected to represent a range of spectral and temporal com-
plexities. For example, the organ has a relatively simple spectrum with little attack, the violin
has a more complex spectrum with a slow attack, and the piano has the most complex spectrum
with a sharp attack. In the previous study by Galvin et al. (2008), CI users’ MCI performance
was best with the organ and poorest with the piano. Baseline performance for the three target
instruments was measured with no masker. The masker stimuli consisted of the flat contour
played by the piano, i.e., each note was the same. To test the effect of FO overlap between the
target and masker contours, the FO of the masker was varied to be either A3 (220 Hz), A4
(440 Hz), A5 (880 Hz), or A6 (1720 Hz). The masker and target contours were normalized to
have the same long term rms amplitude (65 dB).

Polyphonic music often involves multiple instruments that interleave and overlap in
time, and listeners may use temporal offsets between instruments to track different melodic
components. When played simultaneously by multiple sound sources, it is more difficult to
track the melodic components. In the present study, the masker and target were presented si-
multaneously; the onset, duration, and offset for each note of the target and masker were the
same.

Figure 1 shows electrodograms for the target A3 rising contour (five semitones be-
tween notes) for the organ and piano, with or without the piano masker; audio examples of these
stimuli are given in Mm. 1. The electrodograms were generated using custom software that
implemented the default parameter settings of the Advanced Combination Encoder (ACE)
(Vandali et al., 2000) strategy typically implemented in Nucleus-24 and Freedom implant de-
vices, i.e., frequency allocation Table 6, 900 Hz/channel, 8 maxima, etc. With no masker, the
rising contour can be easily observed, as the FOs and harmonics span most of the electrode
array; note that the stimulation pattern is more spectrally dense and temporally complex for the

J. Acoust. Soc. Am. 125 (3), March 2009 Galvin et al.: Melodic contour with competing instrument EL99



Galvin et al.: JASA Express Letters [DOI: 10.1121/1.3062148] Published Online 5 February 2009

No A3 A5 No A3 A5
masker piano masker  piano masker masker piano masker  piano masker
L. |
SEER S () m L1 L1
[ M T (P T | O (- T )
N | T bl L) i) L1 maln b,
ENRERY | I3 123 1M
% L 1 [l T 8 | N L WIRNT -
e (| | 4 o | (I[N
° | ST T I S [ JERl T
g Eia| jmamd o
L T hod L (i (ol (i nal
R BT I (A | i)
LR | . 1 i | 1 11
1 1 A-A | L 1 .-‘ 1 1 |
RN (e RN - |
L J- Lm . - |- - |- .
Ly aan m mil i
MRRER =Bm B ol .
mmE W il
Lyl [ M
A3 organ target: Rising contour A3 piano target: Rising contour
(5-semitone intonation ) (5-semitone intonation )

Fig. 1. (Color online) Left panels: electrodograms for the A3 rising contour (five semitones between notes) played
by the organ with no masker (left), the A3 piano masker, and the A5 piano masker. The piano masker was the flat
contour. The left axis shows the electrode number. Right panels: similar electrodograms for the A3 piano target rising
contour.

piano than for the organ. With the A3 piano masker, the stimulation pattern is denser, as the
eight spectral maxima are shared between the masker and target instruments; again, the stimu-
lation pattern is denser for the piano than for the organ. With the A5 piano masker, the stimula-
tion pattern is less dense, and the rising contour can be observed across the apical channels;
again, the stimulation pattern remains denser and more complex for the piano than for the
organ. Note that these stimulation patterns could be different with different speech parameter
settings (e.g., coding strategy, acoustic frequency allocation, etc.).

[Mm. 1. Audio example of the target A3 rising contour (5 semitones between notes) for the organ
and piano, with or without the piano masker. This is a file of type wav (546 Kb).]

For both NH and CI subjects, stimuli were presented acoustically via a single loud-
speaker (Tannoy Reveal) at 70 dBA. Testing was conducted in a sound-treated booth (IAC) with
subjects directly facing the loudspeaker. CI subjects were tested using their clinically assigned
speech processors. CI subjects were asked to use their everyday sensitivity and volume settings;
once set, subjects were asked not to change these settings. NH subjects listened to unprocessed
signals. The different target/masker conditions were tested independently and randomized
across subjects; each condition was tested three times. During each test block, a target stimulus
was randomly selected (without replacement) from among the 45 stimuli (9 contours X 5 into-
nations). Subjects were asked to click on one of the nine response choices shown onscreen, after
which the next target stimulus was presented. Subjects were instructed to guess if they were
unsure. Subjects were explicitly instructed that they would hear two simultaneous contours, one
of which would always be the flat piano masker, and that the pitch of the masker might change
from test to test. Subjects were allowed to repeat each stimulus up to three times; however, no
preview or trial-by-trial feedback was provided.

3. Results

Figure 2 shows mean MCI performance for CI and NH subjects, as a function of target instru-
ment. For CI subjects, baseline performance with no masker was 79.1% correct for the organ,
73.3% correct for the violin, and 60.5% correct for the piano. A two-way repeated-measures
analysis of variance (RM ANOVA) showed that CI performance was significantly affected by
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Fig. 2. Mean MCI performance across CI subjects (left) and NH subjects (right) for the different piano masker FOs,
as a function of target instrument. The error bars show one standard deviation of the mean, and the dashed line shows
chance performance level (11.1% correct).

target instrument [F(2,48)=10.02, p=0.003] and masker note [F(4,48)=8.03, p <0.001]. Post
hoc Bonferroni t-tests showed that performance was significantly better without the piano
masker (p <0.05), and that there was no significant difference among masker note conditions.
Post hoc Bonferroni t-tests also showed that masked MCI performance was not significantly
affected by the target instrument, except for the A4 piano masker (violin > piano; p >0.05). For
NH subjects, mean performance with no masker was 93.3% correct for the organ, 93.0% cor-
rect for the violin, and 90.6% correct for the piano. A two-way RM ANOVA showed no signifi-
cant effects for target instrument [F(2,48)=3.83, p=0.052] or masker note [F(4,48)=0.49, p
=0.743].

While mean CI users’ masked MCI performance was largely unaffected by differences
in target instrument timbre or by differences in masker note, individual CI subjects exhibited
markedly different patterns of results. Figure 3 shows individual CI subjects’ MCI performance,
as a function of target instrument. Subject S1’s baseline performance was >97% correct for all
three target instruments. While the piano masker generally reduced performance, S1 was sen-
sitive to target instrument timbre (i.e., better performance when masker and target instruments
were different) and masker note (i.e., better performance as the FO separation between masker
and target was increased). Subject S2 also exhibited some sensitivity to target instrument timbre
and masker note. S2’s performance with the organ was virtually unchanged by the presence of
the piano masker. For the violin and piano targets, increasing the FO separation between the
masker and target improved performance. The pattern of results was different for subject S4.
While S4 was somewhat sensitive to target instrument timbre, increasing the FO separation
between masker and target reduced performance. For subjects S3 and S5, the effects of instru-
ment timbre and masker note were inconsistent. Subjects S6 and S7 exhibited little sensitivity to
target instrument timbre or masker note.

4. Discussion

In general, CI subjects generally had great difficulty in perceiving the target melodic contours in
the presence of a competing simultaneous instrument masker. Most CI subjects were unable to
make use of timbre and/or pitch differences between the masker and target stimuli. This deficit
in masked MCI performance is in agreement with previous studies showing poorer instrument
identification in the context of small or large instrument ensembles (Looi et al., 2008). The
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Fig. 3. MCI performance for individual CI subjects for the different piano masker FOs, as a function of target
instrument. The error bars show one standard deviation of the mean, and the dashed line shows chance performance
level (11.1% correct).

mean CI results are also in agreement with Stickney et al. (2007), who showed that CI listeners
were unable to make use of FO differences between talkers to recognize speech in the presence
of a competing talker. Note that the MCI task in the present experiment required listeners to
attend exclusively to pitch cues, as opposed to a speech recognition task in which pitch cues are
used to segregate talkers and access lexically meaningful information. Given the weak FO cod-
ing in speech processors, CI users must make use of spectral envelope differences and/or peri-
odicity cues to track changes in pitch. Because of the relatively coarse spectral resolution, com-
peting speakers or instruments cannot be segregated, even with fairly large FO differences.

Interestingly, some CI subjects (S1 and S2) were able to consistently use timbre and FO
differences to identify the target contours. These subjects were the most musically experienced,
which may have contributed to their better attention to timbre and pitch cues. Subject S1 exhib-
ited a somewhat predictable pattern, i.e., masked MCI performance improved as the timbre
and/or FO differences were increased between the target and the masker. S2 exhibited a similar
pattern (albeit poorer overall performance) with the violin and piano target instruments. For the
remaining less musically experienced CI subjects, there were no clear effects for target instru-
ment timbre and/or masker FO. For example, performance worsened for S4 as the masker FO
was increased, suggesting that the highest spectral component dominated the percept. For sub-
ject S7, the presence of the competing masker only marginally reduced the already low MCI
scores. The different devices and processing strategies used by CI subjects may have also con-
tributed to differences in individual performance, although there are too few subjects to fairly
compare across CI devices. Despite differences among devices and strategies, contemporary
Cls do not provide the spectro-temporal fine structure cue to support complex pitch perception
and timbre discrimination. As such, musically experienced CI users may be better able to use
the limited spectral and temporal envelope cues for music perception. Previous studies also
show that targeted training improved CI users’ music perception (Galvin et al., 2007; Gfeller
et al., 2002), even though CI subjects had years of experience with their clinical devices and
strategies. Until CIs can provide fine structure cues, music experience and/or training may pro-
vide the greatest advantage for music perception with electric hearing.
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Abstract: This study investigates four qualities of singing voice in a clas-
sically trained baritone: “naive falsetto,” “countertenor falsetto,” “lyrical
chest” and “full chest.” Laryngeal configuration and vocal fold behavior in
these qualities were studied using laryngeal videostroboscopy, videokymog-
raphy, electroglottography, and sound spectrography. The data suggest that
the four voice qualities were produced by independently manipulating mainly
two laryngeal parameters: (1) the adduction of the arytenoid cartilages and
(2) the thickening of the vocal folds. An independent control of the posterior
adductory muscles versus the vocalis muscle is considered to be the physi-
ological basis for achieving these singing voice qualities.
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1. Introduction

The ability to control voice quality in singing is crucial for a singer, yet the information on the
specific mechanisms used in singing has been unsatisfactory. Probably the most controversial
topic of singing voice quality from the historical perspective has been that of voice registers
(Titze, 2000). The two main registers of the singing voice, particularly in males, have been
recognized to be the chest and falsetto register. Most singers, however, are capable of blending
the registers and produce more than just two distinct voice qualities. Information on how these
qualities can be achieved has been largely insufficient.

This study investigates a classically trained baritone who demonstrated the ability to
produce four distinct voice qualities, which he considered to be the “building blocks” of his
singing technique. He called those four qualities as Type A “Naive singers falsetto,” Type B
“Countertenor falsetto,” Type C “Lyrical style,” and Type D “Full chest.” Acoustic recordings of
these four phonation types are demonstrated in the audio file Mm. 1. Based on his self-
perception, the subject claimed that these four voice qualities are created with four different
laryngeal configurations. The specific goal of this study was to investigate these phonations and
the laryngeal adjustments in these four phonation types. The more general goal was to establish
better understanding of the laryngeal adjustment strategies that are used to control the voice
quality in singing.

[Mm. 1. Acoustic recordings of the four phonation types A-D (naive falsetto, counter tenor fal-
setto, lyrical chest, full chest). This is a file of type .wav (1.1 MB).]
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2. Material and methods

The investigated subject was a baritone with a university degree in voice pedagogy and 15 years
of experience in classical singing (the author C.H.). He produced eight to ten sustained phona-
tions in each of the four phonation qualities at a fundamental frequency of 294 Hz (tone D4).
This frequency was at the second passaggio of the baritone, where both chest and falsetto pho-
nations were possible. Vowel /i/, which allows examination through rigid laryngoscopy, was
chosen for all phonatory tasks.

The adjustment and vibration of the vocal folds was observed with a rigid endoscope
using two alternative techniques—laryngeal videostroboscopy (Bless et al., 1987; Baken and
Orlikoff, 2000) and videokymography (Svec and Schutte, 1996). The specific audiovisual
equipment used was identical to the one used in the study of Svec et al. (2008). The microphone
and electroglottographic signals were recorded simultaneously with the video signals and
stored in the two audio channels of the final digital video file. The video signals were digitized
using a Pinnacle DV 500 System set to full PAL mode (25 images/s, 720 X 525 pixels reso-
lution) and stored as AVI files using the Intel Indeo 5.0 codec.

The subject repetitively produced each phonation type while the position and focus of
the endoscope was adjusted to obtain videokymographic images of the best quality at the place
of maximum vibration amplitude of the vocal folds. After satisfactory videokymographic im-
ages were obtained from each phonation types, the videokymographic camera was replaced by
the standard color camera and the continuous light was replaced by stroboscopic light. Then the
subject repeated the phonations for all the types and strobovideolaryngoscopic recordings were
done.

From laryngeal videostroboscopy two images were extracted, both at maximum glottal
closure and maximum glottal opening to document the laryngeal configuration as well as the
vibration mode of the vocal folds. From videokymographic recordings, representative phona-
tions were extracted from the stable portion in the middle of each video sample; no voicing
onsets and offsets were included in the analyzed data. For the sustained notes sung in the four
distinct phonation types, the following criteria had to apply for data to be selected for further
evaluation: (1) Phonation was stable. (2) The minimum duration exceeded one second. (3) The
subject confirmed that in his opinion the phonation did represent the attempted phonation type.
(4) Videokymographic images showed sharp and clear glottal contours and the scan line was
located approximately at the place of the maximum vibration amplitude of the vocal folds. In
this way three to five representative video samples per phonation type were selected out of a
total of 115 videokymographically recorded phonations, resulting in a total of 15 samples.

The videokymographic closed quotient (CQykg) was determined using the formula
CQykg=t./ Ty where t. is the duration of the closed phase and 7, is the duration of the vibratory
cycle. The durations were measured by manually counting the number of pixels for open and
closed phase. The pixel spacing corresponded to a time interval of 128 us, or about 26.5 pixels
per period of the fundamental frequency. For each of the 15 samples of stable phonation, the
CQykg was calculated from four consecutive glottal cycles at two or three (in short or long
recordings, respectively) different instances equally distributed over the duration of the phona-
tory sample. The data points were separated by at least eight video frames (320 ms). CQyxg
readings were then averaged per phonation type.

The microphone signal was low-pass filtered with a cutoff-frequency of 8 kHz (to
remove an artifact noise around 11 kHz produced by the light source during videokymographic
recordings) and the sampling rate was reduced to 16 kHz. The alpha ratio was calculated as the
ratio of the high-band energy (1000—5000 Hz) and the low-band energy (up to 1000 Hz) of the
acoustic signal, expressed in dB (L6fqvist and Mandersson, 1987). Typical alpha ratio values
are negative numbers, which increase (i.e., become less negative) as the spectrum of the signal
becomes flatter (i.e., the signal has stronger high-frequency components).

The electroglottographic signal was used to obtain the electroglottographic contact
quotient (CQggg), which was calculated by a criterion level method with a threshold level of
25% as has been used, e.g., by Orlikoft (1991) or Herbst and Ternstrom (2006). Since the elec-
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Fig. 1. (Color online) Images and signals documenting the vocal fold vibration in the four phonation types A-D.
From top to bottom: Row 1: Pairs of videostroboscopic images at the phases of maximum vocal fold contact and
maximum glottal opening. The arrows point at the position of the vocal processes of the arytenoid cartilages which
are apart in types A and C and closed in types B and D. Row 2: Typical videokymographic images at the place of
maximal vibration amplitude of the vocal folds. Row 3: Typical EGG signals (dark/blue) and their first derivative
(light/orange online) for phonation types A-D, normalized both in amplitude and time. The x-axis represents nor-
malized glottal cycle duration, and the y-axis shows EGG and DEGG signal amplitude, locally normalized per glottal
cycle. Row 4: Spectrogram of sustained notes (taken from the audio channel of the videokymographic recordings)
produced with phonation types A, B, C, and D consecutively. The videostroboscopic recordings of the four phonation
types are documented in the media file below.

troglottograph used had no automatic gain controller, it was also possible to evaluate the
strength of the EGG signal, which was quantified by computing the time-varying rms value of
the signal, using a window duration of 125 ms. The values were expressed on a dB scale with an
arbitrary reference value.

3. Results

Examples of the videostroboscopic recordings of the four phonation types are given in the video
file Mm. 2.

[Mm. 2. Videostroboscopic recordings of the four phonation types A-D (naive falsetto, counter
tenor falsetto, lyrical chest, full chest). This is a file of type .avi (7.4 MB).]

The laryngeal adjustments in the four types of phonations are shown in the top section
of Fig. 1. The images reveal distinct adjustments of the laryngeal structures and vibratory fea-
tures of the vocal folds for each phonation type. The most distinct differences were seen (1) at
the posterior, cartilaginous part of glottis, which was varying between slightly open (types A
and C) and closed (types B and D); (2) at the vocal processes of the arytenoid cartilages
(marked by arrows in the stroboscopic images of Fig. 1, row 1), which were in some cases
vibrating with the vocal folds (types A and C) and in other cases pressed together and not
vibrating (type D; in phonation type B, the vocal processes were intermittently pressed together
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Table 1. Glottal configurations and vibratory features, as seen in laryngeal videostroboscopy for phonation types

A-D.
Type A Type B Type C Type D
(“naive singer’s (“countertenor (“lyrical (“full
falsetto™) falsetto™) style”) chest”)
Posterior glottis slightly abducted closed barely closed closed
Vocal processes yes" intermittent” yes" no‘
vibration
Mucosal waves very short? very short? medium long
extent

*Vibrating together with the focal folds.

®Vocal processes alternated between slightly vibrating and pressed together.
“Vocal processes pressed together.

43een only in posterior part of vocal folds.

or vibrating with the vocal folds); and (3) in the mucosal waves on the vocal folds, the extent of
which varied from long (type D) to very short (types A and B). The specific findings for each of
the four phonation types are summarized in Table 1.

The videokymographic images revealed distinct differences in the vibratory pattern of
the vocal folds among the four phonation types (Fig. 1, row 2). Considering the categorization

of vibration characteristics as specified by Svec et al. (2007), the most prominent differences
were recognized in (1) duration of closed phase, which increased when going from type A to
type D; (2) roundedness of the lateral peaks, which successively sharpened when going from
type A to type D; and (3) the extent of laterally travelling mucosal waves (only short mucosal
waves for types A and B in contrast to medium/long mucosal waves for types C and D, respec-
tively). The specific findings for each of the four phonation types are summarized in Table 2.

For acoustic analysis, the audio signal was extracted from the same 15 video samples
that were considered for CQygg analysis. Spectral analysis showed an increasing energy con-
tent in high frequency partials from type A to D. For phonation types A, B, and C this corre-
sponded to a steady increase of alpha ratio values (Table 3). The types C and D showed similar
alpha ratios but different distribution of spectral maxima: type C showed more energy in the
region of 3500-6000 Hz, whereas the D type had more energy in the region of
2300 to 3500 Hz (see Fig. 1, row 4).

The EGG signals showed an increase of vocal fold contact duration when going from
type B through C to D. This was reflected in the increase of the calculated average CQggg (Table
3). The EGG waveform for phonation type A had a much smaller amplitude than the other types

Table 2. Videokymographic findings for phonation types A-D. For closed quotient mean values and standard
deviations are listed; the numbers in the parentheses give the ranges of the values observed.

No. of
Phonation phonations/ Closed quotient Lateral Mucosal
type measurements (CQvyka) peaks shape waves extent
A 3/32 0 rounded none/barely
visible
B 4/40 0.28+0.05 rather none/barely
[0.2, 0.37] rounded visible
C 3/36 0.47+0.05 rather sharp medium
[0.37, 0.57]
D 5/60 0.69=0.04 sharp long
[0.63, 0.78]
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Table 3. Acoustic and electroglottographic signal characteristics for phonation types A-D: alpha ratio, SPL
values, CQgqg, and averaged EGG signal strength (expressed in dB with arbitrary reference). All computed data
are indicated as mean values with standard deviation and the extreme values in the parentheses.

Acoustic signal Electroglottography
Phonation No. of Alpha ratio SPL@30 cm EGG signal
type phonations (dB) (dB re 20 uPa) strength (dB) CQggse
A 3 -16.3+0.8 80+ 1.8 -26*+1.3 N/A®
[-16.78,-15.46] [77, 81] [-27, —24]
B 4 -9.2+1.6 88+0.9 -18+0.3 0.310.01
[-10.4, —6.3] (87, 89] [-18, —18] [0.30, 0.33]
C 3 03*+1.6 84+22 -16*0.6 0.48+0.07
[-14,17] [81, 86] [-17, —15] [0.40, 0.59]
D 5 -1.1x1.7 82+2.1 -17+1.7 0.65+0.01
[ -2.5,1.9] [79, 84] [-20,-15] [0.64, 0.66]

See text.

and a quasi-sinusoidal shape, which suggested that there was no full contact of the vocal folds.
Thus, we concluded, in accordance with Herbst and Ternstrom (2006), that it is not appropriate
to calculate a CQggg based on that kind of signal.

4. Discussion

The data supported the original hypothesis that the four singing types are produced with four
different laryngeal adjustments. The differences were directly observed with VKG and laryn-
geal videostroboscopy and were also reflected in the electroglottographic and microphone sig-
nals. The most remarkable factor for distinguishing the types A from B and C from D was found
to be the configuration of the posterior glottis and the position of the vocal processes. In types B
and D the posterior glottis was fully adducted and the vocal processes were mostly pressed
together, thus actively shortening the vibrating part of the vocal folds to only the membranous
part. On the other hand, in the A and C types the posterior glottis was slightly abducted and the
vocal processes were participating in the vibration of the vocal folds (Table 1).

The singer indicated that the phonation types A and B were produced in falsetto voice
whereas types C and D were of chest register quality. It has been known that chest versus fal-
setto control is physiologically achieved mostly by the vocalis muscle (Hirano, 1974; Titze,
2000). Activity of the vocalis muscle thickens the body of the vocal fold and slackens the vocal
fold cover, resulting in vibration with larger vertical phase differences and more pronounced
mucosal waves (Hirano, 1974; Titze, 2000). Generally, these characteristics are expected to be
reflected in the increased sharpness of the lateral peaks in the videokymographic images of the
vocal folds, as well as in the increased extent of the mucosal waves on the upper vocal fold
surface (Svec et al., 2008). Indeed, the videokymographic images of type A and B phonations
show more rounded lateral peaks and shorter laterally traveling mucosal waves than the types C
and D (Table 2) thus objectively supporting the singer’s assumption that types A and B belong
rather to falsetto register, whereas types C and D rather belong to chest register.

Based on these findings, it may be appropriate to call the phonation types A and B
“abducted falsetto” and “adducted falsetto” [referred to as “open-chink falsetto” and “closed-
chink falsetto” by Rubin and Hirt (1960)], whereas the types C and D can be seen as “abducted
chest” and “adducted chest” registers, respectively. The differences in the closed phase seen in
Table 2 can be explained as a consequence of these adjustments.

While register control is physiologically achieved mostly by the vocalis muscle
(Hirano, 1974; Titze, 2000), posterior glottal adduction is known to be regulated by laryngeal
adductors, such as posterior cricoarytenoid (PCA) and interarytenoid (IA) muscles (Titze,
2000). The present results suggest that in singing, the adduction of vocal processes is actively
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used as a parameter in voice quality control, which is independent and separate from that of the
(chest-falsetto) register control by the vocalis muscle. While the posterior glottal adduction has
been recognized as an independent parameter in voice production (e.g., Titze, 2000), the use of
this parameter separately from the chest-falsetto control has not, to our knowledge, been docu-
mented in singing before. An independent control and flexibility of the adductory muscles ap-
pears to be an important factor in allowing the production of different singing qualities.

This pilot study is limited in that it documents the laryngeal behavior laryngoscopi-
cally in only a single subject. However, it is not too far-fetched to conjecture that the indepen-
dent control of the vocal fold body tension (through vocalis muscle) and posterior glottal ad-
duction (through PCA and IA muscles) plays an important role in controlling singing voice
quality in general. In classical music different voice qualities are expected for modulating the
timbre within a musical piece, in order to enhance the expression of the artistic performance. It
is conceivable that the lack of independent control of these two parameters may lead to prob-
lems in singing students who fail in singing specific styles. In future studies we plan to address
this hypothesis further using a larger number of singer subjects.

5. Conclusions

The results of this study showed that the four phonation types were acoustically distinct and that
they were indeed produced with different laryngeal settings. These settings could be explained
by the independent manipulation of mainly two laryngeal parameters: (1) the thickening of the
vocal folds and (2) the adduction of the posterior glottis. These two physiologic parameters
represent two physiologically distinct types of glottal adduction: membranous adduction (ad-
justable by thyroarytenoid-vocalis muscles) and cartilaginous adduction (adjustable by cri-
coarytenoid and interarytenoid muscles). The two types of glottal adduction should be sepa-
rated from each other when studying different voice qualities in singing.
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Contribution of very low amplitude-modulation rates to
intelligibility in a competing-speech task (L)®
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It is generally agreed that the slow fluctuations in the envelope of speech in different spectral
channels carry critical information for intelligibility. Previous studies in which amplitude
modulation (AM) was selectively removed from the speech signal showed that modulation rates
between 4 and 16 Hz are most important, and that rates falling outside this range contribute little or
not at all to speech intelligibility. The present study investigated the role of very low (<4 Hz) AM
rates in the ability to identify sentences in an interfering background talker. The mixture was
processed through a noise vocoder. The depth of AM with rates below 4, 1.3, or 0.4 Hz was reduced
using a multi-channel envelope compressor with a high compression ratio. Data obtained using nine
normal-hearing listeners demonstrate that low-rate AM, in the range 0.4—4 Hz, contributes to the
intelligibility of relatively long speech utterances, at least for adverse listening conditions in which
background noise is present and listeners are forced to rely on envelope cues in a few spectral

channels. © 2009 Acoustical Society of America. [DOI: 10.1121/1.3075591]

PACS number(s): 43.66.Mk, 43.71.Sy, 43.71.Es [RLF]

I. INTRODUCTION AND RATIONALE

The waveform of speech shows slow fluctuations in its
global amplitude over time, resulting from articulatory
movements; the most prominent envelope fluctuations occur
at rates around 3—4 Hz, which correspond roughly to the
average syllabic rate of speech (e.g., Houtgast and
Steeneken, 1985). Evidence for the role of temporal-
envelope cues in speech identification comes from cochlear-
implant users, whose auditory nerves are electrically stimu-
lated by pulse trains amplitude modulated by the speech
envelope extracted from several spectral channels. Many im-
plant users achieve good identification of speech in quiet
(e.g., Wilson et al., 1991). For normal-hearing listeners, stud-
ies using vocoder-processed stimuli (e.g., Shannon et al.,
1995) have demonstrated that the presence of low-rate (be-
low ~50 Hz) amplitude modulation (AM) in only a few
spectral channels is sufficient for excellent speech intelligi-
bility in quiet, despite degraded spectral and temporal fine
structure cues.

The relative importance of AM at low modulation rates
was investigated in several psychoacoustical studies (e.g.,
Drullman et al., 1994a, 1994b; Arai et al., 1999). The work

a)Work presented at the Acoustics *08 meeting, Paris, France, June 2008.
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of Drullman et al. is of particular interest because the
speech-reception threshold in noise (SRT; defined as the
speech-to-noise ratio yielding 50% correct identification) of
normal-hearing listeners was measured for fairly long sen-
tences, processed using the following stages: (i) bandpass
filtering into multiple channels, (ii) extraction of the Hilbert
envelope of each channel, (iii) envelope manipulation by ei-
ther low- or high-pass filtering at different cutoff frequencies
(ranging from 0 to 64 Hz), and (iv) modulation of the fine
structure in the source channel by the processed envelope.
The results indicated that SRTs did not significantly worsen
when AM with rates above 16 Hz or below 4 Hz was filtered
out.

The claim that modulation rates below 4 Hz do not con-
tribute to speech identification was recently questioned by
Stone and Moore (2008). They used normal-hearing listeners
to investigate the effect of multi-channel amplitude compres-
sion on the intelligibility of noise-vocoded sentences pre-
sented with a competing talker background. The target and
background speech were combined and bandpass filtered be-
fore applying a compressor to the envelope extracted from
each analysis channel. The “speed” of gain variation of the
compressor was increased from “slow” (of the order of sev-
eral hundred milliseconds) to “fast” (of the order of tens of
milliseconds) by shortening both the attack and release
times. As previously shown (Stone and Moore, 1992, 2003),
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the compressor reduced the modulation depth of the “lower”
AM rates only, and an increase in compressor speed led to
the additional reduction of AM depth at “higher” rates. Stone
and Moore (2008) used a moderate compression ratio (CR)
similar to those commonly used in assistive hearing devices,
so the compressor only partially removed AM at low rates.
As expected, identification scores improved as the compres-
sor speed decreased. Unexpectedly, for an 8-channel, but not
for a 12-channel, vocoder/compressor, identification was
worse than that obtained in a condition with no compression,
even when the compressor only reduced the modulation
depth for AM rates below 2 Hz. This result appears to sug-
gest that AM rates below 2 Hz are important for intelligibil-
ity, although it is not clear why this would be the case for an
8-channel, but not a 12-channel, vocoder/compressor. Possi-
bly, very low AM rates are only important when spectral
information is very limited.

The present study was designed to investigate more
closely the contribution of low-rate AM to speech-in-speech
intelligibility for a range of spectral resolutions. The study
was similar to that of Stone and Moore (2008), but there
were three important differences. First, a larger CR was used
to provide more effective and precise removal of temporal-
envelope cues at low AM rates. Second, compressors with
lower speeds were included, so as to investigate in more
detail the influence of very low AM rates on speech intelli-
gibility. Third, we used vocoders/compressors with three dif-
ferent numbers of channels, 6, 9, and 15, so as to span the
range used by Stone and Moore, and to answer the question
of whether the importance of AM at very low rates depends
on the number of spectral channels.

Il. LISTENERS, STIMULI, PROCESSING, AND
PROCEDURE

Nine naive native-English speaking students (aged
22-28 years; four females) with normal hearing (<20 dB
HL at all audiometric frequencies between 0.125 and 8 kHz)
were paid for their participation. Their task was to identify
sentences presented in an interfering-speech background.
The target and background were both processed to remove
all temporal fine structure information and to systematically
vary the amount of spectral information; this forced the lis-
tener to use mainly temporal-envelope cues in a few spectral
channels.

The target sentences were taken from the IEEE corpus
(IEEE, 1969) and spoken by a male speaker of British stan-
dard English. The background utterances consisted of record-
ings of a different male speaker of British standard English
reading prose passages. The two signals were mixed together
with the background starting 1 s before and ending about 1 s
after the target sentence. The target-to-background ratio
(TBR) was either +10, +8, or +5 dB depending on the num-
ber of analysis/synthesis channels of the subsequent vocoder
processing; these TBRs were chosen to avoid floor and ceil-
ing effects in performance. The mixture was then processed
through an N-channel noise vocoder incorporating an
N-channel compressor; both systems were implemented in
MATLAB. First, the signal was bandpass filtered into N=6,
9, or 15 spectral channels. Channels were equally spaced on
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FIG. 1. Effect of different types of compressors on envelope modulation,
expressed as the effective compression ratio (CR,; right ordinate) and the
fractional reduction in modulation (f,; left ordinate) as a function of the
input envelope modulation rate in Hz. Lines labeled “1” to *“3” represent the
effects of the three compressors used in the present study.

an ERBy-number scale (Glasberg and Moore, 1990). The
corner frequencies of the filters were (i) 100, 331, 725, 1396,
2538, 4485, and 7800 Hz for the 6-channel vocoder; (ii) 100,
240, 440, 725, 1132, 1712, 2539, 3718, 5401, and 7800 Hz
for the 9-channel vocoder; and (iii) 100, 178, 275, 394, 542,
725, 952, 1232, 1579, 2008, 2539, 3196, 4009, 5015, 6260,
and 7800 Hz for the 15-channel vocoder. The envelope was
extracted from each channel signal by half-wave rectification
and low-pass filtering at a cutoff frequency of 45 Hz (initial
filter slope=—18 dB/oct), to preserve envelope but not peri-
odicity cues related to the speakers’ fundamental frequency
(Stone et al., 2008). The extracted channel envelope was
then compressed with a very high nominal CR of 50 to re-
move any change in amplitude for quasi-static input signals.
The envelope compressor (Stone and Moore, 2003) used a
two-pole Bessel-derived low-pass filter, producing near sym-
metric attack and release times to minimize distortion of the
shape of the temporal envelope: values of 2449, 774, and
245 ms were chosen to affect selectively different ranges of
low-rate AM.

The performance of the compressor in terms of effective
CR (CRg; Stone and Moore, 1992, 2003) as a function of AM
rate (for an input modulation depth of 10 dB) for the three
pairs of attack and release times is shown by the functions
labeled “1” to “3” in Fig. 1 (right ordinate). A more easily
interpretable measure is the fractional reduction in modula-
tion (f,; left ordinate), which indicates the relative amount of
modulation removed by the compressor (varying from 0 to 1)
(Stone and Moore, 2003). The f, plots show that compressors
“1,” “2,” and “3” selectively reduced the modulation depth
of AM with rates below approximately 0.4, 1.3, and 4 Hz,
respectively. Although compressor 1 only reduced the modu-
lation depth for very low AM rates, in some channels the
gain changed by up to 4 dB during the course of a sentence,
and this change occurred over a time of about 1s. A low
compression threshold of —15 dB relative to the channel
root-mean-square value was used to ensure that the compres-
sor was active during the presentation of the target speech.
After compression, the channel envelope was used to modu-
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late a white noise, which was then bandlimited by the same
bandpass filter as used during the analysis stage. Finally, the
N channel signals were combined. All signal processing was
performed off-line. For stimulus presentation, the signals
were generated via a high-quality sound card in a PC, passed
through a mixing desk, and delivered diotically at 68 dB SPL
through Sennheiser HD580 headphones. The listener was
seated in a sound-attenuating chamber. For further details of
the speech signals, the implementation of the noise-vocoder
and compression systems, and the testing equipment, the
reader is referred to experiment 2 in Stone and Moore
(2008).

Since naive listeners initially show large learning effects
in their ability to identify vocoded speech (e.g., Stone and
Moore, 2003), the first session (90 min) was entirely dedi-
cated to interactive training with feedback, using 168 target
sentences presented using increasingly difficult conditions of
channel number and TBR [for details, see Stone and Moore
(2008)]. The second session (120 min), completed on aver-
age 2 days after the first, started with another 40 training
sentences. During the subsequent experiment proper, identi-
fication performance (% words correct) was assessed for the
nine experimental conditions (3 vocoders X3 compression
speeds). These were presented in a counterbalanced order
across listeners (Latin-square design), using two ten-sentence
lists per condition. To reduce the intra-subject variability due
to list differences and potential learning effects, the measure-
ment was repeated after a 15-min rest period, using a differ-
ent Latin-square design and new sentence lists. After each
sentence presentation, listeners were instructed to report ver-
bally as many words as possible, and, if necessary, to guess.
Scoring was by key words.

lll. RESULTS

Within each Latin-square design, the time-ordered aver-
aged scores were computed to check for possible training
effects. No such effects were found. Mean identification
scores for each experimental condition are shown in Fig. 2.
The bottom and top axes show the compression speed and
the equivalent highest affected modulation rate, respectively.
Different symbols denote the three combinations of N and
TBR.

The use of different TBRs for each N makes a direct
comparison across N inappropriate, but was generally suc-
cessful in yielding mid-range mean and individual perfor-
mance, ranging from 34%-53% and 13%-87% correct, re-
spectively. For all three combinations of N and TBR, scores
increased as compression speed decreased from “3” to “1,”
that is, as the range of affected AM rates was narrowed from
0-4 Hz to 0-0.4 Hz. On average, performance improved by
8 and then 5 percentage points as the highest affected modu-
lation rate was lowered from 4 to 1.3, and then to 0.4 Hz.
Separate within-subject analyses of variance with factor
“compression speed” were computed on the arcsine-
transformed identification scores for each combination of N
and TBR. These revealed a significant main effect [all
F(2,16)>12.5, all p=<0.002] and linear contrast [all
F(1,8)>20.8, all p=<0.002]. Subsequent post hoc pairwise
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FIG. 2. Mean identification scores as a function of compression speed (bot-
tom axis). The highest modulation rate (in Hz) affected by a given compres-
sion speed is indicated by the top axis. The number of processing channels,
N, and the target-to-background ratio (TBR) are given in the key. Error bars
show * one standard deviation about the mean across listeners. Data points
are horizontally displaced for better visibility.

comparisons (based on LSD tests) showed that, for each
combination of N and TBR with one exception, identification
improved significantly as the compressor speed was reduced
(all p<<0.02); only the difference between scores for speeds
“1” and “2” with the 6-channel vocoder did not reach sig-
nificance (p=0.27).

IV. SUMMARY AND DISCUSSION

We evaluated the contribution of AM at very low rates
(<4 Hz) to speech intelligibility by using multi-channel
compression with different compression speeds and a very
high CR to effectively reduce the modulation depth of the
AM at rates below a certain value. For the adverse listening
condition simulated here (i.e., in the presence of an interfer-
ing talker, reduced spectral cues, and no temporal fine struc-
ture cues), it was found that

(1) independently of spectral resolution (ranging from 6 to
15 channels), envelope fluctuations in the range from
4 to 1.3 Hz contributed significantly to speech intelligi-
bility;

(2) even envelope fluctuations between 1.3 and 0.4 Hz sig-
nificantly aided speech intelligibility for the two higher
spectral resolutions.

These results contrast with those of Stone and Moore (2008),
who found that the reduction of AM depth for rates below
2 Hz had a significant effect on speech identification for an
8-channel, but not for a 12-channel, noise vocoder/
compressor. Our finding of an effect for channel numbers of
9 and 15 may reflect the greater CR used in this study.

A possible reason why our results differ from previous
results is that in some earlier studies (Drullman et al., 1994b)
the temporal fine structure was left intact. This can lead to
the regeneration of (physically removed) temporal-envelope
cues by the peripheral auditory system when the bandpass
analysis channels are broad relative to the auditory filters.
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However, Drullman et al. found similar results when using
1-oct-wide and 1/4-oct-wide channels, which suggests that
regeneration of low-rate AM is not responsible for the differ-
ence between our results and theirs. Alternatively, the pres-
ence of temporal fine structure cues may have made low-rate
envelope cues redundant; for example, listeners may have
used temporal fine structure cues to perceptually segregate
the target speech and background noise. In the present study,
where no such cues were available, listeners may have partly
relied on the low-rate AM, corresponding to the onset, offset,
and general envelope shape of the utterance, to aid segrega-
tion. Such cues may be particularly useful when the onsets of
the target and background are asynchronous, as in the present
study. It may also be the case that low-rate AM cues are
more important when the background is fluctuating (as in our
study) than when it is steady (as in the studies of Drullman
et al.). When compression is applied to a mixture of sounds,
the envelopes of the sounds become partially correlated, due
to the time-varying gain applied to the mixture; this effect
has been called cross modulation (Stone and Moore, 2008).
The cross-modulation effect produced by compression prob-
ably plays a greater role when speech is presented in a fluc-
tuating background than when it is presented in a steady
background.

To gain some insight into the possible role of difficulties
in segregating the target and background, we analyzed the
scores to determine the proportion of sentences that were
identified completely correctly for each condition. One might
argue that, as difficulties in segregation decrease, the propor-
tion of such sentences would increase. Consistent with this
idea, for 9 and 15 channels, the proportion of completely
correct sentences decreased with increasing compression
speed. However, when proportion correct scores were ana-
lyzed as a function of position within the sentences, there
was no clear difference in the pattern of results across com-
pression speeds, although for 6 channels, the proportion cor-
rect was lower for the first two words than for later words.
Overall, these results suggest that at least part of the limita-
tion in the ability to identify the target speech was produced
by masking of the target speech rather than by the failure to
segregate the target from the background.

Since we used vocoded rather than intact signals, the
extent to which our results are applicable to intact speech
perceived by normal-hearing listeners remains unclear. How-
ever, our results are directly relevant to listeners with mod-
erate hearing impairment and cochlear implantees, since both
groups are characterized by an inability to take advantage of
the temporal fine structure of speech (Lorenzi et al., 2006)
and therefore rely mainly on temporal-envelope cues.
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Finally, in future studies of the influence of low-rate AM
on speech intelligibility, it might be prudent to avoid using
brief materials [e.g., syllables or words (Arai er al., 1999)]. A
role for very low AM rates probably can only be demon-
strated when speech materials with relatively long durations
are used, such as the, on average, 2.2-s-long sentences of the
present study. Indeed, measures of the ability to understand
and recall entire passages might reveal an even larger contri-
bution of low-rate AM to speech-in-speech identification.
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A multi-rate decay model to predict energy-based acoustic

parameters in churches (L)

Francesco Martellotta®
Dipartimento di Architettura e Urbanistica, Politecnico di Bari, via Orabona 4, 170125 Bari, Italy

(Received 12 September 2008; revised 16 December 2008; accepted 16 December 2008)

Multi-rate decays are sometimes observed in room acoustics, appearing when markedly different
volumes are coupled together and resulting in nonlinear decay curves. Such behavior appears in
several churches at the very beginning of the decay process, although in conditions which cannot be
explicitly referred to as coupling phenomena. Consequently, multi-rate exponential decays may be
suitable to model energy distribution in this group of buildings, providing a more elegant and easily
applicable set of equations in place of a previously defined “linear” model, used to adapt Barron’s
revised theory. The paper shows that the multi-rate approach ensures ease of calculation, without

significant loss in accuracy in predicting energy-based acoustic parameters.
© 2009 Acoustical Society of America. [DOI: 10.1121/1.3075568]

PACS number(s): 43.55.Br, 43.55.Gx [NX]

I. INTRODUCTION

One of the most powerful instruments to predict acous-
tical parameters for the purposes of architectural acoustics is
the “revised theory” proposed by Barron and Lee,' which,
assuming that the reflected sound cannot arrive earlier than
direct sound, makes both parameters decrease as a function
of the distance. Unfortunately, several measurements carried
out in a widespread group of worship placesz_5 show that
reflected sound levels generally fall below those predicted by
the revised theory. However, despite some fluctuations, the
acoustic parameters under investigation are well related to
source-receiver distance, allowing the development of pre-
diction equations based on simple regression models, or
leading to modifications of the revised theory in order to fit
the measured data better.””

The model proposed by Cirillo and Martellotta® for
Apulian-Romanesque churches and later generalized to a
wider group of churches’ assumes that the early reflected
energy varies linearly within a time interval proportional to
the source-receiver distance, after which the reverberant
sound follows a purely exponential decay. As observed by
Zamarreno ef al.,” this “linear” assumption, despite the rela-
tively good accuracy the model provides, results in a certain
“roughness” of the formulation and in a calculation complex-
ity mostly due to the variable length of the early-interval and
to the different treatment required to integrate the early and
late part of the curve.

This intrinsic limit may be tackled by means of a multi-
rate exponential decay, which greatly simplifies the calcula-
tions. Multi-rate decays are not unusual in room acoustics,
being mostly related to coupled-volume phenomena. How-
ever, using powerful Bayesian estimation tools,’ multi-rate
behavior can also be detected in the early part of sound de-
cays measured in large reverberant churches, appearing in
spaces where coupling effects may reasonably be excluded.

“Electronic mail: f.martellotta@poliba.it
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An interesting aspect that can be frequently observed in
churches (Fig. 1) is that as the distance from the source
grows, the early part of the decay changes from a concave to
a convex shape, resulting from the combination of the main
decay process (with a time constant equal to reverberation
time 7) with a secondary exponential decay (with a time
constant that is smaller than 7). Transition from concave to
convex shape corresponds to a change from positive to nega-
tive in the sign of the secondary decay.

According to the classical theory of coupled volumes,’
such “negative” part always appears when the impulsive
sound source and the receiver are in different subspaces, as
the initial energy in the receiver room must be initially zero.
However, in churches this phenomenon also appears when
source and receiver are in the same subspace and becomes
more evident (with some exceptions) when the source-
receiver distance grows, resulting in an increase of the time
constant of the secondary decay and in a decrease of its
magnitude towards negative values. This seems to suggest
that a single large volume behaves as the addition of several
smaller volumes joined together through apertures, even
though the latter are often large enough to ensure a high level
of coupling, therefore contradicting the basic hypothesis of
coupled-volume theory, which assumes weak coupling. More
refined models of coupled spaces8 might help to better ex-
plain such behavior, but the violation of one of the most
important assumptions, together with the magnitude of the
phenomenon, generally circumscribed to the very early part
of the decay, suggests that the slower energy buildup is un-
likely to depend on acoustic coupling (even though the latter
might contribute to the effect in some circumstances). More
likely, as already observed in Ref. 5, decorations, pillars,
aisles, and side chapels scatter, hinder, or simply delay (after
weakening) the early reflections, modifying both their energy
and their time growth.

Even though a detailed explanation of the above experi-
mental observations requires more detailed analysis, the re-
sults support the idea that a combination of exponentials
might provide a better description of the sound propagation
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FIG. 1. (Color online) Early decay curves measured in the Basilica of San
Lorenzo in Florence at different distances from the source. Dotted curve
represents the Bayesian model calculated according to Ref. 6.

in churches. As further evidence, the paper aims at demon-
strating that this approach fits very well to the model pro-
posed by Cirillo and Martellotta,’ allowing, at the same time,
a more elegant mathematical formulation of the same model
and greater ease in its application, without any loss in pre-
diction accuracy.

Il. OVERVIEW OF PREVIOUS MODELS

According to the classical theory of sound propagation
in enclosed rooms, if the absorption is uniformly distributed
and if the sound field is diffuse, the relative energy density of
the reflected sound (expressed with reference to the energy
density of an impulsive sound at a distance of 10 m) is a
function of reverberation time 7 and room volume V:

g(1) = (13.8 X 3 1200/V)e™ 387 (s7!). (1)

Integration from time 7, to infinity provides the following
dimensionless equation:

i(to) = (31 20077V)e™ 13810/ 2)

allowing a simple and straightforward calculation of all the
energy-based acoustic parameters. However, beyond the re-
verberation radius the classical theory predicts negligible
variations as a function of distance compared to the actual
measured values.

Barron and Lee' assumed that the direct sound is fol-
lowed by linear level decay at a rate corresponding to the
reverberation time. During a decay the instantaneous level of
the late decaying sound is uniform throughout the space, so
that decay traces for all receiver positions are superimposed.
The time =0 corresponds to the time the signal is emitted
from the source, therefore the direct sound reaches a point at
a distance r from the source after a time tp=r/c (¢ being
sound velocity in air). In this way the integrated energy de-
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creases when the source-receiver distance increases, while
the early/late reflected energy ratio remains constant. The
integrated value for the reflected sound level is assumed to
be, at =0, equal to the value predicted by the classical
theory.

In order to predict the total sound-pressure level and the
clarity index, the sound energy is divided into three
componentsz1 the direct sound (d), the early reflected sound
(from 0 to 80 ms, ESO), and the late reflected sound (from
80 ms to infinity, Eg,). From Eq. (2), the corresponding en-
ergies of each of them become

d(r) =100/72, 3)
Ego(r) = (31 2007/V)e 004/T(| — ~11IVT) )
Egy(r) = (31 2007/ V)e 004/ =1 1VT (5)

So the relative sound level is given by

G(r)=10log(d + EY + Eg), (6)
and the clarity index is given by

Csolr) = 10 log[(d + E)/ Eg]. (7)

The center time is the first order momentum of the
acoustic energy and, taking into account that for a purely
exponential decay the distance of the center of gravity from
the origin (i.e. the starting point of the decay ¢5) is indepen-
dent of r and is equal to 7/13.8, it is given by

Ty(r) = T(ES + Eqo)/[13.8(d + ES’ + Ego)]. (8)

The analysis of the results initially observed in a group
of Romanesque churches* and then confirmed by measure-
ments in a larger set of Italian churches® showed that the
basic hypothesis of the revised theory, namely the uniformity
of the reverberant sound field throughout the space, was gen-
erally satisfied. However, the time at which the decay began
to be linear was later, the farther the measurement position
was from the source. Furthermore, at points near the source
the early reflections were stronger than the ideal classical
reverberant field [as given by Eq. (2)], while, conversely,
when the distance from the source grew, the early reflections
became weaker (Fig. 1).

In order to fit with these observations two modifications
were introduced. The first one was to assume the reverberant
sound field to be uniform, as it is in Barron’s theory, but that
linear level decay starts with a certain delay (7g) after the
arrival of the direct sound. The measurements showed that
this delay was proportional to the source-receiver distance,
therefore, in general, it could be written as fz=pr or, taking
into account arrival time of direct sound, as tp=*kfj, where
k=pc. The k coefficient (as well as its distance equivalent p)
depended on the room characteristics and it was demon-
strated that it could be expressed as a function of architec-
tural features of each church, assuming integer values from 1
to 3 growing with church complexity (Table III in Ref. 5).

The second modification was to schematize the early
reflected sound arriving between the direct sound and the
reverberant sound field as a continuous linear function vary-
ing from an initial value (at the time 7;), proportional
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FIG. 2. (Color online) Shapes of the energy decay curve obtained with the
linear model (—) and with the multi-rate exponential model (---) observed at
different distances from the source. Dotted curve represents classical expo-
nential decay.

through a factor 7y to the energy of the direct sound, and a
final value (at time #,,+1g), equal to the energy of the rever-
berant field at the same time (Fig. 2). The factor y was as-
sumed to be equal to (1-a)(1-s5)/A7, where a and s were,
respectively, the mean absorption coefficient and the mean
scattering coefficient of the room surfaces, while A7 was the
time for sound to travel the mean free path (MFP), equal to
4V/cS, where S is the total surface area. In this way factor y
transformed the energy of the direct sound into the energy of
the first specular reflection distributed over time A7. The
estimation of the mean scattering coefficient was simplified
by assigning values varying from 0.2 to 0.8 as a function of
the mean characteristics of the area surrounding the sound
source (Table IV in Ref. 5).

lll. THE MULTI-RATE DECAY MODEL

A multi-rate decay process is the result of a linear com-
bination of decays having different time constants and differ-
ent weights,7 so its general equation may be written as

g ()= AT 4 A, 380Ta oo A B8IT, - (9)

where T; are the different reverberation times (which in
coupled volume problems depend on the characteristics of
subvolumes), and A; are the linear parameters which depend
both on the characteristics of subspaces and on the initial
conditions of the problem (i.e., source and receiver posi-
tions).

For the purposes of this paper a simple two-rate model is
investigated. The first decay coincides with the classical ex-
ponential decay as revised by Barron, so that 7,=7 and
A, (r)=(13.8X31200/V)e %' The second needs to be
adapted in order to fit the “linear” part of the previous model,
so the decay constant 7, must be proportional to 7z in order
to have a slower buildup as the distance grows (while re-
maining much smaller than T). The choice of the proportion-
ality factor between 7, and 5 is crucial in order to obtain the
best agreement between the energy of the early and late re-
flections calculated with the linear function and with the ex-
ponential function. The best results are obtained by using
T,(r)=6.9t3=6.9pr, which is a convenient value because the
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center of gravity of the second exponential function falls in
the middle of the 7, interval. The linear parameter A, must be
defined in order to let g’ have an initial value equal to yd.
Therefore,

Ay(r) = yd = A, (r) = 100y/r* = (13.8 X 31 200/V)e 04T

(10)

and may assume negative values (as observed in Fig. 1), with
a limit equal to —(13.8 X 31200/ V)e 004/T,

Taking the origin of times at the direct sound arrival and

expressing all the parameters, except A,, as a function of r,
the general equation may be written as

g’(r,t) — (138 % 31 200/V)e—().04r/Te—13.8Z/T+A2e—21/pr’
(1)
and Eq. (3) may be rewritten as

l',(t, r) — (31 200T/V)e—().()4r/Te—13.81/T+ (Azpr/Z)e_ZI/pr.

(12)

Consequently, Egs. (4) and (5) may be rewritten as follows:
EY(r) = EY + (A,pr/2)(1 — e7010P7), (13)
Eg(r) = Egy + (Aypr/2)e™* 10", (14)

In this way G and Cg, may be calculated by first deter-
mining A, according to Eq. (10), and then replacing E with
E’ in Egs. (6) and (7), while T, needs to be calculated with
the following equation in order to account for the different
position of the centers of gravity of the two exponential
functions:

T(r) = [T+ EZN3.8+ (pr/2)(E}” — ED(d+E[), (15)

where E}"=E\*+Ejy and Ej =Ey’+Eq,.

The main drawback of the old formulation® was the use
of two different functions for early and late energy, defined
on a time interval (fg) which varied as a function of the
distance. Consequently, the equations to calculate the inte-
grated energy changed according to the relative value of 5
compared with the time integration limit. The new approach
combines two exponential functions defined on the same
time interval, providing a fixed set of equations for a given
integration limit and, thanks to their similarity with Barron’s
original formulation, allows a simpler and straightforward
application.

Replacing the linear function with a double-rate decay
obviously changes the energy distribution as a function of
time. Figure 2 compares the new shape of the energy curve
with the old one, showing that the multi-rate model underes-
timates the early energy at points close to the source and
overestimates it at farther points. At later time, approxi-
mately after time 5, the energy follows an opposite behavior.
This is better explained in Fig. 3, showing that the total
reflected energy is practically the same for both models. The
early sound (with reference to the conventional 80 ms inter-
val) appears the same at points close to the source, but at
farther points the exponential model gives higher values than
the linear one. The late sound shows an opposite behavior
but the difference is generally smaller as a consequence of
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FIG. 3. (Color online) Plot of early, late, and total reflected energy (time
limit 80 ms, and no direct sound) calculated with linear model (—) and with
the multi-rate exponential model (X) as a function of distance from the
source. Parameters used in the model were V=25000m? T=4s, S
=8000 m?, k=2, s=0.4.

the compensation appearing between parts above and below
the energy predicted by the linear model. Consequently, the
new model is expected to predict strength with the same
accuracy of the linear model, while it is likely to overesti-
mate clarity and slightly underestimate center time (espe-
cially at farthest points). However, the effect of these differ-
ences in terms of prediction accuracy needs to be
investigated by comparison with measured values.

Taking into account exactly the same sample of
churches used to generalize the original model (see Ref. 5 for
plans, architectural description, and choice of k and s coef-
ficients), the multi-rate revision was applied, using the same
parameters, in order to validate its predictive accuracy. Then,
for each church, the values of G, Cy, and T, were calculated
for every source-receiver combination using both the modi-
fied and the multi-rate theory. The results of the calculations
were then compared with the data measured in each church
by determining the mean rms error between measured and
predicted values for each source-receiver combination.

Table I summarizes the results of the comparisons show-
ing, as expected, a slight loss of accuracy for clarity (of
about 0.1 dB), while both G and T, show the same average
performance. Taking into account individual results, the new
model shows the highest loss of accuracy for Cg in the Ba-
silica of St. Nicholas in Bari and in the Gesu in Rome, with
rms errors respectively increased by 0.4 and 0.7 dB. How-
ever, in the latter church the old model also gave an high rms
error (2.5 dB), suggesting a substantial lack of early reflec-
tions (and possibly of direct sound) due to the grazing inci-
dence above the pews distributed along the nave, which can-
not be accounted for by both models. Improved Cg,
prediction was observed in those churches, such as San
Lorenzo and the Concattedrale, where the pattern of the re-
flections arriving within the first 80 ms is richer. 7, shows
the best improvements for Lucera and the Gesl, where the
measured values become more stable at farthest points,
reaching a sort of plateau, possibly because of reflections
from the back walls. Finally, it can be observed that in some
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TABLE I. Summary of rms errors between measured and theoretical values
of sound strength, clarity, and center-time at 1 kHz frequency band. Theo-
retical values are calculated according to the old “linear” model and the new
“exponential” model.

G (dB) Cyg (dB) T, (ms)
Church lin exp lin exp lin exp
S. Sabina Basilica, Rome 0.7 0.7 1.4 1.5 21 22
St. Apoll. in Cl., Ravenna 0.4 0.4 1.0 1.1 14 15
Modena Cathedral 0.7 0.7 1.2 1.5 31 31
St. Nicholas, Bari 0.4 0.4 1.1 1.5 24 27
St. Petronius, Bologna 0.8 0.8 2.5 2.7 27 28
Lucera Cathedral 0.4 0.5 1.3 1.7 31 25
San Lorenzo, Florence 0.5 0.6 1.3 1.1 25 23
Gesu, Rome 0.7 0.6 2.5 3.2 37 32
St. Luca & Martina, Rome 0.5 0.5 0.9 1.1 18 17
Martina Franca 0.6 0.7 1.2 1.4 27 26
Concattedrale, Taranto 0.5 0.5 1.1 0.7 14 18
Riola 0.4 04 0.8 0.9 23 23
Mean 0.6 0.6 1.4 1.5 24 24

cases an increase in the error on Cg, corresponds to a de-
crease on T, suggesting that the actual reflected energy dis-
tribution probably lies in between the two models.

IV. CONCLUSIONS

The use of a multi-rate decay model to adapt Barron’s
revised theory to churches was investigated as a refinement
of a previous linear model. Prediction formulas proved to be
considerably simpler without affecting the theoretical back-
ground (so that all the parameters previously defined as a
function of the architectural characteristics of the church may
still be used). On average, prediction accuracy remained un-
changed, with only a small increase of 0.1 dB in the rms
error calculated for Cg,. Further work is needed to investi-
gate the possibility to extend the model to other types of
spaces which present similar features and to validate its ac-
curacy in predicting early decay time variations as a function
of distance.
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The Rubens flame tube is a century-old teaching demonstration that allows observers to visualize
acoustic standing wave behavior [H. Rubens and O. Krigar-Menzel, (1905). Ann. Phys. 17, 149—
164]. Flammable gas inside the tube flows through holes drilled along the top, and flames are then
lit above. The tube is closed at one end and driven with a loudspeaker at the other end. When the
tube is driven at one of its resonance frequencies, flames form a visual standing wave pattern as they
vary in height according to the pressure amplitude in the tube. Although the basic performance of
the tube has been explained [G. Ficken and C. Stephenson, (1979). Phys. Teach. 17, 306-310], this
paper discusses a previously unreported characteristic of the tube: a shift of the tube’s resonance
frequencies away from those predicted by simple introductory physics. Results from an equivalent
circuit model of the tube and agreement between experiments and the model suggest that the shift
is caused by the presence of the holes. For teachers and educators seeking to better understand and
explain the tube to students, this article serves as a resource regarding the basic phenomena affecting

the behavior of the tube. © 2009 Acoustical Society of America. [DOI: 10.1121/1.3075608]

PACS number(s): 43.10.Sv, 43.20.Ks [VWS]

I. INTRODUCTION
A. History

In 1905, German physicists Rubens and Krigar-Menzel'
discovered a way to demonstrate acoustic standing waves
visually using what they referred to as a “flame tube.” One
hundred 2-mm diameter holes were drilled across the top of
a round brass tube that was 4 m long and 8 cm in diameter.
The tube was filled with coal gas and then flames were lit
from the gas exiting through the holes on top. The tube was
closed at both ends and driven at one of the ends with a
tuning fork in a box. At resonances of the tube, the standing
wave was seen in the flames above the tube with the flame
height correlating with the pressure amplitude inside the
tube.

B. Classroom demonstration

Because the Rubens flame tube provides an exciting vi-
sual representation of sound waves, it naturally serves well
as a teaching demonstration in the classroom setting of in-
troductory physics or acoustics. When teaching about sound
waves, it is common to talk about harmonically related reso-
nances in pipes. The Rubens tube is suitable for a discussion
of resonances because the resonances are easily seen: The
flame height variation increases dramatically as resonance is
reached. Because the tube was developed as a visual demon-
stration of a simple behavior, it has been used to foster stu-
dent learning of basic physics principles. For example,
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resonance-induced patterns in the flame have been used to
explore basic relationships between frequency, wavelength,
and sound speed. Via examples on the Internet, we are aware
of students using the flame tube to deduce the speed of sound
inside the pipe by measuring the distance between two peaks
in the flame pattern and assuming that to correspond to a
half-wavelength (e.g., see Fig. 1). With information regard-
ing the wavelength and the driving frequency, a student then
calculates the sound speed.

C. Previous research

Although this demonstration is more than 100 years old,
few studies have been published on the behavior of the
Rubens flame tube. This is likely due to the fact that the tube
is meant to demonstrate relatively simple physics; conse-
quently, few have taken the time to study its behavior in
detail. The most notable exception is Ficken and
Stephenson,2 who drove their flame tube with a directly
coupled loudspeaker and showed that flame maxima occur at
pressure nodes in the tube and flame minima at pressure
antinodes. They explained this result using Bernoulli’s equa-
tion, which indicates that the time-averaged mass flow rate
of the gas is greatest at the pressure nodes. However, they
showed that for low static gas pressures inside the tube or
high acoustic amplitudes, the effect reverses, such that the
flame minima occur at the pressure nodes and the flame
maxima occur at the pressure antinodes. This phenomenon
has not been fully explained and may be the subject of future
study.

In addition to the work of Ficken and Stephenson,2 other
short studies have been performed on aspects of the tube’s
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FIG. 1. (Color online) Hypothetical measurement of a wavelength in the
tube using flame peaks produced by the standing wave pattern.

behavior. For example, Jihui and Wang3 discussed the rela-
tionship between flame height and pressure in the tube, while
Spagna4 researched the behavior of the flame itself. He tried
to determine the phase relationship of the flame’s flicker rela-
tive to the loudspeaker response, but found that his results
were somewhat inconclusive. A direct extension of Rubens
and Krigar-Menzel’s work' is that of DaW,S’6 who published
articles detailing the construction and performance of square
and circular flame tables that are used for visualizing two-
dimensional modal patterns.

D. Motivation

Although prior studies have addressed some aspects of
the flame tube’s performance, none of the investigations have
discussed the relationship between tube resonance frequen-
cies. Why might the neglect of this point be significant? Per-
haps the answer is best illustrated by a direct example. Dur-
ing presentation of the seemingly simple physics of the tube
in a department seminar at Brigham Young University, it was
noted by one of the authors that the resonance frequencies of
the flame tube used in the demonstration were not harmoni-
cally related as was expected from a simple explanation of
the tube physics. Rather, the frequencies for the lower modes
appeared to be shifted upwards and the cause for this shift
was not obvious to him or to those in attendance. Anecdot-
ally, in speaking with teachers at other institutions, we have
discovered that others have observed similar phenomena in
demonstrating the flame tube in their classes. Because the
Rubens flame tube has been intended as a teaching tool to
engage student interest in introductory classes, the shift in
resonance frequency partially negates its effectiveness.

The results of the study presented in the remainder of
this paper indicate that the modal frequency shift is due to
the presence of the holes themselves, despite their small size
relative to the dimensions of the tube. The holes create a
Helmholtz-type resonance in the response of the tube that
then causes the modal frequencies to be shifted upward. A
Helmholtz resonator consists of a volume of gas in the bulk
of a container acting as an acoustic compliance and a mass of
air in the neck of the container acting as an acoustic mass. In
the case of the flame tube, the volume of gas or acoustic
compliance is the tube interior and the acoustic masses of air
in each of the drilled holes create many Helmholtz resonators
in parallel along the tube. These resonators notably affect the
behavior of the tube as is shown through modeling and mea-
suring tube behavior.
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FIG. 2. T-network with source and termination (Z,r).

Il. METHODS
A. Tube modeling

In order to better understand the tube and to quickly test
parameter changes, an equivalent circuit model of the tube
was developed as a direct adaptation of a similar model pre-
viously developed by Dix’ for different purposes. Modeling
of tubes with holes has been done before, notably by Plitnik
and Strong8 and Keefe,” in the application of musical instru-
ment modeling. A summary of the equivalent circuit theory,
based on Keefe’s’ development, used in modeling the tube
follows.

For lumped-element systems (i.e., systems where all di-
mensions are small compared to wavelength), equivalent cir-
cuits can be used to calculate quantities such as volume ve-
locity and pressure inside the tube as a function of frequency.
In our case, we have chosen an impedance analog, where the
acoustic pressure (p) corresponds to voltage in the circuit,

and the volume velocity ((AJ) corresponds to current. Because
the tube’s length is much greater than the cross-sectional
dimensions and greater than some of the wavelengths of in-
terest, a waveguide circuit is used to account for changing
acoustic parameters along the longer dimension. Waveguide
circuits translate impedances from a termination to an input
location as'’

Poc \ Zat +.j(poc/S)tan(kL)
NS <_) (1)

S ) poclS + jZur tan(kL) ’

where Z,; is the desired acoustic impedance at the input
location, c is the speed of sound, S is the cross-sectional area
of interest, k is the wave number, p, is the fluid density, and
Zr is the acoustic termination impedance to be translated a
distance L down the tube. A waveguide circuit can also ac-
count for variable conditions along the length of the wave-
guide, or in our case, the presence of holes along the top.

In a waveguide circuit, two terms correspond to an arbi-
trary source and an arbitrary termination. The three other
impedances make up the “T-network” in Fig. 2.

By equating the input impedance of this circuit to the
impedance “translation” theorem in Eq. (1), one finds the
series impedance terms Z,; (acoustic impedance) to be

ZA1=j<%)tan<k?L> (2)

and the shunt impedance term Z,, to be
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FIG. 3. Waveguide circuit diagram for a simple tube with source, termination, and one hole (Z,y) with appropriate shading showing the impedance elements’

corresponding physical objects.

ZA2=—j<%)csc(kL). (3)

This circuit, comprised of Fig. 2 and Egs. (2) and (3), de-
scribes pressure and volume velocity at the source and at the
termination but not in between. Although the circuit serves
as the foundation for the rest of the flame tube model, addi-
tions are needed to calculate the pressure along the length of
the tube and to incorporate the presence of the holes.

To acquire acoustic quantities at points between the
source and termination, a modification of the waveguide cir-
cuit is required. By coupling two T-network circuits together,
the pressure or volume velocity can be obtained for any po-
sition x by using the voltage (pressure) drop at the junction
of the circuits. The impedances Z,, and Z,, remain the same,
but now there are two more impedance quantities to solve for
in the second T-network, namely,

Zas =j<p?oc)tan{@] 4)
and
Zps= —j(”sﬁ)csc[k@—x)]. (5)

By allowing x, which in this case represents the distance
from the source end of the tube, to vary in Egs. (4) and (5),
the pressure or volume velocity may be calculated along the
length of the tube.

To incorporate the holes at the top of the tube, only one
major change is needed in the model. These holes represent a
change in impedance that can be accounted for by taking
multiple T-networks and juxtaposing them together with
shunt terms for each of the holes. The sound pressure and
volume velocity can then be modeled at the source, the ter-
mination, or any of the holes. To calculate the pressure or
volume velocity at any point along the tube, two T-networks
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are coupled together between each hole impedance, source,
or termination impedance, schematically shown for one hole
in Fig. 3. Note that in Egs. (4) and (5) the definition of x is
changed to mean either the distance from the source or from
the hole immediately to the left, whichever is closer.

The equivalent circuit theory is used to make a code that
calculates the pressure along the length of the tube across a
span of frequencies. The internal impedance of the source
(the loudspeaker) is included and the volume velocity at the
face is obtained using the Thiele-Small parameters. The cav-
ity, a series of 2 cm gaps of varying diameter, is also in-
cluded. The fluid properties are included as well, i.e., pro-
pane in the tube and air in the source cavity and loudspeaker
enclosure. The frequencies at which the pressure amplitude
is a local maximum at the termination (a rigid cap) are con-
sidered resonance frequencies. We numerically calculate the
pressure at every point along the tube at all the frequencies
of interest by multiplying the impedance and the volume
velocity together as

PO) = UX)Z(x). (6)

B. Experiment setup

To study the impact of the holes on the shift in tube
resonance frequencies and to compare against the equivalent
circuit model, we constructed two flame tubes. The two
galvanized-steel tubes are 1.524 m long with a 2.6 cm radius
and have a 4 mm wall thickness. Both tubes have 60 de-
burred holes drilled in the top, each 2.2 cm apart, that begin
12 cm from the source end of the tube. The two tubes differ
only in the size of the holes for the flames; one tube has 0.92
mm radius holes and the other has 0.46 mm radius holes, or
half the size of the larger holes. Drilled in the center-side of
each tube are 9.5 mm holes each with a short section of pipe
used for the gas intake. A small hole was drilled in the
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FIG. 4. (Color online) Flame tube setup.

galvanized-steel end cap (termination) for the tube to accom-
modate the 6.35-mm (0.25-in.) GRAS Type 1 microphone
used to monitor the acoustic pressures at the termination end
of the tube. The entire flame tube setup is displayed in Fig. 4.

To drive the tube, an enclosed loudspeaker was coupled
directly to the tube at the other end as shown in Fig. 5. A
10.5 cm diameter driver, whose measured Thiele—Small pa-
rameters are provided in Table I, was placed in a medium-
density fiberboard enclosure sealed with putty. The driver
radiates into the tube through a 2 cm deep cavity that is 15.3
cm in diameter. This 15.3 cm section is the largest cross-
sectional dimension in the setup, which limits our one-
dimensional circuit model to 1018 Hz in propane. Although
not visible in Fig. 5, plastic wrap approximately 15 um
thick was inserted at the drive end of the tube to prevent
propane from leaking into the loudspeaker enclosure from
the tube. Figure 6 shows the large-holed flame tube operat-
ing, the mode with four pressure antinodes and three pres-
sure nodes being clearly shown.

In order to compare the model and physical flame tube
results, acoustical measurements are needed inside the tube.
This is accomplished by inserting a microphone in the termi-
nation end of the tube. Because of the rigidity of the
galvanized-steel end cap, pressure antinodes occur at this
location at resonance. With white noise driving the loud-
speaker, the frequency response is measured at the termina-
tion. This technique was used to measure the frequency re-
sponse for both the small- and large-holed tubes with the

!

FIG. 5. (Color online) Close-up of the coupling of the speaker to the tube
with relevant dimensions.
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TABLE I. List of Thiele~Small parameters for the loudspeaker (Ref. 7).

Parameter Value Units
R, 542 QO
L, 0.152 mH
L, 0.488 mH
R, 16.5 QO
Ous 3.03 :
Cus 482.8 pum/N
Mys 9.66 g
F, 73.7 Hz
Bl 6.59 Tm

flames lit. These measured frequency responses become the
benchmark for comparison between the modeled and mea-
sured tubes.

lll. RESULTS
A. Equivalent circuit model

The first results to discuss are those of the modeled tube.
In order to quickly change model parameters and easily vi-
sualize the results, a MATLAB®-based graphical user interface
was developed. A user inputs into the model the relevant tube
dimensions (tube radius, hole spacing, number, size, etc.),
the speed of sound inside the tube, the density of the gas, and
the relevant source model parameters. The model then out-
puts a graph of the magnitude of the pressure along the tube
at whatever frequencies are chosen. Example results can be
seen in Fig. 7 for the large-holed tube. The figure shows
relative sound pressure level in the tube (white indicates
greater level) as a function of frequency and position in the
tube. Because propane is denser than air, we assume that the
tube eventually completely fills with propane as the air is
forced out through the holes. Based on the average of tem-
perature measurements inside the tube during operation, the
modeled propane was calculated to have a sound speed of
256 m/s and a density of 1.62 kg/m?.

Figure 7 shows the sound pressure level variation inside
the large-holed tube for a number of scenarios and it is
worthwhile to discuss those in some detail. First, although
Figs. 7(a) and 7(c) are for the tube modeled with a constant
volume velocity source, rather than the loudspeaker, all re-
sults shown include the loudspeaker cavity for the sake of
consistency. In Fig. 7(a), which neglects both the holes and
the loudspeaker, the resonance frequencies (white lines) are
harmonically related and have a high quality factor. Figure
7(b) extends the results in Fig. 7(a) by introducing the effects

FIG. 6. (Color online) Flame tube in operation.
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FIG. 7. Graph of sound pressure level inside large-holed tube from the
speaker end (0 cm) to the cap end (150 cm) looking at frequencies from 0 to
1000 Hz. (a) The graph is modeled without the source or holes but with the
cavity. (b) Without the holes but with the source cavity and speaker. (c) With
holes and cavity without the speaker. (d) With holes, cavity, and speaker.

of the speaker. The speaker alters the resonance frequencies
and greatly decreases the quality factor of the lowest several
modes. This is expected because the speaker has its own
resonance at 73.7 Hz and introduces significant damping to
the system. Figure 7(c) includes the effects of the holes with
an ideal volume velocity source. Here, there are two effects
to consider. First, we observe an additional resonance of the
tube where the pressure level does not vary spatially. This is
the Helmholtz resonance of the tube. Second, the natural
frequencies of the first several modes are significantly shifted
upward in frequency from the no-holed case in Fig. 7(a).
By including the loudspeaker and the holes in Fig. 7(d),
the model comes closest to matching the actual experiment.
Here, the presence of the coupled loudspeaker and the holes
both reduces the quality factor of the lowest resonances and
significantly shifts the frequencies of first several modes up-
ward. It is clear from comparing Figs. 7(c) and 7(d) that the
dominant cause of the overall resonance frequency shift
above the first few low-quality-factor modes is due to the
presence of the holes, not the loudspeaker. It is also worth

noting that the interaction between the holes and the loud-
speaker in Fig. 7(d) actually removes the Helmholtz mode
from the response.

Before moving to the comparison of the modeled and
physical flame tubes, a further illustration of the effect of the
holes is worthwhile. To remove the effect of the real loud-
speaker, we assume that our small- and large-holed tubes are
driven with a constant volume velocity source (again, keep-
ing the source cavity that is present in the physical tube). The
resonance frequencies for the first nine modes are shown in
Table II, along with the resonance frequencies for the tube
without holes and the percent shift upward predicted. A com-
parison of the last two columns of Table II demonstrates that
the resonance frequencies of the large-holed flame tube are
significantly more affected by the holes than the small-holed
tube. Using the large-holed tube as an example, examination
of the spacing of the resonance frequencies themselves illus-
trates the possible difficulty encountered in trying to illus-
trate “simple physics” in a classroom setting. For the ap-
proximation that the tube is a simple closed-closed pipe, the
resonance frequencies of the driven tube should be harmoni-
cally related. The average spacing of the resonance frequen-
cies of the large-holed pipe is around 75 Hz, but the frequen-
cies themselves are not multiples of 75 Hz and Fig. 7(c)
reveals that there is no predicted resonance behavior below
100 Hz.

B. Comparison of predicted and observed responses

The results in Table II were meant to examine the impact
of the holes on the tube by themselves. The real system,
however, will be impacted by the presence of the loud-
speaker, as was modeled in Fig. 7(d). To compare the ob-
served to the predicted modal frequencies, the frequency re-
sponse magnitude at the termination position was plotted in
decibels for both the model and as measured by the micro-
phone at the end cap of the physical tube. The resonance
frequency results for the large-holed tube with propane are
displayed in Fig. 8. Again, the emphasis is on the frequen-
cies, so the observed and predicted responses have been de-
liberately offset from each other. Although the agreement
between the relative amplitudes for the first several modes is

TABLE II. Model-predicted resonance frequencies in propane for the three cases of the tube with the cavity:
small holes, large holes, and no holes, including the percent shift from no holes. The tubes are driven by ideal

constant volume velocity sources.

Small hole frequency

Large hole frequency

Mode (Hz) (Hz) No hole frequency ~ Small hole  Large hole
No. Helmholtz res. 60 Hz ~ Helmholtz res. 102 Hz (Hz) % shift % shift
1 92 127 75 22.7 69.3
2 162 187 151 7.28 23.8
3 236 255 228 3.51 11.8
4 314 329 307 2.28 7.17
5 392 405 387 1.29 4.65
6 472 483 467 1.07 3.43
7 552 562 548 0.73 2.55
8 643 641 630 0.48 1.75
9 726 722 711 0.42 1.55
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FIG. 8. (Color online) Frequency response at the cap end of tube comparing

the observed response (tube in operation) to the model predicted response in
large-holed tube.

not very well modeled, especially for the fundamental, the
overall trend in the predicted and observed frequency shifts
is readily observable. Similar results may be seen for the
frequency response of the small-holed tube in Fig. 9. As with
the large tube, there are some relative maxima and minima in
the measured response that are absent from the predicted
data below 300 Hz. Nevertheless, the measured and pre-
dicted responses both show the predicted upward shift in
resonance frequency.
Table III quantifies the data in Figs. 8 and 9, showing
both predicted and observed resonance frequencies for the
small- and large-holed tubes. It also gives percentage error.
The greatest error between predicted and measured frequen-
cies is for the fundamental mode for both tubes. For the
large-holed tube, the error is 17%, whereas for the small-
holed tube, the error is 10%. Beyond the fundamental mode,
the percentage error for all higher modes is less than 5% and
is less than 2% in most cases. Hence, by including terms that
account for the impedance of the holes and then calculating
the resonance frequencies, the model accurately depicts the
behavior of the tube and shows that the holes create the shift
in resonance frequency. Based on altering various parameters
within the model, we believe dominant source of error to be
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FIG. 9. (Color online) Frequency response at the cap end of tube comparing

the observed response (tube in operation) to the model predicted response in
small-holed tube.

uncertainty in our estimate of the sound speed in the tube.
Although a constant sound speed was used in the model, the
sound speed, proportional to the square root of temperature,
varies within the actual tube because the tube is hotter in the
middle (where the inlet is) and cooler on the ends.

IV. DISCUSSION

Based on the results of the equivalent circuit model, it is
clear that the holes are a primary cause of the shift in reso-
nance frequencies. The fact that the lower modes are im-
pacted more significantly than the higher modes can be
qualitatively explained by considering the volume of gas in
the hole as an acoustic mass, M4, which is the actual mass of
the gas divided by the square of the cross-sectional area of

the hole. The acoustic impedance of the hole may then be
written'" as

AN

— = joM, = joM,,/S, (7)
U

where M, is the (mechanical) mass of air inside the hole,
including assumed flanged end corrections,' and S is the
cross-sectional area of the hole. Because the acoustic imped-

TABLE III. Predicted and observed resonance frequencies for both tubes and the error between the observed
and the predicted. Note that there is no clearly observed distinction between the Helmholtz and the first mode.

Small hole res. frequencies

Large hole res. frequencies

(Hz) (Hz)
Mode Small hole Large hole
No. Observed Predicted Observed Predicted % error % error
1 71 79 145 124 10 17
2 142 143 183 178 0.7 2.8
3 242 246 274 263 1.6 4.2
4 323 321 342 335 0.6 2.1
5 393 398 413 410 1.0 0.7
6 470 475 488 486 1.1 0.4
7 546 555 563 564 1.6 0.2
8 626 635 640 643 14 0.5
9 705 716 720 723 1.5 0.4
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FIG. 10. (Color online) Calculated sound speed versus frequency using ¢
=\fin large-holed tube. The distance between two flame peaks is used as a
measurement of N and f is the frequency input into the tube from the signal
generator.

ance in the hole increases as a function of frequency, the
holes play less of a role at high frequencies than at low
frequencies and the tube begins to look like the no-hole case.

This same reasoning can be used to explain why the
large-holed tube resonances are affected more than those of
the small-holed tube. For a hole of constant length (the tube
thickness in this case), M), increases linearly with volume
and consequently, as a function of S. However, as shown in
Eq. (7), as the diameter of the hole is made larger, the acous-
tic impedance is found to be inversely proportional to S.
Therefore, the large-holed tube resonances are more affected
than those of the small-holed tube because the greater cross-
sectional area of the hole reduces M, and, therefore, the
acoustic impedance of the hole. This may be useful informa-
tion for one designing a tube: By making the holes as small
as possible or the tube as thick as possible while maintaining
sufficient mass flow rate of the flammable gas, the resonance
frequency shift can be minimized.

It also must be noted that the loudspeaker affects the
symmetry of the pressure response across the tube. The con-
stant pressure resonance now decreases in amplitude away
from the cap end, and symmetric modal responses are not
expected. This occurs because the loudspeaker creates a
boundary condition, which is dissimilar to that of a rigid cap:
The tube is not “closed-closed.” The loudspeaker’s effect
decreases with increasing frequency, because as its imped-
ance increases as a function of frequency, it begins to act less
like a compliant source and more like a closed end. In sum-
mary, we learn that the combined effect of the holes and
loudspeaker shifts and smears the resonance frequencies,
which are no longer harmonically related, and creates pres-
sure asymmetry across the tube.

One implication of the results of this study is worth
discussing. An example of how the wavelength of sound in-
side the flame tube could be measured via the flame pattern
was shown in Fig. 1. Using this information and the drive
frequency, one can use c=Af to calculate the sound speed
inside the pipe. As a consequence of the shift in resonance
frequencies due to the presence of the holes, this sound speed
calculation practice will prove erroneous. Figure 10 shows
the calculated sound speed based on measurements of the
distance between flame maxima in the large-holed tube. For
both trials, there is an apparent decrease in sound speed as a
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function of frequency, which is physically untenable. The
sound speed predicted by c=M\f, especially for the lower
modes, is too high to be accurate, taking into account the gas
inside the tube and its temperature. The sound speeds for the
higher frequencies are closer to the actual sound speed,
which we estimated to be about 256 m/s. Therefore, the
flame peak distance is not a reliable source for the wave-
length in the equation c=Af. Information previously avail-
able on the Internet indicated that others have observed this
apparently dispersive sound speed, but have not attributed it
to the presence of the holes and the shift in resonance fre-
quency. These results were confirmed using the equivalent
circuit model, where one can readily observe that the dis-
tance between pressure maxima is greater than a half-
wavelength. This results in an erroneous sound speed calcu-
lation for the lower modes. For the higher modes, however,
the distance between adjacent pressure maxima approaches a
half-wavelength, which again indicates that the holes play a
decreasing role at higher frequencies.

V. CONCLUSION

The Rubens flame tube serves well as a classroom dem-
onstration, but calculating resonance frequencies or sound
speeds is not a straightforward exercise of basic acoustics.
Depending on how the tube is built, the phenomena observed
here may or may not be strongly present. For example,
smaller and fewer holes will decrease the resonance fre-
quency shift and will allow an instructor to demonstrate and
discuss the simpler physics in a quantitative fashion with
greater accuracy. However, if the holes are too small or too
far apart, this could compromise the effectiveness of the
demonstration. In a more advanced setting, the tube could be
used as a demonstration of parallel impedances or an ex-
ample of acoustic masses, where it might be viewed as ini-
tially counterintuitive by students that the holes actually play
less of a role at high frequencies where they look large rela-
tive to a wavelength. There are likely other uses for the flame
tube, and instructors can take advantage of its complicated
nature to teach students that the simple explanations of a
physical system are often approximations that neglect poten-
tially richer and important phenomena.
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This study investigates two-dimensional wave propagation in an elastic half-space with quadratic
nonlinearity. The problem is formulated as a hyperbolic system of conservation laws, which is
solved numerically using a semi-discrete central scheme. These numerical results are then analyzed
in the frequency domain to interpret the nonlinear effects, specifically the excitation of higher-order
harmonics. To quantify and compare the nonlinearity of different materials, a new parameter is
introduced, which is similar to the acoustic nonlinearity parameter [ for one-dimensional
longitudinal waves. By using this new parameter, it is found that the nonlinear effects of a material
depend on the point of observation in the half-space, both the angle and the distance to the excitation
source. Furthermore it is illustrated that the third-order elastic constants have a linear effect on the

acoustic nonlinearity of a material.
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I. INTRODUCTION

Most of the existing literature on waves in nonlinear
solids only considers one-dimensional plane wave motion,
and does not examine the multi-dimensional interaction be-
tween different types of waves. A classic problem in this area
that has not been solved is the nonlinear version of Lamb’s
problem, namely, wave propagation in an elastic half-space
with quadratic nonlinearity due to a time-dependent line-load
on the surface. This nonlinear Lamb problem requires the
solution of nonlinear hyperbolic partial differential equations
that only allow closed form solutions in a few special cases.
Hence, the following considers a second-order semi-discrete
central scheme' in order to provide a detailed numerical res-
olution and analysis of the nonlinear effects. For this, the
library CENTPACK (Ref. 2) is used with several enhancements
required to deal with the semi-infinite domain.

Based on the numerical results for the nonlinear Lamb
problem under consideration, the influence of the material
nonlinearity is evaluated in the frequency domain. Here the
excitation of higher-order harmonics can be observed and a
detailed parameter study reveals the angular dependency of
the nonlinear interactions, i.e., the relationship between the
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interacting waves and the position in the half-space with re-
spect to the location of the source. The nonlinear behavior of
a material is typically presented in terms of S, which is an
intrinsic material parameter developed for one-dimensional
longitudinal waves. This 8 can be presented in terms of the
ratio of the amplitude of the second harmonic frequency to
the square of the magnitude of the fundamental ’frequency.3’4
In order to quantify the nonlinear effects in the current two-
dimensional problem, a new parameter k, is introduced,
which is similar to the acoustic nonlinearity parameter S for
longitudinal waves. By using this «, parameter, it is possible
to show that a nonlinear stress-strain relationship causes
acoustic nonlinearities that are directly influenced by the in-
teraction among different types of waves and the third-order
elastic constants.

Before closing this section, it is worth mentioning that
nonlinear ultrasonic techniques have attracted significant at-
tention in recent years. In particular, the technique of second
harmonic generation has been used to correlate fatigue dam-
age in metallic materials.”'® It has been found that the
acoustic nonlinearity parameter B correlates very well with
the cumulative damage in several high temperature alloys
subjected to cyclic load. It is well known in literature that the
acoustic nonlinearity parameter S may come from two
sources, namely, lattice anharmonicity and dislocations. It is
believed that the increase in 8 during metal fatigue is mainly
due to the increased plastic deformation, a manifestation of
dislocation dynamics. This work, however, only considers

© 2009 Acoustical Society of America 1293
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FIG. 1. Half-space at x3=0 with a load applied normal to the surface to-
gether with the semi-infinite physical domain and the finite computational
domain with numerical boundaries at =X; and X,.

the effect of lattice anharmonicity on the nonlinear acoustic
parameter. In other words, the half-space considered here is
assumed to be elastic with quadratic nonlinearity so that lat-
tice anharmonicity is represented by the third-order elastic
constants.

The paper is organized as follows. In Sec. II the consid-
ered nonlinear Lamb problem is introduced. This is followed
in Sec. III by a reformulation of the problem as a system of
conservation laws and the introduction of the applied nu-
merical solution approach, which is based on an appropriate
high-resolution central scheme. The obtained numerical re-
sults are analyzed and evaluated in Sec. IV where in addition
a detailed parameter study is performed. Some final remarks
conclude the paper.

Il. MODEL FOR WAVE PROPAGATION IN AN ELASTIC
HALF-SPACE WITH QUADRATIC NONLINEARITY
(THE NONLINEAR LAMB PROBLEM)

The model under consideration consists of two coupled
hyperbolic partial differential equations, which describe the
wave propagation in an elastic half-space with quadratic
nonlinearity. For this, consider a Cartesian coordinate system
(x),x,x3) attached to an elastic half-space subjected to a
time-dependent line-load applied at x;=x,=0, —0 <x;<<o;
see Fig. 1. Symmetry of the problem leads to a two-
dimensional motion governed by the following second-order
hyperbolic system of partial differential equations:

(90'11 (90'12
—= = pii ,
ox, o7x2 P
(?0'12 (90'22
— = pii,, 1
o, o7x2 pu; (1)

where p denotes the density of the material, u;=u; (x,x,,?)
and u,=u, (x;,x,,1) denote the displacement components in
the x;- and x,-directions, respectively, and o;;=0;; (x;,x;,1)
denote the stress components. The boundary conditions for
the Lamb problem depicted in Fig. 1 are given by

- QF(1)dlxy),

0y(x1,0,1) =

0'12(.X1,0,t) =0’ (2)

where 8(x,) is the delta function representing the line-load at
x3=0 and F(¢) is the temporal input signal with the input
amplitude Q. The half-space is assumed initially at rest such
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that the displacements and particle velocities are zero at time
Zero.

The derivation of the nonlinear stress-strain relationship
can be found in literature.'™* Since this research considers
only small strain deformations, the terms of the geometrical
nonlinearity are neglected. The resulting constitutive equa-
tions are given by

0'11 = ()\ + 2,(1,)1/{1’1 + )\Mz’z + (l + Zm)uil

m
+luy 5 2uy g + Uy ) + 5(“1,2 +iy )%, (3)

00 =(N+2m)uy s+ Nuy+ (1 + 2m)u%’2

m
+lu1,1(2u2,2+u1,1)+E(u1’2+u2,1)2, 4)

1= (U o+ up ) (e + muy | +mus,), (5)

where N and u are second-order elastic constants, / and m are
third-order elastic constants, and u; ;= du;/ ox;.

lll. NUMERICAL SOLUTION

In view of the numerical analysis, the considered non-
linear Lamb problem can be reformulated into a hyperbolic
system of conservation laws being defined on a two-
dimensional domain (x;,x,) € (—o,%) X (0,), i.e.,

P p P
—q+—f(q)+—g(q) =0, 6
pr! o (q) ﬁng(q) (6)

where q=q(x,,x,,1).
This can be achieved by introducing the state vector q
according to

g (x1,x,1) uy
g (xp.x5.1) 17
qee .0 = | ¢P ) = wy | (7)
q(4)(x1,x2,t) Uz o
g™ (1, x.1) 1 Ltatua |

with the two flux vectors

1
_011(61 ,CI 615))
p

1
_012(61 ,CI 615))

f(-x] ,X2, t) p B
- q(l)
0

- q(2)
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As can be easily deduced from Eq. (8), this formulation
holds similarly for general constitutive equations, which
might also involve rate-dependent behavior such as
hysteresis.15

For a linear stress-strain relationship [/=m=0 in Egs.
(3)—(5)] both Jacobian matrices df/dq and dg/dq of the flux
vectors according to Eq. (8) have the same eigenvalues at
v,=0, v,3=* ¢, and v, 5= * ¢, where ¢, and ¢, denote the
longitudinal and the transverse phase velocity, respectively.
It can also be shown that all linear combinations of the Jaco-
bian matrices of the flux vectors have real eigenvalues.
Hence, the linear system of conservation laws according to
Eq. (6) is hyperbolicmf18 and can be solved by many numeri-
cal schemes for hyperbolic systems of conservation laws.

For a nonlinear stress-strain relationship (/#0 and m
#0), the hyperbolicity of Eq. (6) is not guaranteed in all
regions, as there exist some regions, where the Jacobian ma-
trices of/dq and dg/dq may have complex eigenvalues.
Since many numerical schemes are based on the hyperbolic-
ity of a system and do not consider a change in the charac-
teristic of a system, it is important to limit the system in the
hyperbolic region, i.e., the eigenvalues must be real. Note
that the eigenvalues depend only on ¢'¥, ¢®, and ¢©® and
thus on the spatial derivatives of u;(x;,x,,7) and u,(x;,x,,1).
Hence the hyperbolicity can be guaranteed by limiting the
input amplitude Q of the excitation signal at the boundary
(see Fig. 1). This does not add additional constraints since
the geometrical nonlinearities are neglected as previously
described—the strains are assumed to be small.

Many numerical solution algorithmsl’19 have been de-
veloped and successfully applied in computational fluid dy-
namics for systems of conservation laws according to Eq.
(6). In the following, for the numerical solution to the wave
propagation problem, a high-resolution second-order central
scheme is considered as proposed by Kurganov and Tadmor.'
A brief description of this scheme providing the essential
details required for the subsequent analysis can be found in
the Appendix. The resulting system of ordinary differential
equations (ODEs) is solved via an explicit second-order
Runge-Kutta method (modified Euler method).”® The com-
plete numerical solution algorithm is implemented using the
library CENTPACK (Ref. 2) with several enhancements re-
quired to deal with the semi-infinite domain (x;,x,)
€ (—o0,0) X (0, ).

One key factor for numerical simulations of real physi-
cal problems is the implementation of the boundary condi-
tions since they have an immense influence on the solution
of the problem. The boundary conditions in this research are
implemented using the so-called ghost-cell method,”" which
has been integrated into CENTPACK. For this, the physical
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FIG. 2. Extension of the computational domain by ghost-cells at x,=0.

domain is extended by suitable ghost-cells, which are re-
quired in order to evaluate the flux vectors along the bound-
aries to determine the inflow (or outflow) originating from
the free surface as required for the numerical solution (cf.
Appendix). This avoids spurious oscillations in the numerical
solutions that are due to the fact that the numerical evalua-
tion of the flux vectors according to Eq. (A2) is based on an
averaging process involving flux limiters given in Eq. (A5).
Once integrated into the scheme, the state values in the
ghost-cells are prescribed at the beginning of each integra-
tion step depending on the respective boundary conditions
according to Eq. (2) and the interior (physical) solution of
the previous time step. Figure 2 shows the extension of the
free surface at x,=0 of the elastic half-space. For the imple-
mentation of the ghost-cell method, it is required that the
computational domain being a finite part of the physical do-
main (see Fig. 1) ends exactly at the physical boundary. Thus
the grid of the computational domain used for the numerical
simulation in this research is

A :
x,=jAx; and xzk:%+kAx2; jeZ, keN,

)

where Ax; and Ax, denote the spatial discretizations in
the x;- and x,-directions. This grid choice guarantees the
ending of the computational domain exactly at the free sur-
face, as the discretized cell (xl/_,xzk) covers the computa-
tional domain corresponding to [x; —Ax,/2,x; +Ax,/2]
X[x2k—Ax2/ 2,x2k+Ax2/ 2]. Furthermore the choice accord-
ing to Eq. (9) allows the application of the line-load exactly
at x;=0, since X approximates the solution exactly at x;
=0 for j=0. '

The values in the ghost-cells (k=—1,-2) have to ensure
that the free surface boundary conditions according to Eq.
(2) are satisfied. Since the particle velocities ¢'"=ii; and
g®=1i, are not influenced directly by the boundary condi-
tions, they are symmetrically extrapolated to the ghost-cells,
which yields

(mn _
9;-k=4jk-1>
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q](2)k = 615213—1 ’ (10)

where je 7, k=1,2, andq k q(’l(]Ax],sz/2+kAx2,t) The

same holds for o;(¢® (5)) while 05,(¢®,¢®,¢®)
and o,(¢®,¢¥,¢®) are 1nﬂuenced directly by the free sur-
face boundary conditions according to Eq. (2) such that they
have to be considered differently. Figure 2 shows that the
values exactly on the physical boundary are given by linear
interpolation between the ghost-cells and the interior cells
for k=0,1. Since the values on the physical boundary for
o2(q%,¢¥,¢"%) and o1,(¢?,q%,¢") are given by the
boundary conditions, the required values for ¢¥, ¢'¥), and
g% in the ghost-cells are obtained together with the sym-
metrical extrapolation of oy;(¢®,¢",¢®) from a set of
equations

Ull(q](s—)k’Q;4—)k’q1(5—)k) 0'11(‘]](31() 1’51§4k) 1"]](51() 1)=0,

4 4
(qj -kﬂj —)k7q] 2o+ 0‘22(% k=1> q; k)—h% i-1)

=20F()8x,).

(qj _k,qy‘_)k,% 20+ 0‘12(% k-1 45413—17% 1) =0, (11)
with j e Z, k=1,2, and q('k q’)(]Axl Axy/2+kAx,,1).

For a linear elastic half—space (I=0, m=0), the solution
to the set of equations according to Eq. (11) can be calcu-
lated explicitly. This is no longer true in general for a non-
linear elastic half-space (I#0, m#0). Hence, in this re-
search, the Newton—Raphson method is used to approximate
the solution to the set of equations according to Eq. (11).

The convergence of the Newton—Raphson method to the
correct physical solution depends highly on the initial guess.
Since it is known that the solution in a nonlinear elastic
half-space is mostly driven by the linear parts,22 the initial
guess for solving the nonlinear system of equations accord-
ing to Eq. (I11) using the Newton—Raphson method is ob-
tained from the solution to the linear system of equations
(=0, m=0).

Note that the problem at hand has a semi-infinite solu-
tion domain (the physical domain), but the numerical solu-
tion requires a finite solution domain (the computational do-
main). Hence, one has to avoid the appearance of reflections
at the artificial boundaries at =X, and X, (see Fig. 1), which
is done by introducing transparent boundary conditions. In
this research, these transparent boundary conditions are also
implemented via the ghost-cell method with the values in the
ghost-cells being calculated by zero-order extrapolation.

As there only exists an analytical solution to the linear
Lamb problem with 1=m=0,"% the accuracy of the pro-
posed numerical solution procedure is first evaluated based
on the linear scenario. For example, Fig. 3 shows the numeri-
cal solution and the exact analytical one for the displacement

TABLE I. Material and input parameters.

x108

1.5
- - -Exact
1t — Numerical
__ 05
g
- 0
N
3
-0.5
1t

0 0f5 1 1i5 2 215
t [us]

FIG. 3. Numerical solution of displacement u, at r=5.2 mm and #=0° and
exact solution for the original linear Lamb problem.

in the x,-direction at r=5.2 mm and 6=0° (see Fig. 1) for the
original linear Lamb problem. The input signal F(z) used in
this simulation is given by

1
s1n(277fft)(1 - cos<2w—>) ifr=t,
Iy
0 otherwise,

F(r) =

(12)

with f;=5 MHz and 7,=1 us, and the input amplitude is cho-
sen to Q=10* N/m. It can be seen that the numerical solu-
tion is in good agreement with the exact analytical one. A
detailed evaluation of the presented numerical solution pro-
cedure is given in Ref. 26, where it is shown that the solution
procedure used in this research offers a high-resolution solu-
tion for wave propagation in both linear and nonlinear elastic
half-spaces. The free surface boundary conditions according
to Eq. (2) implemented via the ghost-cell method are satis-
fied for wave propagation in both linear and nonlinear elastic
half—sp21c:f:s.26’27

IV. NUMERICAL RESULTS AND DISCUSSIONS

Using the numerical solution technique discussed in Sec.
III, the nonlinear Lamb problem is solved. The material pa-
rameters used correspond to Aluminum D54S (Ref. 28) and
are summarized in Table I together with the parameters of
the applied line load [cf. Eq. (12)]. The mesh density param-
eters used here are listed in Table II, where the parameters J
and K denote the number of grid cells in the x;- and
x,-directions, respectively. In order to ensure convergence,
the numerical time step Ar must be chosen in order to fulfill
the algorithm-dependent Courant-Friedrichs—Levy (CFL)-
condition according to Eq. (A7). This CFL-condition guar-
antees that the analytical domain of dependence of the solu-
tion at a given point is completely included in the numerical
domain of dependence of the difference scheme at the same

p A M l m Sy 1y 0
(kg/m?3) (N/m?) (N/m?) (N/m?) (N/m?) (MHz) (us) (N/m)
2719 4.91x10'0 2.6 % 10" —38.75x10'° —-35.8%x 10" 5 1 10*
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TABLE II. Simulation parameters.

tm Ax, Ax, X X,
(us) (m) (m) J K (mm) (mm)

2.8 9Xx10°¢ 9% 107 2501 1250 +11.25 11.25

point.16 A convergence analysis of the applied numerical
scheme for the one-dimensional problem was performed Ref.
26 by refining the spatial resolution of the grid in both direc-
tions, i.e., increasing the number of cells in the computa-
tional domain. It is thereby shown that a further increase in
the spatial discretization does not alter the obtained time and
frequency domain signals, which confirms the convergence
of the applied scheme. Hence, the simulation parameters
summarized in Table II are used subsequently. The numerical
solutions will be presented in the time domain first, followed
by their analysis in the frequency domain.

Since the displacements are not obtained directly from
the numerical scheme, particle velocities are used in the fol-
lowing presentation in order to study the nonlinear effects
using a direct signal from the numerical scheme. In addition,
the particle velocities obtained in Cartesian coordinates from
the numerical scheme are transformed into polar coordinates
to better reveal the physics of the Lamb problem. The trans-
formation into polar coordinates is given by

u, =1, cos(6) — u, sin(6),

tig=u; sin(6) + i, cos(6). (13)

A. Time domain

A typical output of the numerical solution to the particle
velocity is shown in Fig. 4. For comparison purposes, solu-
tions to the corresponding linear problem (/=m=0) are also
shown in the same figure. Clearly, there is very little observ-
able difference between the solutions to the linear and non-

0.4 0.4
—Lin. —Lin.
0.2 0.2
n =l
Bl Ba
. -
.35 .3
0.2 0.2
Vo5 1 s 2 25 Chos 1 s 2 25
(a) t [ps] (b) t [us]
0.4 0.4
—Lin. —Lin.
0.2 0.2
n m
A _J\/\}\/\,VV,_ &
- s
0.2 0.2

V05 1 s 2 25 V05 1 s 2

(c) t [ps] (d) t [us]

o
2

FIG. 4. Numerical solution of the particle velocities u, (left) and i, (right)
in linear and nonlinear media at r=5.2 mm and #=30° [(a) and (b)] and r
=5.2 mm and 6=60° [(c) and (d)].
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e

FIG. 5. Propagating wave fronts of o5, in a nonlinear elastic half-space at
different fixed times: (a) 1,=0.7 us, (b) 1,=1.4 us, (c) 13=2.1 us, and (d)
1,=2.8 us.

linear problems. Such similarity also implies that the input
signal strength Q is small enough that the nonlinear system
remains hyperbolic.

As in the linear Lamb problem, the free surface of the
half-space generates a head-wave that propagates between
the longitudinal and shear wave fronts. For the material pa-
rameters used, the phase velocities of the longitudinal and
shear waves are ¢;=6098 m/s and ¢,=3092 m/s, respec-
tively. This leads to the angle 6.=30.47°, so that in the re-
gion 6<4@. only the longitudinal and shear waves are
present. This is clearly seen in Fig. 5, where the amplitude of
the stress component o, is plotted for four different instants
in time for the nonlinear Lamb problem.

At the very beginning (r=0.7 us), the stress wave is
primarily producing pressure normal to the surface near the
loading point, see Fig. 5(a). At a later time [Fig. 5(b)], the
longitudinal wave is gradually separating from the transverse
wave, and the head-wave initiating from the free surface is
formed to bridge the longitudinal and transverse wave fronts.
This becomes more clear in Figs. 5(c) and 5(d). Because of
the cylindrical nature of the wave front, the amplitude of o,
is highest at #=0° for the longitudinal wave and gradually
decreases for increasing 6. This is best demonstrated in Fig.
5(c). On the other hand, it is just the opposite for the trans-
verse wave, for it induces no o5, at #=0°, see Fig. 5(d). It is
also seen that in the region 6> 6., the wave field is much
more complicated due to the interaction between the head
and the transverse waves. Figure 5(d) shows additionally that
the introduced transparent boundary conditions do not pro-
duce any artificial reflections in the simulation results.

B. Frequency domain

To better observe the effect of material nonlinearity, the
frequency spectra of the time harmonic signals can be ob-
tained by using the fast Fourier transform (FFT). This section
analyzes the frequency spectra of the longitudinal time do-
main signals. Clearly, this is possible only after a certain
propagation distance when the longitudinal wave is com-
pletely separated from the transverse wave. To extract the
longitudinal wave signal from the rest of the signals a Hann
(Hanning) window is applied over the longitudinal wave part
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FIG. 6. FFT of the particle velocity u, in nonlinear (solid) and linear
(dashed) media at r=5.2 mm and different angles 6 with zoom: (a) #=0°,
(b) 6=30°, (c) 6=60°, and (d) #=89.5°.

in performing the FFT. In Ref. 22 it is shown that a fine
spatial discretization is required to perform a frequency
analysis of the numerical results and that the spatial discreti-
zation determines up to which frequency a convergence of
the solution in the frequency domain is guaranteed. As men-
tioned above, a convergence analysis of the applied numeri-
cal scheme in the time as well as in the frequency domain
can be found in Ref. 26. There it is shown that the numerical
scheme used in this research requires a spatial discretization
of approximately 60 grid cells per wavelength to guarantee
convergence in the frequency domain. For the parameters
used here, this condition is met for the longitudinal wave-
length up to about 12.5 MHz. Hence, only frequencies below
12.5 MHz are considered. Note that the input signal accord-
ing to Eq. (12) together with the parameters of Table I con-
tains a single frequency at f;=5 MHz, since the cosine part
of the input signal is only applied over one period and hence
has no effect on the fundamental frequency of the input sig-
nal. Thus, the frequency range up to 12.5 MHz includes both
the fundamental frequency (5 MHz, the frequency of the ap-
plied load) and its second-order harmonic (10 MHz).

Figure 6 shows the magnitudes of the FFT spectra of i,,
which represents the particle velocity of the longitudinal
wave for both the linear (dashed lines) and nonlinear (solid
lines) Lamb problems. The different sub-figures are the re-
sults from time domain signals observed at ¥=5.2 mm and
0=0°, 30°, 60°, and 89.5°, respectively. There are two plots
in each sub-figure with different vertical scales to reveal
more details near the second-order harmonic (10 MHz).

It is seen that the amplitude A(f) of the spectra at the
fundamental frequency denoted by A;= A(f)|=s mn, is Virtu-
ally the same for both the linear and nonlinear Lamb prob-
lems. The nonlinearity plays a role only at the second-order
harmonic amplitude A= A(f)|=10 mu,- Such phenomenon
has been observed and used for characterizing material
nonlinearity.s_lo For the nonlinear problem (solid lines),
some side lobes are observed in the second harmonic. This is
caused by the use of the Hann window in performing the
FFT. It is speculated that the zero frequency component
shown in Fig. 6 could be an effect of material nonlinearity.
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FIG. 7. FFT of the particle velocity i, in nonlinear (solid) and linear
(dashed) media at r=5.2 mm and different angles 6: (a) 6=0°, (b) 6=30°,
(c) #=60°, and (d) #=89.5°.

It is noticed that the amplitude of the second-order har-
monic decreases with increasing 6. This change is due to the
interaction among the different waves. As discussed earlier,
the wave field is no longer pure longitudinal at any point in
the region 6> 6.=30.47°. Such interaction is also demon-
strated in Fig. 7 where the FFT of #, is shown, representing
the shear component of particle motion, at r=5.2 mm and
0=0°, 30°, 60°, and 89.5°, respectively. This shear compo-
nent of particle motion in the longitudinal wave part is due to
reflections from the free surface. It is seen that the shear
component of the particle motion is virtually absent at 6
=0°, and gradually increases with increasing 6. At §=89.5°,
the magnitude of i, is almost one-half of that of i,, indicat-
ing a strong presence of the shear motion.

In Ref. 4, it is shown that the value of A,/A7k;, where k;
is the wavenumber of the longitudinal wave, increases lin-
early with the propagation distance in the case of cylindrical
acoustical waves, where only a longitudinal wave occurs. It
is thus expected that for the nonlinear Lamb problem consid-
ered here, the ratio A,/ A%k,2 should also change linearly with
propagation distance in the region where only the longitudi-
nal wave is present. Figure 8 shows A,/A%k? for i, versus the
propagation distance r for different values of 6. It is seen that
for each 6 the ratio of A,/ATk; becomes almost proportional
to r after a certain distance beyond which the longitudinal
wave becomes dominant (or is separated from the other
waves). To quantify such proportionality, define

=22
rAvk;

(14)

Ky

Analogous to planar bulk waves, the slope «, is referred to as
the acoustic nonlinearity paramet<=,r3’4 for the longitudinal

x10*

A28

FIG. 8. Az/Afk,2 of the FFT of u, over the propagation distance r for differ-
ent angles 6.
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FIG. 9. Nonlinearity parameter «, over the angle 6.

wave in the Lamb problem. The variation of «, with respect
to 6 is shown in Fig. 9. Clearly, «, is almost constant for 6
<30° where the longitudinal wave overwhelmingly domi-

0.4

--m = 0.8my|
—m = ma
---m = 1.2my|

11 12 8.8 0.9 1 1.1 1.2

8.8 0.9

1
b
la may

FIG. 10. «, normalized by its value for aluminum at #=0° for different fixed
m (0.8my;, my;, and 1.2my,) in dependence of [ (left) and for different fixed
1 (0.814), 15, and 1.21,)) in dependence of m (right).

nates. For larger 6, more shear motion appears and «, gradu-
ally increases.

Such dependence of k, on # may be explained by the
fact that when both longitudinal and transverse waves are
present, the second-order harmonic may be written as in
Ref. 13

u, =B, cos(kx — wt) + B%le cos[2(kx — wt)] + B%Fz sin[ (k, — k;)x]cos[ (k, + k;)x — 2wt],
Nl 7

i, = B, cos(kx — wt) + B ByF5{sin[2(k.x — wt) ] — sin[ (k, + k)x = 2wt ]},
N J

second-order harmonic

— (15)

second-order harmonic

where for the displacement components u, and u,, B; and B,
are, respectively, the amplitudes of longitudinal and trans-
verse components of a time-harmonic plane wave propagat-
ing in the x-direction with a fundamental frequency w, x is
the propagation distance, k; and k; are the wavenumbers of
longitudinal and transverse waves, respectively, and the con-
stants F; are related to the third-order elastic constants in the
following fashion:

Fioe2m+1, Fyoxm, F3<m. (16)

As shown in Sec. IV A, for the nonlinear Lamb problem
considered, a pure longitudinal wave field can only exist in
the region << 6.~30°. Even in this region, the propagation
distance has to be long enough so the longitudinal wave can
be fully separated from the transverse wave. In such a case,
the amplitude of the transverse wave B, in Eq. (15) is zero.
Accordingly, the nonlinearity parameter becomes simply «,
=F,. For #>30° the amplitude of the transverse component
changes with increasing 6. In other words, B, in Eq. (15)
would depend on 6 so that k, would also depend on 6.

The solution given by Eq. (15) also explains the oscilla-
tions shown in Fig. 8. For example, in the case of §=60°, the
ratio AQ/A%kl2 oscillates until after »>7 mm. Such oscillation
is caused by the beating term, sin[(k,—k;)x], appearing in one
of the second-order harmonics that is due to the presence of
shear motion of the particle velocity.

To investigate how the nonlinearity parameter k,
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changes with the third-order elastic constants, numerical
simulations are conducted by varying [ and m by *=20%
from their respective values for aluminum. For #=0°, as dis-
cussed earlier, it is seen that x,=F;>2m+[. This is con-
firmed by the numerical results, such as in Fig. 10. This
relationship holds until about 6=30°. After that, the trans-
verse wave gets involved and the relationship between «,
and the third-order elastic constants becomes more complex
(see Fig. 11) where k, normalized by its value for aluminum
(see Fig. 9) is presented. Such complex dependency of «, on

Lob o o ———
| by, ma2
i b, my
a1 s, 1 2, Mos
I
0 20 40 60
0 [°]

FIG. 11. Normalized nonlinearity parameter «,/ Ky, over the angle 6 for
different / and m. The parameters [/, and m, denote aly; and bm,;, respec-
tively.
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the third-order elastic constants poses a challenge on deter-
mining / and m individually by measuring the amplitude of
the second-order harmonic.

V. CONCLUSIONS

This research studies the application of a high-resolution
numerical scheme to solve the two-dimensional Lamb prob-
lem in an elastic half-space with quadratic nonlinearity. Fur-
thermore, the acoustic nonlinearity caused by a complex
wave front is investigated. For this, the numerical library
CENTPACK (Ref. 2) is used, where the problem considered
requires the incorporation of several modifications in order
to deal with the semi-infinite spatial domain. The conver-
gence and accuracy of the numerical scheme are validated by
considering the respective linear Lamb problem and compar-
ing the numerical solution to an available analytical solution.
In addition, a convergence check was performed by varying
the spatial discretization in both directions, i.e., increasing
the number of grid points in the computational domain. Both
scenarios confirm the high accuracy of the numerical solu-
tion approach considered.

The numerical results obtained show that the effects due
to the quadratic nonlinearity are best observed in the fre-
quency domain by considering the spectra of the time do-
main signals. In particular, the evolution of higher-order har-
monics can be observed. Thereby it is shown that the
amplitude of the second-order harmonic depends linearly on
the third-order elastic constants, namely, k. al+ ym, where
a and vy depend on the relative amplitude of the longitudinal
and shear waves in a general wave field. Consequently, the
relationship between the observed «, and the third-order
elastic constants depend on the point of observation.
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APPENDIX: NUMERICAL SCHEME

To approximate the solution for wave propagation in an
elastic half-space with quadratic nonlinearity, this research
uses a semi-discrete central scheme proposed by Kurganov
and Tadmor." The discretization of the half-space into a Car-
tesian grid used in this paper is given by Eq. (9). The flux
vectors f(x;,x,,7) and g(x;,x,,t) according to Eq. (8) are
approximated by numerical fluxes, which express the flux
from one grid cell into a bordering grid cell at time 7. With
these numerical fluxes the semi-discrete central scheme' can
be written as

iq (1) =— Fiini(t) = F i1 04(1)
dt ok Ax1
B Gj,k+l/2(t)A;Gj,k—l/2(t)’ (A1)
2

where q;(¢) is the state vector at x;=x; and X=X, and
: L .
F1p4(t) and Gy )5(¢) are the numerical fluxes approxi-
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FIG. 12. Discretized Cartesian grid with the corresponding numerical

fluxes.

mating the flux in the x;- and x,-directions from one grid cell
into the next grid cell (see Fig. 12).
The numerical fluxes are given by

Fj+1/2,k(f) =

_ ag+1/2,k(f)

Gj,k+1/2(l‘) =

f(q;':,l/z,k(t)) + f(

Q104(1)

2

2

g(q}',k+1/z(’)) +8(q;4410(1)

2

bg’,k+1/2

2

(9] 1412(0) = G a1 2(D)],

(@ 1240 = Q124 (D)],

(A2)

which are expressed in terms of the intermediate values

q;l/zvk(t) = qj+1,k(t) +

qji,—k+1/2(t) =qj () *

%(
2

ﬂ(
2

and the local speeds of propagation

of of
aj+1/2,k(f) = max{p( %(Q;rl/z,k(t)))#)( %(q;+1/2,k(t))) } >

bj k() = max{p( j_(gl(q;kﬂ/z(t))),P( j_(gl((I;kH/z(t))) } ,

J
—“) 1),
X1/ jrp=12k
J
—“) 0, (A3)
X2/ jke1=102
(A4)

where p denotes the spectral radius of the Jacobian matrix at
the specified values. The derivatives dq/dx; and dq/dx, are
determined (componentwise) by a slope limiting method,
i.e., at the ®-dependent family of min mod-like limiters'

J
( —q> = minmod( Q]
(7x1 jk

Qi1 () = qjog 1 (1)

qz’,k(t) - q{—l,k(t)

Axl

2A.X1

,0
Ax1

Q1 (1) = (Ij,k(f)>
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qj,k—l(l) - Qj,k+1(t) o (lj,k+1(l) - qj,k(t))
ZA)CZ ’ A)Cz ’

17/ i) = Qi
(_Q> =minmod<qz’k( ) 4.k i )’
jik

(A5)
where 1<O@=<2 together with the multivariable minmod
function

min{s;} ifs;>0, Vj
)=\max{s;} ifs;<0, V;

0 otherwise.

minmod(sy,s,, ... (A6)

The introduction of the parameter ® allows the adjust-
ment of the numerical dissipation, where 1.1<O=<1.5 is
recommended for systems.1 This research uses @=1.4.

In order to obtain convergence of the scheme, the fol-
lowing algorithm-dependent CFL-condition' must be satis-
fied:

At At !
max(Eajﬂ/z,k(t),Ebj,kﬂ/z(t))55, Vij.k, (A7)
1 2

where a1/, (1) and b; 4,1/5(t) are evaluated by Eq. (A4).

The resulting system of ODEs according to Eq. (A1) is
solved via an explicit second-order Runge—Kutta method
(modified Euler method).”
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Motivated by the increasing interest on nonlinear nondestructive damage detection, a comparison of
the nonlinear elastic behavior of damaged samples and their intact state is presented. Flexural
vibration is induced in thin glass plates with laser thermal shock induced micro-cracks by means of
two thin piezo-ceramic patches glued in a bimorph configuration. The cases of direct excitation of
a resonance and excitation of an internal resonance cases are considered. The resulting nonlinear
vibrations exhibit the main features of quadratic hysteresis: linear variation of the resonance
frequency and quadratic production of the third harmonic. A theoretical model for nonlinear
resonant flexural vibrations based on the Preisach—-Mayergoyz constitutive relations is proposed for
damage quantification. Experimental comparison between the intact and damaged sample indicates
an increase in the relevant nonlinearity parameter, indicating a widening of the hysteresis loop due

to damage. © 2009 Acoustical Society of America. [DOI: 10.1121/1.3075595]

PACS number(s): 43.25.Dc, 43.25.Gf, 43.25.Ts [OAS]

I. INTRODUCTION

Ultrasonic spectroscopy is one of the most common
methods for characterizing elastic materials. The underlying
idea behind this method is the fact that the elastic properties
of a material can be studied by measuring the response to
harmonic excitation. In particular, linear resonance analysis
has been employed for some time to characterize damaged
materials.'

Modern studies show nonlinear properties to be much
more sensitive to increased darnage2 than their linear coun-
terparts, making nonlinear resonance analysis a powerful
tool for NDT. Several methods have been proposed to quan-
tify the changes in the response of the system with increasing
amplitude, such as NEWS methods SIMONRAS and
NWMS.* 0?2

A remarkable property of materials with incipient micro-
damage is quadratic hysteresis, which is caused by the exis-
tence of a multi-valued quadratic stress-strain relation. The
most prominent signatures under single frequency excitation
are a linear shift of resonance frequency with increasing ex-
citation level and the generation of a third harmonic whose
amplitude is quadratically related to the amplitude of the
fundamental.®

The birth of nonclassical nonlinear elasticity theory was
motivated by the observation of nonlinear effects in some
materials that could not be attributed to lattice anharmonic-
ity. Nonlinearity was significantly increased when internal
boundaries (defects) were formed. As reviewed in Ref. 7, this
led first to the study of nonlinear behavior of nonbonded
interfaces, where harmonic generation and frequency modu-
lation were found and attributed to “clapping” between the
faces of the contact. Then, the physics of a bonded interface
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was studied and described as a nonlinear relaxation system,
with two possible equilibrium positions, “open” and
“closed,” depending on external conditions.®

This kind of contact has been demonstrated to be a good
model for a defect and, under harmonic excitation, it repro-
duces dynamic hysteresis and several strongly nonlinear ef-
fects observed in acoustic wave-crack interaction.” ” This be-
havior was related to the observed nonclassical nonlinearity
of rocks, with abnormally high cubic anharmonicity and end-
point memory.

The first mathematical model describing the macro-
scopic response of a system containing bi-stable mesoscopic
units is due to Preisach, in the context of magnetism. This
was later adapted to nonlinear elasticity, leading to what is
known as the phenomenological Preisach-Mayergoyz (PM)
formalism.'®"" The PM model considers defects as ideal re-
lays with opened and closed equilibrium positions, depend-
ing on the loading. The contribution of these hysteretic units
gives rise to nonclassical nonlinear effects, such as end-point
memory,lo"l increased nonlinear wave modulation, linear
shift of resonance frequency, and the generation of the qua-
dratic third harmonic in stationary vibrations, not only in
rocks but in other materials subjected to crack damage, such
as Plexiglas,3 slate,4 concrete,5 and more recently, fatigued
metal alloys.12

Modern approaches to hysteresis start with modeling the
local micro-potential for contact defects. Then, the macro-
scopic response is coupled to the mesoscopic dynamics to
obtain the constitutive relations. This kind of approach2 leads
to some qualitative deviations (for example, a second har-
monic may be generated) from the simple PM formalism,
which reduces the mesodynamics to a switching between
two states.

© 2009 Acoustical Society of America



FIG. 1. System geometry.

Several theoretical studies (see, for example, Chap. 23 in
Ref. 2) have presented models for resonant longitudinal vi-
brations in hysteretic media based on the PM model. In this
paper, the nonlinear behavior of low frequency resonant flex-
ural vibrations in thin plates is theoretically and experimen-
tally studied using the simplest equation of state that contains
the effects of quadratic hysteresis under single frequency ex-
citation.

In Sec. II, a new theoretical model is proposed to de-
scribe flexural vibrations in mesoscopic materials. The model
is based in the Euler theory of beams and the PM material
model.

In Sec. III, the experimental procedure is described and
the degree of nonlinearity is quantified for a glass plate with
distributed thermal shock damage and compared with the
intact state. This is followed by a discussion of the difficul-
ties presented and the possible future trends on this area.

Il. THEORY

In this section, a new theoretical model describing non-
linear vibrations of thin plates that attempts to account for
the effects of micro-cracks on the macroscopic elastic char-
acteristics of the material is presented. The objective is to
relate the measured nonlinear features of low frequency
standing waves with the material state, described by means
of the PM model. Pure bending waves of finite but moderate
amplitude are considered. Moreover, uniaxial ‘“one-
dimensional (1D) modes” are considered. This means that
the vertical displacement w is considered to depend only on
the x coordinate along the axis.

A. Hysteretic Euler beam model

The sample considered is a thin glass plate, to which two
piezoelectric [lead zirconate titanate (PZT)] patches have
been bonded in a bimorph configuration to excite flexural
vibrations with free boundary conditions (see Fig. 1).

The dynamics of a thin plate can be modeled as a 1D
Euler beam. Such an approximation is valid only for excita-
tions near those resonances of the system that can be consid-
ered “uniaxial,” that is, where the vertical displacement can
be considered to depend only on the coordinate along the
longest axis. Figure 2(b) shows the three-dimensional (3D)
shape of such a mode, while Fig. 2(a) shows a comparison
between the vertical displacement of the 3D (along the cen-
terline of the top face) and 1D models obtained by finite
element model for the fourth flexural mode with free bound-
ary conditions.
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FIG. 2. Comparison between the 3D and 1D linear models for a uniaxial
mode.

According to the Euler beam assumption, the vertical
displacement w(x) will be assumed to be solution of the fol-
lowing differential equation (see, for example, Refs. 13-15):

Pw aw  Pm &Pm o
PO~ T+ Yyt 5=, (1)
ot Jat  ox ox
where
p(x) = phb + 2ppehpebpeXpe(X) (2)

accounts for the mass distribution of the beam, including the
piezoelectric contribution. Here, p,h,b and pl[,e,hpe,bpe are
the density, thickness, and width of the glass layer and PZT
patches, respectively, and x,.(x) is the characteristic func-
tion, which is equal to 1 in the region covered by PZT and 0
elsewhere. The vy term represents viscous air damping, while
m and my,, represent the moments induced by internal forces
an<]14 Péiezoelectric actuator, respectively. The latter is given
by ™

Mpe = — YpedSIbpe(h + hpe)Xpe(x) V(t) =- KXpe(x) V(t),
(3)

where Y. is the Young modulus of the piezoelectric, ds; is
the piezoelectric coefficient coupling the electric field to the
deformation of the PZT layer, and V(z) is the applied voltage.
As for the internal moment, we distinguish between the lin-
ear14(m(“")) and nonlinear (m™) part, the former being given
by

- (4)

. Pw

(lin) _ e
m-" =YI(x +cl(x
()ax2 ()aanz

where

YI(x) = 55 Yhh + 3 Y [ (W2 + Iye)> = (1/2)* 1B e Xpe (%)
(5)

accounts for the total rigidity of the cross section, and

Tinao et al.: Nonclassical model for flexural vibrations 1303



cl(x) = -bh3c + 3 3 byl (R/2 + hpe)3 (h/2)3]cpe)(pe(x) (6)

for the structural attenuation. Here, ¢ and Cpe are Kelvin—
Voight coefficients representing the anelastic material damp-
ing for both materials. Combining Egs. (1)—(6), we obtain
the following fifth order partial differential equation:

Fw (94
p(xX)— pr + ya—w + cI(x) 1+ I(x) = KXpe(X) V(2)
Pm!
B x> M

Note the appearance of the singular distribution ch=5’ (x
—x;)— &' (x—x,) which can be defined in terms of the integral
relation

ff(x)5’(x—xo)dx=f—f’(x)5(x—xO)

dftx)
dx

dx=-

s

X:)CO

if the point x, belongs to the integration range. We shall now
concentrate on the moment due to the nonlinear part of the
internal stresses. This is obtained by integrating the moment
of the axial stress across a section

m™ = f d™(e,(x,2))zdydz. (8)
s

For small curvatures, the strain is reasonably approximated
by &,~w"(x)z. The model is completed by specifying the
constitutive equation o=0(g).

1. The hysteretic part of the stress-strain relation

In this work, the constitutive equation is modified to
include the effect of distributed damage. According to the
literature (see Ref. 10, for example), materials with mesos-
copic microdamage exhibit nonclassical nonlinear behavior.
In particular, the PM formalism has been shown to be a good
description for the end-point memory effects attributed to
micro-cracks. Following Chap. 23 in Ref. 2, the simplest
constitutive equation describing quadratic hysteresis will be
employed. The system is driven in the so-called simplex re-
gime, where the constitutive equation represents only one
loop (Fig. 3). This means that minor loops (which would
arise in the presence of other harmonic components in the
excitation or strong internal resonances) are neglected. Under
these conditions, the additional contribution to the stress-
strain relation takes the form

0" =~ VoI 6 g, + Ssign() (62 — e2,0)]. ©)

In Ref. 10, the parameter I is related to the density of micro-
cracks, and its increase implies a widening of the hysteresis
loop. The goal of this work is to relate the increase in this
parameter to the degree of damage.

Performing the integration specified in Eq. (8) the in-
duced moment on the section is obtained:
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FIG. 3. Illustration of the constitutive equation o=0(g) for hysteretic me-
dia.

m(nl)=J (andS__Y0|: ” ;;1ax+

wmax"2)}J J I'z%|z|dydz, (10)
s

where S stands for the glass layer section. We further assume
I' to be constant, i.e., the density of cracks across the section
and in the damaged area is uniform, so that

1 .
Esign(w") (w”

h3
my = f opzdS ==Y ['S— > [w”w;'nax
S

1 "
+E(w"2—wmax 2)] (11)

By inserting Eq. (11) into Eq. (7), a new nonclassical non-
linear equation for flexural vibration including hysteresis is
obtained:

p(x) + y&_w +cl(x) + YI(x)

at aa“

h3 &2

O ”
= t __Fh !
= kX V(D) + == 2Th— { WWihax

1 : =" " n
+ 551gn(w YW =W 2)}. (12)

We then obtain a dimensionless version of this equation
by writing it in terms of the following variables:

Yoh®
‘/120L4t W= wih. (13)

After omitting the hats, we then rewrite Eq. (12) as

X=x/L, 1
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& ow P
1+ 81X) 5 + {y T ;;4}

#
+ (14 823055 = K XplOVID)

3 (h\% & !
+ gr( Z) _{W,,W,,m + ESign(W”) (W”2 _ Wm//z)} ,

x>
(14)
where
2h o Poeb 2Y
= —PEPEPE 9 g5, ==—L[(1+2h, /h)}
81 hpb 82 3 Y() [( pe’ )
b
—1]—;;—°=4.48,

Y 12(L\*h..(h
K*=_Ed3l_(_> _E(—I)—e+1>=1,1 X 10_2- (15)
Yo ~ho\h/ h\h

pe

The form of y* and ¢* are unimportant, since the effect of
attenuation will have to be experimentally measured.

2. Direct excitation of a resonance

We now consider a sinusoidal excitation voltage, V(r)
=V, cos({2¢), with a frequency near a resonance of the linear
system, so that Q%wnl. We then make the ansatz that the
response of the system is of the form

w= 3416 +c.c) b, (x) = |4 ]cos(Qr + @) ¢, (x),
(16)

where A, =|A,|e/®1 is a complex parameter to be determined
(c.c. stands for complex conjugate), and gbnl(x) is an eigen-
function for the unperturbed, nondissipative system:

&b,
-2 =0 (7

@ (14 81Xpe(¥)) by, + (1+ 82xpe(1))

These eigenfunctions are normalized so that

L
J (1 + 81 Xpe(X)) Dyddx = 8,
0

L
J Bul1 + 82Xpe(X)) Brrdx = 018, (18)
0

We then introduce Eq. (16) into Eq. (14), multiply by ¢, (x).
and integrate over x, taking Eq. (18) into account:

[(wil -0’4 2§nlwnliQ)JAlei(2’+ c.c.+ wilf‘nlnl
X[-AA e + c.c. + sign(sin(Qr + ;) )[ATe?Y
= 20A P+ ATe 2] = K Ve M ), (x2) = &, (1),
(19)
where §n1wn1 represents the total modal damping, and is

given by
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L L
£r\n =7 J & (dx + f b ("), ()dx (20)
0 0

and

2 3(h : 1 113
F"l”] = Fﬁamaged g(z> (1)_2| ny |dx
m

zone

1—‘fdamaged Inl(x)dx (21)

zone

represents the effect of the damaged zone localization influ-
ence for a given mode. Integration by parts has been per-
formed, using the fact that boundary terms vanish because of
the contour conditions (free plate).

Only contributions at frequency () are consistent with
the approximation. Noting that

2i( . 1 .
sign(sin(Qz + ¢)) =— —(e’(ﬂ‘”“’) + 5813((P+Qt)
T

1 .
+ ge’s(“’+m) + ) +c.c., (22)

we finally obtain

e"“’:All(wil(l -1, A -0+ i<2§nlwnlﬂ

+ o 4f'””‘lA |>] = KVl (x) — BL (x1)]. (23)
n, 3 1 - 0 ny 2 ny 11

ko

Equation (23) relates the experimentally obtained mea-
sures to the linear and nonlinear parameters of the model. In
particular, it shows how the presence of microdamage (quan-
tized by the parameter I') induces a linear shift of resonance
frequency (Aw,/w,~T, , A/2) and an increase in attenua-
tion with amplitude.

nln

3. Internal resonance excitation

Harmonic generation is another important feature of
nonlinear behavior. The main difference with the nondisper-
sive case is that the harmonics are in general not resonant, a
result of the quadratic dependence of the resonance fre-
quency on the wave vector k. This means that, when exciting
a primary resonance, as in the above paragraph, we should
not expect the harmonic generation to be large enough to be
measurable. In the dispersive case, however, we may excite
in a region where the fundamental response is nonresonant
(corresponding to a slow variation in the frequency re-
sponse), while 3(), for instance, corresponds to an eigen-
mode of the system. The possibility of exciting this internal
resonance allows us to quantify the process of harmonic gen-
eration separately from frequency shift.

The case where 3() = w, is considered to obtain a mea-
surable response on the third harmonic. The displacement is
assumed to have the form
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w= %A1€im¢n1(x) + M%A3ei3m¢”3(x) +e.c., (24)

where w is a small parameter, which will be considered of
order u=O(I"). ¢, is assumed to fulfill Eq. (17). To order
unity, we obtain by the same procedure followed in Sec.
IIA2:

[w,zll -Q%+ 2iQ¢, w, JA et = K*Voeiﬂt[¢,'ll(x2)
- ¢, (x)]+cc., (25)

which is the linear fundamental response. Nonlinearities are
neglected, as we assume that this contribution is not reso-
nant. At order O(u=~T'), we obtain by multiplying by ¢,_(x)
and integrating in x

|- 3Q)* +2i(3Q)&, 0, + @, JA3e™¥ +cc.
=- wiSf‘nSnl sign(sin(Qz + ¢;))

» |:A%ei29t _ 2|Al|2 +A_%e—i20t:|
4 9

(26)

where &, ,_ is, again, the total damping for the mode b, (x)
[given by Eq. (20)] and .

s 3 h ’ 1 (92 AP
F”3"1:§F Z w_Z damaged ¢n3§(¢nl|¢nl|)dx (27)

3 zone

represents the contribution of the crack location.
Using again Eq. (22), we can extract the 3{) component
of Eq. (26), yielding
ya 4 i|A|Pe e
A3 =w, Fn Nz _r 2 2 . .
ERNC 157T[wn% -(3Q)"+ 21(39)5"3“’";

(28)

Fitting the experimental data on third harmonic genera-
tion to expression (28) provides another method to compare
the increase of nonlinearity due to the presence of micro-
cracks.

lll. SAMPLES AND EXPERIMENTAL SETUP

The sample studied is a thin 75X25X2 mm?® glass
plate. For sample damaging, an ArF (A=193 nm) excimer
laser beam having a pulse duration of 20 ns and energy per
pulse of 290 mJ was focused on the glass plate surface at
normal incidence to “write” damage lines. The spot at the
glass plate surface was 1.1 X0.4 mm? (xXy) leading to an
average energy density close to 16 J/cm?. The glass plate
was mounted on a motorized translational stage and moved
uniformly along the short dimension of the glass plate
(y-axis) at a speed of 0.1 mm/s using a computer controlled
step motor while the laser pulse repetition rate was kept at 20
Hz. 11 lines parallel to the y-axis with a length of 18 mm and
separated 2 mm were written. Taking into account the speed
of the motor and the repetition rate, we compute that each
point of the 14 mm central part of the line received approxi-
mately 200 laser shots.
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(a) (b)

FIG. 4. (a) Glass sample and (b) zoom of a region of the thermally damaged
zone.

Figure 4(a) shows the full system after the damaging
stage. Figure 4(b) shows an optical image of the extended
thermal damage induced by laser irradiation.

A. Experimental setup

The setup is schematically shown in Fig. 5. A Yokogawa
FG300 signal generator is used to excite, through an ampli-
fier, the two PZT patches. The vibration of the center of the
beam tip is measured with a Polytec vibrometer, transferred
via GPIB, and processed in the computer.

B. Direct resonance excitation

For the nonlinear characterization, the first four flexural
modes of the plate were tested. For each of them, a set of
resonance curves was obtained by sweeping the excitation
over a range containing the corresponding resonance fre-
quency for different excitation amplitudes.

When characterizing the different curves, the data for
the intact sample should be fitted to the expression

2
Al _ 26,90, (29)
At \[- Q%+ ] P +[26, 0, OF

When trying to do so, however, discrepancies are shown
even by the intact sample, and a linear shift in the resonance
frequency Wy, with increasing driving voltage is observed
[see Fig. 7(a), intact sample]. This attributed to the fact that
domain switching processes induced by the time varying
electrical and stress field in the PZT layers (see Refs. 17 and
18) act as an additional source for hysteretic behavior in the
undamaged sample and force the characterization to be com-
parative. The experimental objective is thus to compare the
degree of hysteretic behavior of both samples.

The modulus of expression (23) defines the complex
amplitude A implicitly. To characterize the nonlinear reso-

Tip displacement
Polytec
I Vibrometer

Oscilloscope

SAMPLE

FIG. 5. Experimental setup

Tinao et al.: Nonclassical model for flexural vibrations



fit to linear resonance

—— data
—fit

09
0.8
07

implicit fit, nonlinear resonance

0.6 06
© ©

0.5 05

0.4 04

0.3 0.3

0.2 0.2

0.1 0.1

0.8 0.99 1 101 1.02 .98 0.99 1 101 1.02

(a) iy (b) oty

r /2
n

o intact
o damaged

FIG. 6. Fitting of experimental data to (a) expression (29) and (b) expres-
sion (30).

nances, first, the experimental data are fitted to the function
in Eq. (29), obtaining an estimation for w, and ¢, . Both
data for the intact and damaged sample are then fitted to

2%,
CEAT(U-Bi- Bl 26, /T

where f=Q/wnl’ a=|A1|/|A1|max7 and B2=Fnln1|A1,max|~ No-
tice that although we have neglected the effect of nonlinear
attenuation, f,,l will still show some shift with increasing
amplitude. The introduction of the additional parameter (;
allows for correcting the estimated frequency w, .

Expression (30) is an implicit relation between experi-
mental variables a and f, depending on parameters «
=(B, Bz,f,,l). To obtain the values of these parameters, a
nonlinear least-squares fit is performed, minimizing the ex-
pression

F(la.fhie) = 2 [} f7 + (1= B = Boa) P +[2€, /1]

(30)

-(2¢,)°T 31)

with respect to (B;,5,,§,,). The equations JF/da;=0 are
solved iteratively with a standard Newton—Raphson scheme.
Note that identifying f,(a)?>=(1-8,-B,a) means that (3,
+By)/2~Af,/f,~T, ;nAmax/ 2 approximately corresponds
then to the frequency shift at the maximum amplitude. The
difference between fitting data to expressions (29) and (30) is
illustrated in Fig. 6. It should be noted too that the variable
measured is the tip displacement, w(L):Algb,,l(L). This scal-
ing factor depends on the mode considered, but because we
are only interested in a mode by mode comparison between
the intact and damaged samples, we will omit this difference.

06} b
04f -

o2t 8 ]

D O 1 1 1
2 3 4

mode number

FIG. 8. Nonlinear characterization of the first four flexural modes.

Figure 7(a) shows the amplitude response at the excita-
tion frequency for the third flexural mode. Results in Fig.
7(b) refer to experimental data from intact and damaged
glass thin plates. The results for the characterization of the
first four modes by this procedure are presented in the fol-
lowing table, and displayed in Fig. 8. Except for the second
mode, an increase in the nonlinear hysteretic behavior is ob-
served, indicating a widening of the hysteresis loop with ex-
tended damage.

Intact Damaged
fO Fnlnl/z fO Fnlnl/z
928 Hz 0.039 933 0.116
2813 Hz 0.322 2751 0.221
5599 Hz 0.809 5610 0.887
8788 Hz 1.350 8700 1.685

C. Internal resonance excitation

To experimentally quantify the third harmonic, we

0.025

S5 - intact

©  intact

choose a situation in which the fundamental response of the
system is relatively flat, but where the third harmonic is reso-
nant [Fig. 9(a)]. For this part, we chose to excite an internal
resonance with the third mode. For this, the plate was excited

third harmonic respons e

- damaged i

damaged

Ag.mm

o
5650 [u}

8500
(a)

860 5600 0005 001 0015 002 0025 003

A e MM

FIG. 7. Resonance curves for measured amplitude (a), I’
obtained from the nonlinear least-squares fitting.

nny parameter, as
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FIG. 9. Comparative analysis of third harmonic generation. (a)Third har-
monic response. (b) GOCF,,3”1‘M1| vs |uy].
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FIG. 10. Second harmonic generation.

at a frequency range near 1880 Hz (=5640 Hz/3). The co-
efficient f,,g,,l can be obtained fitting experimental data to the
following expression:

1Ay w,

Wl =7 G0P - o2 Fr GOP128, o P

(32)

where the parameter G,,, =(4/ 157T)f‘,,3,,1|A1|. This param-
eter is also proportional to I'. Measured data, shown in Fig.
9(a) is then fitted to expression (32) using nonlinear least-
squares. The set of obtained {u;,G,,, } data points is fitted to
the fundamental amplitude u;, giving an estimate for the co-
efficient f‘,13n| and thus for the coefficient I'.

In Fig. 9(b), we can see the result of this fitting, again
showing increased nonlinear behavior in the damaged
sample.

Finally, we would like to remark that a difference be-
tween classical nonlinearity and hysteresis is the preference
of the later for odd harmonics. To show this, an internal
resonance with the second mode was excited by driving the
plate at a frequency near 1400 Hz (=2800 Hz/2). The sec-
ond harmonic response is shown in Fig. 10, where we ob-
serve a decrease in the maximum amplitude with increasing
driving amplitude.

We have proposed two different methods based on the
simplest differential equation for low frequency flexural vi-
brations accounting for quadratic hysteresis. These have been
shown to be equivalent methods for performing a compara-
tive analysis between a sample with different degrees of
damage.

IV. CONCLUSIONS

An experimental system for nonlinear characterization
has been presented. Characterization is carried out by means
of the analysis of nonlinear flexural vibrations of thin plates.
A new theoretical model for nonlinear hysteretic flexural vi-
brations, based on the PM model for hysteresis, is proposed.
Results for thin glass plates, intact and with laser induced
damage clearly demonstrate the opening of the hysteresis

1308 J. Acoust. Soc. Am., Vol. 125, No. 3, March 2009

loop. The experimental data obtained have been fitted in or-
der to relate the degree of damage to the nonlinear parameter
of the model. The possibility of exciting and analyzing this
type of vibration for nonlinear detection of damage has been
demonstrated in this way.

It is appropriate at this point to note that the intact
sample proved to suffer from a high degree of nonlinearity,
of the same order as that in the damaged sample. This is a
consequence of the fact that thin patches of piezoelectric
materials are known to show electromechanical hysteresis,
due to domain reorientation/movement. This is often ne-
glected in the context of nondestructive testing, but it has
proved to be an important issue for the present analysis. This
topic will be explored in a future work.
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Nonlinear frequency shifts in acoustical resonators with varying

cross sections
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The frequency response and nonlinear resonance frequency shift of an acoustical resonator with
losses and having a varying cross section were investigated previously using Lagrangian mechanics
and perturbation for resonator shapes that are close to cylindrical [M. F. Hamilton, et al., J. Acoust.
Soc. Am. 110, 109-119 (2001)]. The same approach is extended here to include resonators having
any shape for which the Webster horn equation is a valid model in the linear approximation.
Admissible shapes include cones and bulbs proposed for acoustical compressors. The approach is
appropriate for approximate but rapid parameter estimations for resonators with complicated shapes,
requiring far less computation time than for direct numerical solution of the one-dimensional model
equation frequently used for such resonators [Ilinskii ef al., J. Acoust. Soc. Am. 104, 2664-2674
(1998)]. Results for cone and bulb shaped resonators with losses are compared with results from the
direct numerical solution. The direction of the resonance frequency shift is determined by the
efficiency of second-harmonic generation in modes having natural frequencies below versus above
the frequency of the second harmonic, and how the net effect of this coupling compares with the

frequency shifts due to cubic nonlinearity and static deformation.
© 2009 Acoustical Society of America. [DOI: 10.1121/1.3075585]

PACS number(s): 43.25.Gf [OAS]

I. INTRODUCTION

During the 1990s, MacroSonix Corporation worked on
development of resonant acoustical compressors for a variety
of applications. Resonators of different shapes were fabri-
cated and tested, and they were described using mathemati-
cal models developed in the company. A portion of this work
was reported in Refs. 1 and 2. An important part of the re-
search and development of these acoustical compressors was
modeling the nonlinear behavior of the resonator and estima-
tion of losses. The main tool for this purpose was a code for
numerical integration of gasdynamic equations for the vol-
ume of the resonator and simultaneously within the boundary
layer. The gasdynamic equations were written and integrated
in curvilinear coordinates corresponding to the resonator
shape. Different curvilinear coordinates were required for
each different resonator shape. These coordinates are not or-
thogonal, and the equations were expressed in terms of co-
variant derivatives. Stable finite difference schemes were de-
veloped to solve these equations. The principal application of
this code was calculation of losses.

For rough estimation of losses, a one-dimensional (1D)
model was developed which in the linear approximation is
equivalent to the Webster horn equation.2 An efficient algo-
rithm was developed to solve this equation numerically, and
it was used for preliminary optimization of the resonator
shape. Losses were minimized using Powell’s algorithm,3
and approximately 20 different parameters were adjusted to
perform the optimization. The algorithm based on the Web-
ster approximation was shown in Ref. 2, by comparison with
experiment, to accurately predict the waveform in a cone
resonator at a positive peak acoustic pressure amplitude of
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2 atm. Predicted amplitudes of the lowest three modes were
also shown to be in good agreement with experiment.

The model equation derived in Ref. 2 was also solved by
Erickson and Zinn,4 who used a Galerkin method. Selection
of an appropriate trial function is important for this method,
and when the choice is natural for a given resonator shape
this approach is very efficient. The authors considered the
specific case of an exponential horn. Chun and Kim,” nu-
merically integrating the 1D conservation equations directly,
simulated resonators having several different shapes.

For resonators with shapes close to cylindrical, as are
used in thermoacoustic devices, an asymptotic theory in La-
grangian coordinates was developed using an expansion in
powers of the amplitudes of the normal modes.® This pertur-
bation method permitted simple explicit expressions to be
derived for the frequency response and the shift in resonance
frequency. Further discussion of this method may be found in
Ref. 7.

Additional literature on the nonlinear theory of resona-
tors based on geometrical assumptions consistent with the
Webster horn equation can be found in the work already
cited,"*® and especially in a more recent paper by Mortell
and Seymour.8

In the present paper, the restriction in Ref. 6 to resona-
tors that are close to cylindrical in shape is removed. The
accuracy of the present model is demonstrated by compari-
son with numerical solutions of the fully nonlinear model
equation presented in Ref. 2. The present theory is valid for
any resonator shape for which the Webster horn equation is
an accurate model in the linear approximation. For acoustic
Mach numbers up to about 0.2 or 0.3, it is shown to provide
reasonably accurate predictions of the frequency response
while requiring substantially less computation time, on the

© 2009 Acoustical Society of America



order of 1%, than needed for the fully numerical solution in
Ref. 2. The normal mode approach also lends itself better to
physical interpretation than purely numerical methods.
Finally, the present model permits quantitative assess-
ment of the two principal assumptions made in Ref. 6 on the
basis of the resonator being close to cylindrical in shape. One
assumption was that it is sufficient to include only the fun-
damental and second mode, and the other is that the eigen-
functions for a cylindrical resonator can be used to calculate
the nonlinearity coefficients. The relative effect of these two
approximations is discussed in the present paper.

Il. LAGRANGE’S EQUATIONS

In a previous paper,6 the nonlinear equations for the dy-
namics of an ideal gas in a one-dimensional resonator with
rigid walls were presented in terms of Lagrange’s equations.
The kinetic energy K and potential energy U of the gas,
given by Egs. (60) and (70) in that paper, respectively, are

1
k=2 f (v + 6)2S(x)dx, (1)
2 Jo

_ P : SY(x)dx
. y=1J, [(1 + 0&x)S(x + &) (2)

where x is the Lagrangian coordinate along the axis of the
resonator, S(x) is the cross-sectional area, [ is the length of
the resonator, v((f) is the velocity at which the resonator is
being shaken along the x axis, p, and P, are the ambient
density and pressure of the gas inside, respectively, 7y is the
gas constant, &(x,) is the particle displacement of the gas,
and overdots indicate time derivatives. Lagrange’s equation
in terms of particle displacement is

d( oL oL
=)-%=0 ()
ﬂt(gg) o6&

where L=K—-U is the Lagrangian, with L/ 8¢ and 6L/ 5€ its
functional derivatives. In terms of the Lagrangian density £,
where L=[ 6£dx, Lagrange’s equation becomes

g dL J oL oL
—— |+ -—=0. (4)
a\ g ) o\ og1ox)) ok

Making use of Egs. (1) and (2) one obtains, in explicit form,

P &s(“g)i( S(x) )’ o)
&tz__po S(x) ox\(1+3&x)S(x+ & ~ o

where —v, may be interpreted as an effective body force per
unit mass. This dynamical equation in Lagrangian coordi-
nates is fully equivalent to the lossless form of Eq. (28) in
Ref. 2, which is expressed in terms of velocity potential and
Eulerian coordinates. For a cylindrical resonator (S=const),
Eq. (5) reduces to the classical exact result for plane waves:’

PE c Pé

= =2 _ %, 6
a2~ (1+agax) a0 ©

where c2=yP,/p,. In the linear approximation, Eq. (5) re-
duces to
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_lé‘z_§=@ (7)
c(2) ot c(z)’

9 ( 1 0(S§)>
ox\S ox

which is the Webster horn equation expressed in terms of
particle displacement.

At this point one may expand Eq. (5) in powers of & and
its derivatives up to the desired order of approximation, and
then seek solutions of the resulting equation. Instead, the
procedure used previously6 is followed here to obtain a set of
coupled dynamical equations for the amplitudes g, (¢) of the
normal modes of the resonator, where n is the mode number.
These amplitudes serve as the generalized coordinates of the
system, in terms of which Lagrange’s equation is

a(aL\ oL
o) 2,
H\dq,)  Iqy

lll. NORMAL MODES

The sound field is expressed in terms of the normal
mode expansion

Ex.1) = 2 q,(0&,(x), )
n=1

where the dimensionless quantities ¢, are eigenfunctions of
Eq. (7),

d ( 1 d(sgn))

2
®

=——Zg 10

dx\S dx c(z)gn (10)

w, are the natural angular frequencies, and the modal ampli-
tudes ¢, have units of displacement. Solutions for arbitrary
functions S(x) may be obtained numerically as follows. The
dimensionless variables w,=S&, and p,=S"'d(S&,)/d% are
introduced, where X=x/1 is the dimensionless coordinate and
§(x):S(x)/SO is a dimensionless cross-sectional area, the
normalization for which is chosen to be S,=I>. Equation
(10) then separates into the two coupled first-order equations

dw ~

—=5p,, 11
raab)d (11)
d

P _ gt (12)
dx S

where ®,=w,/wy is the dimensionless natural frequency
and wg;=1cy/l is the fundamental natural frequency of a
cylindrical resonator of length /. The physical sense of p,, is
that it is proportional to the acoustic pressure of the nth
mode. The boundary conditions on Eq. (11) are

w,(0) =w,(1)=0. (13)

Any nonzero value can be used for p,(0), as this condition
affects only the amplitude of the solution. The amplitude of
¢, is ultimately adjusted so that it satisfies the orthogonality
relation
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1
f £, (D& (DSDAT= 6, (14)
0

where &,,, is the Kronecker delta. A standard shooting
method was used to obtain solutions for @, and &,(X). For
reference, the solutions for a cylindrical resonator are ®,
=n and &,=sin(nmx).

Concerning the choice of Sy=I?, the motivation is sim-
ply that for axisymmetric resonators the shape is most often
defined in terms of the radius r(x), in which case the dimen-

sionless cross-sectional area is S(¥)=r2(%)/I%. In Secs.
IV-VIII, however, the reference area S, remains arbitrary,
the choice of which does not affect the results.

IV. DYNAMICAL EQUATIONS

The next step is to expand the kinetic and potential en-
ergies in terms of the modal amplitudes, and then use Eq. (8)
to obtain the dynamical equation.

Expressed in terms of the modal amplitudes in Eq. (9),
the kinetic energy given by Eq. (1) becomes®

m m
K= fE (g5 + 2v0¢,4,) + 5, (15)
n

where m=po[LS(x)dx is the mass of gas in the resonator,
mo=ppSol 1s a reference mass, and

l
en=5301 fo £,(x)S(x)dx. (16)

The potential energy given by Eq. (2) is expressed in the
form®

Py
’y—

1
U= J (1 + )" VS(x)dx, (17)
0

where

1< &d-ls

a= .
S ox oy k! dx*!

(18)

The quantity (1+a)~*"" is now expanded up to fourth order
in powers of «,

1+ @)V =1-(y-Da+3(y- 1)y
—ty=-Dpy+ e’
+ 55y = Dy + D(y+2)a, (19)

and the potential energy is expanded up to fourth order in
powers of the modal amplitudes,

U= U2+U3+U4. (20)

The constant Uy=mc}/[y(y—1)] is ignored because it does
not contribute to the dynamics, the linear term U, is zero, the
quadratic term is

m
U2=7°E wﬁqﬁ, (21)

and the terms at higher orders are expressed in the general
forms
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Us=2, bing;9x49:> (22)
ikl

Us= 20 Citimdidididm: (23)
J.kdm

where the coefficients bj; and ¢y, are symmetric with re-
spect to any permutation of their indices.’

The coupled set of dynamical equations for the modal
amplitudes is obtained by substituting Egs. (15) and (20)—
(23) in Eq. (8):

6 8
.. 2 .
qnt ©,q,=—¢€,Uo— m—E Duugrqi — — E Cnkim9rd19m-
0 ki

0k,l,m

(24)

Since not all terms in the summations are relevant to a
leading-order estimation of the amplitude response at the
drive frequency, it is necessary at this point to consider the
specific problem under consideration. An harmonic excita-
tion of the form

Uy=A cos wt (25)

is assumed, where A is the drive amplitude of the accelera-
tion applied to the resonator, and w is close to the natural
frequency w; of the fundamental mode. For small drive am-
plitudes, the amplitude ¢, of the fundamental mode is small
and taken to be of first order, and all other modal amplitudes
are classified as second order. The objective is to calculate g,
up to an accuracy of third order, which is the leading order at
which change in g; occurs due to nonlinearity. Consequently,
the only terms required at second order are the ones in the
first summation of Eq. (24) that contain the coefficients b, ;.
The only terms required at third order are the ones in the first
summation that contain the coefficients b;; and by, for k
# 1, and the one term in the second summation with coeffi-
cient -

With terms containing only the aforementioned coeffi-
cients taken into account, and since by ;=b;=b ;> Eq. (24)
reduces to

6 12J

. 2 . 2

Gnt w,q,=—evo— —b,119] — 6111_2 b1 1xq14x
m mo =2

8
- nl_leCﬁ» (26)
my

where §;; is the Kronecker delta, and the upper limit N on the
summation was introduced to acknowledge the finite number
of modes required for numerical calculations. This is the
desired approximate dynamical equation for calculating the
leading-order effect of nonlinearity on the acoustical re-
sponse at the drive frequency. The drive frequency is as-
sumed to be close to the natural frequency of the fundamen-
tal mode of the resonator, which is the case that is most often
of interest in practice because this choice of drive frequency
maximizes the response. The model equation is valid for
resonators of arbitrary shape to the extent that the Webster
horn equation is an accurate model in the linear approxima-
tion.
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Ultimately of interest is an approximate equation that
can be solved algebraically to determine the frequency re-
sponse and thus the resonance frequency shift. The next step
is to determine the nonlinearity coefficients in Eq. (26).

V. NONLINEARITY COEFFICIENTS

The coefficients b ;=b;=byy; of the quadratic terms
in Eq. (26) are calculated from Us. There is no contribution
from the term in the expansion of Eq. (17) that is linear in «
because its integral is just the summation in Eq. (18), which
vanishes when evaluated at the upper and lower limits be-
cause £=0 at the ends of the resonator. The contribution from

a? is

! 1 &2
Uga2)=7_P0q3f ld(Sgl)d(S gl)dx

ZIOS dx dx

yPoE . {Zd(sa)d(s 618
l

2 & dx
1 &2
, Ld(sg) d(s fl)} d. (27)
S dx dx

where §'(x)=dS/dx. Use of Eq. (10), the boundary condi-
tions &,(0)=£,(1)=0, and integration by parts yields

U = [ f &5 dx
1

N I
+ 2 (@) +207)q1q; J g%@S'dx]. (28)
k=2 0

Likewise, the contribution from a° is

7(7+1)P0<1 sfl 3
s | 391 | piSdx
2P 37,

a3
Uy =-
N I
+ 2 41 f pfkadX) : (29)
k=2 0
Summing Egs. (28) and (29) yields
Uy="yp| 15
375 YEo 3

and by comparison with Eq. (22)

N
16]? + E Bkﬁlkcﬁ) > (30)
k=2
T
bku:blkl:bllk:g?’POBk» (31)
where the coefficients

By = m(@ +23) J £&8 (Ddx

1
—(y+1) f PipS(®)dx (32)
0

are expressed in terms of the dimensionless quantities used
in Sec. III for numerical calculation of the normal modes and
their natural frequencies.
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The same procedure is followed to calculate the coeffi-
cient ¢y of the cubic term in Eq. (26):

2y P "1dis8) |?
=20 [ [ 250 o
yPo 4 ([ 1asg) ]| 1 d(S"g?)}
* 6 Chf {S dx }{S dx Sz, (33)

3 1
U =— 17(7+ 1)Pyq

1 1 &2
XJ {y(sa)]z[;d(s &)}S(x)dx’ G
0

S dx S dx
U = Loty 1)y 2)P 4f[ld(551)]45( )d
=— ——— | S(x)dx.
4 2477’ Y 091 oS dx
(35)
Summing Egs. (33)—(35) yields
myPy | 4
Uy= Cqy, 36
4= Hou q (36)
and thus from Eq. (23)
myPy
=T 37
1111 241 (37)
where
1 §’(”) 2d~
X |~ ~ X
Cc=3 f 26| p-&—— [S®+E5® ( ——
0 S(x S(x

1 1
+477& f 5@ dx - 12(y+ 1) 7 ar f Ep,S'(X)dx
0 0

1
+(y+1)(y+2) f PiS(®)dx, (38)
0

and S”(x)=d>S/dx>.

Evaluation of the integrals in Egs. (32) and (38) for B,
and C can be accomplished together with numerical integra-
tion of Egs. (11) and (12) for wy and p, by including the
first-order differential equations for dB,/dx and dC/dx [i.e.,
the integrands of Egs. (32) and (38)] with initial conditions
B,(0)=C(0)=0.

VI. FREQUENCY SHIFT

In terms of the coefficients in Egs. (32) and (38), Eq.
(26) becomes

2

éjn + 25nCIn + wﬁqn == enUO l3 nCI% nl l3 E Ble‘]k
2
- 5n13l4C41 (39)

The ad hoc loss factor &, introduced on the left-hand side
corresponds to the sound diffusivity coefficients that appear
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in Egs. (28) and (33) of Ref. 2. The applied acceleration and
modal amplitudes are now expressed as
iwt

A
Vo= Ee +c.c., (40)

- .
== de" +cc., (41)
2m=0

where c.c. denotes complex conjugate, and d,,,, is the nomi-
nal complex peak amplitude of the particle displacement in
mode n and at frequency mw. Substitution in Eq. (39) yields
for dy;, the modal amplitude of interest,

(0 + 28,0 - 0?)d,,

2 N 2
c ‘
=-eA- 1_32 By(2dyody + dpod ) —
k=1

4I4C|d11| dy1,
(42)
where
1 B 1
e;=2| &(®S(RX)dx= 2f wy(X)dX. (43)
0 0

Recall that these equations follow from the assumption that
the drive frequency is close to the natural frequency of the
fundamental mode.

An approximate solution of Eq. (42) is obtained by rec-
ognizing that since d;; is assumed to be a small quantity of
first order, and the resonance frequency shift is proportional
to 2 this shift is second order. Then, since in the absence
of losses the linear form of Eq. (42) is approximately
2w(w,—w)d,;=—¢,A for drive frequencies in the neighbor-
hood of the resonance frequency, the drive amplitude A is
third order. Within this framework, it is straightforward to
obtain at second order the following explicit solutions of Eq.
(39) for the modal amplitudes d, and dj, of the dc compo-
nent and second harmonic in the kth mode, respectively:

Bicyldy [

dyg=———2——, 44

kO 2[3(1)% ( )
Bycydi,

28 (w; + 4iwd — 4a)

dip=- (45)

Substitution of Egs. (44) and (45) in Eq. (42) yields an equa-
tion for the amplitude d,; alone,

Aj(w)d)=—eA

2
2,62 Bk[ : A,;( )} = i€ (lduld.
(46)
where
A(®) = 0 — (M) +i28,m0. (47)

Finally, Eq. (46) is expressed in terms of the particle velocity
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u=iwd;;:
Ap(0)uy + F(o)|u|*u; =—ive A, (48)
where

c2 Y

From Eq. (48) it can be seen that for drive frequencies
w==w;, nonlinearity causes the resonance frequency to in-
crease or decrease depending on whether the real part of
F(w,;) is positive or negative, respectively. The imaginary
part of F is due to the damping coefficient in the expression
for Ay,, which can be ignored for the purposes of this dis-
cussion. The contribution from the dc component (associated
with the first term in the square brackets) to the sign of F is
always negative, and the contribution from the cubic nonlin-
earity depends on the sign of C. All that is noted here about
the sign of C is that for resonators having slowly varying
shapes that are close to cylindrical, C is determined mainly
by the last integral in Eq. (38), which is always positive.

The contribution from the second harmonic is deter-
mined through A, by the relation of the frequency of the
second harmonic to the natural frequencies of the resonator.
If it so happens that the frequency of the second harmonic
lies very close to the natural frequency of a particular mode
n, meaning that 2w, = w,, then A ,(w,) is very small, and the
term k=n in the summation provides the dominant contribu-
tion to F(w,). In this special case, for 2w, > w,, the sign of
F(w,) is positive and the resonance frequency is increased
(resonance curves bend to the right), and for 2w, < w, the
resonance frequency is decreased (resonance curves bend to
the left). The same result was obtained previously by pertur-
bation for resonators that are close to cylindrical, in which
case w,=nw; and whether the resonance curves bend right
or left depends on whether 2w; is greater or less than w,,
respectively.6 Further comparison with this previous work is
presented in Sec. VIII.

As a practical matter, however, when a large response is
desired at the drive frequency w, the resonator is designed so
that 2w is not close to any natural frequency.7 By suppress-
ing generation of the second harmonic in this way, nonlinear
losses are reduced. In this case one may replace F(w) by
F(w;) in Eq. (48), and, in particular, Ay,(w) by Ajy(w,) in
Eq. (49), because w typically differs from the fundamental
natural frequency w; by only a few percent, and by design
2w, is far from any natural frequency wy.

While in principle it is possible to solve Eq. (48) ana-
lytically as a real cubic equation in the quantity |u,|?, the
solution is cumbersome and it is easier to obtain numerical
solutions. For this purpose the dimensionless quantities @
=w/ wy;, 8,=6,/ wy Enm=Anm/wSI, F=P’F, Z:A/wéll, and
uy=u,/cq are introduced to obtain

A (@), + F(&)|i, |, = - idme,A, (50)
where
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FIG. 1. Frequency-response curves for a cone resonator (a) calculated using
Eq. (52) and (b) calculated using the fully nonlinear model in Ref. 2. The

cone is defined by S= (ag+a,%)?% where ay=0.03294 and a,;=0.2680, with
y=1.2 and G=0.78 X 1072, and for drive amplitudes A=10"* (solid lines),

A=2.5%10"* (dashed lines), and A=5X 10~* (dot-dash lines) at location ¥
=0.5.

c < B2 1

A7t &?

F(@)= (51)

—+
6~2| =27 =
k=1 27 ® Wy Akz(a)
Roots of this cubic algebraic equation determine the desired
frequency response i7;(@). Since it is more convenient nu-
merically to find the root of a real equation, Eq. (50) is mul-
tiplied by its complex conjugate to obtain

|F(@)x* + A,1(@))2x% = Al @, (52)

which is a real equation that can be solved for the real root
x=|i|.

VIl. RESONANCE CURVES

Numerical solutions of Eq. (52) are compared in Figs. 1
and 2 with the fully nonlinear numerical solutions obtained
using the model equation and solution procedure described
in Ref. 2. Figure 1 shows results for a cone resonator, and
Fig. 2 shows results for a bulb resonator. The geometries of
these resonators are defined by Egs. (3) and (5) in the paper
by Lawrenson et al.' The only difference here is that the
small flare they introduced at one end of their bulb resonator
to accommodate compressor valves was ignored, resulting in
our change in the value of the coefficient a, that appears in
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FIG. 2. Frequency-response curves for a bulb resonator (a) calculated using
Eq. (52) and (b) calculated using the fully nonlinear model in Ref. 2. The

bulb is defined by S=(ag+a,T+a,P+a;0+a,7)?, where ay=0.025, a,=
-0.2, a,=1.15, a;=0, and a,=-0.9, with y=1.2 and G=0.27 X 1072, and for
drive amplitudes A=2.5X 1075 (solid lines), A=5 X 10~ (dashed lines), and
A=10"* (dot-dash lines) at location ¥=0.5.

their Eq. (5). All numerical values used for the computations
are provided in the captions of Figs. 1 and 2, including the
radial contour r(x) for each resonator, where S(x)=mr3(x).
The damping coefficient G that appears in the captions is
defined as in Ref. 2. It is related to the damping coefficient

used in the present work by 5,1:6,%G/ 2. The resonance
curves in each figure are presented for the midpoint of each
resonator, X¥=0.5. The gaps in the curves in Figs. 1(b) and
2(b) are associated with unstable states that cannot be com-
puted with the numerical algorithm in Ref. 2.

The solutions of Eq. (52) shown in Figs. 1(a) and 2(a)
are in reasonable quantitative agreement with the fully non-
linear solutions shown in Figs. 1(b) and 2(b) for both the
lower and middle drive amplitudes used in each case, and
there is still qualitative agreement at the higher drive ampli-
tude. The mode shapes for the particle displacement (and
therefore particle velocity) are shown in Fig. 3, where the
solid line is for the fundamental mode in each case (possess-
ing no nodes, not counting the end points), the dashed line is
the second mode (one node), and the dot-dash line is the
third mode (two nodes). The mode shape for the fundamental
mode in the cone is relatively symmetric with its maximum
located near the midpoint, whereas the maximum of the cor-
responding mode shape in the bulb is far off center, near X
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FIG. 3. Mode shapes of the particle displacement (and equivalently the
particle velocity) for the fundamental (solid line), second (dashed line), and
third (dot-dash line) modes, where the normalization &, is the amplitude of
the fundamental mode at ¥=0.5, for (a) a cone resonator and (b) a bulb
resonator.

=0.1, where the amplitude is approximately 6.5 times higher
than at the midpoint. From Fig. 3 it is thus observed for the
bulb that an acoustic Mach number |u,|/c,=0.05 in Fig. 2(b),
which is calculated at x=0.5, corresponds to an acoustic
Mach number of approximately 0.3 at x=0.1.

The relations of the first few natural frequencies of the
cone resonator to the drive frequency w=w; are w,/w;
=1.74, w3/ 0=2.48, and w,/ w;=3.24, and for the bulb reso-
nator they are w,/w;=1.24, w3/ w;=1.72, and w,/ w;=2.28.
Thus for the cone the second harmonic lies midway between
the natural frequencies of modes 2 and 3, whereas for the
bulb it lies midway between the natural frequencies of modes
3 and 4. Because the second harmonic is not close to a natu-
ral frequency in either case, it is not clear in advance without
evaluating Eq. (49) whether the resonance frequency is in-
creased or decreased due to nonlinearity.

It was found that N=40 modes were sufficient for the
calculations based on Eq. (52). Calculations with 100 modes
produced results that are essentially the same.

Viil. COMPARISON WITH PERTURBATION APPROACH

The model developed in the present paper can be used to
assess the validity of the assumptions made in the previous
paper on resonators that are close to cylindrical in shape.6 In
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FIG. 4. Relative values of coefficients for the nonlinear frequency shift,
F/F;y] (solid line), F/F, (dot-dash line), and Fz/ng] (dashed line), as func-
tions of the parameter a, for a resonator shape defined by Eq. (54): F was
calculated using Eq. (49) with N sufficiently large that truncation error is
insignificant; F, was calculated using Eq. (49) with N=2; F3¥' was calcu-
lated using Eq. (49) with N=2 and also with the eigenfunctions ¢,
=sin(nmx/l) for a cylindrical resonator used to calculate B and C.

that paper, a perturbation approach was used to obtain ex-
plicit expressions for the frequency response u;(w) and reso-
nance frequency w;e.

Two assumptions were made in Ref. 6 to estimate the
resonance frequency shift. One is that only two modes need
to be taken into account (N=2). The other, since the resona-
tor shape was taken to be a small perturbation of a cylinder,
is that the eigenfunctions &,=sin(nmx/I) for a cylindrical
resonator can be used to calculate the nonlinearity coeffi-
cients. With these assumptions one obtains

By=0, By=-5m(y+1), C=3m*(y+1)(y+2),

(53)

substitution of which into Egs. (48) and (49) with ¢;=4/
and o= w,,; recovers Egs. (100) and (101) of Ref. 6.

For the numerical calculations in Ref. 6, the resonator
shape was taken to be

S=S,expla, cos(2mx/l)], (54)

where a; is the small parameter associated with the shape
perturbation. Motivation for choosing this shape is discussed
in Ref. 7. The effects of the two assumptions individually are
quantified in Fig. 4 for a resonator defined by Eq. (54) by
showing F(w,) evaluated as a function of the small pertur-
bation parameter a; under different conditions. Losses are
ignored (85,=0) and therefore F is real. The function F with-
out subscript or superscript in Fig. 4 is Eq. (49) evaluated
without approximation, F, is Eq. (49) evaluated with only
two modes (N=2), and F‘;yl is Eq. (49) evaluated not only
with just two modes, but with the eigenfunctions §&,
=sin(nmx/1) for a cylindrical resonator used to calculate B,
and C.

A general observation is that neither the two-mode ap-
proximation nor the use of normal modes for a cylindrical
resonator to calculate the nonlinearity coefficients changes
the sign of F, or equivalently, the direction of the resonance
frequency shift. The two approximations affect only the mag-
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nitude of the frequency shift in either direction. The devia-
tion of the curve for F/F, (dot-dash line in Fig. 4) from unity
represents the effect of the two-mode approximation. Simi-
larly, the deviation of the curve F,/ ijl (dashed line) from
unity represents the effect of using normal modes for a cy-
lindrical resonator to calculate the nonlinearity coefficients in
addition to the two-mode approximation. Comparison of
these two curves reveals that the use of cylindrical-resonator
modes introduces a significantly greater error than does the
two-mode approximation. The curve for F/F$" (solid line)
represents the total error due to both approximations used in
Ref. 6.

Now consider the explicit expression for the resonance
frequency shift derived in Ref. 6:

% ~14+ (7"‘ 1)2|u1|12nax<ﬂ)6|:3('y+ 2)(&)2
o 64 g\ Y+ 1/ \wy
20, \? 1
NES I [
(0] 1—((1)2/2(1)1)

where |u;|yax =2A/ 78,. The right-hand side can also be ex-
pressed as 1+F(w)|u;|2,./2w], from which it can be seen
qualitatively how Eq. (55) follows from Eq. (48). The first
term in the square brackets of Eq. (55) is due to cubic non-
linearity and involves only the fundamental component, and
the second is due to interaction of the dc component with the
fundamental through the quadratic nonlinearity. The effect of
cubic nonlinearity, which increases the resonance frequency,
is approximately twice that of the quadratic nonlinearity in-
volving the dc component, which decreases the resonance
frequency. Therefore the net effect of these two contributions
is to increase the resonance frequency.

The third term in the square brackets is due to interac-
tion of the fundamental with the second harmonic through
the quadratic nonlinearity. At leading order this term equals
—a]l, the magnitude of which is symmetric about a;=0.
Thus, with the net positive frequency shift produced by the
second harmonic and cubic nonlinearity taken into account,
the increase in the frequency shift for a; <0 is greater than
the decrease in the frequency shift for a; >0. This is what is
observed in Figs. 4(a) and 5(a) of Ref. 6. The curvature of
the solid line for F/F5 "in Fig. 4 of the present paper reveals
that this asymmetry is reduced when the two-mode and
cylindrical-resonator approximations are not employed. The
fully nonlinear results in Figs. 4(b) and 5(b) of Ref. 6, which
are more symmetric than their counterparts in the corre-
sponding Figs. 4(a) and 5(a), support this conclusion.

We conclude with a few remarks on the physical signifi-
cance of positive and negative values of a;. Negative values
of a; produce a resonator shape resembling an American
football. Resonators having this shape were constructed and
tested by MacroSonix Corporation, and they were found to
have desirable properties for compressors. Positive values of
a, produce a resonator with a constriction in the middle. The
behavior of such resonators tends toward that of two coupled
Helmholtz resonators connected neck to neck. In this case a
very large particle velocity can be generated near the mid-
point of the resonator.
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IX. CONCLUSION

Figures 1 and 2 demonstrate that the normal mode
theory presented here provides a relatively simple method
for making preliminary qualitative estimates of the frequency
response of acoustical resonators. The model can be used for
any resonator shape for which the Webster horn equation
provides an accurate model in the linear approximation. Ac-
curate quantitative calculations for strong nonlinearity re-
quire fully numerical solutions in 2D (for axisymmetric reso-
nators), in an appropriate curvilinear coordinate system
dependent on resonator geometry, that require huge compu-
tational resources. Even development of such codes is a non-
trivial matter. Only the 1D code used by MacroSonix Corpo-
ration has been described in the literature,2 although the main
calculations for design of their resonators were performed
with the 2D code they developed. The 2D code was used
primarily to estimate losses, taking into account the auto-
matic control used to track the resonance frequency shift. For
calculations of the resonance frequency shift, it was suffi-
cient to use the 1D code.” Even so, computation time for the
1D code is of order 100 times longer than for the normal
mode theory presented here. Also, the normal mode theory
provides physical insight into shape changes required to pro-
duce a desired frequency response, information that is not
immediately available from purely numerical solutions.

The price paid for any asymptotic method is that its
accuracy cannot be known in advance for arbitrary finite val-
ues of the small perturbation parameters. In the absence of
confirmation by direct numerical simulation or by a theory
unconstrained by small parameters, one must settle for quali-
tative results. For the model presented here, 1D numerical
calculations show that significant quantitative differences can
occur for large drive amplitudes, especially the nonlinear
saturation that is underestimated by the asymptotic solution.
Saturation was found to be more pronounced for the bulb
resonator (Fig. 2) than for the cone resonator (Fig. 1). One
may speculate that the stronger tendency toward saturation in
the bulb resonator is associated with the maximum acoustic
Mach number being approximately 50% larger than in the
cone resonator.

An alternative asymptotic theory in Eulerian coordinates
has been developed by Mortell and Seymour.8 Discussion of
saturation is not possible because losses are not included in
their model, but their results presented in their Fig. 3(c) for
the frequency shift in a bulb resonator may be discussed
qualitatively. They compare their results directly with fully
nonlinear numerical results from the 1D code presented in
Fig. 13 of Ref. 2. However, the bulb geometries in the two
cases are substantially different and do not warrant compari-
son because the ratios of the maximum to the minimum
cross-sectional areas (corresponding to the bulb and the
neck, respectively) differ by an order of magnitude.7 As a
result, the second harmonic in Mortell and Seymour’s” bulb
lies between the natural frequencies of modes 2 and 3,
whereas for the bulbs simulated in Ref. 2 it lies between the
natural frequencies of modes 3 and 4 (see Fig. 12 of Ref. 2),
as it also does for the bulb used for Fig. 2 in the present

paper.
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Another difference is that the relative frequency shift in
the numerical results presented in Fig. 13 of Ref. 2 is of
order 1072, but it is only of order 1073 in the corresponding
simulations presented by Mortell and Seymour.8 When
evaluated for the resonator shape considered by Mortell and
Seymour,8 the model developed in the present paper predicts
a frequency shift of the same order (107) and in the same
direction (downward) as they obtained. However, when the
1D code is used to model the same resonator, the frequency
shift is of the same order but it is in the opposite direction
(upward). If the 1D code is then run with the number of
harmonics used in the calculation limited to just 2 or 3 (to be
consistent with the asymptotic methods used both in the
present paper and by Mortell and Seymourg), the order of the
frequency shift remains the same, and the direction is the
same as predicted by the two asymptotic methods (down-
ward). From these results it may be inferred that a frequency
shift of order 10~ is beyond the accuracy of asymptotic
methods that account for only the lowest order nonlinear
effects on the resonance frequency.
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An analytical theory has been developed to calculate microstreaming velocity inside and outside an
encapsulated microbubble (EMB) in a viscous liquid produced by its oscillations driven by an
ultrasound field, taking account of two predominant modes of the EMB’s motion: a monopole
(pulsation) and a dipole (translational harmonic vibrations). Analytical expressions of radial as well
as tangential stresses are derived near the shell of the EMB. Numerical calculations in parameter
regimes applicable to sonoporation are presented. For the calculation the following parameters
unless specified otherwise are used: f=1 MHz, ry=2 um, k=14, p,=1000 kg/m3, p,
=1100 kg/m3, Py=100 kPa, u,=0.05 Pas, u;=0.001 Pas, 0y=0.04 N/m, 0,=0.005 N/m, and
G,=15 MPa. The calculated results show that the streaming velocity and stresses near an EMB are
functions of the mechanical properties of shell and gas. Overall, the streaming velocity and stresses
for an EMB are found to be greater than those for a similar size free bubble under the same
ultrasound excitation. This finding is consistent with the existing theory of acoustic streaming of an

oscillating bubble near a boundary given by Nyborg (1958) [J. Acoust. Soc. Am. 30, 329-339].
© 2009 Acoustical Society of America. [DOI: 10.1121/1.3075552]

PACS number(s): 43.25.Nm, 43.25.Yw [OAS]

I. INTRODUCTION

Encapsulated microbubbles (EMBs) have been used not
only as contrast agents in diagnostic ultrasonic imaging clini-
cally but also in various therapeutic applications (Wu and
Nyborg, 2006). One commercially available type of EMB is
the Optison® (GE Healthcare, Princeton, NJ, USA); it is a
FDA (Food and Drug Administration of the USA) approved
ultrasound (US) imaging contrast agent and contains micron-
size denatured albumin microspheres filled with octafluoro-
propane (an inert gas). The thickness of albumin shells is less
than 30 nm. The microbubble concentration is (5-8)
X 108/ml, and its size has a distribution with the mean radius
of the microbubbles being 1-2.25 wm. The maximum ra-
dius is 16 um, and 93% of the Optison® bubbles have radii
less than 5 um according to the specification provided by
the manufacturer. In targeting drug and gene delivery in vitro
and in vivo experiments, it has been demonstrated that EMBs
excited by moderate intensity US can increase membrane
permeability of nearby cells. These nearby cells remain vi-
able while allowing the intra-cellular transport of therapeutic
drugs and antibodies (Unger et al., 2001, 2002; Miller, 2006;
Tachibana and Tachibana, 2006; Wu, 2006). This process is
now called reparable sonoporation (Wu and Nyborg, 2008).

9 Author to whom correspondence should be addressed. Electronic mail:
xzliu@nju.edu.cn
®JOn sabbatical leave.
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It was determined (Bao et al., 1997; Ward et al., 1999,
2000) that the spatial peak acoustic pressure amplitude as
low as 0.1-0.2 MPa of 1 or 2 MHz US assisted by EMBs’
(Optison®) presence in a suspension of cells may be able to
cause reparable sonoporation. Ward er al. (2000) determined
that the interaction between oscillating EMBs and cells is a
short-range one; the closer the EMB locates to a cell, the
stronger the interaction. Tran et al. (2007) performed an in
vitro experiment using the ruptured-patch-clamp whole-cell
technique. They demonstrated the hyperpolarization of the
membrane of a marked cell (mammary breast cancer cell line
MDA-MB-231) during sonoporation (I MHz, 0.15 MPa
negative peak US; Sono Vue microbubbles). The hyperpolar-
ization of a biological cell means an above-normal increase
in the trans-membrane voltage. They concluded that US ac-
tivated oscillations of EMBs modify the electrophysiologic
cell activities by their “cellular massage” action and thus
enhance the cell’s permeability for macroparticle uptake.
Cellular massage here may mean the actions on a cell
through the moderate shear stress generated by nearby oscil-
lating bubbles; this type of “massage” is presumably to be
related to microstreaming around an EMB.

Known biological effects of US on a human are thermal
and mechanical ones (NCRP, 2002). The former is due to
absorption of US by tissue, and the latter is usually associ-
ated with the acoustic cavitation that is particularly important
in the presence of EMBs. EMBs may become nuclei of
acoustic cavitation, which is broadly defined as any acousti-
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cally driven bubble activity. There are two types of acoustic
cavitations: (1) inertial acoustic cavitation and (2) noninertial
acoustic cavitation. Inertial and noninertial cavitations were
formally called the transient and stable cavitations, respec-
tively (Wu and Nyborg, 2008; NCRP, 2002; Flynn, 1964). If
the acoustic intensity is sufficiently high, an EMB will first
grow in size and then rapidly collapse when inertial cavita-
tion takes place. If noninertial cavitation occurs, an EMB in
a liquid is forced to oscillate with a relatively small to mod-
erate displacement in the presence of an acoustic field. Gen-
erally speaking when applied US peak acoustic pressure is of
the order of the magnitude 0.1-0.2 MPa during the frequency
from 1 to 2 MHz, EMBs go through the noninertial cavita-
tion. Accompanying the noninertial cavitation, relatively
stable microstreaming usually occurs near an oscillating
EMB (Gormley and Wu, 1998).

Microstreaming is a bulk nonperiodic motion of fluid; it
is a nonlinear phenomenon, which is directly related to the
second-order terms of the sound field (Nyborg, 1958, 1965;
Wu and Du, 1997). Nyborg (1958, 1965) studied streaming
field near a free gas bubble resting on a boundary. Wu and
Du (1997) derived the microstreaming field for an isolated
free gas bubble excited by an ultrasonic field under the con-
dition that the radius of a bubble was much smaller than the
US wavelength and showed that streaming was more vigor-
ous inside than outside of the bubble. Marmottant and
Hilgenfeldt (2003) experimentally showed that gentle free-
bubble oscillations were sufficient to achieve rupture of lipid
membranes. They believed that microstreaming generated by
free-bubble oscillation was the main cause of the effect and
calculated the microstreaming velocity field from Longuet-
Higgins theory. It was also reported that the acoustic micros-
treaming occurred near a pulsating EMB of radius 10 pum in
a 160 kHz standing wave field, which was observed by
Gormley and Wu (1998). The experimental observed stream-
ing patterns are shown in Fig. 1.

In this paper, we have extended our study to a micros-
treaming field for an isolated EMB in a viscous fluid excited
by an ultrasonic field under the same condition: the equilib-
rium radius of an encapsulated bubble is much smaller than
the wavelength of the sound wave. When US of angular
frequency w propagates in a viscous liquid, boundary layers
form at the interface between the liquid and the shell as well
as between shell and the core gas of the EMB. The boundary
layer thickness ¢ is equal to V2u/pw. Associated with mi-
crostreaming, there are two types of shear stress in the
boundary layer of an oscillatory EMB. The first one is called
the alternating (ac) shear stress related with ac fluid flow, and
the other is called the direct (dc) shear stress caused by
nonoscillatory microstreaming; both take place in the bound-
ary layers.

The mathematical procedure of this work is as follows:
We first obtain solutions for the first-order flow (ac flow)
velocity near an oscillating EMB. We then derive the second-
order nonoscillatory (dc) flow, i.e., acoustic microstreaming.
Based on the above two solutions, i.e., oscillatory and
nonoscillatory flow velocities, we further calculate their as-
sociated stress of a vibrating EMB. Examples of numerical
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©

FIG. 1. Acoustic streaming pattern near an Albunex® sphere of 20 um
diameter in a 160 kHz standing wave field. (a) Acoustic streaming pattern
generated by the sphere, which was pulsating (monopole motions). As
acoustic pressure amplitude of the standing wave was increased, the sphere
experienced both monopole and dipole oscillations, as shown in (b) and (c).
The acoustic pressure amplitude of the standing wave was higher in (c) than
in (b). It seemed that there were two jets leaving from the bubble in both (b)
and (c); the spacing between the two jets were greater in (c) than in (b). This
is the indication that the amplitude of translational (dipole) oscillation in (c)
is greater than in (b). The streaming velocity was estimated to be
50—100 wm/s near the sphere.

calculations are also given to show that the stress generated
by both ac and dc flows in boundary layers may play roles in
applications of sonoporation.

Il. THEORY
A. Dynamic motion of EMBs

The configuration of a reference frame is illustrated in
Fig. 2, in which an isolated encapsulated microbubble is situ-
ated at the origin of the spherical coordinate (r, 6, ¢) of a
uniform and isotropic viscous liquid medium. A plane trav-
eling acoustic wave propagates along the positive z direction.
Due to viscosity, thin boundary layers are formed at liquid-

X. Liu and J. Wu: Microstreaming around an encapsulated bubble



outer boundary
layer

water

r+1/B

gas

inner boundary
layer

Incident wave

FIG. 2. The configuration of the system.

shell (outer boundary layer) and gas-shell (inner boundary
layer) interfaces. The thicknesses of the inner and outer
boundary layers are, respectively, of the order of B; Uand B, !
(the subscripts i and o denote inside and outside the bubble,
respectively), where B;=Vw/2v;, By=Vw/2v,, v;=u;! Py
and vo= o/ Poo-

The main physical difference between a free gas bubble
and an EMB such as Optison® is that the EMB has a human
albumin layer (the shell of the EMB) that can make the
bubble stable in liquids such as the body fluid and blood for
a relatively long time [its half-life is 1.3%+0.69 min

(mean* SD)] (Henao et al., 2006). Also the elastic shell
changes the resonance response and behavior of the bubble.
The following equation may be used to describe nonlinear
oscillation of an EMB (Church, 1995):
3)
3
2r;

a2l
N

Ps
3 (pPL—ps
2
_poc(t)___

+U%{2 ( "
)t )]

-+
1 ror )3K
=—|P —
ps|: G.eq( r
. 4ﬂ(
r

where r; is the radius of the gas-filled cavity and U, is the
radial velocity of inner interface. p; and pg are the density of
liquid and shell, respectively, « is polytropic exponent,
P, (f)=Py—P, sin wt, P, is atmospheric pressure, P, is the
acoustic pressure amplitude, P o4 is the equilibrium pressure
in the cavity, r,; is the unstrained equilibrium position of
inner interface, Vs=r(3)2—r(2)l, rop=rg1+7t, and rg is the initial
thickness of the shell, where the subscript O indicates condi-
tions at time ¢=0. Further in Eq. (1), o, and o, are the
tension at inner and outer interfaces, respectively, and G, is
the modulus of rigidity of shell. For megahertz frequencies
the viscous damping dominates (Coakley and Nyborg, 1978),
and therefore only this mechanism has been considered here.
The flexural membrane forces of shell are negligible in our
calculation.

Let x=(r—ry;)/ro;; Eq. (1) can be rewritten as follows
under the linear approximation (Church, 1995):

r
r

3
4ry—r] ry

|

27

r

r

VS GS

3
r

Vs:u’s + r?/'LL

3
r

e
r

(1)

(2)

where ,; and w, are damping constant and resonance angular
frequency and given by (Church, 1995)

K4 O+ wix=Py(pyiia)7,

3
Vitts + ro1pr
3
T2

5d=4|: }(Ps’%la)_l’ (3)

20
3KPO—_—
To1

20’2r(3)1
4
To2

VG,

3
02

+4

w, = \/ (psrélarl{

Here
- {1 . (u)m]
Ps To2
and
2 2 r
Z:(ﬂ+ﬂ><ﬂ>(4cs)—1'
for  roa/\'Vg
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3r
{1+Z<1+—

(4)

Let x=x, sin(wr+ ¢); from Eq. (2), it is found that x, and
the phase are given by

Py
xO = 2.2 X(Q, 5)9 (5)
Psawry
b= arctan| 0 ©)
=arctan| ——— |,
0 -1
and
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X(Q,0) =[1/7V(1 - Q%)%+ §02]. (7)

Here Q=f/f,=w/ w,, where f, and w, are the resonance fre-
quency and resonance angular frequency of the EMB, re-
spectively. At resonance, Q=f/f,=w/w,=1 and x({,J)
=1/ 6. The resonance frequency f,=w,/27 depends on prop-
erties of the gas, the liquid, and the shell, as given by Eq. (4).

B. The first-order flow (ac flow) velocity

The r and @ components of the relevant first-order ve-
locity inside and outside a bubble can be written as follows
(Wu and Du, 1997):

. Xkir .
Up= _JVOAOE_ +3jupA; cos 6

e~/hiri=ro1)

O —

l

cos 0,

Uy gi=—3jupA; sin 0+ 3ugA g je "1 ~"00sin 6,
. AOXkor
Uiro == JUg 302)\

elho(ra=roo)
—6upA g, cos 6,

+ 3juyA; cos 6

o

Uy g =— 3jUtgA sin 0+ 3jugA,g,e" 2" Dsin 6, (8)

where Ayp=1, A;=—j, h=(1+))B; h,=(1+j)B,, and x is
given by Eq. (7).

The g; and g, are to be determined by the boundary
conditions: at the shell, r=rq;, r=rp,

Upgi=uigo=0. 9)
Therefore we can obtain
gi=go=1' (10)

We can further calculate the radial and tangential stresses
due to the first-order flow velocity as follows:

Uy,
O1ri = M Ir ’

aulro
Olrio = Mo >

ar
lduy,y  Juig wg
L PIFV IR
1(9[41 (91410 ulg
o= e ) (i

Particularly, at r=ry; and r=ry,, we obtain the radial and
tangential stresses due to the first-order flow velocity,

. Xk; 1
O = M _JMOA0_3)\0' - 6u0A1gl-—h 2 cos 6
o1

1
—6jupA g;i—Cos 0], (12)
o1
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6”()A1gi sin 6 .
-———=3u ;j sin @
hro, 018/
O1roi = Mi .
01
+3”()Algihi sin 6 N (13)

. Aoxko 1
Olro= Mo| —JUo pEN + 61/!0A1g0h_2008 0

3

of02
) 1
—6jupA g,—cos 6|, (14)
702
6u , sin 6
OuoAi8oSIN O 1. A o sin 6
h0r02
T160 = Mo r
02
—3hgupA g, sin 0. (15)

C. Acoustic streaming

The streaming velocities inside and outside an EMB sat-

isfy the following equations (Wu and Du, 1997):
(92”20‘ 2 6u29-
——" 4+ ——— = f,(r.0), 16
o2 o fai(r.0) (16)
where f4(r, 0)=F g0+ f a1,

3 xugkirigiBie o)

w= 2v,0\
X[cos Bi(rg; —ry) = sin Bi(rg; = ry)]sin 6, (17)
For = upgiBe Pl
i1 = 2,
X[cos Bi(rg; —ry) +sin Bi(rg; — r1)]cos 0 sin 6,
(18)
0721420 2 l’?lzlzlg
__ebo T "2bO0 ,9 , 19
0')72 + roor fﬁa(r ) ( )
Tao(r.0) = Fo00+ f o1 (20)

— XttgkoraBoe Polror )

f&o() - 2U00’2)\
X[COS :BO(FZ - r02) —sin ﬁo(rz - roz)]sin 0, (21)
e

Soor=

2U0

X[cos By(ry —rop) + sin By(ry — roz)]cos 6 sin 6.
(22)
According to Appendix B in Wu and Du (1997), the 6 com-
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FIG. 3. Streaming velocity versus 6 for an oscillating EMB and the inserts are the similar plot for an oscillating free bubble. (a) Streaming velocity inside
(r=ro—0.5/3;) an EMB for n=0 mode, (b) streaming velocity outside (r=r;+0.5/3,) an EMB for n=0 mode, (c) streaming velocity inside (r=ry—0.5/;) an
EMB for n=1 mode, and (d) streaming velocity outside (r=ry+0.5/3,) an EMB for n=1 mode.

ponent of the streaming velocity inside the EMB can be cal- Urg =g+l (26)
culated as ? ? ‘
Upg, = Ung, + Uy, (23)  where
where utg ok T
s Ur 000 = %Sin Ge_ﬁo(’_’o)réz 1- -2 sin ,80(r2 - }"02)
Upg = —Xuokigisin e Pilror=ri)y2 (@ - 1>Sin Bi(ror=r1) . "
26, 2 ; \ 02 r i\"01 1 (27)
24
(24) for n=0 mode and
for n=0 mode,
2
2 Up8o . T2
: I = -
Uy, = 0glcos 0 sin 6\ ry; — - “2601 v, cos ¢sin 6| rop rs
' i r
_ o~ Boa(r=rg) _
X [ePilroi=1) cos Bi(ror—r1) —1] (25) X[1-e cos By(ry = r)] (28)
for n=1 mode, and for outside the EMB, for n=1 mode.
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u2r0 = MZrUO + u2r0l ’ (32)
where
2
Uy, = —Xuogoko zr(2)2 cos GePolr=ro2)
00 2)\0’21)0ﬂ072
X[(ry = rop)sin By(ry = rop) + (ry = rgn)
Xcos By(ry = rp)] (33)
for n=0 mode and
9u? of
py = %(2 cos O —sin® )Y (r, — rp)?
Vol
) :
= —e POl (1) — rp)sin By(r, = rp)
0
= (ry=rocos Bo(ra—rp)] (34)

for n=1 mode.
Therefore the radial and tangential stresses due to
streaming are as follows:
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It can be easily seen that the tangential stresses at r=r(; and
r=rg, are zero.
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FIG. 7. Stress due to the first-order ac flow velocity at r=ry, of an EMB: (a) radial stress and (b) tangential stress; the inserts are for a free bubble.

lll. COMPUTATIONAL RESULTS

Based on Egs. (24)—(39), we can calculate the stream-
ing velocity inside and outside an EMB. As an example,
we consider a case, f=1 MHz, ry=2 um, «k=14, p.
=1000 kg/m3, p,=1100 kg/m3, Py=100 kPa, u,=0.05
Pas, u;=0.001 Pas, 0;=0.04 N/m, 0,=0.005 N/m, and
G,=15 MPa (these parameters were found for Albunex®,
Church, 1995). The thickness of the shell is 10 nm.
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Figures 3(a)-3(d) are plots of tangential streaming ve-
locity and radial streaming velocity versus 6 for an EMB and
a free bubble due to n=0 and n=1 modes, respectively. We
observe that (1) the streaming velocity inside the EMB is
greater than that of outside and (2) the streaming velocity
corresponding to n=0 mode is greater than that of n=1
mode. The tangential streaming velocity of n=0 for both
inside and outside the EMB reaches the maximum at 6
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FIG. 8. Stress due to streaming of an EMB: (a) radial stress at r=ry, and (b) tangential stress at r=ry,+2/f3,; the inserts are for a free bubble.

=90°, i.e., in the direction perpendicular to the wave propa-
gation direction, while the radial streaming velocity of n=0
for both inside and outside the EMB reaches the maximum at
0=0°, i.e., in the direction parallel to the wave propagation
direction. For n=1 mode, both tangential streaming velocity
and radial streaming velocity are of the same order of mag-
nitude either inside or outside the EMB, but they are out of
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phase with each other. The magnitude of the tangential
streaming velocity reaches the maximum at #=45° and 6
=135°. For n=0 mode, the changes of streaming velocity for
a free bubble are the same as those for an EMB; for n=1
mode, in the period of 7, the radial streaming velocity
changes sign twice for a free bubble while it changes sign
once for an EMB.

X. Liu and J. Wu: Microstreaming around an encapsulated bubble
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The streaming lines for n=0 and n=1 modes for EMB
and free bubble are also plotted in Fig. 4, respectively, for
illustration purposes. It can be observed the streaming line
inside of the EMB changes direction at #=90°, while outside
of the EMB the streaming line changes direction at 6=180°
for n=0 mode. For n=1, the streaming line changes direction
at #=90° and 6=180° for both inside and outside of the
EMB. Because of different boundary conditions, the stream-
ing lines in an EMB are quite different from those in free
bubble.

Figures 5(a)-5(d) are plots of tangential streaming ve-
locity and radial velocity versus r for an EMB and a free
bubble for n=0 and n=1 modes, respectively. The angle 6 in
each plot is chosen in such a way that tangential streaming or
radial velocity reaches the local maximum, as shown in Figs.
3(a)-3(d). As expected from those figures, the following ob-
servations can be found: (1) As in a free gas bubble case,
both tangential and radial streaming velocities inside an
EMB are greater than outside an EMB. (2) Both the tangen-
tial and the radial streaming velocity are zero at r=ry and
r=rg. (3) Both tangential streaming velocity and radial ve-
locity due to n=0 mode is greater than those of n=1 mode.

Figure 6 is a plot of the tangential streaming velocity of
n=0 mode outside an EMB at #=90° using the shell and gas
mechanical property parameters as variables. We find that the
streaming velocity is maximum when G, is about 1.34 MPa
and decreases with the increase in r,, o, 05, or u,. The
relationship between screaming velocity and the polytropic
exponent is interesting; it seems to reach the maximum when
k is near 1.09. However, the streaming velocity of n=1 mode
is not affected by the shell and gas parameters significantly
(not shown).
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Figure 7 contains the radial and tangential stresses at
outer interface (r=ry,) due the first-order ac velocity, respec-
tively, for an EMB and a free bubble. The radial stress is
much higher than the tangential stress. The calculation re-
sults show that the radial stress for an EMB is larger than
that for a free bubble and the tangential stress for an EMB is
about the same as that for a free bubble when they are driven
by the same US.

Figure 8 shows plots of the radial stress at outer inter-
face (r=ry,) and tangential stress near the outer interface
(r=rgp+2/By) due to the streaming, respectively, for an
EMB and a free bubble. The overall radial stress is greater
than tangential stress. Near #=90°, tangential stress and ra-
dial stress reach maximum and minimum (zero), respec-
tively, for an EMB. Three peaks of the radial stress and two
peaks of the tangential stress for a free bubble are shown.

Figure 9 shows plots of tangential stress due to stream-
ing outside an EMB at §=90° that changes with the shell and
gas mechanical parameters. The trend is similar as that of
tangential streaming velocity of n=0 outside an EMB at 6
=90°.

IV. CONCLUSIONS AND DISCUSSIONS

We have extended a previously developed analytical
theory to calculate microstreaming velocity inside and out-
side an isolated EMB in a viscous liquid produced by its
scattered sound field, taking account of two predominant
modes of the bubble’s motion: a monopole (pulsation) and a
dipole (translational harmonic vibrations). Based on the
theory, analytical expressions of radial as well as tangential
stresses are also derived near the shell of an EMB. The radial

1329



stress generated by the first-order term (ac flow) is much
higher than tangential or radial stress generated by streaming
(dc flow). Since ac stress changes direction periodically ac-
cording to the sound periodicity while dc stress does not
change direction with time, it is the latter which plays pre-
dominant role to destroy the cell membrane in a lysis of red
blood cells experiment (Rooney, 1970, 1972). In a reparable
sonoporation experiment, when a cell is present inside of the
outer boundary layer of an oscillating EMB wholly or par-
tially, it may experience both radial and tangential stresses,
therefore the so-called cellular massage action may take
place (Tran et al., 2007).

In the above-mentioned example of calculation, we used
f=1 MHz, ry=2 wum, and Py=0.1 MPa since these param-
eters were used in several sonoporation in vitro experiments.
For ry=2 um, 1 MHz is lower than the linear resonance
frequency f,=3.02 MHz for an EMB and the response of the
EMB is relatively small; thus the linear acoustics may apply
(Wu et al., 2003). If we let f=F,, the results calculated would
be higher. For example, the maximal radial stress due to
streaming of an EMB at r=ry, is 489 Pa at f=3.02 MHz
while it is 260 Pa at f=1 MHz, and the maximal tangential
stress of an EMB at r=rp+2/5, is 156 Pa at f
=3.02 MHz while it is 59 Pa at f=1 MHz. On the other
hand, the physical model used here is an ideal case. In an in
vitro experimental condition, an EMB is not going to be
isolated; it may have other EMBs and cells nearby; thus the
damping coefficient should be higher and consequently the
stress should be lower. In any case, the calculated stress val-
ues generated by microstreaming (dc flow) are in the range
of the stress that can cause reparable sonoporation (Wu,
2002).

Shell and gas mechanical properties, especially G, and
the thickness of the shell, may influence the streaming and
stress results. The variation of G, and the thickness of the
shell may change the resonance frequency of an EMB and
also may influence the oscillation amplitude of an EMB. For
the parameters used, compared with a free bubble, the oscil-
lation amplitude of an EMB is smaller since the driving fre-
quency used in our calculation is closer to the resonance
frequency of a free bubble. However, it is interesting to note
that the streaming velocity and the stress induced by the
streaming for an EMB are actually greater than those for a
free bubble; the enhancement here is caused by the boundary
condition. The boundary condition for a free bubble is that
the shear velocity and shear stress are continuous (g;
=0.994 and g,=-0.004 69) (Wu and Du, 1997). However,
the boundary condition for an EMB is that the shear velocity
and tangential shear stress are approximately zero, so g;=1
and g,=1. Our finding is consistent with the results of Ny-
borg (1958). In his paper, Nyborg (1958) showed that the
presence of a solid boundary near an oscillating free bubble
enhances the streaming velocity. The boundary conditions
used have assumed that the shell of an EMB is more solid-
like as far as the streaming is concerned. We believe that this
assumption is a reasonable one. Future study will focus on
the acoustic microstreaming considering the interaction
among EMBs and the interaction between EMBs and cells or
the blood vessel walls.
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A model of the interaction of a spherical gas bubble and a rigid spherical particle is derived as a
coupled system of second-order differential equations using Lagrangian mechanics. The model
accounts for pulsation and translation of the bubble as well as translation of the particle in an
infinite, incompressible liquid. The model derived here is accurate to order R3/d°, where R is a
characteristic radius and d is the separation distance between the bubble and particle. This order is
the minimum accuracy required to account for the interaction of the bubble and particle.
Dependence on the size and density of the particle is demonstrated through numerical integration of
the dynamical equations for both the free and forced response of the system. Numerical results are
presented for models accurate to orders higher than R°/d° to demonstrate the consequences of

truncating the equations at order R3/d°.
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I. INTRODUCTION

Theoretical models describing the interaction of two or
many gas bubbles in liquid have been in development for
decades.'™" In the present work, the theoretical framework
for one such model,"! previously utilized to describe bubble-
bubble interaction, is applied to the interaction between a
pulsating spherical bubble and a rigid spherical particle. Both
the bubble and particle are free to translate.

There currently exist several models for the interaction
between bubbles and immovable solid objects. Coakley and
Nyborg12 derived an expression for the time-averaged force
generated between a spherical bubble pulsating infinitesi-
mally and a rigid, immovable sphere. Their expression is
recovered as a special case of the present model. Theoretical,
numerical, and experimental analyses of bubble behavior
near rigid boundaries of infinite extent have shown that a
bubble in pulsation translates toward plane, convex, and con-
cave boundaries.'”™"” Other investigations have focused on
bubble motion near rigid and deformable, but also immov-
able spheres.lg’19 These latter studies have concentrated pri-
marily on modeling the violent aspherical collapse of the
bubble and have employed boundary integral or other nu-
merical techniques. In contrast, here we present an analytical
model valid for low amplitude spherical oscillations, but for
which both the bubble and particle are free to translate.

The present investigation was motivated initially by a
desire to account for the interaction of cavitation clusters and
kidney stone fragments produced during shock wave
lithotripsy.20 However, the extreme conditions of lithotripsy
require consideration of liquid compressibility, cluster dy-
namics, and aspherical bubble deformation. While liquid
compressibility corrections and dynamics of clusters contain-
ing arbitrary numbers of bubbles and particles are reported
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elsewhere,”! the discussion here is limited for simplicity to a
system with a single bubble and single particle under condi-
tions where the liquid may be assumed incompressible. The
assumption of incompressibility is valid if the wavelength of
the acoustic excitation is much larger than the characteristic
separation distance between the objects. In addition, the
magnitudes of the radial and translational velocities in the
system must be much less than the speed of sound in the
liquid. Finally, it is assumed that the bubble remains spheri-
cal, and we thus ignore shape deformation requiring spheri-
cal harmonics of higher order than monopole (pulsation) and
dipole (translation).

In comparison to bubble-bubble interaction, a higher-
order model is required to describe bubble-particle interac-
tion. The model equations must be accurate to at least order
R>/d°, where R is a characteristic radius and d is the distance
separating the bubble and particle. In contrast, the corre-
sponding model equations for the coupled pulsation and
translation of bubbles need only contain terms up to order
R2/d."" In practice, when the bubble and particle are in
close proximity, a model with accuracy beyond R/d° is nec-
essary to obtain numerical convergence. This issue will be
addressed in detail.

This paper is structured as follows. The system energy
and model equations are derived in Sec. II, and appropriate
loss mechanisms are discussed in Sec. III. In Secs. IV and V,
the effects of size and density of the particle are investigated
for both free and forced responses of the system via numeri-
cal integration of the dynamical equations.

Il. THEORY

The geometry of the problem is presented in Fig. 1.
Coordinates with subscript 1 correspond to the gas bubble,
and coordinates with subscript 2 correspond to the rigid par-
ticle. Both objects are assumed to be spherical at all times.
Their positions are defined in relation to a fixed origin by the

© 2009 Acoustical Society of America 1331



FIG. 1. Notation and geometry for bubble and particle with arbitrary trans-
lational motion.

vectors ry;, i=1,2. The instantaneous and equilibrium radii
of the bubble are given by R, and R, respectively, while the
radius of the particle is fixed at Ry,. Motion is described by

the radial velocity of the bubble R, and translational veloci-
ties U;=r;, where dots over quantities indicate time deriva-
tives. Lagrange’s equations describing the dynamics of the
system are

d{ oL\ oL d((?ﬁ) oL -
dr\ g, TR, di\du;) oy’

where £L=/-V is the Lagrangian, I is the kinetic energy,
and V is the potential energy of the system.

A. Potential energy

Potential energy is stored via compression or expansion
of the bubble. In differential form, it is expressed as

dV=(Py— P,)dV, =4m(Py— P,)RIdR,,

where P is atmospheric pressure and V]I%’JTR? is the vol-
ume of the bubble. The pressure P; in the liquid just outside
the bubble is taken to be

200\[ Ry, 7 2
P1=<P0+_U)<ﬂ> —_U, (2)
R, R,

where 1y is the ratio of specific heats and o is surface tension.
Additional effects that contribute to this pressure, such as
heat transfer, gas diffusion, and condensation, are not consid-
ered here. Corrections for shear viscosity are discussed in
Sec. III.

B. Kinetic energy

The motion of the liquid, the particle, and the gas inside
the bubble all contribute to the kinetic energy of the system.
However, the gas density is negligible compared to the liquid
density, and kinetic energy associated with the motion of the
gas may be neglected. The kinetic energy due to translational
motion of the particle (KC,,) must be taken into account. The
total kinetic energy is thus

K= Kpart + Kiig» (3)

where Ky, is the kinetic energy of the surrounding liquid.
The kinetic energy due to particle translation is simply
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1

K part = Esz%, (4)
where m, is the mass of the particle.

The remaining component of the total kinetic energy,
Kiiq> accounts for the motion of the inviscid incompressible
liquid surrounding the bubble and particle. The liquid is as-
sumed to be irrotational, such that its motion is described by
a scalar velocity potential ¢ which satisfies Laplace’s equa-
tion,

Vih=0. (5)

The kinetic energy of the liquid is the integral
P 2
/Cliq= _J |V¢| av (6)
2Jy

over the volume surrounding the bubble and particle, where
p is the liquid density. For a liquid at rest at infinity, Eq. (6)
can be rewritten as

dp(ry)
&rl

2 (97'2

lqu == E( é(r)) ds, + P(ry) IP(r) d52> ,
Sy Sy

(7

where the surface §; coincides with the bubble or particle
wall, and r;=|r] is the magnitude of the local coordinate
vector r; that defines position relative to the center of the
bubble or particle.

Calculation of the kinetic energy thus requires knowl-
edge of the velocity potential and its normal derivative on
the surface of the bubble and particle. The velocity potential
is expressed in the local coordinates of the bubble or particle.
The normal derivative of the velocity potential on the surface
of the bubble or particle is determined by the velocity bound-
ary conditions

d .

_¢ :R1+U1'n1, (8)
&rl 5

d¢

—| =Uymy, )
(7)’2 SZ

where R, accounts for pulsation of the bubble, U;-n; for
translation, and n;=r;/r; is the unit vector in the direction of
r;. Whereas Eq. (9) for the boundary condition on the surface
of the particle is exact because there can be no shape defor-
mation of a rigid particle, Eq. (8) ignores the possibility of
shape deformation of the bubble wall by the absence of
spherical harmonics beyond the monopole (pulsation) and
dipole (translation).

There is no known expression for ¢ that satisfies the
boundary condition on each sphere exactly. However, an ap-
proximate expression can be found that satisfies the bound-
ary conditions to a desired order of R/d. We determine ¢ to
the required accuracy by following the iterative approach
used in Ref. 11. As shown in Sec. II C, it is necessary to
obtain an expression for ¢ accurate to order R>/d’. This
derivation is provided in the Appendix.
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FIG. 2. Notation and geometry for bubble and particle with collinear trans-
lational motion.

The kinetic energy of the liquid is calculated by evalu-
ating ¢ on the surfaces of the bubble and particle and sub-
stituting them into Eq. (7). The result of this calculation is

1 RR’R
“RUE+

U, n
5 du(z )

o1
Kiiq=2mp| RiR] + ngUf +

1 RS
2 d [(Ul U,) = 3(U; - my)(U; - nyy) ]
IRIR3R? 1RRR
+5 142 : 5 152 1(Ul'nlz) . (10)
d21 d21

At this point it is convenient to place the bubble and particle
in the orientation shown in Fig. 2. The bubble and particle lie
along the x axis such that the position vectors become r;
=Xin, and rp=X,n,, and the translational velocities are
U,=Un, and U,=U,n,. Note that d;,=n,, d,;=—n,, and
dy=d,=d. In these coordinates, the total kinetic energy is

1 1 R3R} . RiR}
IC 27Tp RR +8R U|+6R2U2 d2 R1U2— d3 U1U2
RR3 R3R; 1
#R, 2d52R U ) + Eszg. (11)

C. Equations of motion

The equations of motion are obtained by substituting
Egs. (2) and (11) into Egs. (1). The first of Egs. (1) is the
radial equation of motion for the bubble:

Rikty+ 2R
2
=—P1_P0+1Uf+& %—%(U1+2U2)
p 4 8m (d° d
R2
(R \R| +2R7) - [R U, +4R, (U, - Uy)] (. (12)

where P; is given by Eq. (2). The second of Egs. (1) pro-
duces the translational equations of motion:

M1=—F, M2=F, (13)

R RS)
1,

1 3
M,=ZpViU, - PVoz(d3 U, - s (14)

2
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1 3 RZ R3
M2= 5p+p2 V02U2—EPV02 d2 | d U P (15)
R:. R} R .
F= 3PVOQ<ER1U2+ d4U1U2 dS 1), (16)

where M and M, are the generalized momenta of the bubble
and particle and F is the translational force that acts equally
and oppositely on the bubble and particle. In Egs. (12)—(16)
it proved convenient for interpretation to introduce the vol-
umes V1=%7TR? and V02=§7TR(3)2 and the particle density p,
=m,/ V. Except for the terms of order R3/d’ and those con-
taining the particle mass, Egs. (12)-(16) coincide with the
corrected order R*/d* equations published by Harkin et al
describing coupled pulsation and translation of two bubbles

after setting the radial velocity of the second bubble R, to
zero in their equation (see footnote 17 in Ref. 11 for discus-
sion of the corrections).

It is straightforward, albeit tedious, to obtain expressions
for the velocity potential and model equations to higher or-
ders of accuracy than R>/d°. The steps outlined in the Ap-
pendix were automated with the aid of the MAXIMA computer
algebra system to generate expressions for ¢ to arbitrary
order in R"/d". Harkin et al.” used a different approach to
derive the velocity potential and model equations, which we
also automated to arbitrary order R"/d" to verify the present
method. The results are identical. For example, to order
R'°/d"0 the interaction force is given by

F 2 R’R} 0UR 15 ~ULU 10R%R2
=— p + —

57TP 102 B oIty 4 1V2— & 1
3

Ry
-25

R,
d6R U, - d7(15R TUT + 15R3, U5 + 27RIR, U,

3 4 2
20R,R3R%,) - 10— 1R°2R U 2& 15R R?
+ 0 — O d9( 021

+30RTR,U; + 30R R, UT — 18R|RT = 20RR,R, Us)
9 R% 45 3 4 5
+5ﬁU1(9R1R1+ 10R1R62U2—30R02R1) . (17)

An analytic expression for the time-averaged interaction
force (F) can be derived for infinitesimal bubble pulsation at
an instant when the translational velocities of the bubble and
particle are zero. At this instant M;=M,=0 and Egs. (14)
and (15) can be rearranged to obtain

3p RY. R’
U2=—p—21R1+0<—3), (18)
p+2p,d d
R} 9p R’R),. R®
nespune KBS o) 0o
ptzp

Substitution of Egs. (18) and (19) into Eq. (17), assuming
small periodic bubble pulsations with
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Rl(t) = R()l + §0 sin wt, 60 < R(]] , (20)

and time-averaging over one acoustic cycle yields to leading
order in &, the following contributions at fifth-, seventh-, and
ninth-orders, respectively:

—p, \R'R3
msm 2222 il
2
R} R
(F7)=— 477'p—0[1i7 02 wzfg, (22)

3
(Fo) == Smpl(15p = 24py)Ry,

R{iR,
+(10p +20p,)RE]—2
PR (p+2p,)d°

W& (23)
There are no time-averaged contributions from terms at first
through fourth orders, or from any even-order terms in R/d.
Equation (21) is the expression derived by Coakley and
Nyborg,lz’23 by an entirely different approach, for the force
acting between a bubble and a rigid, stationary particle.
Equation (21) indicates that, to leading order, for a particle
having density greater than that of the liquid, p,>p, the
time-averaged interaction force is negative, and the bubble
and particle are attracted toward one another. For a less
dense particle, p, <p, the bubble and particle repel. The re-
sult also demonstrates why it is essential to retain terms
through fifth order in R/d in the equations of motion. Despite
the restrictive conditions under which Eq. (21) is derived, the
same trends are predicted by numerical solutions of Egs.
(12)—(16) even for large bubble pulsations and with the par-
ticle in motion.

While it is true that the influence of terms at higher
orders, proportional to R"/d", tends to decrease with increas-
ing order n, the higher-order contributions to the translational
force may not be negligible for sufficiently small separation
distances. For a neutrally buoyant particle (p,=p) the contri-
bution of the fifth-order terms, given by Eq. (21), vanishes.
This seems to suggest that a seventh-order model is needed
whenever considering neutrally buoyant particles, but we
will show in Sec. IV A that the contribution of the higher-
order terms is small unless the bubble and particle are ex-
tremely close. Note that the time-averaged contribution from
the seventh-order force terms is always attractive, regardless
of the relative particle density, while the contribution from
the ninth-order terms is attractive except in the case of very
dense, small particles.

lll. SIMULATION PARAMETERS AND LOSSES

Inclusion of loss factors is guided by parameter values
used for the numerical simulations. The equilibrium radius of
the bubble was always taken to be Ry; =100 wum, the param-
eters for the surrounding liquid to be p=1000 kg/m? and o
=0.073 N/m, and the ambient pressure and gas constant to
be Py=101 kPa and y=1.4, respectively, corresponding to an
air bubble in water at one standard atmosphere.
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The natural frequency of the bubble in the absence of
viscosity, commonly called the Minnaert frequency, is
32 kHz. For all simulations the bubble is either released from
a non-equilibrium radius and allowed to ring down at its
natural frequency, or it is driven at its natural frequency by
an acoustic excitation. In this case it is sufficient for our
purposes to introduce a damping term in the radial equation
of motion that provides the correct attenuation at the natural
frequency. Damping of the radial motion of the bubble is

modeled via introduction of the quantity —4( 7/ p)R,/R, on
the right-hand side of Eq. (12).* Here, 7 is an effective
viscosity that is assigned the value #2.,4=20%7=20 mPas,
where =1 mPas is the viscosity of water. This choice of
Tefr approximates the total damping, due to heat transfer and
radiation as well as viscosity, of a 100 um bubble that pul-
sates at its natural fre:que:ncy.23 Harkin er al.” used the same
value in their simulations of interacting bubbles with radii on
the order of 100 wm. The translational velocity of the bubble
is small, and viscous drag on the translational motion was
taken into account by introducing the drag force —47yR U,
on the right-hand side of Eq. (13) for M, where U,; is the
translational velocity of the bubble (or particle) relative to
the local velocity of the surrounding liquid.11 Viscous drag
on the translational motion of the particle was taken into
account by introducing the Stokes drag term —67nR,U,, on
the right-hand side of Eq. (13) for M,. Further discussion of
drag is given in Ref. 11.

In the simulations that follow, the equations of motion
were integrated numerically with a standard backward differ-
entiation routine for different separation distances, acoustic
excitations, and values of equilibrium radius and density of
the particle. The case of free response, with no acoustic ex-
citation, is considered first. The reason for investigating the
free response is to avoid the primary Bjerknes forces pro-
duced by acoustic excitation and thus isolate the bubble-
particle interaction forces, i.e., the secondary Bjerknes
forces.

IV. FREE RESPONSE

The free response of the system is investigated by set-
ting the initial bubble radius to a non-equilibrium value
R,(0) # Ry, and releasing it from rest. The particle is initially
at rest in its equilibrium state. The simulations in this section
were run with the higher-order extensions of Egs. (12)—(16)
that are accurate to order R°/d°, where the numerical solu-
tion converges, as will be demonstrated in Sec. IV A.

Presented in Fig. 3 are results for a particle of equilib-
rium radius Ry, =2R;; =200 um. Larger particles are used to
emphasize interaction effects, because as seen from Egs. (12)
and (16), to leading order the interaction forces are propor-
tional to the volume of the particle. The initial positions of
the bubble and particle are, respectively, X;(0)=0 and
X,(0)=2.5R;»,=500 wm, when the bubble is released from its
initial radius R;(0)=120 um, a value 20% greater than its
equilibrium radius. Responses are shown for three different
particle densities: p,=500, 1000, and 2000 kg/m> (p,/p
=0.5, 1, or 2). To aid the reader, the indices i=1 and i=2 on
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FIG. 3. Response of a bubble with equilibrium radius 100 um and initial
radius 120 wm with rigid particles of different densities. Bubble and particle
initially separated by 500 um. (a) Radial response of the bubble (indepen-
dent of pya/ pig)- (b) Positions for a light particle (ppa/ piig=0.5). (c) Posi-
tions for a neutral particle (py./piiq=1). (d) Positions for a heavy particle
(ppart/ p]iq=2)~

parameters shown in the figures are replaced with the sub-
scripts “bub” and “part,” respectively, and the density of the
liquid is denoted by py;q-

The radial response of the bubble, which is independent
of the density ratio py,/ piiq to within graphical resolution, is
shown in Fig. 3(a). Figures 3(b)-3(d) display the positions of
the bubble and particle for the three density ratios (note the
split vertical axes). Consistent with the approximate analyti-
cal result for the time-averaged interaction force given by
Egs. (21)—(23), the bubble and particle repel for ppu./piq
=0.5, while they attract for ppa/piig=2 and py/ piig=1, al-
though the attractive force is less when the particle is neu-
trally buoyant. The attractive force in the case of a neutrally
buoyant particle is due only to the inclusion of the higher-
order terms which, as Egs. (22) and (23) show, are both
attractive for this set of parameters. If instead the order R/d’
model equations were used, there would be virtually no
translation in the case of a neutrally buoyant particle. Note
that whereas the bubble is observed to come to rest within
the time frames shown, the inertia of the particle causes it to
drift for considerably longer times.
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FIG. 4. Response of a bubble with equilibrium radius 100 um and initial
radius 120 um with rigid heavy (ppu/piiq=2) particles of different radii.
Bubble and particle initially separated by 500 um. (a) Particle radius R,
=200 um. (b) Particle radius Ry,=300 pm.

The dependence on particle size is illustrated in Fig. 4.
Figure 4(a) is repeated from Fig. 3(d) (on an expanded axis),
and Fig. 4(b) shows the effect of increasing the particle ra-
dius by 50%. Equation (16) indicates that the interaction
force will increase for larger particles, although the actual
increase is stronger than the RSZ dependence suggested by
Eq. (16) because of the inclusion of the higher-order terms in
the simulation model.

A. Truncation error

The order R3/d> model presented in Sec. II C is accurate
to the minimum order in R/d required to account for the
interaction force between the bubble and a rigid particle. As
described previously, the steps outlined in Sec. II were auto-
mated with the aid of a computer algebra system to generate
models of arbitrary accuracy in R"/d" for the case of two
interacting spheres. Here we discuss higher-order models of
a bubble interacting with a rigid particle. Equation sets ac-
curate up to and including order R'%/d" were solved numeri-
cally at various separation distances to determine the influ-
ence of higher-order terms on the system dynamics. Figure 5
shows cases of different initial separation distances for heavy
(Ppar/ Priq=2) and light (pp,r/ p1iq=0.5) rigid particles of ra-
dius Ry=200 um. The bubble and particle were initially
separated by d(0)=0.5 mm [Fig. 5(a)] or 1.5 mm [Figs. 5(b)
and 5(c)] (i.e., 2.5 or 7.5 particle radii).

The time-averaged contributions of terms of higher or-
der than R>/d° in the interaction force are attractive for these
particle parameters [see Egs. (22) and (23)]. Therefore, we
expect the inclusion of these terms to result in greater trans-
lational motion in the case of a heavy particle [Fig. 5(c)], but
less translation in the case of a light particle [Fig. 5(b)]. This
prediction is confirmed by the simulations. As Fig. 5(a)
shows, at large separation distances it is sufficient to truncate
the model at n=>5 [Egs. (12)—(16)]. However, as the bubble
and particle move closer together the contribution of the
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FIG. 5. Numerical solution of models accurate to various orders of R/d for
a bubble of equilibrium radius 100 um and initial radius of 120 um with
rigid particles of radius 200 um and various densities. (a) Bubble and par-
ticle initially separated by 1.5 mm for models of order R°/d° and higher for
heavy (ppan/ pig=2) and light (pyqq/ piig=0.5) particles. (b) Bubble and a
light (ppar/ p1ig=0.5) particle initially separated by 0.5 mm for models accu-
rate to order R%/d® or R°/d° and higher. (c) Bubble and a heavy (pya/ piiq
=2) particle initially separated by 0.5 mm for models accurate to order
R’/d° or greater than R/d’.

higher-order terms becomes significant. In the cases consid-
ered here the solution converges numerically at order n=9
for both light [Fig. 5(b)] and heavy [Fig. 5(c)] particles.

V. FORCED RESPONSE

The system may also be driven by an acoustic source.
The source was included in the model using the method of
Hinskii er al.'"' To summarize, the kinetic energy due to a
pulsating sphere with prescribed motion is interpreted in
terms of p .. and ug., the pressure and particle velocity of an
external source. The source kinetic energy is calculated to
order R°/d® and is thus consistent with the free-response
model derived in Sec. II. This additional kinetic energy is
added to the system kinetic energy, Eq. (10). The same pa-
rameter set outlined in Sec. IV was used, with an initial
separation distance between the bubble and particle of
500 um and a sinusoidal acoustic pressure of amplitude pg
=1 kPa and frequency of 32 kHz (equal to the natural fre-
quency of the bubble). Because the model is spatially one-
dimensional, the acoustic wave radiated by the source must
be planar and propagate along the x axis. While the inclusion
of source terms is an acknowledgment of finite liquid com-
pressibility, in this case the acoustic wavelength is much
larger than the separation distance between the bubble and
particle. Therefore the liquid may be assumed to be locally
incompressible from the standpoint of the bubble or particle.
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FIG. 6. Translational motion of a bubble of equilibrium radius 100 wum
interacting with a second bubble of radius 100 wm (dashed line) or rigid
particles of radius 200 wm (solid lines) and density ratios ./ pjq=0.5, 1,
and 2 excited by a sinusoidal plane wave source of amplitude 1 kPa located
at —10 cm along the x axis. Initial separation distance 500 um. (a) Bubble
position. (b) Particle position. (c) Separation distance between bubble and
particle.

While source interaction terms were included to order
R’/ d°, terms accounting for bubble-particle interaction were
included up to R°/d’ as in Sec. IV. Simulation results for the
source parameters used in the present section suggest that
source interaction terms are negligible at R*/d*, and there-
fore omission of the higher-order source terms will not affect
the system dynamics.

Figure 6 shows the positions and separation distances
between the bubble and particle for the three density ratios
(Ppart/ P1ig=0.5,1,2) when the source is located at —10 cm
along the x axis, and Fig. 7 shows results for a source located
at +10 cm. In both figures the bubble position is plotted in
part (a), the particle position in part (b), and the distance
separating the bubble and particle in part (c). For compari-
son, results for a two-bubble system (with a second bubble of
radius 100 wm replacing the particle) are shown with dashed
lines. Note that in both figures translation in the two-bubble
system is much greater than in the bubble-particle system.
This is because the secondary Bjerknes force acting between
two oscillating bubbles is of order R?/d?, three orders larger
than the translational force in the bubble-particle system.

Notice that the direction of particle translation [Figs.
6(b) and 7(b)] is determined by the particle density [repul-
sive for a sufficiently light particle but attractive otherwise;
recall Egs. (21)—(23)]. However, the radiation force (primary
Bjerknes force) exerted on the bubble by the acoustic field
has a non-zero time average. Therefore, the direction of
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FIG. 7. Translational motion of a bubble of equilibrium radius 100 um
interacting with a second bubble of radius 100 wm (dashed line) or rigid
particles (solid lines) of radius 200 wm and density ratios ../ piig=0.5, 1,
and 2 excited by a sinusoidal plane wave source of amplitude of 1 kPa
located at +10 cm along the x axis. Initial separation distance 500 um. (a)
Bubble position. (b) Particle position. (c) Separation distance between
bubble and particle.

bubble translation [Figs. 6(a) and 7(a)] is also influenced by
the propagation direction of the acoustic excitation. In Fig. 6,
with the source located at —10 cm, the radiation force tends
to push the bubble toward the particle. This force, in combi-
nation with the higher-order interaction terms, causes the
bubble to move toward the particle [Fig. 6(a)] for neutrally-
buoyant and heavy particles, while in the case of a light
particle the bubble remains nearly stationary. In Fig. 7, with
the source located at +10 cm, the radiation force tends to
push the bubble away from the particle. For the light particle
its effect is sufficient to overcome the attractive force of the
higher-order contributions [see Egs. (21)-(23)] and cause
overall repulsion of the bubble and particle. However, for
heavy and neutrally buoyant particles, forces due to bubble-
particle interaction dominate, resulting in attraction [Fig.
7(c)].

These results suggest that bubble-particle interaction
forces are certainly important for accurate description of
free-response translational dynamics. However, in the case of
a forced system the bubble-particle translational forces may
be overshadowed by the primary Bjerknes forces from an
acoustic source of sufficient amplitude.

VI. SUMMARY

Lagrangian mechanics were used to derive dynamical
equations describing the interaction of a gas bubble and a
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rigid particle in an incompressible liquid. The derivations
were carried out through order R/d® because this is the
minimum accuracy required to account for the interaction
force. Dynamical models accurate to higher orders of R"/d"
were generated via a computer algebra system to illustrate
consequences of truncating the model at order R°/d°. In the
case of a forced response, the presence of an external plane
wave source was included to an order consistent with the
model at order R%/d°. The system dynamics exhibit depen-
dence on the density and size of the particle as well as the
direction of source propagation.
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APPENDIX: DERIVATION OF THE VELOCITY
POTENTIAL

Here an expression for the velocity potential, which sat-
isfies Eq. (5) to order R°/d° subject to the boundary condi-
tions [Eqgs. (8) and (9)], is derived. The resulting expression
may then be substituted into Eq. (7) to obtain an expression
for the kinetic energy of the liquid. The total velocity poten-
tial is expressed as

P(r) = ¢'(r;) + ¢'(ry), (A1)
where ¢" is the component due to radial pulsation of the
bubble and ¢' is the component due to translation. First, an
expression for the radial component of the velocity potential
is obtained. Although the particle is rigid and therefore does
not pulsate, for the moment we will proceed as though it
pulsates radially with velocity R,. We then specialize the
result for a rigid particle. For an isolated pulsating sphere

with radius R; and wall velocity R; in an infinite liquid, the
radial component of the velocity potential a distance r; from
the center of the sphere is

R} .
Poilry) =~ TRr

1

(A2)

An initial approximation of the radial velocity potential for
an infinite liquid containing two pulsating spheres is the sum

@0 = P01 + Doo-

While Eq. (A3) satisfies Eq. (5), it does not obey the bound-
ary condition on either sphere. For example, let the velocity
potential be expressed in terms of the coordinates of the
bubble (r;=r;), and calculate the liquid velocity at the
bubble wall for comparison with Eq. (8). The velocity poten-
tial corresponding to the particle, ¢(,(r,), can be expressed
in terms of r; by expanding ¢y, in a Taylor series evaluated
at the bubble wall:

(A3)
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Pn(r2) = dpa(dy; + 1)
= ¢ppldy) + Vr2¢62(r2)|r2=d21 I

2 2
=- d; 2+d%171R2(n21 n), (A4)

where d,;=r(;—rq, is the vector pointing from the center of
the particle to the center of the bubble (recall Fig. 1), d,,
) and all subsequent ex-
pansions the series is truncated after the linear (dipole) term
because all higher-order terms are orthogonal to the mono-
pole and dipole terms in the integrand of Eq. (7), and there-
fore cannot contribute to the kinetic energy, as a result of
including only monopole and dipole terms in boundary con-
ditions [Egs. (8) and (9)].
Evaluating the velocity at the bubble wall due to ¢,

Iy | <<9¢(r)1 N 5‘7562)
0””1 s 8r1 (9}"1

. RS
=R+
s dy;

Rz(nzl ‘),

(A5)

and comparing with Eq. (8) shows that the error in satisfying
the boundary condition on the radial motion is of order R*/d>
[the dipole term U;-n; in Eq. (8) will be satisfied by ¢’ in Eq.
(A1)]. To counteract the second term in Eq. (A5) a correction
¢ is added to ¢ which satisfies Eq. (5) as well as

I Iy : i
- =——| +R==—F%Ryny+ny). (A6)
ary | s, ary s, 21

The appropriate correction, applied to both the bubble and
particle and expressed in terms of the local coordinate r, of
the bubble, is

¢ =y (r) + ¢y(dy +1y)
= ¢,(r) + ¢r(dy) + Vi ¢o(r)|r g, -
=ﬂR (ny-n )+R2R3R +R2R3rR 10y - my).
2d§1%221 1 243, 1 &, 1 211y
(A7)
Examining the velocity at the bubble wall due to terms ¢y,
and ¢},
253

. RiR> .
=R+ dls 2R, (ny; - my),

21

J
—(gp+ &) (A8)
or 1 Sl
shows that the error in satisfying the boundary condition for
the radial motion is of order R’/d°, and therefore another

correction term, ¢, must be added. The appropriate correc-
tion is
5= ¢5,(r)) + P(dy +1y)
R R3

R’
S 2R (ny, - n1)+0(d )

(A9)
25

The velocity at the bubble wall, based on the sum of ¢y
with correction terms ¢} and ¢, is
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(A10)

U tpr v )| =R o(RS)
—(dp+ P} + =R +0|—=|.
g 0T AT P 5 1 a8
Comparison with Eq. (8) shows that the expression is accu-
rate to the desired order R3/d°. The final form of the velocity
potential for the radial motion, expressed in the local coor-
dinates of the bubble and consisting of terms ¢, ¢}, and ¢,

is

2 2 2

ey Bip Koo Ry o
¢'(r))=——R - —Ry+ 2’1R2(n21'n1)
r dy, 21
2 3 253
. RR3 .
—2Lp (ny;-m)———R
2 22y 5 I
2d21 1 2d,,
253 553
LA LTI
+ rlRl(n21'nl)+—5 2R1(n21-n1).
d>, 2111

(A11)

The corresponding expression in terms of the coordinates of
the particle, r,, is obtained simply by exchanging the sub-
scripts 1 and 2 in all quantities. Velocity potential expres-
sions for our specific case of a rigid particle with radius R,
and zero radial velocity are then obtained from Eq. (A11) by
setting R,=R, and R,=0.

The translational component of the velocity potential is
obtained in a similar fashion. For an isolated translating
sphere with radius R; and translational velocity U;, the veloc-
ity potential at a distance r; from the center of the sphere is

3

&o:(r;) = ;. (A12)

p
As with the radial component, the individual contributions
from each sphere are summed and then the contribution from

the particle is expressed in terms of the local coordinate of
the bubble:

Bo= Bo1(r1) + Pp(dyy + 1)
= (1)) + dip(dy)) + Vi (1) |z, T
==, 2(U1 n)-—>U, ny
21

3

R,
+_71[3(U2 ny)(ny;-my) = Uy -my].

(A13)
245,

Evaluating the translational velocity at the wall of the
bubble,

. R}
—2 =U1-n1+—§[3(U2-n21)(n21-nl)—U2~n1],
ary s, dy

(A14)
and comparing with Eq. (8) shows that the error is of order
R3/d>. A correction term, ¢/, which satisfies Eq. (5) as well

as the condition
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3

R;
= 2d3 —[3(U, - my)(ny; -m)) = Uy -1y,

(A15)

is needed. The appropriate correction, applied to both the
bubble and particle and expressed in terms of r, is

@)= ¢i(r)) + ¢ly(dy +1)
= ¢(r) + ¢r(dy) + Vr2¢[12(r2)|r2:d21 T

R
d3 2[3(U, - my))(ny; -my) = Uy -y

R2R R®

7 (Ul n,) + 0 d6 (A16)
21

Evaluating the translational velocity at the wall of the bubble
yields
6

¢!
ary

=U, n1+0<R>, (A17)

(9 ! 1
= 07_7‘1(¢0+ &) I

Sy S

and therefore the expression for the translational velocity po-
tential is accurate to the desired order of R°/d°. The final
form of the translational velocity potential, consisting of ¢,
and the correction term (;S’l, is

R} 3
1
¢t(rl) =- F(Ul . nl) — —2U2 Ny
" 21
3
+ ﬁrl[:;(Uz . n21)(l’l21 . 1’11) - U2 . nl]
21
3 3
4 2, [3(U2 ny)(ny -my) - U, -ny]
RR}
T8 “Ny). (A18)

As with Eq. (A11), the expression for Eq. (A18) in terms of
the coordinates of the particle, r,, is obtained by exchanging
the subscripts 1 and 2. The total velocity potential ¢, the sum
of Egs. (A11) and (A18), may now be substituted into Eq. (7)
to obtain Eq. (10).
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An analytical model for turbulence scattered rays in the shadow

zone for outdoor sound propagation calculation
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In outdoor sound propagation, an inherent problem of the ray tracing method is its inability to
determine the sound pressure level in the shadow zone, where geometrical rays do not penetrate.
This is a serious problem in a turbulent atmosphere where significant sound energy will be scattered
into the shadow. Empirical corrections that are determined from measurements or numerical
simulations are limited to situations within the bounds of the empirical corrections. This paper
describes a different approach where the ray tracing model is modified analytically into a scattered
ray model. Rays are first diffracted from the shadow boundary, which is determined by the
geometrical ray paths. The diffracted rays are then scattered by turbulence in their way to the
receiver. The amount of scatter is determined from turbulence statistics that are determined from a
Gaussian turbulence model. Most of the statistics are determined analytically except one element,
which is determined empirically from numerical simulations. This turbulence scattered ray model is
shown to have good accuracy against calculations based on the parabolic equation, and against
previously published measurement data. It was found that the agreement is good both with and

without turbulence, at distance up to 2 km from the shadow boundary.
© 2009 Acoustical Society of America. [DOI: 10.1121/1.3076928]

PACS number(s): 43.28.Gq, 43.28.Js, 43.50.Vt [JWP]

I. INTRODUCTION

The calculation of outdoor sound propagation is an im-
portant element in environmental noise assessments. Since
the outdoor environment is complex, it is necessary for such
calculations to take into account a large number of environ-
mental factors, such as ground attenuation and atmospheric
effects. A number of significant advancements have been
made in the past few decades, and there now exist several
accurate methods for calculation.'™ The parabolic equation
(PE) method is particularly useful for long range sound
propagation because of its accuracy and its ability to take
into account range dependent ground and atmospheric con-
ditions. Recent advancements in accelerating the calculation”
also greatly enhanced its practical applicability. However,
despite these advances, the method is still expensive to use at
high frequencies, and is not readily usable in complex sur-
roundings such as in urban cities where sharp changes in
topography, meteorology, or material conditions frequently
occur. For calculations in such surroundings, the ray tracing
method’ provides a more practical alternative approach. For
example, in the current noise mapping exercise in Europe,
most of the calculations are based on ray models.

Ray models in outdoor sound propagation come in dif-
ferent forms.® All are based on geometrical considerations.
The variations come from the different degrees of approxi-
mation they place on the wave behavior along the propaga-
tion path. The ray tube approach and the semi-analytical ray
model take into account more of the wave behavior, but can
suffer from singularity effects such as caustics. The heuristic
ray approach and its variant, which only use the ray paths to
provide information on the phase and wave coherence, are
easier to use, and can provide acceptable accuracy for engi-
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neering calculations. However, these ray models suffer from
the same inherent problem that they cannot determine the
propagation of sound into the shadow zone. By nature of
their geometrical assumption, it is not possible for rays to
penetrate into the shadow. There are various suggestions to
overcome this problem. If the atmosphere can be assumed to
be non-turbulent, range independent, and has a linear vertical
sound speed profile, then the residue series approach10 can be
used to calculate the diffraction of sound into the shadow.
However, this solution requires the determination of the roots
of a complex function, which is difficult to obtain accurately
deep in the shadow. Moreover, the inability to account for
turbulence is a serious limitation for calculations involving
real atmospheres. In realistic environments, a more practical
approach is to apply empirical adjustments to the sound level
in the shadow zone. For example, a recent sugge:stion11 uses
corrections that are determined empirically from a large
number of numerical simulations. However, purely empirical
corrections are fundamentally limited by the conditions un-
der which they are developed. In contrast, an analytical ap-
proach will be more flexible, and could provide a better un-
derstanding of the underlying problem.

This paper describes the development of an analytical
approach based on ray tracing to calculate the propagation of
sound into the shadow zone. The basic ray tracing model is
based on a discretized implementation of the heuristic
model.® In an upward refracting case where a shadow is
formed, the diffraction of sound into the shadow is assumed
here to be analogous to the geometrical diffraction by an
equivalent barrier in a homogeneous atmosphere. The scat-
tering into the shadow zone due to turbulence is calculated

© 2009 Acoustical Society of America



from statistics that are determined from a Gaussian turbu-
lence model of the atmosphere. The accuracy of the model
will be tested against the PE using published cases in litera-
ture.

Il. THE RAY TRACING MODEL

Our basic ray tracing is based largely on a numerical
approach. Once launched, rays are traced individually
through the atmosphere to find the trajectory of the ray that
forms the shadow boundary. The overall sound speed profile
in the atmosphere can be arbitrary. In our implementation,
the atmosphere is divided into a grid of small rectangular
cells. The cell division is chosen such that the change in the
sound speed within each cell is small enough to be approxi-
mated by a linear profile, so that an analytical solution® can
be used within each cell to determine the ray propagation
trajectory. The rule of thumb is to set the grid size at 1/10 of
the length scale of the fastest changing condition. In practice,
in the absence of turbulence, the grid size is typically 1 m in
the vertical direction to accommodate the expected logarith-
mic shape of the sound speed profile near ground. The grid
size in the horizontal direction is set at 5 m to accommodate
likely range dependent variations of the terrain and meteoro-
logical conditions. However, when simulating the scattering
of rays due to atmospheric turbulence, the grid size is set at
1/10 of the smallest length scale of the turbulence structure.
Since the Gaussian turbulence spectrum used in this paper
has a length scale of 1.1 m, the grid size used is 0.11 m. The
ground terrain, which can be undulating, determines the
lower boundary of the computational grid. Once the reflec-
tion geometry is worked out by the numerical ray tracing, the
effect of the ground at each reflection can then be approxi-
mated by the Weyl-van der Pol formulation.'>"* The height
of the upper boundary of the computational grid is set using
the rule of thumb of 1/10 of the maximum horizontal range.

In a downward refracting case where there are multiple
rays passing through a sampling area, the effect of turbulence
can be approximated by the reduction in coherence between
the rays using the mutual coherence function.® However, as
is common in all geometrical ray tracing methods, the pro-
cedure will fail to predict the sound pressure in the shadow
zone of an upward refracting atmosphere. By definition no
geometrical rays can penetrate into the shadow. In literature,
several solutions to this problem have been suggested. In the
simple case of an atmosphere with a linear vertical sound
speed profile and has no turbulence, the sound field can be
represented by an analytical normal mode solution. The resi-
due series solution' can then be derived for an upward re-
fracting case. However, this is not a practical solution in
view of its limitations concerning the sound speed profile
and turbulence. The comparisons published by L’Espérance
et al.® show that it can substantially over-estimate the attenu-
ation in real life situations where turbulence is present. For
realistic atmospheric conditions that include turbulence, a
common approach is to introduce empirical scattering to the
ray tlrajectory9 or to use empirical estimates of the sound
pressure.ll The dependence on empirical values significantly
limits the applicability of such approaches. For example, in
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FIG. 1. Turbulence scattering of the analogous shadow boundary diffraction
model. Upper half is the scattering of the original shadow boundary ray path
over a flat ground. Lower half is the resulting scattering in the analogous
model of a curved surface in a homogeneous atmosphere.

the ray model of Heimann and Gross,” the effect of shadow
diffraction is simulated by randomly changing the propaga-
tion direction of a ray when the ray is close to the ground,
where diffraction is thought to be most important. Unfortu-
nately, the physical mechanism for this ray diversion is not
fully formulated. Instead, the implementation relies on em-
pirical constants and assumed dependence on the height from
the ground. Although the model worked well in some cases,’
it is doubtful that it will work equally well in situations out-
side the range of conditions under which the empirical pa-
rameters were derived without a full understanding of the
physics involved. In this paper, we propose to address this
problem by means of an analytical ray diffraction model.

lll. SHADOW BOUNDARY RAY DIFFRACTION
MODEL

In here, we use a shadow ray diffraction model that is
based on the analogy between a curved ray path in the pres-
ence of refraction, and a curved surface in a homogeneous
atmosphere in which there is no refraction. This analogy has
been used successfully in studies involving linear sound
speed profiles and analogous cylindrical surfaces.'* In here
we apply the concept to an arbitrary sound speed profile and
a generalized terrain with finite impedance cover. The anal-
ogy is illustrated in Fig. 1.

In the analogous virtual barrier configuration, the sound
level at the receiver is calculated from the diffraction path
from the barrier top to the receiver by applying simple thin
barrier diffraction formulas. Here, one significant point to
note is that the path difference cannot be calculated from the
physical source location in the analogous barrier configura-
tion. This is obvious if one considers the special case when
the source is close to the barrier top (or the ground reflection
point of the shadow boundary ray). An example is a strong
upward refracting atmosphere where the shadow boundary is
close to the source. In this case the path difference between
the direct source to receiver path and the diffracted path over
the barrier top is always small no matter how deep the re-
ceiver is in the shadow. This will give rise to only small
attenuation even deep in the shadow. This is clearly incor-
rect. One would expect the attenuation to be higher with a
stronger upward refracting atmosphere and a shadow bound-
ary closer to the source. The explanation for this odd behav-
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ior is that the analogy is based on geometrical ray acoustics.
Since a ray is, in fact, an approximation of a plane wave, the
“equivalent straight ray” in the analogous virtual barrier con-
figuration should be considered as a plane wave. The propa-
gation should therefore be from a source that is far away.
Hence the path difference should be calculated with the
source placed at infinity, which is equivalent to calculating
the difference between r; and d, in Fig. 1.

In addition to the shadow boundary diffraction, the
sound level at the receiver is also affected by attenuation due
to ground reflection. This is clearly the case if one considers
the sound level just before and after the shadow boundary.
Before the boundary both direct and ground reflected rays
are present and therefore the sound level will suffer ground
attenuation, which can be as much as 20 dB at frequencies
where ground attenuation is strongest. Just after the bound-
ary, the shadowing (virtual barrier) effect is still small, and
the attenuation will be of the order of only 5 dB (the usual
line-of-sight barrier attenuation). Obviously, one would not
expect the ground attenuation to just disappear when the re-
ceiver passes from one side to the other of the shadow
boundary into the shadow. Hence it is necessary to correct
for ground attenuation in the analogous virtual barrier model
as well. As a first approximation, the ground attenuation is
determined simply from the geometry of the geometrical re-
flection from the barrier top to the receiver. The local slope
of the ground near the reflection point is used to correct for
the ground reflection angle.

The prediction from this shadow boundary diffraction
model is compared against a standard Crank—Nicolson
PE'>1¢ prediction using the benchmark case 3." This bench-
mark case has a flat ground with finite impedance. The at-
mosphere is strongly upward refracting with a linear sound
speed profile of —0.1/s, but has no turbulence. The refraction
is very strong. The shadow boundary at the receiver height is
about 300 m from the source. The PE solution is a well
established technique for outdoor sound propagation.17 It has
been shown to have very good accuracy in the benchmark
cases.'” It is therefore chosen to be the reference in this and
subsequent comparisons. Figures 2(a), 2(b), and 2(c) show
the comparisons at the frequencies of 10, 100, and 1000 Hz,
respectively. The y-axis is in terms of the transmission loss
(TL) as defined in the benchmark paper.'” The lower limit of
the y-axis is set at —80 dB as is set in the benchmark paper.
The horizontal distance is shown to be 10 km, which covers
a large range deep into the shadow. Also shown in the figures
is the predicted sound pressure in free field in a still atmo-
sphere (with air absorption). This is to allow the attenuation
due to ground effect and atmospheric refraction alone to be
easily identified. The figures show that the simple model
proposed here for the shadow diffraction effect has good
accuracy in this benchmark case. On the whole, the predic-
tion agrees well with the prediction by the PE. The increases
in the TL due to ground attenuation [most dominant at
100 Hz in Fig. 2(b)] and due to frequency [Fig. 2(c)] are well
predicted. Given the simplicity of the shadow diffraction
model, the agreement is quite remarkable. The simple dif-
fraction model produces some artifacts at around the shadow
boundary (at around 300—400 m). This is due to the simple
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FIG. 2. TL versus distance predicted by the shadow boundary ray diffraction
model (broken line) and PE (solid line) for the upward refracting benchmark
case 3. The dotted line is for free field in a homogeneous still atmosphere.

ground correction used in the model. The equivalent ground
is circular in this benchmark case. Since the ground reflec-
tion angle is determined by simple straight lines (see Fig. 1),
the angle changes markedly near the shadow boundary (top
of the circular arc), thus producing some sudden changes in
the sound attenuation. A more elaborate diffraction model
that takes into account the ground curvature could improve
the accuracy. Nevertheless, the simple model is thought to be
close enough to the PE solution to be usable in practice.

IV. TURBULENCE SCATTERING

The ray based shadow boundary diffraction model of
Sec. III provides a convenient basis for extending the calcu-
lation to account for the effect of turbulence scattering in the
shadow zone. Turbulence can be simulated as temporal and
spatial fluctuations of the sound speed along the propagation
path. Let the refractive index be n=cy/c. ¢y is a nominal
constant sound speed, typically taken as the mean speed on
the ground. c is the instantaneous sound speed at the position
of interest. The effect of turbulence can be represented as the
fluctuating part, w, of the refractive index at the position of
interest,
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n=n+pu, (1)

where n1=cy/c. ¢ is the mean sound speed at that position,
which is taken to be the value in the absence of turbulence.
The fluctuation w can be simulated by random realizations,
which can be generated based on known models of the tur-
bulence structure. Once u is realized, Eq. (1) can be used to
calculate the variation in the sound speed gradient due to
turbulence within each of the grid cells in the numerical ray
tracing algorithm. The ray trajectories will be scattered by
these variations. When averaged over a large number of re-
alizations, the result could be used to simulate the scattering
of the sound energy by turbulence. For shadow zone calcu-
lation, which is the main interest of this paper, the scattering
of the shadow boundary ray produces variations of the analo-
gous equivalent diffraction geometry that will in turn change
the attenuation detected at the receiver. However, even
though ray tracing is faster than other numerical techniques
such as the PE solution, performing a complete set of ray
tracing for each random realization over a large number of
realizations is still too time-consuming for practical use. We
will therefore proceed to develop a model that can simulate
the scattering of the rays at the receiver without tracing the
rays through all the realizations.

A. Sound speed gradient due to turbulence

Since the numerical ray tracing assumes that the sound
speed gradient is linear within each small grid cell in the
propagation domain, we will need to relate the change in the
gradient to the turbulence fluctuation u. Rewriting Eq. (1)
explicitly in terms of sound speeds, we have

c 1 c c
—= =—|1-—u| foru<l. (2)
¢y Co Co Co

—tum

The vertical sound speed gradient is given by

do e ( Eou 2uc aa)
—=— | =+ |.
dz  dz \cgdz ¢y 02

3)

In the absence of turbulence, the grid cells are assumed to be
small enough that the vertical sound speed gradient within
each is approximately linear. Therefore,

c=c;(1+ay2), 4)

where ¢ is the mean sound speed at the lower boundary of
the cell, and q is the linear gradient in the absence of tur-
bulence. Generally w is small and we may ignore the second
term in the parentheses in Eq. (3) compared with the first
term in the parentheses. Also, a, and the cell height are small
enough such that &2/cy=¢,. The effect of turbulence is
therefore to modify the linear gradient by an extra term. The
total gradient, a, is then given by

& (5)

In the shadow diffraction calculation, the refracting atmo-
sphere is replaced with a still atmosphere with a modified
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curved ground terrain. In this analogous case, ay and ¢; in
Eq. (5) are 0 and ¢, respectively.

The value of w and its derivative can be determined for
specific turbulence structures. Here we will use the simple
Gaussian turbulence model."®" Although the Gaussian
model is not strictly correct for real atmospheres, it can be
adapted to specific frequency ranges to give acceptable
results.’ Later, we will also show that the Gaussian model
provides a convenient basis to simplify the simulation.

The random realization of wu(r) where the position vec-
tor in 2 dimension is (x,z) can be obtained by a spectral
decomposition21

N
wu(r) = vadmAkY, cos(k, - r+ a,)VF(K,)nAk, (6)

n=1
where k,=(k,,,k,.)=(k, cos 6,,k, sin 6,) and k,=nAk for n
=1,2,...,N. N is the number of harmonics (or modes) used

in the superposition, 6, and «,, are independent random polar
angles between 0 and 2, and Ak is the spectral wavenumber
resolution.

For a Gaussian turbulence model, the spectral density
function depends on the standard deviations of the tempera-
ture and longitudinal wind velocity fluctuations, and the cor-
relation length of the Gaussian spectrum €. As an approxi-
mation, the standard deviation terms are commonly
represented by a single ,u% the square of the standard devia-
tion of the fluctuating part of the index of refraction. We can
then write

e 5o,
Flle k) = pg7, —e T, (7)
The derivative of x(r) is then

N _
(9 !’_ 3 /
) \Grbk Sk, sinl, -+ ) Pl bk, (8
74 n=1

This equation can be used to determine the sound speed gra-
dient within a grid cell in the presence of turbulence accord-
ing to Eq. (5).

B. Turbulence scattered rays

In the presence of turbulence, the shadow boundary ray
is scattered as it propagates through the atmosphere. This is
illustrated in the upper part of Fig. 1. Each random realiza-
tion will produce a different scattered path. In principle, an
analogous equivalent curved ground can be used to calculate
the diffraction from each of this scattered boundary ray.
However, this will be very time-consuming since a complete
ray tracing will have to be done for each realization. Instead,
we note that the dominant effect on the diffraction amplitude
is due to the change in the height, denoted by A, in Fig. 1,
between the shadow boundary and the receiver. Hence our
objective is to find a simple way to simulate this change in
height due to turbulence.

Consider the propagation of a ray through a randomly
realized turbulent atmosphere. The ray is traced numerically
through a series of grid cells within each the sound speed
gradient is approximately linear, as calculated by Eq. (5) in
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the presence of turbulence. Note that the grid cell size in this
case is set at 1/10 of the Gaussian correlation length ¢ to
make sure that the randomly realized refraction index fluc-
tuations are properly sampled.

It can be shown® analytically that the horizontal angle at
which the ray enters the cell, ¢, is related to the angle at
which the ray exits the cell, ¢,, by the following equations:

X2 —X
R

9)

sin ¢, = sin ¢; —

and

COS ¢h, = cos ¢1+ZZI; s (10)

where (x,z;) and (x,,z,) are, respectively, the coordinates of
the entry and exit points. R is the radius of the ray curvature
given by

1

R= .
acos ¢,

(11)

The change in height, Az=z,—z,, after the ray passes through
this cell, is then

Az =R(cos ¢, — cos ¢). (12)
Now, let us consider the analogous curved ground diffraction
model, in which the shadow boundary ray is equivalent to a
straight ray in the absence of turbulence. In this model, the
effective linear sound speed gradient in each of the grid cells
is created by the turbulence alone, i.e., ay=0 in Eq. (5), and
is the sole cause of the scattering and the change in ray
height. The ray horizontal angle will be small, especially in

long range propagation, and we can approximate Egs. (12)
and (9) by

AZER<¢]2¢2) x(m), (13)

2

where Ax=x,—x;. In the numerical ray tracing procedure,
each cell has the same length Ax. For the ith cell, and for
small horizontal angles, Eq. (9) gives

A
bt = @—;’:. (14)

Note that the entry horizontal angle into cell i is the same as
the exit horizontal angle from cell i—1. Applying this for-
mula recursively, and taking the initial horizontal angle of
the ray at source to be ¢,, we have

¢L+1 ¢0 E . (15)

Substituting this into Eq. (13) for the ith cell gives the cu-
mulative height change at the exit of cell i to be
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(¢l+] + ¢z)
A
iyl = 5
i i-1
Ax - Ax - Ax
z¢o+—(z—+z—)
2\;a R4 R

- Ax (E———) (16)

SR2R

Again, taking the assumption that the horizontal angles are
small, we can approximate Eq. (11) by R;~ 1/a;. Equation
(16) then becomes

AZME(pO—sz(Eaj—&). (17)
j=1

2

The gradient a; is different for each cell. However, for a
homogenous turbulence structure, all the a;’s are determined
from the same turbulence model, Egs. (5) and (8). They are
all proportional to the turbulence strength represented by the
square root of ,u%, i.e., the square of the standard deviation of
the fluctuating part of the index of refraction for a Gaussian
turbulence model. Hence we can write

“J':‘Ij\/:“_(%’ (18)

where the proportional factor g; is determined from Eq. (8)
for each cell. We can now rewrite Eq. (17) as

= i qi
Azjyy = ¢0—V’M(2)Ax2<2 41_5)' (19)
i

This equation is independent of frequency. Moreover, all the
variables in the equation except ,u(z) are independent of the
turbulence strength. For long range propagation, and for the
analogous shadow boundary diffraction model, the initial
horizontal ray angle ¢, is small and close to zero. This
means that the ray tracing simulation needs only be done
once, for one turbulence strength, and the result can be ap-
plied to other turbulence strength through a simple scaling.
Although the factor g; is dependent on the Gaussian correla-
tion length ¢, in practice, € is generally taken as a constant
1.1 m in a Gaussian model.

C. Changes in shadow ray height due to turbulence

Since we are using a Gaussian turbulence model to gen-
erate the random realizations, we expect the resulting change
in height (Az) to exhibit Gaussian behavior. Figure 3 shows
the result of a simulation of the scattering of a horizontal ray
through a Gaussian turbulence atmosphere with ,u,(z] set to
3 X 107%. The correlation length ¢ is set to 1.1 m in this and
all subsequent calculations. The result is from 100 random
realizations of the turbulent atmosphere. The size of each
grid cell is set at 0.11 m, which is 1/10 of the Gaussian
correlation length € to make sure that the randomly realized
refraction index fluctuations are properly sampled. The
changes in the ray height due to turbulence scattering at a
distance of 1 km were recorded. The cumulative probability
distribution function (CDF) of the height change is plotted in
the figure. It can be seen that the CDF looks similar to that of

Yiu Wai Lam: Turbulence scattered rays in shadow zone



1 T T
Empirical CDF
— — — Gaussian CDF 7

0.9

0.8

0.5

0.4r

Cumulative Distribution Function

0.2

0.1

= i i i
-100 -50 0 50 100
Height change due to Turbulence (m)

FIG. 3. The CDF of the simulated height change (solid line) of a horizontal
ray after propagated 1 km through an atmosphere with a Gaussian turbu-
lence structure using 100 random realizations. The dotted line is that of a
standard Gaussian distribution.

an ideal Gaussian distribution of zero mean. From here on,
we assume that we could take the distribution of height
change (Az) in Eq. (19) over many random realizations to be
Gaussian with zero mean, and can be characterized by its
standard deviation.

We now need to determine the dependence of Az on
range. This comes out from the term in parentheses on the
right hand side of Eq. (19). Again, the propagation of a hori-
zontal ray through 100 random realizations was used to
simulate the height changes due to turbulence. The turbu-
lence model is again Gaussian, with ,u.(z) set at 3X 1076, The
values of the standard deviation of the height change at every
20 m up to 10 km were calculated from the simulated real-
izations. Note that 0 m corresponds to the start of the shadow
zone. Figure 4 shows the result. The standard deviation’s
dependency with range is smooth, and is almost linear on a
log-log scale. The dependency is almost linear at short to
medium range up to 1 km. At longer range the standard de-
viation grows faster and a higher order curve is needed. It is

1000

100 -

Scattered Height (m)

100 1000 10000
Horizontal distance (m)

FIG. 4. Dependence of the standard deviation of the scattered height statis-

tics with range. The turbulence model used to generate the 100 random
realizations is the same as that of Fig. 3.
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TABLE I. Coefficients for the estimation of the standard deviation of height
changes in Eq. (20).

Coefficient ap as asy as;
Value 0.13 0.10 3.2x107° -12x107°

apparent that, up to the range of 10 km, the dependency on
range can be represented easily by simple regression curves.
This is a useful result since a simple regression curve would
allow us to calculate the standard deviation at any range
without needing to perform time-consuming ray tracing
through many random realizations again. Note that the size
of each grid cell in the numerical ray tracing is again set at
0.11 m, 1/10 of the Gaussian correlation length €, in order to
sample the turbulence properly. Since the maximum range in
the simulation is 10 km, this requires calculation of ray re-
fractions over approximately 91 000 cells for each random
realization. This is obviously time-consuming, and the ability
to replace this with a simple regression formula is signifi-
cant.

As a simple choice, we used a linear regression for the
range from O to 1 km, and then a third order regression from
1 to 10 km. The resulting coefficients are listed in Table I.
An equation for the standard deviation of the height change,
Azgrp, for near horizontal propagation (¢,=~0) can now be
written as

2
Azgrp(x) = M—zoa”x for0<x=1km
M,

ref

The scaling, with respect to the turbulence strength, is taken
from Eq. (19). The reference turbulence strength is set at
u:=3%107° to give more convenient values to the coeffi-
cients.

Equations (19) and (20) predict that Az can be described
by a Gaussian distribution and that it is proportional to \//73.
To test the dependence of the height changes on the strength
of turbulence, ray tracing simulations were repeated over a
range of u2 values from 1X 107 to 7X 107>, The standard
deviations of the height changes at a number of distances
from the shadow boundary are plotted against the square root
of ,ug in Fig. 5. It can be seen that the standard deviation
does indeed scale very well with \r’/,u_(z) at all the ranges. Also
shown in the graph as dotted lines are the standard deviations
that are calculated simply from Eq. (20). The prediction from
the simple formula matches fairly well with the simulated
result from the full numerical ray tracing. The error is largely
less than 10%. In the 500 m case where the height change is
small the error can go up to 30%. There is also a tendency
for the simulated standard deviation to be slightly larger than
that from Eq. (20) at the extremes: when the range is >2 km
(very deep in shadow) and the turbulence strength is very
high (>5X107). Overall, the simple equation is a good re-
placement of the time-consuming ray tracing simulation un-
der realistic conditions.
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FIG. 5. Variation of the standard deviation of the simulated height changes
against the square root of ,u,% of the Gaussian type turbulence. The symbols
are results from numerical ray tracing using 100 random realizations for
each turbulence strength. The dashed lines are direct calculations from the
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V. TURBULENCE SCATTERED SHADOW RAY (TSSR)
MODEL

With the results from Sec. IV, we can now calculate the
shadow zone sound pressure in the presence of turbulence by
the following steps.

(1) The limiting ray that defines the shadow boundary in an
upward refracting atmosphere is first determined by a
single numerical ray tracing process in the absence of
turbulence.

(2) The shadow boundary geometry is replaced with an
equivalent configuration of a straight horizontal ray pass-
ing just above the top of a curved ground with geometry
defined by the original curve shadow boundary ray, as
shown in Fig. 1. This horizontal ray effectively defines
the line of sight in the modified ground geometry. In the
absence of turbulence, the sound pressure level in the
shadow zone is simply calculated as a barrier diffraction
problem with an impedance ground.

(3) In the presence of turbulence, the turbulence structure is
modeled as Gaussian, with the strength represented by
3. The correlation length of the Gaussian spectrum € is
assumed to be fixed and equal to 1.1 m. The effect of
turbulence is to be represented by the scattering of the
ray height above the receiver.

(4) Equation (20) allows the standard deviation of the ray
height changes, Azgtp, due to turbulence to be calculated
at any range up to 10 km from the shadow boundary, and
for any turbulence strength ,u,(z).

(5) Azgrp is then used to generate random height changes
from a Gaussian distribution with zero mean. A positive
height change increases the height of the ray and there-
fore extends the height separation between the receiver
and the line of sight. This will then increase the attenu-
ation due to diffraction. Conversely, a negative height
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FIG. 6. Excess attenuation versus distance predicted by the TSSR model
(broken line) and PE (solid line) for the modified upward refracting bench-
mark case 3 with turbulence added. A Gaussian turbulence model is as-
sumed with a strength of /.L(2)=3 X 107%. The dotted line is the PE prediction
for no turbulence. The vertical chained line indicates the estimated shadow
boundary at 300 m.

change decreases the height of the ray and therefore re-
duces the height separation between the receiver and the
line of sight. The will then decrease the attenuation due
to diffraction. With each height change, a new diffracted
sound pressure level is calculated from the modified dif-
fraction geometry.

(6) Finally, the attenuation values calculated from all the
realizations are energy averaged to give the mean attenu-
ation due to shadowing in the presence of turbulence.

For simplicity, we abbreviate this procedure as the TSSR
model. To test the accuracy of the model, it was used to
calculate the sound pressure level in the shadow zone of
benchmark case 3 with the addition of turbulence. Since the
published benchmark case result does not include turbulence,
it is necessary to compare the result with a numerical calcu-
lation that has established accuracy. In this case, the standard
PE solution with the addition of the randomization procedure
of Gilbert er al.' for the simulation of turbulence is used as
the reference. The same Gaussian turbulence structure is
used in both the PE calculation and the ray tracing calcula-
tion. The result for a moderate turbulence strength of ,u(2)=3
X 1076 is shown in Fig. 6. The PE prediction with no turbu-
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FIG. 7. Same as Fig. 6(b) but with a Gaussian correlation length of 4 m.

lence is also shown in the figure to let the effect of turbu-
lence to be seen clearly. As mentioned before, this bench-
mark case is strongly upward refracting, with the shadow
boundary starts at about 300 m from the source, as shown by
the vertical chained line in the figure. Most of the range
shown in the figure is therefore in the shadow zone. At the
lowest frequency, 10 Hz, a sharp transition can be seen at the
shadow boundary at around 300 m where the calculation
changes from the normal ray tracing calculation before the
shadow boundary to the TSSR calculation beyond the
shadow boundary. The sharp change is of the order of 5 dB.
This change can be easily explained. Before the shadow, the
ground reflection detected by the ray tracing will be largely
in phase with the direct sound at this low frequency. Hence
the sound level increases by around 6 dB due to the ground.
Immediately behind the shadow boundary, the calculation
switches to the TSSR model since no rays arrive. Right at the
boundary, the diffracted ray is at line of sight between source
and the receiver. The attenuation given by the geometrical
diffraction model at line of sight is about 5 dB. Hence a
sudden increase in attenuation of about 5 dB is seen when
the calculation switches to the TSSR model at the shadow
boundary. Note that the 6 dB pressure level increase due to
ground reflection is still retained as the TSSR model also
accounts for the reflection by the ground behind the shadow
boundary. Hence the drop is only 5 dB. If the ground effect
is not included in the calculation behind the shadow, an
11 dB difference would have been seen. This shows the im-
portance of accounting for the ground effect even in the
shadow zone in this model. In principle, this sudden change
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can be avoided if the effect of diffraction is introduced
gradually before the receiver hits the shadow boundary.
However, since the ray tracing model is not aimed at low
frequency applications, we have not made such adjustments
in our current model. Further into the shadow, the TSSR
prediction agrees very well with the PE prediction.

At the higher frequencies, 100 Hz and 1 kHz, the sud-
den change at the shadow boundary is no longer observable.
This is because the ground reflection is no longer in phase
with the direct sound at higher frequencies, and attenuation
starts to appear even before the shadow. At 100 Hz, the
TSSR prediction matches the PE prediction closely all the
way up to about 1 km. From then on, the PE result shows an
unexpected increase in level at ranges up to 4 km, then a
slight decrease afterwards. This variation resembles some
form of interference effect. Further testing of the PE suggests
that this is related to the combination of the specific 100 Hz
frequency and the particular Gaussian turbulence parameters
used, and is exaggerated by the extremely large sound speed
gradient of the benchmark case. For example, changing the
Gaussian length scale from 1.1 to 4 m changes the shape
notably, as shown in Fig. 7. Also, as shown later in Fig. 8§,
this spurious increase is not seen when a higher turbulence
strength is used. Further investigation into this spurious be-
havior of the PE in combination with a Gaussian turbulence
model is, however, outside the scope of this paper, although
it could be an interesting subject for future work. Otherwise
the overall trends of the excessive attenuation predicted by
the two models appear to agree.
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FIG. 8. Same as Fig. 6 but with u2=3x107.

At 1 kHz, the TSSR predicts consistently smaller mag-
nitude of attenuation compared with the PE prediction. The
difference is around 5 dB up to 2 km, and increases to
around 10 dB or more at longer ranges.

The effect of larger turbulence is shown in Fig. 8, where
the turbulence strength is at a high level of u3=3x107.
This is considered to be the upper limit of turbulence that
one would normally encounter. With this high level of turbu-
lence, the attenuation in the shadow is severely limited,
reaching just over —10 to —20 dB at 10 Hz, and around
—20 dB at the higher frequencies even at 10 km into the
shadow. At 10 Hz, the TSSR prediction is still fairly close to
that of the PE model, but is consistently less than the PE
attenuation from about 1 km onwards. At 100 Hz, the agree-
ment is very good in the region up to about 5 km. The spu-
rious increase in sound level between 1 and 4 km, seen ear-
lier in the PE result in Fig. 6(b), at this frequency does not
appear at this higher level of turbulence. From 5 km on-
wards, the TSSR predicted attenuation is again consistently
less than that from the PE. A similar trend is also observed in
the 1 kHz result. Overall, the results show that the TSSR
prediction has good agreement with the PE prediction at
short to medium range from the shadow boundary at all the
test frequencies. At ranges further than 3.5 km, the TSSR
predicts smaller attenuation values than the PE model.

As a further test of the reliability of the TSSR model,
predictions were made and compared against the measured
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FIG. 9. Excess attenuation versus distance predicted by the TSSR model
(thick broken line) and PE (solid line) against experimental data published
by White and Gilbert (Ref. 22). The assumed sound speed gradient is
—0.034/s, and ,u,%:l X107 +, O, and + represent the maximum, mean,
and minimum experimental results of White and Gilbert (Ref. 22).

data of White and Gilbert.”” These data had been used by
L’Espérance et al® in their development of a heuristic ray
tracing model, although their comparison was not entirely
successful due to the absence of a proper turbulence model in
the shadow zone. Since the purpose of this paper is on the
diffraction and turbulence effect in the shadow zone, only the
upward refracting data are included in this comparison. The
meteorological parameters used are the estimated values
used by L’Espérance ef al.® (see Figs. 11 and 12 of Ref. 8).
The estimated linear sound speed gradients for the two up-
ward refracting cases are —0.034/s and —0.068/s. The corre-
sponding values of ,u(z) for the approximate Gaussian turbu-
lence are 1X 107 and 2X 1079, respectively. The data set
includes two frequencies—a low frequency of 40 Hz and a
medium frequency of 630 Hz. The two cases are shown in
Figs. 9 and 10. In both cases the TSSR model predictions
agree well with the measured data, except at the shadow
boundary at 40 Hz where a sharp change of about 5 dB is
seen. This sharp change is due to the switch over at the
boundary from a hard ground effect at low frequency to a
diffraction calculation in the TSSR model. This has already
been discussed in detail earlier. It is interesting to note that
even with this sharp change, the predicted values are still
within the minimum to maximum range of the measured
values. This error is not seen at the higher frequency,
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FIG. 10. Same as Fig. 9 but with sound speed gradient of —0.068/s, and
2_ -6
Mo=2X107°.

630 Hz, where the agreement is very good. The agreement
between the TSSR model and the PE model in these realistic
cases is significantly better than that observed in the extreme
benchmark cases shown in Figs. 6 and 8 within the corre-
sponding horizontal ranges.

V1. CONCLUSIONS

In this paper, a simple analytical model has been devel-
oped for the scattering of rays due to turbulence in a shadow
zone. The model is based on the assumption of a Gaussian
turbulence structure, and makes use of the equivalence of ray
propagation in a refractive atmosphere over flat ground and
the propagation in a still atmosphere over a curved ground.
The equations are derived analytically in all but one aspect.
The equation for the standard deviation of the changes in ray
height due to turbulence is obtained from statistics generated
by numerical simulations. Nevertheless, this equation is
shown to be valid for a horizontal distance of 10 km over a
large range of turbulence strengths for an assumed Gaussian
turbulence structure.

This simple analytical model has been tested in a simu-
lated benchmark case and against previously published mea-
sured data at a variety of frequencies and turbulence
strengths. The excess attenuation predicted by the model in
the shadow zone has been shown to agree well with that
predicted by a standard PE solution in all the test cases at
distances up to 2 km from the shadow boundary. Right at the
shadow boundary, there is an error of up to 5 dB at low
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frequency where the ground is effectively hard. This is due to
the step change of attenuation from hard ground pressure
doubling to a line-of-sight barrier screening effect in the
model. This error does not appear at frequencies higher than
100 Hz in the test cases. Further into the shadow zone, from
2 to 10 km, the model tends to predict less excess attenua-
tion than the PE.

The comparisons presented in this paper have shown
that the TSSR model provides fairly accurate predictions of
excess attenuation in the shadow zone at distances up to
2 km from the boundary under a variety of turbulence
strengths. The formulation of the model is based on ray trac-
ing, and is therefore well suited to such geometrical models,
which up to now have problems dealing with attenuation in
the shadow zone. The model can also be used as a simple,
standalone prediction tool for the attenuation in a shadow
zone due to turbulence.
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For the investigation of the physical processes of human phonation, inhomogeneous synthetic vocal
folds were developed to represent the full fluid-structure-acoustic coupling. They consisted of
polyurethane rubber with a stiffness in the range of human vocal folds and were mounted in a
channel, shaped like the vocal tract in the supraglottal region. This test facility permitted extensive
observations of flow-induced vocal fold vibrations, the periodic flow field, and the acoustic signals
in the far field of the channel. Detailed measurements were performed applying particle-image
velocimetry, a laser-scanning vibrometer, a microphone, unsteady pressure sensors, and a hot-wire
probe, with the aim of identifying the physical mechanisms in human phonation. The results support
the existence of the Coanda effect during phonation, with the flow attaching to one vocal fold and
separating from the other. This behavior is not linked to one vocal fold and changes stochastically
from cycle to cycle. The oscillating flow field generates a tonal sound. The broadband noise is
presumed to be caused by the interaction of the asymmetric flow with the downstream-facing
surfaces of the vocal folds, analogous to trailing-edge noise.

© 2009 Acoustical Society of America. [DOI: 10.1121/1.3068444]

PACS number(s): 43.28.Ra, 43.70.Gr, 43.50.Nm [AK]

I. INTRODUCTION

The interaction between applied airflow and the inner-
vated structure (i.e., oscillating vocal folds in the vocal tract,
see Fig. 1) is the basis for human phonation and therefore for
the resulting acoustic signal.' Increased subglottal pressure
causes an airstream through the glottis and excites vocal fold
oscillations. The airstream is modulated and forms the pri-
mary voice signal. Subsequently, the voice signal is filtered
by the supraglottal tract and emitted as an acoustic signal
through the mouth.'

Identifying and analyzing the basic physical mecha-
nisms of sound production are of great interest for improving
medical treatment and for developing artificial vocal fold
implants in the future. On this account, many international
groups are engaged in experimental and theoretical ap-
proaches in voice research, with the common objective of
identifying the leading processes for the production of the
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basic tone in human phonation. Therefore it is essential to
understand the behavior of the individual parts in this multi-
farious physic problem.

Experimental approaches can be divided into two main
groups, those using rigid models® and those using oscillating
models.**

The major goal for experimental workers using rigid
models was the investigation of the flow field directly down-
stream of the vocal folds. Alipour et al.* measured the veloc-
ity distributions in rigid glottal models and compared them
with the time-averaged velocity obtained in oscillating ex-
cised canine larynxes and also with numerical results. They
observed an asymmetric flow field downstream of the glottal
duct.

This asymmetry was also observed by Scherer et al’
and Shinwari e al.® who applied rigid vocal folds to inves-
tigate the pressure distribution of airflow within symmetric
and oblique glottal ducts. They compared divergent cross
sections at a steady inflow at different increasing transglottal
pressures and visualized the flow through the synthetic laryn-
geal model. Both the visualization and the pressure measure-
ments along the glottal duct showed asymmetric distributions
even within the symmetric glottal duct. Hence the results
supported the existence of the Coanda ejj‘ect7 for the sym-
metric and the oblique glottal shape.

Due to the unsteady character of the flow through the
oscillating glottis Hofmans et al® applied an unsteady flow
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FIG. 1. Schematic of the vocal larynx.

passing through a rigid glottal constriction with three differ-
ent pairs of vocal folds. During the experiments, the Coanda
effect occurred and the laminar jet downstream of the con-
striction became turbulent, but these two effects developed
very slowly. Therefore, for the dynamic process of oscillat-
ing vocal folds, the authors estimated a fully laminar and
symmetric flow within and downstream of the vocal folds
due to the unsteady flow behavior.

The conclusion of Hofmans e al.® that the Coanda effect
and turbulence do not develop because of the long time
needed was disproved partially by Erath and Plesniak”"'* fol-
lowing a similar approach. They investigated static upscaled
models of the vocal folds with symmetric divergent glottal
ducts. In this work, the flow showed the Coanda effect for
low divergent angles and furthermore indicated a bimodal
flow state, i.e., the jet changed its attachment to a vocal fold
in a stochastic manner between cycles. They concluded that
this stochastic flow behavior causes the dipole nature of the
basic tone of the human voice.

The rigid model approach could not, however, provide
any certain information about the dynamic processes in the
larynx during phonation. Thus, new experimental setups
were developed, which included the oscillation of the vocal
folds, either externally driven or as self-sustained oscillating
vocal fold models.

The first approach was followed by Triep et al.* who
developed an upscaled model of the vocal tract including
externally driven synthetic vocal folds. The working fluid
was water. Respecting the Reynolds and Strouhal numbers,
the investigated flow field showed that the Coanda effect
developed clearly. Additionally, large vortices were detected
developing in the shear layer of the jet and shedding down-
stream. The flow field was determined as fully three dimen-
sional. The vortex-shedding frequency was measured as five
times higher than the fundamental frequency of the glottis
displacement.

With a very similar setup Krane et alt! analyzed in
more detail the unsteady behavior of the flow within an up-
scaled driven Plexiglas model, which also used water as the
working fluid. They observed a delayed onset of flow after
glottis opening and a flow breakdown before the total closure
of the glottis occurred. Furthermore, they showed strong de-
pendencies of the jet velocity, the volume flow, the vortex-
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shedding rate, and the amplitude on the frequency of the
vocal fold oscillation behavior. They concluded that the os-
cillating flow is nonlinear in all phases of the vocal fold
oscillations and so cannot be assumed to be quasisteady at
any instant of the cycle. The results of Krane et al" imply
that all results obtained by using rigid vocal fold models for
the flow field have to be regarded with skepticism concern-
ing assumptions of the full fluid-structure-acoustic coupled
process.

In this context Park and Mongeau12 showed that the qua-
sisteady assumption seems to be valid for over 70% of the
oscillation cycle. Therefore they used a driven orifice model
with typical cross sections of the glottal duct and compared
the orifice discharge coefficients for steady and unsteady in-
flows. At the beginning and the end of a cycle the quasi-
steady assumptions became invalid because of an increasing
influence of viscous effects and the large acceleration of the
fluid and the synthetic vocal folds, which increased the un-
steady behavior. However, Zhang et al.” measured the radi-
ated sound pressure and found good agreement with the pre-
dicted sound pressure, which was calculated on the
quasisteady assumption.

The above investigations show that for assumptions
about the fully coupled process of human phonation rigid
and driven models are only significant under certain condi-
tions. Whereas the fluid-structure-acoustic interaction is to-
tally neglected using rigid models, driven vocal folds fail to
satisfy the energy balance between the three physical do-
mains of fluid dynamics, structure dynamics, and acoustics.
It is certainly essential to develop a test setup for investigat-
ing the human phonation to reproduce the fully coupled vo-
cal fold vibration process including the acoustic sound pro-
duction. Therefore, Thomson et al.’ developed a synthetic
flexible model of a vocal fold in a hemilaryngeal configura-
tion. Applying a constant pressure gradient over the glottal
constriction, the vocal fold vibrated with a frequency of
about 89 Hz, which is almost in the range of typical human
phonation frequencies.

In recent work, Thomson et al.™ used a full glottis
model with two opposing synthetic vocal folds of the same
geometry and material as built before.’ They were able to
increase the oscillation frequency up to 120 Hz. In addition,
they simulated the flow problem two dimensionally with a
fully coupled numerical fluid-structure solver and obtained
good agreement with the results of experiments. The numeri-
cal results allowed detailed analysis of the transfer of energy
from the fluid to the moving structures by viscous forces and
pressure distribution at the surface. They supported the as-
sumptions that the periodic change from convergent to diver-
gent shape of the glottal duct is necessary for self-sustained
oscillations of the vocal folds.

Neubauer ef al. investigated the near flow field just
downstream of synthetic vocal folds with the same physical
properties, which were developed by Thomson et al.? ap-
plying high-speed imaging, digital particle image velocim-
etry (DPIV) and statistical analysis, as well as principal
component analysis (also called empirical orthogonal
eigenfunctions16’17), which enabled them to determine coher-
ent structures within a spatial-temporal dataset. They ob-
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served that the Coanda effect was forced by an asymmetry of
the glottal duct, caused by a released fixation of one vocal
fold as the authors described. Furthermore the jet changed
the vocal fold to which it is attached within one oscillation
cycle. In addition, Neubauer et al.” detected a flapping of
the jet, which they related to vortex production. This dis-
played the transition from laminar to turbulent flow and to
vortex convection. They suggested that the flapping of the jet
is mainly caused by the vortices produced in the shear layers
of the jet.

The first aim of the present work is to reproduce the
human phonation process conserving the energy balance be-
tween the fluid, structure, and acoustic domain. Therefore it
was essential to produce self-sustained vocal fold vibrations
within a fluid-structure interaction, which generate a detect-
able acoustic signal in the far field of the experimental setup.
The authors are convinced that for imaging the human pho-
nation process with an experimental setup, a strong tonal
acoustic signal related to the basic tone of the human voice
has to be produced by the flow-induced vibrations of the
synthetic vocal folds.

Maintaining these basic conditions the second aim was
to investigate the full fluid-structure-acoustic interaction
within an experimental setup, which included synthetic vocal
folds similar to the models developed by Thomson et al’
Therefore the process was investigated by high-speed visu-
alization of the flow and the oscillating vocal folds. The flow
field downstream of the artificial glottis was observed mainly
by using DPIV measurement techniques.

In a further step correlations between flow and structure
quantities and the acoustic pressure (AP) helped in identify-
ing the basic mechanism of the sound generation. Three
mechanisms important for sound production can be distin-
guished:

@) the flow-induced structure vibration of the vocal
folds,

(I1)  the resulting pulsating mass flow downstream of the
glottis, and

(IIT)  the stochastic turbulence in the flow region down-
stream of the vocal folds.

In this work, we neglected the first mechanism because
of the very high damping properties of the vocal folds. With
this experimental approach it was possible to identify the
leading structures in the dynamic flow field. Further the cor-
relation measurements gave a deeper insight in the processes
of the human sound production. It was possible to identify
the major acoustic source term.

Il. EXPERIMENTAL SETUP
A. Physical parameters

To get a better understanding of the physical mecha-
nisms of voice generation, a special test facility has been
constructed. The basic design parameters of the synthetic
vocal folds are identical to those in the models used by
Thomson et al.” Table 1 provides the main characteristic pa-
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TABLE I. Physical parameters for the investigation of the human voice.

D=18-22 mm

We max=1—-3 mm
Ap=500-5000 Pa
U ean=20—40 m/s

Diameter of the larynx

Maximal glottis opening

Pressure difference across the glottis
Mean velocity

Frequency f=100-200 Hz

Reynolds number Re= UnneanWG.max _ 0(10%)
14

Mach number Unnean

Ma=—"%=0(10")
c

Strouhal number Stzm =0(107%)

mean

Young’s modulus E=5-10 kPa

rameters, stating the dimensions of the human larynx, the
fluid parameters, and the dimensionless characteristic num-
bers.

B. Synthetic vocal folds

Figure 2 shows the design of the self-oscillating syn-
thetic vocal folds. The models were made by casting a liquid
polymer solution into a mold. The solution consists of a two-
part polyurethane composition: cure polymer Evergreen™
10 and Everflex™ for increased flexibility. The stiffness of
the cured rubber was varied by adjusting the mixing ratio of
the different compounds. The mixing ratio was set to 1: 3.33:
1 (Evergreen™ Partl: Everflex™: Evergreen™ Part2) to ob-
tain synthetic folds with Young’s modulus of E=6.5 kPa,
which is in the range of natural human vocal folds.>'® How-
ever, the synthetic vocal folds, which were mounted in the
test channel, vibrated only at very small amplitudes. There-
fore, we additionally fabricated synthetic vocal folds with a
small mass body cast into each tip of the folds. The spherical
body consisted of lead with a weight of 0.433 g. Thereby the
synthetic vocal folds have an inhomogeneous material distri-
bution, which is also the case in real vocal folds.

C. Test channel

The geometric dimensions of the test channel were
adapted to the human vocal tract. Figure 3 shows a schematic
representation and also a photograph of the test rig. It con-
sists of an unsteady mass flow controller,lg which can deliver
both a constant and a pulsating mass flow rate comparable to
the human breathing process. A settling chamber with a
nozzle is connected to the mass flow engine followed by the
main test section, which is screwed over a flange. It contains
a honeycomb smoothing grid, which has the function of set-
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FIG. 2. Geometry of the synthetic vocal folds (dimensions in millimeters).
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FIG. 3. Schematic representation and a photograph of the basic test rig
(dimensions in millimeters).

tling down turbulence in the inflow of the main test channel
produced by the flow engine. The main test section with a
rectangular cross section of 15X 17.8 mm? includes the syn-
thetic vocal folds and consists of Plexiglas to allow optical
access. Downstream of the glottal duct there is a rectangular
extension of the same cross section as upstream with a length
of 230 mm, which corresponds to a simplified model of the
vocal tract. It guarantees that tracer particles do not disappear
into the environment. Additionally the flow field develops in
a more realistic way in comparison to the human physiology
than a model without extension. The length of the synthetic
vocal tract assured that the resonant back-coupling of stand-
ing acoustic waves can be neglected. Regarding the exten-
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sion as a half open tube® the resonant frequencies develop-
ing a standing wave can be calculated by f,=ncy/4L with the
integer n, the speed of sound ¢, and the length of the tube L,
which leads to the lowest resonant frequency of 373 Hz. This
frequency is higher than the dominant frequencies in the
present work by a factor of about 10. The synthetic vocal
folds were fixed at three sides to the test channel with a
two-component epoxy adhesive.

D. Measurement techniques

Several measurement techniques were used to investi-
gate both the flow field behind the synthetic vocal folds and
their oscillations, which are described in the following. Ad-
ditionally, the coherence of all signals was calculated with
the AP recorded by a microphone positioned outside the test
channel.

1. Pressure measurement

The unsteady pressure distribution was measured
12 mm upstream (UPU) and 7 mm downstream (UPD) of
the synthetic vocal folds. For this purpose, two pressure sen-
sors of type Sealed Gage 604 by Kulite?' were used. Their
signals were recorded at a sampling rate of 40 kHz. The
sensors are mounted in the bottom plate, each in a hole with
a diameter of 2.4 mm.

2. Optical measurements

By using the digital high-speed camera, Speedcam Visa-
rio 1500, we performed measurements both for the flow
field and the mechanical displacements of the vocal folds.

First, the flow field behind the vocal folds without the
additional mass (so the oscillations are just a few mi-
crometers) was recorded with a frame rate of 1 kHz and
a resolution of 1538 X 1024 pixels. A Nd:YAG (yttrium alu-
minum garnet) laser with doubled frequency (wavelength
A=532 nm) working in continuous mode was formed into a
thin laser sheet by a cylindrical lens and coupled into the test
channel via the outlet perpendicular to the synthetic glottis.
Tracer particles (water droplets) produced by a common
medical device for moistening the breathing air were inserted
over a drilling in the divergent part of the settling chamber.
The inner channel walls were cleaned after each measure-
ment point because of adhesion of the water droplets, which
obstructed the view on the laser sheet.

Second, the displacements of the vocal folds with addi-
tional mass were recorded with a frame rate of 4 kHz and a
resolution of 768 X 512 pixels. To obtain information about
the position within the oscillation cycle, the recordings were
triggered by the unsteady pressure signal of the sensor up-
stream of the glottis. Because of the very high frame rate and
the short exposure time for each picture, a special spotlight
was applied to obtain very strong and glimmer-free light.

3. Particle-image velocimetry (PIV)

PIV measurements were applied to determine the flow
field behind the oscillating vocal folds. For some basic ex-
planations of the PIV measurement technique, we refer to
Raffel et al.”® Each of the two frequency-doubled Nd:YAG
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lasers produced a thin laser sheet, which entered the test
channel via the outlet toward the main flow direction. They
were oriented perpendicular to the artificial glottis in the
middle of the channel dividing the vocal folds in transversal
direction. The lasers were operated in Q-switch mode. One
pulse lasted between 5 and 10 ns and the lasers worked with
a time delay of 2 us. The generation of the tracer particles
was done analogously to the high-speed visualization of the
flow field except that the water was mixed with glycerin
(mixing ratio water to glycerin 4000:1) to prevent the water
droplets from evaporating. It was also necessary to clean the
inner walls of the channel walls after each measurement
point. A charge-coupled device camera was placed above the
test channel to record the flow field just behind the synthetic
vocal folds. The dimensions of the investigated area were
30.2 X 24.2 mm’. The whole test system was controlled via
the PIV processor, FlowMap 2550 (Dantec®*). The calcula-
tion of the vector plots of the flow velocity and the postpro-
cessing was performed by the software program FLOWMAN-
AGER (Dantec) and our own postprocessing tools based on
MATLAB.

Since the observed phenomena indicate a periodically
unsteady fluid-structure coupled problem, the PIV recordings
were triggered by the unsteady pressure sensor, which was
located 12 mm upstream of the artificial glottis. Thereby it
was possible to determine the flow field at a certain phase
angle within an oscillation cycle of the synthetic vocal folds.

4. Hot-wire anemometry/constant-temperature
anemometry (CTA)

For the time-resolved determination of the turbulent ve-
locity fluctuations, a one-wire probe was used. This probe
was positioned in the test channel 35 mm behind the syn-
thetic vocal folds in the center point of the cross section. The
probe was operated in the constant-temperature mode, that
is, the temperature of the wire and thus its electrical resis-
tance are held constant. Therefore, the wire is inserted in a
Wheatstone bridge circuit to readjust the resistance of the
wire by adjusting the bridge. Applying a probe with a 5 wm
diameter wire in the constant-temperature mode, a maximum
fluctuation frequency of the flow velocity of 1.2 MHz can be
resolved. The sampling rate during the measurements was
44 kHz. So, during each measurement, approximately 2.64
X 10° data points were recorded and stored in a file, which is
equal to measurement time of 60 s. For more basic informa-
tion about the CTA, especially the calibration of the system,
see Ref. 25.

5. Laser-Doppler vibrometry (LDV)

To measure the oscillations of one synthetic vocal fold,
the laser-Doppler vibrometer of Polytec26 was used. The la-
ser beam was coupled into the test channel via the outlet. The
laser spot was located in the center of the frontal surface of
one synthetic vocal fold. To improve the reflective properties
of the synthetic fold, the frontal face was painted with a
silver lacquer pen. The laser beam was reflected at the
painted surfaces and interfered with a reference beam. Be-
cause of the interference signal due to the superposition of
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the Doppler-shifted scattered laser beam and the reference
beam, the axial velocity and thus the displacement of the
laser-spotted point could be determined fully time resolved.

6. Microphone measurements

For measuring the acoustic sound, a microphone (Type
BK 2669) with spherical characteristics was placed 120 mm
behind the outlet and 30 mm above the test channel. Further-
more, the microphone was inclined at about 45° to the axis
of the test channel.

E. Analysis methods
1. Particle-image velocimetry

To increase the accuracy of the two-dimensional (2D)
velocity field of one phase angle, the flow field was calcu-
lated by averaging 300 single vector plots obtained by mea-
suring one phase angle over 600 times. Thereafter the single
plots were divided manually into those on which the jet was
attached to either the upper or the lower vocal fold. This
procedure was processed for six time points within an oscil-
lation cycle.

To investigate the positions of maximum deflection
within the 2D flow field, the standard deviation of the flow
velocity of one time point was calculated. In analogy with
the turbulent kinetic energy®’ k=(1/2)u;u;, here the square of
the standard deviation o is regarded.

125 () + (uh)?)
2 n—1 '

k=d?=

(1)

uf’: U—- Uf" denotes the turbulent fluctuations of the ve-

locity, U; denotes the sample-averaged velocity, Uf’ denotes
the instantaneous velocity, i=1,2 denotes the index of the
spatial directions in the plane, and n denotes the number of
measured values of the flow velocity at one position in the
2D plane for one phase angle. Equation (1) determines the
squared deflection of the flow velocity including the turbu-
lent fluctuations from cycle to cycle and the fluctuation of
the jet position just downstream of the artificial glottis.

2. Synchroneous measurement techniques

For determining the coherence between the acoustic
sound, the unsteady pressure, the flow velocity fluctuations,
and the mechanical surface velocity of the synthetic vocal
fold, all signals were measured synchronously. They were
amplified and controlled by our own software program based
on LABVIEW. The measurement time was 60 s using a sam-
pling rate of 44 kHz. The calculations of the coherence be-
tween time-discrete signals were done in MATLAB. From
these calculations, we obtained the coherence of the mea-
sured signals. The coherence reveals basic relations between
the different signals and therefore deliver important informa-
tions about the physics of the fluid-structure-acoustic inter-
actions occurring within human voice phonation.
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TABLE II. Outline of the measurements at the two material configurations.

Synthetic vocal folds
Inhomogeneous/

Homogeneous multilayer

Visual. of the flow field
Q=15-25 1/min
E=6.5 kPa

Visual. of vocal fold oscillation
0=23.03 1/min
E=6.5 kPa

Structure oscillation (LDV)
0=9.72-33.06 1/min
E=6.5 kPa

Supraglottal velocity field (PIV)
0=29.07 1/min
E=6.5 kPa

Synchroneous measurements
Unsteady pressure upstream and
downstream of the glottis
Unsteady flow velocity (CTA)
Structure oscillations (LDV)
Acoustic field (microphone)
0=23.03 1/min

E=6.5 kPa

lll. RESULTS

To give a short overview, Table II lists an outline of the
processed measurements with the associated flow rate and
Young’s modulus depending on the material configuration of
the synthetic vocal folds.

In a first step, a pair of homogeneous vocal folds with
Young’s modulus of E=6.5 kPa was used. It showed no rec-
ognizable oscillation and produced no tonal acoustic signal
in the far field. The glottal width was estimated to be be-
tween 0 and 2 mm depending on the flow rate passing the
vocal folds.

Due to these facts, the dynamic displacements were in-
vestigated applying LDV. The time signal of the velocity of
the observed vocal fold was transformed by fast Fourier
transform to obtain the spectral character of the structural
velocity. Figure 4 shows the amplitude spectra of the velocity
of the vocal fold for different flow rates. One can see that for
each flow rate, the velocity shows a clear maximum. Further-
more, the frequency of the oscillation at the maximum am-
plitude decreases with increasing flow rate, whereas the
value of the maximum amplitude simultaneously increases
nonlinearly. This behavior could be interpreted as a resonant
response of the vocal folds to the increasing flow rate. Even
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FIG. 4. Amplitude spectra of the homogeneous vocal fold velocity (E
=6.5 kPa) for different volume flow rates obtained by LDV.
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FIG. 5. (Color online) Flow field behind the homogeneous, synthetic vocal
folds with the jet attached to either the right or the left vocal fold.

if the fluctuations of the structural velocity were in the range
of 10~* m/s for all flow rates, which leads to a displacement
in the range between 10 nm and 10 um. Nevertheless, the
amplitude spectra show that the frequency of the vocal folds’
motion was well located in the range of frequency occurring
during human voice phonation.

To determine the quasisteady flow structures behind the
homogeneous vocal folds, the flow field was visualized two
dimensionally (Fig. 5). A jet arose from the narrowest gap of
the artificial glottis, separated from one vocal fold, and at-
tached to the other. The phenomenon is characterized by the
Coanda effect and is well described in literature (see, e.g.,
Refs. 28, 9, and 10). Furthermore, the jet stochastically
changed the side to which it was attached. Under these con-
ditions, two recirculation areas occurred in the wake, which
were not stationary but interacted with the surrounding flow
in a chaotic manner and therefore produced turbulent struc-
tures. The major vortex expanded over the whole width of
the channel whereas the smaller one is located between the
jet and the downstream-facing surface of the attached vocal
fold. The jet fluctuated in a small range although it attached
to one vocal fold. A similar behavior was reported by Shin-
warl et al. ,6 who used rigid models of the vocal folds made
of Plexiglas to obtain full optical access into the artificial
glottis. They referred the flapping jet to small instabilities in
the shear layers of the jet. However, with the present experi-
mental setup, the flapping was mainly caused by the weak
oscillations of the vocal folds themself.

The reason for the low oscillation amplitudes could be
the lower pressure difference over the glottal duct because of
the synthetic vocal tract. Other models as that used by Neu-
bauer ef al.”® did not have a synthetic vocal tract and pro-
duced vocal fold vibrations with higher amplitudes. In those
cases the pressure directly behind the glottal exit amounts
enviromental pressure. The vocal tract extension causes a
higher pressure than enviromental pressure at the glottal exit
and therefore a lower pressure difference over the glottal
constriction.

To increase the oscillation amplitude, a multilayer model
of the vocal folds was used, in which a rigid mass body had
been integrated in each tip of the synthetic vocal folds. This
mass body increased the inertia of the tip region and roughly
simulated the higher inertia of the mucous membrane (squa-
mous epithelium) and the lamina propria due to its high por-
tion of fluid. Thereby an oscillation of the vocal folds could
be generated with a maximum glottis width of 2 mm. Addi-
tionally they produced a clear hum in the acoustic far field.
The oscillation frequency was determined as 33 Hz using the

Becker et al.: Flow-structure-acoustic coupled human voice model



30

z 3
> 20 )
2}

5 2
=} =
o3 [
g .

4
’

0~"10" 20 30
flow rate [I/min]

0,

4050

FIG. 6. Oscillation frequency (solid line) and amplitude (dashed line) of the
inhomogeneous artificial vocal folds depending on the flow rate.

unsteady pressure signal upstream of the synthetic vocal
folds, which is lower than the characteristic frequency in
human voice production. It is assumed that the prestress in
synthetic models was significantly lower than in human vo-
cal folds. Nevertheless, the production of a clear tonal com-
ponent in the acoustic signal suggests that the physical pro-
cess of the sound production is similar to human sound
production. Furthermore, the glottal form of the synthetic
vocal folds showed a very good consistency with the real
folds during the whole oscillation process.

The oscillation frequency remained approximately con-
stant on increasing the flow rate, as Fig. 6 shows. The vibra-
tion started at a flow rate of about 5 I/min with a frequency
of approximately 33 Hz, where it stayed constant up to
15 I/min. Thereafter, the frequency further increased to
35 Hz at a flow rate of about 56 1/min. In contrast, the am-
plitude of the oscillating synthetic vocal folds was lower than
0.1 mm for flow rates up to Q=15 I/min, increased to ap-
proximately 0.6 mm at Q=20 1/min, and to about 1 mm at
0=30 1/min before the amplitude slowly declined (Fig. 6).
Note that the amplitude of the oscillation shown here is ori-
ented in the axial flow direction of the test channel and dis-
plays the amplitude of a point in the middle of the
downstream-facing surface of one vocal fold. The axial am-
plitude of a point near the artificial glottis was larger.

A time sequence of the oscillation process is displayed
in Fig. 7. It shows the periodic opening and closing of the
artificial glottis in selected pictures, recorded with the digital
high-speed camera. As synchronized reference value the
pressure fluctuation upstream of the glottis was used. The
temporal pressure distribution was characterized by a nearly
ideal sinusoidal behavior. The cycle started at the phase
angle a=0 with a fully closed glottis. A certain pressure
force was needed to open the glottis. Its value depended on
the stiffness of the vocal folds. Considering the different in-
ertias of the fluid and the folds, the pressure still increased
after opening until the flow was accelerated to a certain
amount and thus the pressure was reduced. The higher inertia
of the synthetic folds caused a further increase in the glottal
width to its maximum of wg ;,,x=2 mm at a phase angle of
a=. At this point, the pressure and the shear forces of the
fluid on the folds were in balance with the elastic forces of
the material of synthetic vocal folds. The pressure further
decreased because of the ongoing acceleration of the fluid
within the glottis, which initiated the closing process.
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FIG. 7. Form of the glottis during a whole oscillation cycle depending on
the pressure signal upstream of the glottis p and reference pressure p.

With continuing fluid acceleration, the pressure de-
creased until the pressure drop was too low and the glottal
area too small, so the flow decelerated. After that, the pres-
sure reached its minimum between a= %’iT and a= %77. Due to
the inertia of the synthetic vocal folds, the glottis completely
closed until the pressure achieved the value to open it again
and a new cycle started.

At this point, we emphasize that the whole process can-
not be explained without the complex fluid-structure interac-
tion. The phase shift between the glottis opening and the
pressure distribution downstream of the glottis is the result of
the energy flow between the fluid and structure domain. This
was also observed by Thomson et al." who calculated the
energy transfer between the flow and the synthetic vocal
folds within a 2D finite element simulation. It shows that
reproducing the whole process including the acoustic pro-
duction is necessary for artificial physical and also numerical
models, which are able show the full fluid-structure-acoustic
interactive behavior.

The investigation of the time-dependent flow structures
during the phonation process was done by using PIV at a
volume flow rate of 0=23.03 I/min (which represents a
characteristic human volume flow rate during phonation).
Figure 8 displays two single vector plots at the same phase
angle for different oscillation cycles. In both cases the
Coanda effect occurs. However, the jet changes the side sto-
chastically to which it is attached. Therefore, the flow shows
a bifurcation, which means that the flow can take on two
stable states. Depending on small stochastic disturbances in
the oncoming flow, the jet is irregularly attached to one of
the vocal folds. To increase the accuracy an averaging of the
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FIG. 8. Velocity vector plots of single PIV measurements with the jet at-
tached either to the upper or lower synthetic vocal fold; the y ordinate
displays the transversal and the x ordinate the longitudinal direction of the
supraglottal region in human anatomy.

vector plots at a certain phase angle was performed. How-
ever, averaging all single vector plots at one phase angle
would yield a flow field containing both stable states show-
ing two jets arising from the glottis, which would be sym-
metrical to the center line. Thus, it was done by using 300
selected pictures on which the flow is attached to the upper
vocal fold. For this task, we recorded over 600 single vector
plots. Figure 9 shows the phase-averaged flow field for four
phase angles. The contour shows the distribution of the tur-
bulent kinetic energy k. The phase averaging was done to
obtain a higher accuracy of the PIV data, in contrast to single
vector plots (see Fig. 8).

Figure 9 shows the velocity distribution in the center
plane orthogonal to the glottis at four different time steps
during an oscillation cycle. Furthermore the deflected glottal
duct and the direction of the jet are schematically sketched at
the same phase angles in Fig. 10. Due to the complete clo-
sure of the glottis at @=0, the flow through the glottis almost
totally stopped. The maximum velocity in the measuring area
at this time was about u=6 m/s. The flow field of Fig. 9
showed a large recirculation area expanded over the whole
height of the channel. In the following phase angle a:%w,
the glottis started to open and a jet was formed through the
glottis, which was attached to the upper vocal fold. The sepa-
ration point of the jet was located at the downstream-facing
edge of the vocal fold. This resulted in a large angle between
the jet axis and the center line of the channel. Due to the
movement of the separation point, the angle slightly in-
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creased at a=%7‘r. Furthermore the jet velocity increased to
its maximum value of ¥=22.5 m/s at a=r, at which the jet
was fully accelerated. The changed geometry of the glottal
duct and the higher velocity resulted in a movement of
the separation point in the upstream direction (see a=1/2,
a=1, and a=§77 in Figs. 9 and 10). The jet axis rotated
toward the center line because the separation point from the
upper vocal fold went further upstream. That is, the angle
between the jet axis and the center line became sharper with
time and was nearly zero shortly before the full closure of
the glottis occurred.

Summarizing, we can state that the separation point of
the attached jet moved during the phonation process. Hence,
the pulsating jet interacted with the back side of the vocal
folds and generated an unsteady oscillating pressure distribu-
tion on it. Similar sound generation processes can be ob-
served in trailing-edge noise” or the aeolian tone produc-
tion around cylinder-shaped geometries (see Ref. 31). As a
result of the Coanda effect, the pressure distributions on the
downstream-facing surfaces of the vocal folds were not sym-
metrical. Furthermore, the pressure difference over the chan-
nel height at the orthogonal faces of the vocal folds was
much larger during the cycle in comparison with the case of
a symmetric jet through the glottis. This could be due to the
Coanda effect interacting with the vocal folds as the sound
generation mechanism at higher frequencies similar to
trailing-edge noise. However, these observations require fur-
ther detailed investigations.

As already mentioned above, Fig. 9 shows the distribu-
tion of the square of the standard deviation of the velocity
described as the turbulent kinetic energy k [Eq. (1)] at dif-
ferent time steps. The value k contains several effects. In
addition to the uncertainties, there were differences in the
flow distribution for the same phase angle in different oscil-
lation cycles. Only selected PIV data, for which the jet at-
tached to the same vocal fold, were used to calculate k. The
reasons for the fluctuations of the flow field can be explained
on the one hand by the stochastical fluctuations of the flow
velocity produced in the shear layers of the jet and on the
other hand by the different jet positions from one cycle to
another. The highest amount of turbulent kinetic energy de-
veloped in the core region of the jet just after entering the
supraglottal area (see, e.g., a=m/2 in Fig. 9). This means
that the largest contribution to the energy of the fluctuations
results from the differences in the jet angle. The reasons for
this behavior are small instabilities of the exact position of
the separation point at each phase angle from cycle to cycle.

In the present study, we could not observe a change in
the jet from one vocal fold to the other within the same cycle
as was found in the work of Neubauer et al.'> The jet is
attached to the same vocal fold during the whole cycle. How-
ever, the jet changed its position stochastically from one
cycle to the following. The oscillations of the vocal folds are
nearly symmetrical. This is in agreement with measurements
on patients with healthy voice phonation (see Ref. 32).

During the investigations of the oscillation of the syn-
thetic vocal folds and the flow field downstream of the glot-
tis, a clear tonal sound could be detected in the test rig.
Superimposed on this aeolian sound, a broadband sound oc-
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FIG. 9. Vector plot of the phase-averaged flow velocity and contour plot of the turbulent kinetic energy k behind the oscillating vocal folds” models at four

instants of an oscillation cycle.

curred. To identify their acoustic source processes, simulta-
neous measurements for determining were performed. There-
fore, the coherence of the UPU and UPD of the synthetic
glottis, and the unsteady flow velocity (CTA) at the center
point of the channel in the downstream region of the vocal
folds, with the AP in the far field was calculated.

Figure 11 displays the amplitude spectra of all measure-
ments. The acoustic signal contained oscillations with high
intensities at frequencies lower than 10 Hz. The reason for
these high intensity oscillations can be explained by the en-
vironmental noise. The major peak in all signals occurred at
33 Hz, which is directly related to the oscillation of the vocal
folds, which is confirmed by the amplitude spectra of the
vocal folds’ velocity (black dashed line in Fig. 11). This sig-
nal was measured by LDV. Furthermore, the higher harmon-
ics of the fundamental frequency are present and clearly vis-
ible in all spectra. Except for the spectrum of the unsteady
flow velocity, the major peaks are equal to the oscillation of
highest intensity at the fundamental frequency of f=33 Hz.
This discrepancy resulted from the location of the hot-wire
sensor within the flow field. The probe was located outside
of the large recirculation area, which was formed during the
opening phase of the cycle just downstream of the glottis.
The wire was placed perpendicular to the synthetic glottis.
Because of the increase in the volume flow rate after glottis
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opening, the shedding of the recirculation area, and the limi-
tation of the hot-wire sensor due to the oncoming flow
amgle,25 the major peak in the spectrum of the flow velocity
occurs at the third harmonic frequency of 99 Hz. Addition-
ally to the harmonic results, some sharp peaks at frequencies
between f=50 and 700 Hz occurred with a frequency step of
50 Hz. They are caused by the voltage supply. Moreover, a
broadband sound contribution at higher frequencies (f
>1000 Hz) could be observed.

Figure 12 shows the coherence of the three signals mea-
sured in the flow region (UPU, UPD, and CTA) with the AP
in the far field. Here, a coherence of 0 means no correlation
and a coherence of 1 full correlation of the regarded signal
with the AP at a certain frequency. The pressure upstream
(solid black line) and downstream (solid gray line) of the
glottis conform very well with the acoustic sound radiation at
the fundamental frequency and their higher harmonics with a
coherence of over 0.9. Also, at higher frequencies, there is a
high coherence of partially over 0.9 due to the broadband
noise for frequencies larger than 1000 Hz. In contrast, the
unsteady velocity (dashed black line) only correlates well
with the acoustic signal at the oscillation frequency and its
higher harmonics. For f> 1000 Hz there is no coherence.
Considering the acoustic analogy of Lighthill33’3 * the turbu-
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FIG. 10. Schematics of the glottal duct at different phase angles in the
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of the jet.

lent sound generation is related to turbulent fluctuations of
the flow velocity. The lack of coherence between the flow
velocity and the AP indicates that the turbulent structures
produced in the shear layer of the jet did not make a domi-
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FIG. 11. Amplitude spectra of the UPU and UPD of the glottis, of the
unsteady flow velocity downstream of the glottis (CTA), the velocity of the
vocal folds’ models (LDV), and of the AP in the far field (AP) at a flow rate
of 0=23.03 1/min.

1360 J. Acoust. Soc. Am., Vol. 125, No. 3, March 2009

coherence [-]

frequency [Hz]

FIG. 12. Coherence between the AP and the UPU (solid black line), the AP
and the UPD of the glottis (solid gray line), and between the AP and the
unsteady velocity (dashed black line).

nant contribution to the noise generation in the phonation
process. Furthermore the maximum velocity of 22.5 m/s
(Ma<0.1 within the jet) was to low that it created a deter-
minative acoustic source term in the shear layer.

IV. CONCLUSION

The paper reports an investigations of flow-induced vi-
brations of artificial vocal folds. They are integrated in a
channel, which partly simulated the vocal tract in the supra-
glottal region. This extension of the channel results in a
lower pressure difference across the vocal folds, which is
suggested to be the cause for the small vibration amplitudes.
To increase these amplitudes, we included mass body made
of lead in our synthetic vocal folds a spherical, which re-
sulted in a lower frequency of the oscillations compared with
the real human phonation process. Besides this discrepancy,
the present test rig could reproduce the whole flow-induced
phonation process in a channel. The complex interaction be-
tween the fluid and the structure of the artificial vocal folds
turned out to be important. It shows a phase shift between
the unsteady pressure distribution upstream of the glottis and
the structural oscillations of the vocal folds, which depended
on the elasticity forces within the material and the inertia of
the fluid and the vocal folds. The jet through the glottis was
attached to one vocal fold and therefore separated from the
other. Hence, it is bent to one side at the exit of the glottal
duct and formed an asymmetric flow distribution in the su-
praglottal region. The separation point moved during one
cycle along the surface of the vocal folds, which resulted in
a flapping jet angle between the axis of the jet and the center
line of the channel. Moreover, the jet stayed attached to one
vocal fold during one cycle but changed the sides in different
cycles in a stochastical manner. The sound production is as-
sumed to be caused by the interaction of the separated un-
steady jet flow with the downstream-facing surfaces ot the
vocal folds. The authors suggested that the oscillating pres-
sure field at the surfaces generate a broadband noise analogi-
cally to trailing-edge noise concerning aircraft. It produces
an oscillating pressure field. The high-frequency vortex
structures in the shear layers of the jet played a minor role in
the sound-generating process. The tonal sound was directly
related to oscillation frequency of the synthetic vocal folds.
It was produced by the oscillating flow rate due to the peri-
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odic opening and closing of the glottis. This tonal sound is
the major sound-generating process in the test rig.

Future investigations will include detailed studies with
different material parameters of multilayer vocal folds and
the inclusion of the longitudinal tension within the vocal
folds with the aim of imitating the human phonation process
in a more realistic way.

Is. McCoy, Your Voice: An Inside View (View, Princeton, NJ, 2004).

°F, Alipour, R. Scherer, and J. Knowles, “Velocity distributions in glottal
models,” J. Voice 10, 50-58 (1996).

3s. L. Thomson, L. Mongeau, and S. H. Frankel, “Physical and numerical
flow-excited vocal fold models,” Third International Workshop MAVEBA,
2003.

M. Triep, C. Briicker, and W. Schroder, “High-speed flow measurements
of the flow down-stream of a dynamic mechanical model of the human
vocal folds,” Exp. Fluids 39, 232-245 (2005).

SR. C. Scherer, D. Shinwari, K. J. DeWitt, C. Zhang, B. R. Kucinschi, and
A. A. Afjeh, “Intraglottal pressure profile for a symmetric and oplique
glottis with a divergence angle of 10 degrees,” J. Acoust. Soc. Am. 109,
1616-1630 (2001).

°p. Shinwari, C. Scherer, K. J. DeWitt, and A. A. Afjeh, “Flow visualiza-
tion and pressure distribution in a model of the glottis with a symmetric
and oblique divergent angle of 10 degrees,” J. Acoust. Soc. Am. 113,
487-497 (2003).

"H. Coanda, “Device for deflecting a stream of elastic fluid projected into
an elastic elastic fluid,” U.S. Patent No. 2,052,869 (April 19, 1935).

8G.C. 1. Hofmans, G. Groot, M. Ranucci, G. Graziani, and A. Hirschberg,
“Unsteady flow through in-vitro models of the glottis,” J. Acoust. Soc.
Am. 113, 1658-1675 (2003).
°B. D. Erath and M. W. Plesniak, “An investigation of bimodal jet trajec-
tory on flow through scaled models of the human vocal tract,” Exp. Fluids
40, 683-696 (2006).

8. D. Erath and M. W. Plesniak, “The occurrence of the Coanda effect in
pulsatile flow through static models of the human folds,” J. Acoust. Soc.
Am. 120, 1000-1011 (2006).

v, Krane, M. Barry, and T. Wei, “Unsteady behavior of flow in a
scaled-up vocal folds model,” J. Acoust. Soc. Am. 122, 3659-3670 (2007).

12J. B. Park and L. Mongeau, “Instantaneous orifice discharge coefficient of
a physical, driven model of the human larynx,” J. Acoust. Soc. Am. 121,
442-455 (2007).

A Zhang, L. Mongeau, and S. H. Frankel, “Experimental verification of
the quasisteady approximation for aerodynamics sound generation by pul-
sating jets in tube,” J. Acoust. Soc. Am. 112, 1652-1663 (2002).

Hs L. Thomson, L. Mongeau, and S. H. Frankel, “Aerodynamic transfer of

J. Acoust. Soc. Am., Vol. 125, No. 3, March 2009

energy to the vocal folds,” J. Acoust. Soc. Am. 118, 1689-1700 (2005).

151 Neubauer, Z. Zhang, R. Miraghaie, and D. A. Berry, “Coherent struc-
tures of the near field flow in a self-oscillating physical model of the vocal
folds,” J. Acoust. Soc. Am. 121, 1102-1118 (2007).

M. Dollinger, N. Tayama, and D. A. Berry, “Empirical eigenfunctions and
medial surface dynamics of a human vocal fold,” Methods Inf. Med. 44,
384-391 (2005).

173, Neubauer, P. Mergell, U. Eysholdt, and H. Herzel, “Spatio-temporal
analysis of irregular vocal fold oscillations: Biphonation due to desynchro-
nization of spatial modes,” J. Acoust. Soc. Am. 110, 3179-3192 (2001).

L. R. Titze, Principles of Voice Production (Prentice-Hall, Englewood
Cliffs, NJ, 2000).

g, Durst, U. Heim, B. Unsal, and G. Kullik, “Mass flow rate control

system for time-dependent laminar and turbulent flow investigations,”

Meas. Sci. Technol. 14, 893-902 (2003).

T. D. Rossing, Handbook of Acoustics (Springer, New York, 2007).

*'Kulite Inc. Germany, web: www.kulite.de (Last viewed May, 2008).

22Weinberger Visio Inc. Germany, web: www.weinbergervision.com (Last
viewed May, 2008).

M. Raffel, C. E. Willert, S. T. Wereley, and J. Kompenhans, Particle
Image Velocimetry: A Practical Guide (Experimental Fluid Mechanics),
2nd ed. (Springer, Berlin, 2007).

ZDantec Dynamics A/S Denmark, web: www.dantecdynamics.com (Last
viewed May, 2008).

H. H. Bruun, Hot-Wire Anemometry: Principles and Signal Analysis (Ox-

ford University Press, Oxford, 1995).

Polytec GmbH, web: www.polytec.com (Last viewed May, 2008).

2'F. Durst, Fluid Mechanics. An Introduction to the Theory of Fluid Flows
(Springer, Berlin, 2007).

BR. C. Scherer, F. Alipour, and J. Knowles, “Velocity distribution in glottal
models,” J. Voice 10, 55-58 (1996).

W, K. Blake, Mechanics of Flow-Induced Sound and Vibration (Aca-
demic, New York, 1986), Vols. 1 and 2.

T F. Brooks and T. H. Hodgson, “Trailing edge noise prediction from
measured surface pressures,” J. Sound Vib. 78, 69-117 (1981).

3, Becker, M. Kaltenbacher, I. Ali, C. Hahn, and M. Escobar, “Aeroacous-
tic investigation of the flow around cylinder geometries—A benchmark
test case,” 13th ATAA/CEAS Aeroacoustics Conference, Romam, 2007,
AIAA Paper No: 2007-3511.

2. Eysholdt, M. Tigges, T. Wittenberg, and U. Prschel, “Direct evaluation
of high-speed recordings of vocal fold vibrations,” Folia Phoniatr Logop
48, 163-70 (1996).

BM. . Lighthill, “On sound generated aerodynamically—I. General
theory,” Proc. R. Soc. London, Ser. A 211, 564-587 (1952).

ML . Lighthill, “On sound generated aerodynamically—II. Turbulence as
a source of sound,” Proc. R. Soc. London, Ser. A 222, 1-32 (1954).

20r

26

Becker et al.: Flow-structure-acoustic coupled human voice model 1361



Ray-based description of normal modes in a deep ocean acoustic

waveguide

A. L. Virovlyansky, A. Yu. Kazarova, and L. Ya. Lyubavin
Institute of Applied Physics, Russian Academy of Science, 46 Ul’yanov Street,

603950 Nizhny Novgorod, Russia

(Received 29 May 2008; revised 31 December 2008; accepted 5 January 2009)

Modal structure of the wave field in a deep ocean environment with sound speed fluctuations
induced by random internal waves is considered. An approximate analytical description of the
modal structure at megameter ranges is derived by combining two known results: (i) relations
expressing mode amplitudes through parameters of ray paths and (ii) stochastic ray theory. For a
monochromatic wave field, a simple analytical estimate has been obtained for a coarse-grained
distribution of acoustic energy between normal modes. Significant attention has been paid to the
investigation of the mode pulses, that is, sound pulses carried by individual modes. Analytical
estimates for the spread of mode pulse and bias of its mean travel time in the presence of internal
waves are derived. © 2009 Acoustical Society of America. [DOI: 10.1121/1.3075765]

PACS number(s): 43.30.Bp [JAC]

I. INTRODUCTION

The objective of the present study is the derivation of an
approximate analytical description of the modal structure in
a deep ocean acoustic waveguide. Traditionally this issue is
addressed proceeding from the mode coupling equations.lf5
These equations are complicated and therefore usually they
should be treated numerically. In this paper, an alternative
approach is discussed. We argue that a simple (albeit rough)
analytical description of the modal structure in a fluctuating
ocean can be obtained by combining (i) ray-mode relations
expressing the mode amplitude through solutions of ray
equations®™ and (ii) stochastic ray theory.'*"?

Neglecting the horizontal refraction, we consider a two-
dimensional environmental model with the sound speed field
c(r,z) (r is range, and z is depth) presented in the form
c(r,z)=co(z) + c(r,z), where c((z) is a smooth (background)
sound speed profile, and 8c(r,z) is a weak perturbation in-
duced by random internal waves with statistics determined
by the empirical Garrett—Munk spectrum.13 In the presence
of perturbation, the ray paths exhibit chaotic behavior.'*™'
They become very sensitive to small variations in starting
parameters: the difference between vertical coordinates of
two initially close paths grows with range (on the average) as
exp(\r), where N >0 is the Lyapunov exponent. In the deep
sea A=0(0.01 km™!) and at megameter ranges, the ray
chaos is well developed.m’16 Manifestation of ray chaos at a
finite wavelength is called the wave chaos. The complicated
range dependence of the modal structure is an important as-
pect of this phenomenon.

In recent years it has been demonstrated that, even under
condition of ray chaos, the ray-based description of the
sound field in a deep ocean can properly predict many im-
portant features of the arrival pattern at megameter
ralngf:s.16’17 What is especially important in the context of the
present study, the statistics of chaotic rays can be approxi-
mately described analytically. In Refs. 10-12 and 18, it is
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shown that such a description can be obtained by replacing
the Hamilton (ray) equations expressed in terms of the
action-angle canonical variables with stochastic Langevin
equations. Earlier a similar approach was derived in Ref. 19
in terms of the momentum-position variables.

Our idea consists in applying the stochastic ray theory
for investigating the modal structure. This is done using the
known analytical relations that allow one to express the
mode amplitude through parameters of the ray paths. The
ray-mode relations are based on the fact that the normal
mode is formed by contributions from rays whose action
variables at the range of observation are determined by the
quantization rule.®” These rays we call the mode rays. They
play the same role in evaluating the mode amplitude as the
eigenrays play in evaluating the wave field at the given ob-
servation point.

Under conditions of ray chaos the number of mode rays
contributing to the given mode grows with range exponen-
tially and rapidly becomes very large. Assuming that their
phases are independent we sum up these rays incoherently.
The sum has been estimated using the stochastic ray theory
from Refs. 10-12 and 18. As a result an approximate ana-
Iytical expression for a coarse-grained distribution of acous-
tic energy between normal modes has been obtained.

When considering a transient wave field, our attention is
focused on the mode pulses, that is, sound pulses carried by
individual modes. It is shown that the temporal structure of
the mode pulse to a significant extent is determined by the
travel times of mode rays. The use of stochastic ray theory
has made it possible to estimate the spread and bias of the
mode pulse caused by internal waves. It turns out that for
high modes the spread and bias grow with range like %> and
r?, respectively. First these range dependencies were found in
Ref. 20 on the basis of numerical simulations. Later an ana-
Iytical estimate for the spread was derived in Refs. 11, 21,
and 22.

© 2009 Acoustical Society of America



Il. RAY STRUCTURE OF THE WAVE FIELD
A. Parabolic equation

Consider a monochromatic sound field at an angular car-
rier frequency (). In the parabolic equation approximation,
its complex amplitude is presented in the form

v(r,z,Q) = "u(r,z,Q)e™", (1)

where k=()/c, is a wave number in a reference medium with
the sound speed c,, and u(r,z,{)) is an envelope function. It
is assumed that u(r,z,{)) obeys the standard parabolic
equation23’24

du  Fu

2ik5 AT 2k2[U(z) + V(r,z)Ju=0, (2)
where
1 cf _oc(rz)
U(z) = 2(1 - C%(Z)>’ V(r,z) = —Cr . (3)

The z-axis is directed upward and the sea surface is located
at z=0.

A transient wave field excited by a pulse source can be
synthesized out of solutions of Eq. (2) at different carrier
frequencies as

17(7',1,1‘) — r—1/2f dQru(r’z’ﬂr)s(ﬂr)eiﬂ.'(r/cr—t)7 (4)
where s({)) is the spectrum of an initially radiated pulse.

B. Geometrical optics

In the geometrical optics approximation, the solution to
Eq. (2) is expressed through parameters of ray
trajectories.*'*1®* In the unperturbed waveguide (V=0),
the ray path obeys the Hamilton equations dz/dr=dJH/dp
and dp/dr=-0H/ dz, where H=p?/2+ U(z) is an unperturbed
Hamiltonian and p is the momentum. The latter is related to
the ray grazing angle y through p=tan . In the presence of
perturbation, H should be replaced by H+V.

The contribution from a single ray to the total wave field
is

u(r,z,Q) = A(r,z)explikS(r,z)], (5)

where A and S are the ray amplitude and eikonal, respec-
tively. The eikonal S is an analog to Hamilton’s principal
function in classical mechanics and it is given by an integral

S =f [pdz— (H + V)dr] (6)

running over the ray path.M’26

1. Action-angle variables

Consider an unperturbed waveguide and for simplicity
assume that the function U(z) has a single minimum. In this
(range-independent) waveguide, each ray is periodic and the
Hamiltonian H remains constant along the trajectory. The
action variable [ is defined as an integral over a cycle of the
ray pathzs’26
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_ —3(5 pdz=t f dAH- U], ™)
2 T

Zmin

where z,;, and z,,,, are the lower and upper turning depths,
respectively, satisfying the condition U(z)=H. Equation (7)
defines function H(I) expressing the Hamiltonian as a func-
tion of action. The canonical transformation

p=p,6), z=2z(16) (8)

connecting the position-momentum and action-angle vari-
ables is defined by equations p=3JG/dz and 6=0G/Jdl, where
G(1,z7) is a generating function. For p>0,

G(l,z)= f dzP(l,z), P(l,z)=\2[H()-U(z)]. (9)
If p<0, G(I,z) should be replaced by 27I-G(I,z). The
angle variable 6 can be interpreted as a phase of the ray path.
According to the above definition, it belongs to the interval
from O to 27r. To make @ continuous, its value should be
increased by 27 at the beginning of each new cycle. This is
a standard proc:e:dure.26

The canonical transformation determined for the unper-
turbed waveguide, formally, can be used in the perturbed
waveguide (with V#0) as well. In the presence of perturba-
tion, the ray equations take the form

di__vodo_ v

= —w+—,
dr ol

=— 10
dr 960’ (10)

where w(I)=dH(I)/dI is the spatial angular frequency of the
ray path oscillation in the unperturbed waveguide. The cycle
length of the unperturbed path is D(I)=2m/ w(l).

In what follows, we will use functions I(r,I,, 6,) and
0(r,1,, 6,) to denote the action and angle of the ray path at
range r. Arguments [, and 6, are initial values of these vari-
ables at r=0. Sometimes it will be more convenient to use
similar functions I(r,pg,zo) and 6(r,pg,zo), Where py and z;
are initial momentum and coordinate of the ray path, respec-
tively.

2. Ray travel times

A signal arriving at the observation point through a par-
ticular ray path—we call it the ray pulse—can be evaluated
by substituting Eq. (5) into Eq. (4). Since both A and S do
not depend on (), it is easy to see that the travel time of a ray
pulse is

t=(r+S)c,. (11)

Properties of travel times for both regular and chaotic rays
are described in detail in many publications (see, e.g., Refs.
11, 14, 16, 23, and 27). In this section, we present only two
formulas that will be used below.

The first of them is a simple estimate of the ray travel
time in a range-independent waveguide (V=0). It follows
from Eqgs. (6)—(9) that at 1 cycle of oscillations the eikonal of
a ray with action I increases by 27[/—H(I)/ w(I)]. Therefore
at range r the travel time is approximately equal to
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FIG. 1. Unperturbed sound speed profile ¢(z) (left panel) and perturbation
Sc in vertical sections of the waveguide at three different ranges (right
panel).

#1,r)=[1+Ia(l) — H(D)]rlc,. (12)

In what follows, the argument r of function #(7,r) will be
omitted.

The second formula gives an estimate for the difference
between travel times of two rays escaping a point source
with close launch angles. Then the starting actions of both
rays are also close and we denote their mean value by /. Let
N; and N, be the numbers of cycles of these two rays, and #;
and t, be their travel times at the range of observation. At a
long range where N ,>1 and AN=N,-N;=0(1), the differ-
ence At=t,—1t; can be roughly estimated as

At =2wl,AN/c,. (13)

Initially, this result was derived for the range-independent
waveguide.”” %’ But recently it has been found that Eq. (13)
remains valid (as a rough estimate) even under conditions of
ray chaos.'*'**" This fact is important for our subsequent
analysis.

C. Environmental model

In numerical simulations presented below, we use an
environmental model with an unperturbed profile c((z) (bor-
rowed from Ref. 20) shown in the left panel of Fig. 1. It
represents the Munk proﬁle::13’23

co@=cll+ele”’-n-1)], 7=2(z-z,/0, (14)

with parameters c,=1.5 km/s, £€=0.00238, 0=0.485 km,
and z,=-0.7 km.

It is assumed that the weak perturbation &c(r,z) is
caused by random internal waves with statistics determined
by the empirical Garrett—Munk spectrum.13 To generate real-
izations of a random field &c(r,z), we apply a numerical
technique developed by Colosi and Brown.”' Realizations of
oc(r,z) have been computed using Eq. (19) from Ref. 31.
Components of wave number vectors in the horizontal plane
belong to the interval from 277/100 km™' to 277/4 km™'. A
rms amplitude of the perturbation scales in depth like
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exp(3z/2L), where L=1 km, and its surface-extrapolated
value is about 0.5 m/s. Depth dependencies of dc at three
different ranges are shown in the right panel of Fig. 1.

D. Statistical description of chaotic rays

Consider functions I(r,1,, 6,) and 6(r,I,, 6,) describing
a ray path in the action-angle phase plane. In the presence of
perturbation &c(r,z), the path exhibits stochastic behavior
and both functions become extremely complicated. There-
fore, they should be described by means of statistical meth-
ods. A traditional approach is associated with ideas of theory
of wave propagation in random media. It is based on the
notion of statistical ensemble consisting of infinitely many
realizations of the waveguide specified by different dc(r,z).
Statistical characteristics of a ray with given starting param-
eters are determined by averaging over rays with the same
initial parameters in all realizations.

In the present paper, we apply an alternative approach
derived in Refs. 11, 12, 18, and 32. It deals with a single
realization of random perturbation and is based on the theory
of ray chaos. The idea of this approach is as follows. At
ranges r> \"!, initially, close ray paths become practically
independent and the averaging over their starting parameters
can be considered as the statistical averaging. Statistical
characteristics of a path escaping point ([, 6,) are deter-
mined by considering a bundle of rays starting from a small
area of the phase plane R (it may be one-dimensional) cen-
tered at (I, 6y). At a long enough range where the chaos is
well developed, the bundle plays the role of a statistical en-
semble. The function

PIH(I7 0,r

1
1y, 0p) = S_f dlyd 6y &1 —1(r,1, 6,))
RIR

><5(0—6’(r,10,00)), (15)

where Sy is the square of R, may be interpreted as a prob-
ability density function (PDF) of I and 6 at range r. This
definition makes sense only at long enough ranges where the
result of averaging weakly depends on the size and shape of
R. Moreover, in Refs. 11, 12, 18, and 32, we argue that the
PDF defined by Eq. (15) may weakly depend on a particular
realization of the waveguide. At long ranges, initially, close
ray paths diverge so significantly that they are spaced apart
by intervals exceeding correlation scales of the medium.
Then the rays travel through practically independent inhomo-
geneities and behave as if they propagate in different realiza-
tions of the medium. Therefore, it is natural to expect that the
averaging over initial conditions may give results that (i)
weakly depend on a particular realization and (ii) are close to
those obtained by ensemble averaging.

In Refs. 11, 12, 18, and 32, it is shown that an analytical
estimate of the above PDF can be obtained by replacing the
Hamilton (ray) equations (10) with simple stochastic Lange-
vin equations. In this approach, the action and angle of a ray
path are presented in the form
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I(r,lo, 00) = IO +.x(r), 0(7‘,10, 00) = 00 + (1)(10)7“" y(r),

(16)

where x(r) and y(r) are random functions describing the de-
viation of the ray path from its unperturbed position. The
deviation of action, x(r), can be approximated by a random
Wiener process.33 It is a zero mean Gaussian process whose
statistical characteristics are defined by the correlation func-
tion (x(r)x(r'))=B min(r,r"), where B is a coefficient of dif-
fusion. The value of B was estimated numerically for a few
typical deep water wz:weguides.l1’12’18’22’32 It turned out to be
of order 10~7 km. For the environmental model described in
Sec. 1 C, B=1.4Xx 1077 km.

The deviation of the angle variable is given by relations

y(r) = o' (1)) n(r), 7/(r)=f dr'x(r'). (17)
0

Using the standard relations of the probability theory, it is
easy to show that the joint PDF of x and 7 is

I i( £>2 s
7TBr2€Xp 2Br BF g 2 ’

Substituting /-1, and 6-6y—w(ly)r for x and y, respec-
tively, yields an explicit expression for the PDF
P”’Vof’o(l’ 0,r|1,, 6,) defined by Eq. (15). As it follows from
Eq. (18), the conditional PDF of action I at range r, i.e., the
PDF of I given that at =0 this variable equals I, is

Pxn(x’ 77,”) =

1 (I-1,)?
P11, = - . 19
(L rllp) \’%exp{ 2Br (19)

In the scope of our approach, statistical characteristics of the
action variable do not depend on the starting angle 6.

Note that Egs. (18) and (19) are valid only for steep
rays, i.e., for rays with large enough /. The point is that the
action I is non-negative by definition. According to Eq. (19),
this condition is met for most rays if I, exceeds VBr. At
megameter ranges, this occurs for rays with grazing angles at
the sound channel axis

Xal >5°. (20)

For treating flat rays, our approach should be modified as it
is discussed in Refs. 11, 12, 18, and 32.

The above formulas can be used for averaging over all
rays escaping a source exciting the wave field. To explain
this statement, consider a point source set at a depth z,. Ini-
tial momenta, p,, of rays leaving the source lie within inter-
val (=Pax»Pmax)- Consider the quantity

pmax
F(I’ 0) = deF(I(r’p()’Zs)’ e(r’pOsZs))’ (21)

~Pmax

where F(I,6) is a given function. Divide the interval of in-
tegration into a set of small subintervals with end points pj,
j=1,...,N. Then Eq. (21) can be rewritten as
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F@@:fmuaﬂna)

N-l Dj+1
X dpodI' = I(r,p,z))
J=1 Y p;

X 5( 0, - 0(r7p07z‘v)) . (22)

But each integral over p, in this sum is a particular case of
Eq. (15) with an interval (p;,p;;;) playing the role of R.
From Egs. (15)—(18), we find

1
Pj+1 = Pj

Pj+1
f dpo&([’ - I(r,p()?Z‘v)) 5(0, - a(r»p()azx))

P

1 0" — 6y — w(l,

:,—Pxn([,—lo,o,—w(O)r,r), (23)

o' (1) w'(Iy)
where [, and 6, are starting action and angle of a ray with
Po=(p;+p;.+1)/2. Substituting this into Eq. (22) and replacing
the summation over j by integration over p, (with p;,;—p;
replaced by dp,) yields

- Pmax
F(I, 6) = f dpof dxd??F(10+.x, 00+ (U(Io)r

~Pmax
+ (1)’(10) W)Pxn(X, 7 r)' (24)
If function F does not depend on 6, Eq. (24) reduces to

Pmax

F(I) =

dp, f dIF(D Py (LrLy). (25)

~Pmax
The above expressions for F(I,6) and F(I), as well as ex-
pressions for both PDFs, Pm](x, n,r) and P,(I,r|I,), do not
depend on a particular realization of perturbation dc.

lll. MODAL STRUCTURE OF A MONOCHROMATIC
WAVE FIELD

A. Normal modes in the WKB approximation

The wave field at any range point can be presented in the
form of decomposition

u(r,z,Q) = 2, a,(r, Q) ¢,,(z,Q), (26)

where ¢,,(z,Q)) are eigenfunctions of the Sturm-Liouville
problem in the unperturbed Waveguide.23 “* Each term in this
sum describes a normal mode. For simplicity, we restrict our
attention to modes with turning points within the water bulk.
In the WKB approximation, the mth eigenfunction is deter-
mined by parameters of an unperturbed ray path whose ac-
tion variable—we denote it by [,,o—satisfies the quantiza-
tion rule®**

m—=1/2 m-1/2
o=""77"="9

¢, m=12,.... 27)

The eigenfunction of the mth mode between its turning
points can be presented as>>**

()Dm(ZsQ) = (P:’n(Z’Q) + (P;n(z’ﬂ)’ (28)

where
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O (2.Q) = [D(Lu0) P10, 2) ]
Xexp{+i[kG(1,,q,z) — 7/4]}. (29)

B. Ray-based evaluation of mode amplitudes

The ray-based description of mode amplitudes a,,(r,))
can be derived by projecting the ray representation of the
wave field onto normal modes and evaluating the corre-
sponding integrals using the stationary phase technique. A
detailed discussion of this issue is given in Refs. 6-9 and 11.
It turns out that each mode is formed by contributions from
rays—we will call them the mode rays—whose actions at the
observation range r satisfy the condition

I(r,1y, 6y) = L,q- (30)

It should be emphasized that at different frequencies, this
condition singles out different rays. In this sense, rays con-
tributing to the mode with the given number m are frequency
dependent.

If the action of the ray path is expressed by function
I(r,py,z0) Eq. (30) translates to

I(r,pO’Z())=ImQ‘ (31)

We will consider two types of sources.
Point source. In this case, the wave field is a solution of
Eq. (2) with an initial condition

u(0,2,Q) = 8(z - z,), (32)

where z; is the source depth. At x=0 all rays start from gz,
=z,. Then according to Eq. (31) we get the condition

1(r,po,25) = Lyqs (33)

defining the starting momenta of mode rays. Take one of
these rays and denote its coordinate at the range of observa-
tion by Z,,. Its contribution to the mode amplitude i/

a,(r, Q) = Q expli(P + B)], (34)
where
b= k[S(r’ZmQ) + G'G(I,,,Q,ng)], (35)

o=-sgn p, p is the momentum of the mode ray,

1

0- , (36)
27| dI(r, po.2,)/ 3py|

where 3 is a constant that does not depend on frequency. An
explicit expression for S is given in Refs. 7-9 and 11. In the
present work, it will not be used.

Single-mode source. In this case,

u(0,2,Q) = @, (2. Q). (37)

Rays escape from depths z, between turning points of the
moth mode. There are two rays escaping each z; with starting
momenta py=* P(ImOQ,ZQ). All rays have the same initial
action /,, o. The condition that singles out mode rays follows
from Eq. (30) as

1366 J. Acoust. Soc. Am., Vol. 125, No. 3, March 2009

I(rvlmofb 90) :ImQ' (38)

It determines 6, (hence z;) corresponding to mode rays. A
contribution from an individual mode ray to a,, again has the
form of Eq. (34) with the same expression for the phase ®
and

1
0= expl *ikG(1,, 0.z09)]. (39)
\/27Tk|(9[(r,1m09, 00)/(900| P OQ 0

The mode amplitude is evaluated by summing up con-
tributions from all the mode rays.

C. Redistribution of acoustic energy between normal
modes under conditions of ray chaos

Let us consider squared mode amplitudes |a,,(r, )|
which we call the mode intensities. Our task will be to derive
an analytical expression for a smoothed mode intensity

Ir Q) = 2 e ()P~ 120 / 3 e,
m’ m’

(40)

where w is a smoothing scale. Under conditions of ray chaos,
the number of mode rays contributing to a given mode at a
long range becomes very large. Then it is natural to expect
that a rough estimate of J,,(r,{)) may be obtained by inco-
herent summation of these rays. Numerical results presented
in Refs. 8 and 36 support this expectation. Analytical evalu-
ation of an incoherent sum of mode rays expressing J,,(r,{2)
may be performed on the basis of approach from Sec. II D
that allows one to replace the summation of rays by statisti-
cal averaging.

For a single mode source determined by Eq. (37), an
incoherent sum of mode rays representing the mode inten-
sity, according to Egs. (34) and (39), can be presented in the
form

1 1
’Q 2__—
|am(r )| 2’7Tk§ |(3](r71m00’ 90)/&00|00=00 n

2

= ﬁ 0 d005(1n19 - ](r9lm007 60))7 (41)

where the index n in the middle expression numbers the
contributing mode rays. The integral in the last expression
has the form of Eq. (21) with F=const 8(1,0—1I) and the
integration over 6, instead of p. It can be treated in the same
manner as the integral on the right of Eq. (21). Dividing the
interval of integration into small subintervals, we note that
the integral over each subinterval once again has the form of
Eq. (15). For a subinterval (6,, 6,+ 66), we have

Oy+ 66
d005(11110 - I(r’ImOQ’ 00)) = PI(ImQ»r

I al-
59 00 1110 )

Since the right hand side does not depend on 6,, we get
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1
|am(r’Q)|2 = ZPI(r’ImQUmOQ)' (43)

According to Eq. (27), the summation over m in Eq. (40)
may be approximately replaced by an integration over the
action variable. Assuming m > u, we can formally extend the
integration over m’' to the infinite limits. Then

o
(o — 12 2 (o — 2 2
Ee(m m)/2,u=f dm'e (m—-m")" 12w
—00

’
m

k[ areasrra iz,

(44)

Substituting this in Eq. (40) and replacing the summa-
tion over m by integration over I, as in Eq. (44), we get

1
Jm(r’Q) =T f dI,Pl(r’1,|1m0Q)

V2T
KL, -1')?
Xexp{—(Lz)]. (45)
2u
Substituting Eq. (19) yields
(m - mo)z

J,(r, Q) = ex [— . (46)

V2 (u? + k*Br) P 2(u? + k*Br)

This result is valid only for high modes. At a carrier fre-
quency of 75 Hz, the condition (20) in our environmental
model is met only for mode rays corresponding to m >7. For
treating low modes, one should use Eq. (45) with a general-
ized version of formula for P,(r,I|I,) that describes both
steep and flat rays.'"'? Note that according to Eq. (46) at
very long ranges, the number of effectively excited modes
grows like r"/2. In Ref. 5, a similar range dependence was
observed in numerical simulations.

To check the validity of Eq. (46), we have solved (nu-
merically) the parabolic equation (2) at a carrier frequency of
75 Hz with an initial condition u(0,z)=¢,4(z). Mode inten-
sities at range r=3000 km are shown in the upper panel of
Fig. 2 for two realizations of random perturbation. The lower
panel presents results for the smoothed mode intensities
evaluated with a smoothing scale w=4. Thin solid lines
graph J,, for four realizations of perturbation (values of |a,,|*
for two of them are presented in the upper panel). The heavy
dashed line shows the prediction of Eq. (46). It is seen that
the smoothed mode intensity weakly depends on a particular
realization of perturbation and our analytical estimate is in a
reasonable agreement with simulations.

In Ref. 11, it is shown that the wave field excited by a
point source can be treated in a similar way.

IV. TRANSIENT WAVE FIELD

We now turn our attention to studying the modal struc-
ture of a narrowband pulse signal radiated by a point source.
Our task is to derive a ray-based description of what we call
the mode pulses, that is, pulses carried by individual modes.
The mode pulse is defined as
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0.1r o]

FIG. 2. Mode intensities at range 3000 km for a single mode source exciting
the 24th mode [u(0,z)=¢u,(z)] at a carrier frequency of 75 Hz. (Upper
panel) Open and solid circles show mode intensities for two realizations of
perturbation. (Lower panel) Smoothed mode intensities computed for four
realizations of perturbation (thin solid lines) and prediction of Eq. (46)
(heavy dashed line). The smoothing scale u=4.

Ylt.r ) = f 4, (0 (@ - Q) Ve (47)

where a,,(r,{)") are mode amplitudes of the wave field sat-
isfying the parabolic equation (2) with an initial condition
(32), and

Q) ! ( s ) (48)
w = X -
\’/ZTAQ p 2A6

is a weighting function. This definition implies that the point
source emits sound pulse g(t):exp(—iQt—Aéﬁm, whose
bandwidth and duration we estimate as 80 =\27Aq and T,
=27/ 8Q=\2m/ A, respectively. It is assumed that the radi-
ated wave field is recorded on a long vertical array and at
each frequency is decomposed into a sum of normal
modes.”” Then the mode pulses are synthesized in accord
with Eq. (47). The argument () of function ¢, indicates the
central frequency of an emitted signal. Each mode pulse is a
wave packet spreading with range.

A. Arrival time of an instantaneous frequency

As in the case of monochromatic source, we will pro-
ceed from the ray-based representation of the mode ampli-
tude described in Sec. III B. Take a mode ray contributing to
the mth mode at a central frequency of emitted pulse (). Its
starting momentum—denote it by p,—satisfies the condition
(33) I(r,pg.z,) =10 It is natural to assume that there exists
a bundle of rays with starting momenta from a small interval
centered at p; which are mode rays for the mth mode at
frequencies close to (): for a ray escaping the source with
momentum p,+Jp, there exists frequency ()’ such that
I(r,po+6p.z)=1,q:. The contribution from this bundle to
the mode pulse is given by an integral
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S, (r,t) = f dQ'w(Q-Q")Q exp{li® - iQ't+iB} (49)

obtained by insertion of Eq. (34) into Eq. (47). At long
ranges, the phase ® rapidly varies with )" and the spreading
of the wave packet 8, (r,t) can be investigated using the
stationary phase technique. The stationary phase point is de-
termined by condition

t=9P/9Q)" . (50)

Frequency ()’ satisfying this equation is interpreted as an
instantaneous frequency of the wave packet at time 7. For a
given ', Eq. (50) predicts the arrival time of a constituent
of the mode pulse with this instantaneous frequency.

Since B does not depend on frequency, from Egs. (35)
and (27), we find

PO
ﬁzc—r[r+5(r,zmgr)]+tl + 15, (51)
where
1] aS(r, G(z,1 0Z,0
z,:—{ (r2) , ;260 )] — (52)
Cr &Z aZ Zzzmﬂ" 1=1/11Q’ aQ
and
o IG(Z,0r,1)
t=—| GZualwo) = lyor ———— .
Cr ol =1,
(53)

Term #; vanishes because, as it is shown in Refs. 9 and 11,
the quantity in square brackets in Eq. (52) is identically zero.
According to Egs. (7), (9), and (27), G(z,I) is a monotonic
function of I and G(Z,,q,1,,q) is always less than mT"c,/2,
where T’ =27/€)'. Therefore, typically, the magnitude of ¢,
is a few times less than m7'/2. We will see that this is
significantly less than the mode pulse length. Therefore, the
arrival time of a fragment of the wave packet &i,,(r,t) with
an instantaneous frequency ()’ can be estimated as

1
t(r, Q" m)=—[r+8(r,Z,0)]. (54)

r

We will call this quantity the arrival time of an instantaneous
frequency €)'. It is the travel time of a sound pulse through
the mode ray corresponding to given r, m, and ()'.

Two comments concerning this result are noteworthy.
First, a geometrical ray may be the mode ray for more than
one mode. This occurs if its action 7 at the observation range
satisfies the condition 1=l o =0, where m;#m, and
both €}, and ), belong to the frequency band of a radiated
signal. Second, generally at the observation range, there are
several rays with equal travel times and different actions. It
means that, typically, the instantaneous frequency of the
mode pulse cannot be defined: at any moment 7, the pulse is
a superposition of signals with different instantaneous fre-
quencies.
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B. Mode pulses in the presence of internal waves

At long ranges where the chaos is well developed, the
mode pulse is formed by many mode rays. We will sum up
their contributions incoherently. Our task will be to derive an
approximate analytical description of a smoothed mode pulse
defined as

1
Y, (r, Q1) = — fdt' (1, Q1) 2
(00 = = [l .)

t

_4\2
X exp{— —(tzAtz) } (55)

1

where A, is a smoothing scale. Substituting Eqs. (47) and
(48) into Eq. (55), we get

Y, (r,Q,1) = ) j dQ,dOsa,,(r,Q + Q,/2)
: Q-0))?
Xa,(r,Q - QZ/Z)eXp|:— i — (A—Zl)
Q
(1
‘E<W+Af2)95]~ (56)
Q

Once again we present the mode amplitude a,(r,()) as a
sum of contributions from mode rays expressed by Eq. (34).
An interval of integration over (), is of order max(AQ,At_l).
Assuming that this interval is small enough, we will use an
approximation

apn(r, Q2+ Qo/2)a’ (r, 0 = Qy/2)
~ 1
27T|(91(F,pQ,Z5)/‘9pO|p0

ROLONT Y (57)

=Poq,

where the symbol Poq, denotes the starting momentum of a
mode ray contributing to the mth mode at frequency (). The
action variable of this ray at the range of observation, ac-
cording to Eq. (27) (for short, we replace m—1/2 by m), is

I=mc, /€. (58)

Equation (57) is our main approximation. It implies that (i)
the mode pulse is a superposition of (practically indepen-
dent) pulses associated with bundles of mode rays described
in Sec. IV A and (ii) contributions from these pulses are
summed up incoherently.

Substituting Eq. (57) in Eq. (56) and integrating over (),
yield

1 dQ,
Qa3 PAN1/2 + AZA2) |al/ Polpy=poq,

[[—t(r,Ql,m)]z (Q—Ql)z
Xexp| — 5 ) - 5 .
202+ A A2

Y, (r, Q1) =

(59)

From Eq. (58), it follows that dQ);=—mc,I"?dI. Using this
relation, we can change the variable of integration in Eq.
(39) from Q, to p,. Then
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c,m dp
Y, (r,Q,1) = J
" Qm)PAaV1/2 + AZA2) F(r,po.z)

|: [t - t(’"’Po,Zs)]z
Xexp| — T2 a2
2A7 + Ay
[Q - mcr/l(r7p ’Zs)]z
- o 2 . (60)
Q

Equation (60) presents the smoothed mode pulse as an
integral over all paths escaping the point source. This inte-
gral has the form of Eq. (21) and therefore it can be approxi-
mately evaluated by means of Eq. (24). Making use of rela-
tion

1(r,po,z5) = 1Lp) + n(r) Y1), (61)
where
dw
v =280, (62)

that follows from Eq. (13) (277AN is approximated by y), we
find

c,m
Q) 2A\1/2 + ALA?

dpydxdn
—P 9 s I
(IO + x)2 X, 77(x 77 r)

X [ [t —11y) — ny)? (Q‘IMT)Z}
exp| — ;

207 + Ay A
where I, is the starting action of ray escaping the point
source with initial momentum p,.
To simplify this expression, consider function
Q- mc,/I)z}
2
Ap

Y, (r, Q1) =

(63)

V() = exp[— (64)

and expand its argument in powers about the point I=1,,q
=mc,/ (). This yields

2 2
m?c 2 2c

W(I) = exp{— 7 Ar2 AP+ 34 O(AI4)} (65)
mQ=Q

2
mQ A

where AI=[-1,q. If only the first term in the argument of
the exponential is retained, then W(/) is of order unity for
|All=AI,, where AIL‘,zllznﬂAQ/(mc,)=mc,AQ/Qz. Substi-
tuting A/, for Al into the second term in the exponential, we
conclude that for our narrowband pulses satisfying the con-
dition A <) this term is small compared to unity and there-
fore it can be neglected. The same is true of all terms of
higher order. Therefore, we can retain only the first term in
the argument of the exponential in Eq. (65).

A further simplification of W(I) is possible if AF,
< \yBr Then an effective interval of integration over x in Eq.
(63) is small compared with the corresponding scale of func-
tion P, ,(x,7,r), and W(I) can be approximated by delta-
function
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FIG. 3. The smoothed mode pulses at 3000 km for m=11, 21, 31, and 41.
Parabolic equation based simulations (thin solid lines) are compared to pre-
dictions of Egs. (60) (dashed lines) and (68) (heavy solid lines).

o
000

V() = SUI—-1,0). (66)

In this approximation, Eq. (63) reduces to

Ym(r’Q’t) f d _I ) ar)
21 + 20202 oA n = Tor 7
t—11,) — ny]?
Xexp| — —[ (20) _7]27] . (67)
2A7 + Ag

Substituting Eq. (18) and evaluating a Gaussian integral over
7 yield

1 dpo
Y, (r, 1) = f
Q)3 2Ag\Br) V202 + AZ + BryA(1,)/6
Lyo — I)?
Xexp[— M}
2Br

Xexp{—

Since Eq. (68) is derived using Eq. (18) at frequencies of
about 75 Hz it is valid [like Eq. (46)] only for m>17.

Thus, we have two approximate formulas for the
smoothed mode pulse given by Egs. (60) and (68). Equation
(60) expresses Y,,(r,€,1) through solutions of the ray equa-
tions (ray paths) and it depends on a particular realization of
perturbation. In contrast, Eq. (68) is an analytical estimate
independent of a particular realization of &c. In Fig. 3, pre-
dictions of Egs. (60) and (68) are compared to results of
simulations performed by solving (numerically) the para-
bolic equation (2). A point source has been set at the sound
channel axis z=z,. The simulations have a center frequency
of 75 Hz, and a smoothing scale A,=0.1 s. The envelope of
an emitted signal is determined by Eq. (48) with Aq/(2m)
=2 Hz. The effective bandwidth of the emitted pulse is
about 5 Hz. Smoothed mode pulses for m=11, 21, 31, and 41

[t =) — Yo (Lo — 10)/2]
A7+ AG + Y(Ip)Br6 |’
(68)
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at the observation range 3000 km are shown by thin solid
lines. In order to apply Eq. (60) we have traced numerically
50 000 rays leaving the point source with initial momenta p,,
uniformly filling an interval corresponding to launch angles
*+14°. Replacing the integral over p in Eq. (60) with a sum
over the computed ray paths yields pulses shown in Fig. 3 by
dashed lines. Predictions of Eq. (68) in Fig. 3 are presented
by thick solid lines. It is seen that both our approximate
formulas are too rough and cannot give a detailed description
of the smoothed mode pulse. Nevertheless, they are able to
predict the spread of the pulse and its bias caused by the
random perturbation. In Sec. IV C, we will consider this is-
sue.

C. Bias and spread of a mode pulse

Introduce symbol (...),,o which denotes the averaging
over the smoothed mode pulse:

@(O)no = f dtg()Y,,(r,Q,1) / f dry,(r.Q,1.  (69)

Our task is to estimate the bias of the mean travel time of the
mth mode pulse relative 7(1,,), arrival time of this pulse in
the unperturbed waveguide,

5th = <t - Z_(Imﬂ»mﬂ = <t>mﬂ - t_(lmQ) s (70)
and the spread 7, defined as
T = [t = {Lu0) Pl = (o = PL0) - (71)

The quantities (f),,o and (r*),,, can be evaluated in two
ways: using Eq. (60) or Eq. (68).
Ray tracing. From Eq. (60), we find

dp,
Dma= | 5———1(r.po:z,
<>mﬂ f]z(r,po,zs) (l” Po Z)
Q —me,/I(r,pg.z,) T
Xexp{—[ ettt }/Em,g (72)
AQ

and

dp _
(Y0 = j L [A(r,po.z,) + A? + AG/2]

Iz(r’p07zs)
{ (Q—mc,/l((r,Po,Zs)))z] / g
Xexp| — A2 EonQs
Q
(73)
where
— f dpy { m—mc,/ﬂ(r,po,zoq
:m = cX - .
0 Iz(r,po,Zs) P A?)

(74)

Equations (72)—(74) allow one to calculate the bias and
spread of the mode pulse on the basis of numerical ray trac-
ing.

Analytical estimates. They follow from Eq. (68) as
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<t>mQ:fdp0[?(10) + YLo) (I, = 1p)r/2]

2
Xexp{—%]/&n (75)

(P = f dp{[T) + VL) (I, = I)r/2 > + A} + Ag}/2

2
+y2(10>Br3/12}exp{— M} / K,, (76)

and

2Br

where
(Im_IO)2
K,=|d - . 77
m f Po eXp|: 2By ( )

Simplified analytical estimates. In order to simplify Eqgs.
(75) and (76), we first change the integration variable from
Do to 1. Then dp, is replaced by g(1,)dl,, where

_dp
gl =", " (78)

Due to the exponential present in Egs. (75)—(77), the main
contributions to these integral_s come from /;, located within a
small interval of order VBr centered at /,. Equations
(75)—(77) can be simplified if variations in ¢(I,) and (1) at
this interval are negligible, that is, if

NBrq'(Io)qUy)| < 1. NBry I)iAlp) <1, (79)
then we get a simple expression for K,,,

(ImQ - 10)2 |
Km = dIOq(IO)eXp - 2Br = \IZWBrQ(ImQ)'
(80)

From Egs. (70) and (75), it follows

Otypo = f dlyq(Lp)[1(1y) + v(Io) L, — I0)r12 = 1(1,,0)]

2
Xexp[— %}/Kmﬂ. (81)

Using the condition (79), we may expand the pre-exponential
term in the above integral in a power series about /,,. From
expansions

1UUo) + S A1) Iy = I0) = (L) + S W Luc) AL+ O(AF)
(82)
and
qlo) =q(l,,0) + q' (L,0) AT+ O(AP), (83)
where Al=1,—1,,, and neglecting terms O(AP®), we get

_q' )Y1,)B ,
;

T 2401, (84)
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FIG. 4. Biases (upper row of plots) and spreads (lower
row) of mode pulses at 3000 km. Heavy solid lines

present analytical predictions for the bias [(a) and (b)]
and spread [(c) and (d)] at 75 Hz. Heavy dashed line
shows simplified analytical estimates for the same

quantities. Thin solid lines graph frequency averaged
biases, ot,, and spreads, 7,, obtained by parabolic
equation simulation [(a) and (c)] and predicted on the
basis of a numerical ray tracing [(b) and (d)] for four
realizations of perturbation.

Now we turn our attention to the pulse spread. We sub-
stitute Eq. (82) into Eq. (76), change the integration variable
to Iy, and approximately replace ¢(I;) and y(I,) by q(I,,0)
and y(I,,q), respectively. This yields

_ YZ(ImQ)Br3
(Vo =PL0) + A7 + AG2 + D (85)
Correspondingly,
1,0)Br
a=A2+AF2 + —3,2( no) Br ) (86)

Due to restrictions imposed by the condition (79), the esti-
mates (84) and (86) in our environmental model at the fre-
quency of 75 Hz can be used only for modes with m > 14.
Note also that at the range 3000 km, the last term in the right
hand side of Eq. (86) strongly dominates. Therefore, this
equation can be further simplified to

112,312
L (87)
V3

In a slightly different way, this result was derived in Refs. 11
and 21. An alternative derivation was given in Ref. 22.

Numerical example. To check the applicability of the
above results, we have performed the parabolic equation
simulation of 100 sound pulses with equal envelope func-
tions w({)) but different central frequencies uniformly filling
an interval of 66—84 Hz. The bandwidth of each pulse is
determined by the same constant Ag/(27)=2 Hz as in Fig.
3. This simulation has been performed for four realizations
of perturbation dc. Then we have evaluated the biases, ot,,q,
and spreads, 7,,q, at the range 3000 km for m=1,...,50, and
for 100 values of €} corresponding to the above central fre-
quencies. We will call the values of t,,  and 7, o averaged
over the 100 frequencies the frequency averaged bias and
spread and denote by of,, and 7, respectively.

The estimates of &t,,q and 7, for the same m and ()
have been obtained on the basis of ray tracing. In each of the
four realizations of our random waveguide, 50 000 rays with
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the same starting parameters as indicated in Sec. IV B have
been traced numerically. Then estimates of o,,, 7,0, O,
and 7,, have been calculated using Egs. (70)—(74).

Thin solid lines in Figs. 4(a) and 4(b) show the fre-
quency averaged bias ot,, obtained using the parabolic equa-
tion simulation and numerical ray tracing, respectively, for
four realizations of dc. A heavy solid line, the same in both
plots, depicts an analytical estimates of of,,q at a frequency
of 75 Hz predicted by Egs. (70), (75), and (77). The simpli-
fied analytical estimate (84) at 75 Hz is shown by a heavy
dashed line. Figures 4(c) and 4(d) present similar results for
the spread. A heavy solid line is an analytical estimate of 7,
at 75 Hz given by Egs. (71) and (75)—(77). A heavy dashed
line is a simplified analytical estimate given by Eq. (87).

In Fig. 5, we see the same dependencies as in Fig. 4 but
the thin solid lines present not only frequency averaged re-
sults but also results obtained for a single frequency of 75
Hz.

The agreement between simulations and theory based
estimates is seen to be good for the spread. It is somewhat
surprising that in spite of the restriction indicated after Eq.
(68) the analytical estimate based on Egs. (70), (75), and (77)
are valid not only for the high modes. The predictions of bias
are less accurate. They can be considered only as order-of-
magnitude estimates.

V. CONCLUSION

In the present paper, we discuss a simple analytical ap-
proach that allows one to derive rough estimates character-
izing the modal structure of the sound field. In the scope of
our approach, the mode amplitude is given by a sum of terms
(34) representing contributions from individual mode rays.
Thus, we have an analog of the geometrical optics for modes
with mode rays playing the role of eigenrays.‘s_9

From the viewpoint of stochastic ray theory derived in
Refs. 10-12 and 18, and shortly described in Sec. II D, an
incoherent summation of chaotic mode rays can be treated as
statistical averaging. Moreover, it may be expected that at
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FIG. 5. The same as in Fig. 4 but thin solid lines in all
plots present not frequency averaged biases, of,,, and
spreads, 7,,, but values of &t,,q and 7,,o computed for

Tm,Q’S

Q/(2m=75 Hz

long ranges the result of this averaging weakly depends on a
particular realization of the random perturbation. This expec-
tation is suggested by the law of large numbers: contribu-
tions from mode rays are considered as independent random
variables with more or less similar PDFs. In Sec. III C, we
have derived an approximate analytical expression for a
smoothed mode intensity. The smoothing over mode number
m increases the number of mode rays to be summed up. The
larger the smoothing scale u, the better are satisfied the ap-
plicability conditions of the law of large numbers. This con-
jecture is supported by results presented in Fig. 2. The
smoothed mode intensity depends much less on a particular
realization of random perturbation than intensities of indi-
vidual modes.

The travel time of a mode ray corresponding to the
given pair (m,(}) is interpreted as an arrival time of a frag-
ment of the mth mode pulse with an instantaneous frequency
Q). At a megameter range in a fluctuating ocean, there may be
a lot of rays with equal travel times corresponding to pairs
(m, Q) with the same m and different ). Therefore, the mode
pulse at each moment is formed by contributions from a
large number of mode rays. As in the case of a monochro-
matic source, we sum up their contributions incoherently
and, once again, replace summation by statistical averaging.

We have derived formulas of two types for the spread
and bias of the mode pulse caused by internal waves. Equa-
tions (70)—(74) express these quantities through integrals
over ray paths escaping the source. In order to exploit these
results, one should perform numerical ray tracing. In con-
trast, Egs. (75)—(77) give analytical estimates that do not
depend on a particular realization of perturbation. For high
modes, the analytical estimates may be further simplified
yielding Egs. (84) and (87). These equations show the same
range dependencies of bias and spread as those observed in
numerical simulations presented in Ref. 20. Note that while
the ray-based predictions of spread are in a reasonable agree-
ment with results of the parabolic equation simulations, the
predictions of bias give only order-of-magnitude estimates.
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A major limitation of our approach is an insufficient
understanding of its applicability conditions. This is a com-
mon problem for practically all ray-based approaches. But in
our case an additional difficulty arises due to the conjecture
that the averaging over ray starting parameters may be re-
placed by the statistical averaging. Obviously, this may be
done only when evaluating smoothed characteristics of the
wave field. However, the question of selecting proper
smoothing scales remains open and requires a further inves-
tigation. The smoothing scales used in our calculations (u,
A,, and A() have been selected empirically.
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This paper presents a computational technique using the boundary element method for prediction of
radiated acoustic waves from axisymmetric surfaces with nonaxisymmetric boundary conditions.
The aim is to predict the far-field behavior of underwater acoustic transducers based on their
measured behavior in the near-field. The technique is valid for all wavenumbers and uses a volume
integral method to calculate the singular integrals required by the boundary element formulation.
The technique has been implemented on a distributed computing system to take advantage of its
parallel nature, which has led to significant reductions in the time required to generate results.
Measurement data generated by a pair of free-flooding underwater acoustic transducers
encapsulated in a polyurethane polymer have been used to validate the technique against
experiment. The dimensions of the outer surface of the transducers (including the polymer coating)
were an outer diameter of 98 mm with an 18 mm wall thickness and a length of 92 mm. The
transducers were mounted coaxially, giving an overall length of 185 mm. The cylinders had

resonance frequencies at 13.9 and 27.5 kHz, and the data were gathered at these frequencies.
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I. INTRODUCTION

The work described in this paper uses boundary element
methods to predict the far-field response from discrete
samples of the complex near-field acoustic pressure mea-
sured on cylindrical surfaces. The aim of the work has been
to develop a methodology that can be applied to real mea-
surement data gathered from underwater acoustic transducers
with a minimum of preprocessing. This paper focuses on the
numerical technique used to evaluate the integrals that result
from reformulating the problem as a two-dimensional axi-
symmetric problem, explains the implementation of the
methodology on a distributed computing system, and pre-
sents some results that have been generated using measured
data. Many of the details of the measurement procedure and
the numerical approach are not described in detail in this
paper. More extensive descriptions of these aspects can be
found in Refs. 1-4.

The generation and detection of acoustic fields in water
are typically undertaken using electroacoustic transducers,
either deployed individually or in arrays. Such devices are
most often characterized in terms of absolute sensitivity lev-

YE]ectronic mail: louise.wright@npl.co.uk
YURL: www.npl.co.uk/ssfm
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els (which is important since source level and receive sensi-
tivity are often used to determine range or detection limits)
and device directivity (which is important for beam forming
and for ambient noise rejection).5

Measurement of the transmit and receive sensitivity of
transducers and arrays may be carried out in a variety of
types of facility, for example, laboratory tanks or open-water
sites. At NPL, such facilities include laboratory tanks, the
largest of which is a cylindrical wooden tank of 5.5 m diam-
eter and 5 m depth; an open-water facility located on a res-
ervoir with 20 m water depth; and an acoustic pressure ves-
sel, which can simulate ocean conditions for depths of up to
700 m and water temperatures from 2 to 35 °C.

The sensitivities and directional response are usually re-
quired to be determined in the acoustic far-field. However, if
the array or transducer is physically large when measured in
acoustic wavelengths (i.e., the value of ka is high, where k is
the wavenumber and a is the largest physical dimension), it
may be impossible for far-field conditions to be achieved in a
facility of finite size while maintaining a free-field environ-
ment and preserving steady state conditions. An open-water
facility will, in general, enable a greater source-receiver
separation to be used, but such facilities have the disadvan-
tage that there is little or no control of environmental condi-
tions, and, in any case, even an open-water facility will place
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FIG. 1. Sketch showing the arrangement and relative motion of transducer
(sound source) and hydrophone (receiver) during the measurement process.

some limit on the maximum separation achievable. Making
measurements at sea is extremely expensive (often an order
of magnitude more expensive than any tank or open-water
measurements), provides no environmental control, and is
usually reserved for evaluation of full system performance.
There is consequently a strong motivation to maximize the
range of acoustic testing possible in laboratory tanks.®

An approach to overcome the restrictions posed by
finite-sized laboratory tanks is to undertake measurements in
the acoustic near-field and then predict the acoustic far-field
response from the near-field data.”® Several general ap-
proaches to calibration in the near-field have been reported in
the literature, including the use of Fourier acoustic methods,’
the use of near-field calibration arrays,lo’” and an approach
that solves the integral form of the Helmholtz equation by
the use of boundary element methods.'>'* The latter ap-
proach has been adopted in this paper.

Section II describes the measurement process used to
collect the data for validation of the numerical technique.
Section III outlines the initial problem formulation and iden-
tifies some difficulties associated with the solution of the
problem in its simplest form. Section IV explains a reformu-
lation of the problem that avoids some of the difficulties and
describes how the application of distributed computing can
improve the efficiency of the solution of the reformulated
problem. Section V gives details of methods of evaluation
for some of the singular integrals required for the solution of
the problem. Section VI describes the validation procedure
for the computation, shows some calculated results, and
compares them with measured data. Finally, Sec. VII sum-
marizes the paper and presents the conclusions drawn from
the work.

Il. DETAILS OF THE MEASUREMENT PROCESS

Measurements of acoustic pressure amplitude and phase
are gathered in water on open-ended cylindrical surfaces
within NPL’s largest open tank. The axes of the source trans-
ducer and the receiving hydrophone are fixed parallel a set
distance apart, as shown in Fig. 1. This distance is the radius
of the cylinder. For each scan line, the vertical distance be-
tween the transducer and the hydrophone is fixed, and data
are gathered as the transducer is slowly rotated incremen-
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FIG. 2. (Color online) Two typical sets of pressure amplitude data from a
transducer configuration with a reflecting plate, as described in Sec. VI A.
(a) was measured at a frequency of 13.9 kHz, and (b) was measured at
27.5 kHz. The data were gathered on cylinders that are shown unwrapped in
this figure. Both cylinder radii were 0.338 m, and scan lines were made
between —0.49 and 0.49 m, where the transducer is at depth 0 m.

tally, so that the hydrophone measures the pressure field at
set angles around a circle at a height relative to the trans-
ducer. Measurements are made along arcs at different
heights, with the transducer both above and below the hydro-
phone, and a cylindrical surface scan similar to that shown in
Fig. 2 is assembled from the scan lines.

Table I shows the separations between near-field mea-
surements in the vertical and azimuthal directions for the two
frequencies considered in this paper. Sound speed throughout
is taken to be 1477 ms~!. The measurements made on these
surfaces are used as input data for the computational tech-

TABLE I. Summary of the measurement surfaces for the near-field mea-
surements.

Frequency (kHz) 13.9 27.5
Wavelength (mm) 106 53.7
Cylinder radius (m) 0.338 0.338
Total cylinder height (m) 0.98 0.98
Vertical separation 10 5
between scan lines (mm)

Angular separation 2 1
between scan points (deg)

Angular separation 12 6

between scan points (mm)
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nique for calculating far-field behavior. The table shows that
measurements were taken approximately every A/10. The
same hydrophone and measurement system were used for all
measurements, and gain settings were not altered between
near-field and far-field scans. However, all amplitude data
presented in this paper are in units of volts rather than pas-
cals (described in the plots as “scaled pressure amplitude”).
Therefore, the data shown represent a scaled version of the
acoustic pressure amplitudes, the scaling factor being the
sensitivity of the hydrophone and preamplifier. Notwith-
standing the common scaling factor, the results allow com-
parison to be made of the absolute amplitudes of the mea-
sured and computed far-field acoustic pressures.

lil. INITIAL PROBLEM FORMULATION

Small amplitude time-harmonic acoustic waves of con-
stant frequency f (and corresponding wavenumber k) in ho-
mogeneous media can be described using the boundary inte-
gral formulation of the Helmholtz wave equation1

| o@D ) s ) = ot
s ng an,

(1)

where S is a closed surface, e(p)=1 if p lies inside S in the
internal domain D, s(p):% if p lieson S, and e(p)=0 if p is
outside of S, in the external domain E, and

ikr

Gi(p;q) = 2 (2)

where

-6,)+(z,—2,)°
(3)

and the coordinates of point p in a cylindrical polar system
are {p,, 0,,2,}. Since the value of ¢ on the closed surface S is
known from measurement, in theory de/ dn, can be deter-
mined for p € S from Eq. (1) and can be used to calculate ¢
for points in D and E. For an arbitrary surface S, this equa-
tion must be solved numerically. The formulation of Eq. (1)
does not have a unique solution for p € S for all values of k.
If k is such that there is a nontrivial solution to the related
homogeneous problem,

Vio+ke=0, peD, (4)

r=Ip-dq| = V(o> + p2 —2p,p, cos(6,

¢(p)=0, peS, (5)

then the solution to Eq. (1) is nonunique. These critical val-
ues of k are not known analytically for an arbitrary surface.
In addition, the numerical solution to Eq. (1) becomes ill
conditioned for values of k close to the critical values. As
frequency increases, the critical values become more dense
amongst the real numbers, independent of the shape of S, and
solving Eq. (1) becomes more difficult.

A number of methods have been used to get around the
problems described above, for example, the so-called com-
bined Helmholtz integral equation formulation method, '+
but for the work described here we have used the Burton—
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Miller method.' This method reformulates the problem as a
linear combination of Eq. (1) for p € S and its derivative with
respect to the normal at p, giving

[(‘ %1+Mk+ MNk><P] (p)

_ 1 )| 9%
—|:<Lk+:“<21+Mk>)anq:|(p), pes, (6)
where
[(L)fl(p) = f AQGp;q)dS,(q), (7)
S
mamm>J}m>kqu&mx (8)
‘1
[MWmfm>“®mm ©)
P
[mwmjﬁm pmm@, (10)

and w is a constant chosen to give good conditioning [gen-
erally w~i/(1+k)]. Equation (6) can be solved numerically
using the boundary element method. This method approxi-
mates the surface S with a set of disjoint elements S;, j
=1,2,...,n, called the mesh, such that the elements form a
closed surface approximation to the surface S, and approxi-
mates ¢ and its derivative as

J
@(Q):vﬁ qESi’ (11)

o(q)=p;,

where the values of p; and v; are constant within each ele-
ment. More complicated formulations for the dependence of
¢(q) and de(q)/dn, on position within the element S; are
possible, but constant values within each element have been
chosen in order to simplify the calculations as much as pos-
sible. The elements are designed such that the points at
which measurements were made, the points p,, lie at the
center of the elements. Either p;, v;, or some linear combina-
tion of the two is known (from measurement, assumption, or
other expert knowledge) for each value of i. Then Eq. (6) can
be written as

. 1
2 Pj(‘ 5“‘ M+ MNk,j> (p)
j=1

: 1
= 2 vj<Lk,j + /.L<51+ Mlz]))(pl),

j=1
piESi’ i=1,2,...,n, (12)
where
(Ly.))(p) = J Gi(p;q)dS,(q), (13)
5
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(M)(p) = f Gi(p: “)dsq<q>, (14)
M )(p) = f Gulp; q)dsqm), (15)
(Ne)(p) = f Gilp: “)dsq<q>. (16)

This formulation of the problem leads to an n X n matrix of
equations of the form A,v,=B;p; (i=1,2,...,n, j
=1,2,...,n), where the pj are known from measurement,
and the A and B;; are calculated from L » My, ML K & and
Ny Unlike the ﬁmte element formulation of the problem,
the matrices A and B are not sparse, so for a general surface
the algorithm used for the solution of the problem cannot
take advantage of a special matrix structure to speed-up cal-
culation.

The boundary element methodology can be applied to
the external problem to obtain

2 pi(M)(P) = v)(Ly,)(P) = ¢(p),

J=1

pek, (17)

which can be used to calculate acoustic pressures in the far-
field.

In general it is necessary to choose the §; such that the
maximum dimension of each element is less than 1/6 of the
wavelength of the acoustic wave. This choice ensures that
the pressure distribution is described adequately by the
boundary conditions. For a fully three-dimensional problem
and a high frequency, this requirement leads to very large
values of n and hence very large matrices for the numerical
computation. Problems of this type rapidly become very ex-
pensive in terms of computation time and memory storage,
making calculations on a desktop PC impractical. An alter-
native formulation is described in Sec. IV that avoids this
issue by rewriting equation Eq. (6) as a set of independent
two-dimensional problems.

Another difficulty with the numerical calculation is that
if p=q, then the integrals used in the calculation of L, ; and
N j become singular, and so numerical calculations become
problematic as p—q. This is true of the reformulation de-
scribed in Sec. IV as well as the form in Eq. (12). Section V
describes the approach taken to avoid this singularity and
make the calculation possible.

IV. REFORMULATION

As has been shown by other authors, 2121721 significant

savings in computation time and complexity can be achieved
by reducing the full three-dimensional problem to an axi-
symmetric two-dimensional problem. Since the measurement
data used in this work are gathered on a cylinder, such an
approach is possible here. The reduction is achieved by writ-
ing the measurement data as a Fourier series in terms of the
azimuthal cylindrical polar coordinate,
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oo

> (a,(p.2)sin(m6) + b, (p,z)cos(md)), (18)

m=0

p(p.6,z) =

where the cylindrical polar coordinates of a point are

(p,6.2).
It can be shown
or b,(p,z), then ¢, satisfies

Gi(p:q) ()

A)—————
LC 1 ang ng

2121721 that if ¢, is one of the a,,(p,z)

Gm(,q) di(q) = &(p)c,(p),

(19)

where the axisymmetric surface S is generated by rotating
the curve { about the z axis, and

w
G;”(pp,zp;pq,zq)=f cos(ma)Gy(p,,0,2,5p, @, 2,)da.
-

(20)

In practice the sum of Eq. (18) is truncated after N
terms. N is chosen such that the Fourier series is a suffi-
ciently good representation of the input data and is ultimately
limited by the number of discrete azimuthal points at which
the measurements were made (although in general N can be
significantly smaller than this limit and still be a good ap-
proximation to the input data). The similarity of Eq. (19) to a
two-dimensional form of Eq. (1) means that the boundary
element method with the Burton—Miller approach can be
adopted. Each boundary element is now an axisymmetric
surface, flat in the (p,z) plane, rather than a general flat
surface in three-dimensional space, so that the element now
has a center line p;=(p;,0=< §<2,z;) rather than a unique
center point. Writing

o

P(pjr0,2)) = 2 (ay, ; sin(m6) + b, ; cos(mb)), (21)
m=0
v(p;0.2) = > (d,, sin(m6) + e, ; cos(m@)) (22)
m=0
and letting
A js m=1,...,N—1
ij = (23)
; bm—N,j’ m=N,...,2N—1,
dm,j’ m=1,...,N—l (24)
Fni= emnys M=N, ... 2N-1,

for all values of j, the equivalents to Egs. (12)—(16) are
Ecm]< I+MZIJ+/'LNZ1J>(pi)

- 1

= Efm,j(Lij*‘ ,U«(EI"' MZ;))(PI‘)’ p; €S,
j=1

m=1,2, ...

i=1,2,....n, 2N-1, (25)
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(L) (p) = f G{(p:q)dS,(q), (26)
S.
'“(p Q)
(MT)(p) = f (p “)ds< ), (28)
G;(p:q)
(N7')(p) = —dsq(q>. (29)

A similarly formulated version of Eq. (17) can be used
to calculate each of the components of the Fourier series in
the external domain, and the pressure value can be obtained
by summing as in Eq. (18). Note that the equations above are
a set of 2N—1 independent two-dimensional equations, and
so the numerical solution of these equations will require the
solution of 2N—1 matrix problems of the type outlined in
Sec. III. Since each problem is two dimensional, the number
of elements needed is smaller, and hence the memory and
storage problems mentioned in Sec. IIl are less likely to
arise.

The remarks made in Sec. III regarding the singularity
of the integrals L; ; and Ny ; are also true of the integrals Lj;
and N;;. The numerical evaluation of these integrals will be
addressed in Sec. V.

A. Distributed computation

As the sophistication of mathematical models increases,
so does their computational complexity. This increase in
complexity leads to a requirement for increased computing
power. In recent years the concept of distributed (or parallel)
computing, where multiple processors carry out different
parts of a computational task, has become increasingly popu-
lar as a way of getting the necessary computing power. Since
many organizations have a large number of desktop PCs
whose processors are not used to their maximum capacity at
all times (for instance, most PCs are not used overnight),
interest has grown in exploiting this spare processor capacity
for distributed computing applications.

The speed at which a distributed computation can be
carried out depends on two main factors: the speed of the
individual processors and the amount of intercommunication
required between the processors. Intercommunication slows
the computation down since transferring large amounts of
data takes time, and sometimes a fast computer will have to
wait for the results from a slower one. Intercommunication
can cause usability problems if the network used is not solely
dedicated to the communication. Many common modeling
tasks, in particular the solution of very large sets of linear
equations, require intercommunication between different
processors. Another class of tasks, called “ludicrously paral-
lel” processes, does not require any intercommunication:
each part of the computation is independent of the other
parts. Common examples of applications that can be imple-
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mented as ludicrously parallel processes include Monte
Carlo simulation, image analysis, database and text search-
ing, and data mining.

The formulation of the problem given in Eq. (25) is a
Iudicrously parallel formulation because each of the compo-
nents in Eq. (18) is propagated independently of the others,
and so the calculations using each component can be carried
out in parallel. This parallel computation can result in a re-
duction in computation time by a factor of 2N—1.

A distributed computing system has been installed at
NPL that uses the spare capacity of 200 desktop PCs to carry
out computationally expensive calculations.”” In order to
avoid network problems for other users, attention has largely
been restricted to ludicrously parallel processes. The system
has been successfully used to solve problems involving elec-
tron transport in quantum dots, adiabatic energy transfer in
cesium atoms, sensitivity analysis of finite element models,
and Monte Carlo calculations for ionizing radiation applica-
tions.

The software implementation of the method outlined in
this paper has been designed to run on the NPL distributed
computing system, and the results presented in Sec. VI were
all generated on the system. The most extensive calculation,
using N=179, took 7 h 20 min to carry out 359 calculations,
each of which would normally take around 2.75 h to com-
plete. This reduced the overall computational time from
nearly 6 weeks by a factor of about 140, making calculations
with measurement data tractable.

V. NUMERICAL INTEGRATION

This section addresses the numerical evaluation of the
integrals Lj; and N}'; as p—q for two-dimensional ax1sym-
metric elements. It adopts the approach outlined by Klrkup
for axisymmetric problems but adapts his methodology to
account for the new form of the Green’s function G}

From Egs. (2) and (3), G, is a function of cos(6,—6,),
and since the normal to an axisymmetric surface has no 6
component, the derivatives of Gy with respect to n, and n,
are also functions of cos(6,- 6,). In the evaluation of G}, the
limits of integration with respect to 6, are — and 7. Hence
for a fixed value of t9p, a periodic function of Gp— 0q is inte-
grated over one full cycle, and so the value of 6, is arbitrary
and can be set to zero [as has been done in Eq. (20)]. As
shown in Ref. 3, the quantities

Gi(p:q) - Go(p:q) (30)
and

PGy #G, K

&np&nq(p,q) perey % (p;q) - Go(P q) (31)

are bounded as p— q. Hence, from Egs. (26) and (29), the
integrals can be written as

Li(p) =Ly, (p) + f T\(p:q)dSi(q), (32)
5

where
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T, =(Gi(p;q) - Go(p;q))cos(mb,), (33)
and
k2
N{(p) = Noj(p)+ ~Lou(p)+ f T,(p;q)dS;(q), (34)
5
where
#G, <92
T2=c05(m0q)< n (p q) - Go (p q)
P P
k2
- EGo(p;Q)), (35)

and the terms 7} and 7T, are regular as p—q and can be
evaluated using standard surface quadrature techniques.
Hence the remalmng challenge is to evaluate Lo and Nf)”

Ly T !"as p— q. This is a sufficiently mlld singularity
that the integral can be evaluated using standard quadrature
techniques, provided the situation p=q is avoided. The
implementation at NPL splits the element S; along the line
p=pp, 0<0<2m, 7=z, and evaluates the two halves of the
integral separately using quadrature rules that avoid the di-
viding line.

Ny fine r~3 as p— q, which is too severe a singularity for
regular quadrature. Instead, the surface integral is reformu-
lated as the sum of two regular surface integrals and a regu-
lar volume integral.3 Consider a closed surface S, that en-
closes a volume Vies

J a—GO(p;q)cos(mﬂq)dS,c(q)
N

e an,

= J (cos(mb,) V Go(p:q)) - n,dS;.(q) (36)
Sie

= f V - (cos(m6,) V Go(p:q))dV;(q), (37)
Vie

by the divergence theorem. Furthermore,

[ v (costmoy v Gutpanav,a)
v

Jjc

= J V (cos(mb,)) - VGo(p;q)dV,.(q)
%

Jje

+ f (cos(m8,)V>Go(p:q))dV;.(q). (38)

Vie

G is defined as the solution to
V2Go(piq) =

and so

(39)

(cos(mB,)V>Gy(p:q))dV,.(q) = - cos(m#,) = — 1
Vie

(40)

because ¢, has been set to 0. Considering the first term on
the right-hand side of Eq. (38),
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V(cos(m,)) = {o,pﬂ sin(mﬁq),O}, (41)

q

VG, (piq) = —{ 2 Lor or (42)
olP> )= 4qrr? 6pq’pq a0 ’&Zq ’
and so
-m sm(mﬁz) ar
V(cos(m6,)) - VGy(p;q) = 2 2 : (43)
4mrip, 96,

Now consider the derivative of Eq. (38) with respect to n,.
Substituting Egs. (40) and (43) into Eq. (38) gives

J [ G,
st. %(p;q)COS(mﬁq)dec(q)
-m sm(m¢9 ) or
- Zqv,,
4rr? pq a0,

6,) o
f msm(m ) o

je*
471'r &Hq

(44)

This integrand is regular strictly inside the volume V;. for
p,=>0 and is sufficiently well behaved as p— q that it can be
evaluated for points close to (but not lying on) the bounding
surface S;.. Since dr/d6,~ p,/r, the singularity at p,=0 is
sufficiently weak that it can be avoided with a suitable
choice of quadrature rule. If S;. is made up of the boundary
element §;, on which Ngf ; is singular, and S and S, which
are two surfaces chosen to close the volume V;. on which the
integral Eq. (38) is regular, then

a0 [ G,
Ny,;= 5 f %(p ;q)cos(m8,)dS(q)

J —msin(m8,) or
—dV;
p V

47Trpq a0, I

J G
- f —(p:a)cos(m0,)ds; (a)
Py S “tq
- o piqeosmodspl.  @3)
an,, Sp dn,

The implementation of this calculation at NPL uses constant
collocation elements, so that all elements are flat. §;; and S,
are chosen to be right-angled cones that close the volume
partially defined by the element since the surface integrals
are easily evaluated on such surfaces and because cones of
this type create a closed volume with any flat element, no
matter how it is oriented. An example of this closure is
shown in Fig. 3.

All the terms on the right-hand side of Eq. (45) can be
calculated using standard quadrature methods. In our imple-
mentation, all linear integrals used the standard Gaussian
eight-point rule, and all integrals over a triangle used a
seven-point Gaussian quadrature rule over a standard
triangle.23 This expression makes calculations using Eq. (25)
numerically viable, and, as was stated previously, the paral-
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FIG. 3. Sketch showing a typical boundary element (flat annulus) and the
two right-angled cones used to generate a closed volume in conjunction with
the element in order to evaluate the singular integrals.

lelization of the calculation makes high-frequency calcula-
tions with a large number of elements possible within a rea-
sonable amount of time.

VI. RESULTS

This section presents some of the results that have been
obtained using the software. For all data sets, the maximum
possible number of Fourier coefficients has been used based
on the number of circumferential measurement points since
earlier computational problems led to attempts to minimize
all possible sources of error.

As has been described, the measurement data were gath-
ered on open-ended cylindrical surfaces. The boundary ele-
ment method requires a closed surface for calculations. All
the results presented here were generated using disks to close
the measurement surface, so that the closed surface was a
cylinder in all cases. The extra disks were populated with
data by decreasing the Fourier coefficient on the perimeter to
zero at the center of the disk linearly. Trials run using prob-
lems with known solutions showed that this method gave
good agreement.

Alternatives to this closure method were investigated,
including hemispherical closures and conical closures. The
investigations suggested that, provided the closure surfaces
were populated with data in a way that reflected the likely
behavior of the transducer, the closure surfaces had little ef-
fect on accuracy. Flat closures were chosen because they are
the closing surfaces with the smallest area and hence require
fewest elements to mesh them. Use of flat closure surfaces
minimizes the overall size of the matrix. Various methods of
populating the closure surfaces were tested. Besides tests us-
ing a linear decrease in amplitude, tests were run where all
pressure values on the closure surfaces were assumed to be
zero, and some tests were run using a Tukey window to
gradually decrease the pressure to zero on the line r=0. The
tests showed that the linear decrease gave the best results
both for model problems with known solutions and for mea-
surement data.

As an initial simple check, the software was tested by
simulating monopole and dipole sources at a range of fre-
quencies between 1 and 10 kHz. Agreement between the nu-
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merical solution and the analytic solution was excellent for
all tests. Further details of the results can be found in Ref. 4.
Once the software had passed the initial tests, it was applied
to measurement data.

A. Experimental configuration

The measurement data were generated from a pair of
free-flooding hollow cylindrical piezoelectric projectors. The
transducers used were a pair of EDO Western Corporation
model 249 free-flooding ring transducers. Each transducer
was 98 mm in outer diameter with an 18 mm wall thickness
and was 92 mm long. The transducers were mounted coaxi-
ally, giving an overall length of 185 mm, and were encapsu-
lated in a polyurethane polymer. All dimensions are of the
outer surface including the coating, rather than the dimen-
sions of the active elements. The cylinders had resonance
frequencies at both 13.9 and 27.5 kHz (where the transmit-
ting voltage response reached a local maximum).

The transducers were mounted in two different configu-
rations to provide two different sources and were driven to-
gether, in parallel, with a voltage of approximately 10 V.
Each configuration was operated at the two resonance fre-
quencies of the cylindrical projectors. For both configura-
tions and both frequencies, cylindrical measurement scans
were made over tall cylinders in the near-field for use as
input data, and at various radii and depths for validation data.

The first configuration mounted the transducers coaxi-
ally. With both transducers driven in phase, this provided
some directionality in the vertical orientation with a maxi-
mum output in the far-field produced in an orthogonal plane
passing through the midpoint of the source (the plane bisect-
ing the two transducers). In general this configuration re-
quired few Fourier components in the sum of Eq. (21) and
hence was not computationally challenging. Results for this
configuration are shown in Ref. 4, but in all cases the mea-
surements and calculated values showed good agreement,
and excellent agreement in the far-field.

To provide some directionality in the azimuthal direc-
tion, a reflector was positioned close to the pair of coaxially
mounted transducers to create sufficient interference between
the reflected and directly radiated fields to produce lobes in
the azimuth direction in the far-field response. The reflector
was made from a thin steel plate coated on the inner surface
with a 3 mm thick layer of closed-cell neoprene rubber. The
air-filled cavities within the neoprene ensured that a strong
reflection was obtained, producing significant interference
and well-defined lobes. Typical scans obtained from this con-
figuration are shown in Fig. 2. Use of the steel plate alone
did not provide a strong reflection for sound at 13.9 kHz
(where the wavelength is 53 mm). Only results created using
the second configuration are shown here because they are
computationally more challenging and hence of more inter-
est. Note that the measured values and calculated results us-
ing this configuration are not the same as those in Ref. 4
since concern about the integrity of the original data and
results led to measurement and calculations being repeated.
Measurements were made at frequencies of 13.9 and
27.5 kHz, and at each frequency cylindrical scans with radii
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TABLE II. Details of the frequencies, wavelengths, and boundary element
meshes used to calculate results and of the computational time and elapsed
time required to generated each set of results.

Frequency

(kHz) 13.9 13.9 27.5 27.5
Wavelength (mm) 106 106 53.7 53.7
Elements per wavelength 6 12 6 12
Element length (mm) 17.7 8.9 9.0 4.5
Value of N used 89 89 179 179
Total number of elements 139 189 275 374
Approximate total 42 74 561 1002
computational time (h)

Approximate elapsed time 2 3 6 7
for calculation (h)

Average computational time 14 24 93 167

per component (min)

of 0.338 and 3.5 m were made, with the scan depth varying
between —0.49 and 0.49 m in all cases. The transducers were
driven with long tone bursts, and the amplitude and phase of
the received signal were extracted from the steady state part
of the signal under effectively free-field conditions.

It is thought that a slight change in the rotational align-
ment occurred between the near and far-field measurements
at each frequency. The near-field and far-field scans were
gathered at different times, and the experimental setup was
dismantled between these times as the measurement tank
was required for other tasks. When the equipment was reas-
sembled, the only method available for the alignment of the
cylindrical array was manual adjustment based on visual
alignment. The uncertainty associated with this alignment
method during hydrophone calibration is usually *3°. The
hydrophone calibration procedure uses a marked pole and
custom-built mounts, whereas the array used in this work has
used an unmarked pole and a less snugly fitting mount, so it
is possible that the alignment procedure is more susceptible
to error in this case. The misalignment has not been cor-
rected for in the plots in this paper as there was no indepen-
dent way of determining the appropriate correction.

B. Typical computed results

As was stated above, the transducers were driven at fre-
quencies of 13.9 and 27.5 kHz with corresponding wave-
lengths of 106 and 54 mm, respectively. The mesh sizes,
number of frequencies, and number of elements are shown in
Table II. Two different mesh sizes were used for each fre-
quency. The mesh sizes correspond to A/12 and A/6, en-
abling the results to be checked for convergence. A generally
applied rule of thumb (see, for example, Foote and Francis>")
suggests that \/6 should give reasonably accurate results.
The results with /6 were virtually indistinguishable from
those with A/12, and so A/6 will be used in any subsequent
work.

Table II also shows the elapsed time and computational
time taken to obtain results for each of the jobs. The total
computational time for the 27.5 kHz data was approximately
23 days for the A/6 mesh and 42 days (6 weeks) for the
N/12 mesh, but the corresponding elapsed times were ap-
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FIG. 4. (Color online) Comparison of (a) measured and (b) calculated
acoustic pressure amplitudes at 13.9 kHz. Cylinder has a radius of 3.5 m
and depths between —0.49 and 0.49 m, where the transducer is at depth 0 m.

proximately 6 and 7 h, respectively. This shows the impor-
tance of distributed computing to this work. The speed-up
factors of the lower frequency jobs are less impressive be-
cause the two jobs were started simultaneously and thus had
to compete for computational resources. Despite this compe-
tition, the elapsed time of both jobs decreased by a factor of
more than 17.

In Figs. 4-9, the results plotted represent a comparison
of the absolute amplitudes of the acoustic fields. The ordinate
axes in Figs. 5, 6, 8, and 9 are labeled scaled pressure am-
plitude since the data have not been scaled for the sensitivity
of the hydrophone and preamplifier, the data shown being
equivalent to the received voltage amplitudes.

Figure 4 shows calculated and measured far-field acous-
tic pressure amplitudes at 13.9 kHz. The radius of the cylin-
ders is 3.5 m, the depths ranged from —0.49 to 0.49 m in
steps of 0.01 m, and data were gathered every 2° in the an-
gular direction. Figures 5 and 6 show a comparison between
two sets of measured and calculated pressure amplitude scan
lines. Calculated results using both mesh densities are
shown, but the lines overlay one another in both cases, show-
ing that convergent results have been obtained. Lines at
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—— Calculated pressure amplitude, 6 elements per wavelength, depth = -0.25 m
—— Calculated pressure amplitude, 12 elements per wavelength, depth = -0.25 m
- & —Measured pressure amplitude, depth = -0.25 m
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FIG. 5. (Color online) Line plot of measured and calculated acoustic pres-
sure amplitudes vs azimuthal coordinate at a frequency of 13.9 kHz. Results
are shown for a radius of 3.5 m and a depth of —0.25 m relative to the
transducer’s midpoint.

depths of —0.25 and 0.25 m were chosen, but agreement be-
tween measurement and calculation is about the same at all
depths.

These figures indicate that, in general, the agreement
between the measured and calculated pressure amplitudes is
good at this frequency. The main and side lobes are in the
correct positions, and the sizes of the lobes agree well, al-
though there is a slight angular misalignment between mea-
sured and calculated values. The probable cause of this mis-
alignment was described in the previous section. Visual
assessment of the results suggests that the misalignment is
approximately 5°.

Calculated and measured far-field acoustic pressure am-
plitudes at 27.5 kHz, under identical conditions of measure-
ment, are shown similarly in Figs. 7-9. Again, good agree-
ment is achieved, with the positions and sizes of the main
and side lobes closely matched. As at 13.9 kHz, there is an
angular shift of approximately 5° between predicted values
and measurements. The shifts between measured and calcu-

—— Calculated pressure amplitude, 6 elements per wavelength, depth = 0.25 m
—— Calculated pressure amplitude, 12 elements per wavelength, depth = 0.25 m
- © —Measured pressure amplitude, depth = 0.25 m
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FIG. 6. (Color online) Same as in Fig. 5, but at a depth of 0.25 m relative to
the transducer’s midpoint.

1382 J. Acoust. Soc. Am., Vol. 125, No. 3, March 2009

Relative depth (m)

x(m) y (m)

(a)

Relative depth (m)

x(m) y (m)

0.005

(b)

FIG. 7. (Color online) Comparison of (a) measured and (b) calculated
acoustic pressure amplitudes at 27.5 kHz. Cylinder has a radius of 3.5 m
and depths between —0.49 and 0.49 m, where the transducer is at depth 0 m.

lated results at the two frequencies are in good agreement,
suggesting that the shifts are caused by a systematic error,
such as that caused by the misalignment between near-field
and far-field measurements as described in the previous sec-
tion.

—— Calculated pressure amplitude, 6 elements per wavelength, depth = -0.25 m
— Calculated pressure amplitude, 12 elements per wavelength, depth = -0.25 m
- & ~Measured pressure amplitude, depth = -0.25 m
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FIG. 8. (Color online) Line plot of measured and calculated acoustic pres-
sure amplitudes versus azimuthal coordinate at a frequency of 27.5 kHz.
Results are shown for a radius of 3.5 m and a depth of —0.25 m relative to
the transducer’s midpoint.
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—— Calculated pressure amplitude, 6 elements per wavelength, depth = 0.25 m
—— Calculated pressure amplitude, 12 elements per wavelength, depth = 0.25 m
- © —Measured pressure amplitude, depth = 0.25 m
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FIG. 9. (Color online) Same as in Fig. 8, but at a depth of 0.25 m relative to
the transducer’s midpoint.

VIl. CONCLUSIONS

The Fourier series formulation of the boundary integral
form of the Helmholtz equation on an axisymmetric surface
has been used to calculate the far-field response of underwa-
ter acoustic transducers from the measurement of their be-
havior in the near-field. The use of a Fourier series formula-
tion has meant that the calculation could be run on a
distributed computing system, thus significantly reducing the
run time and rendering the problem computationally trac-
table. The reformulation has ensured numerical stability of
the calculation for all wavenumbers and has used volume
integrals to avoid the need for numerical evaluation of sin-
gular surface integrals. The results of calculations have been
validated against measured data, and the agreement has been
good at frequencies of 13.9 and 27.5 kHz. As distributed
computation becomes more widespread, it is hoped that simi-
lar methodologies will be applied to other problems in com-
putational acoustics.

ACKNOWLEDGMENTS

The authors would like to acknowledge the support of
the National Measurement System Policy Unit of the UK
Department of Innovation, Universities and Skills, which
funded this work as part of the Acoustical Metrology and
Software Support for Metrology programs. The authors
would also like to express their thanks to Dr. Peter M. Harris
of NPL for his initial work on the formulation of the problem
and to Mr. Gary Hayman of NPL for his assistance with the
measurements on the transducers. Finally, the authors would
like to thank the reviewers for their detailed and extremely
helpful comments that led to the revised version of this paper
and an improved version of the software used to generate the
results.

J. Acoust. Soc. Am., Vol. 125, No. 3, March 2009

'A. J. Burton and G. F. Miller, “The application of integral equation meth-
ods to the numerical solution of some exterior boundary value problems,”
Proc. R. Soc. London, Ser. A 323, 201-210 (1971).

’p. C. Macey, “Oblique incidence diffraction by axisymmetric structures,”
Proceedings of the Institute of Acoustics 16, 67-74 (1994).

’s. Kirkup, The Boundary Element Method in Acoustics (Integrated Sound
Software, Hebden Bridge, UK, 1998).

‘L. Wright, S. Robinson, V. Humphrey, P. Harris, and G. Hayman, “The
application of boundary element methods to near-field acoustic measure-
ments on cylindrical surfaces at NPL,” Technical Report No. DQL-AC
011, NPL, Teddington, U.K., 2005.

°R. J. Urick, Principles of Underwater Sound (McGraw-Hill, New York,
1983).

‘R. Bobber, Underwater Electroacoustic Measurements (Peninsula, Los Al-
tos, 1988).

B. B. Baker and E. T. Copson, The Mathematical Theory of Huygens’
Principle (Clarendon, Oxford, UK, 1950).
8D. D. Baker, “Determination of far-ficld characteristics of large underwa-
ter sound transducers from near-field measurements,” J. Acoust. Soc. Am.
34, 1737-1744 (1962).
°E. G. Williams, Fourier Acoustics: Sound Radiation and Nearfield Holog-
raphy (Academic, New York, 1999).

1°A. Van Buren, “Near-field transmitting and receiving properties of planar
near-field calibration arrays,” J. Acoust. Soc. Am. 89, 1423-1427 (1991).

Uw. 1. Trott, “Underwater sound transducer calibration from near-field
data,” J. Acoust. Soc. Am. 53, 192-199 (1964).

>w. L. Meyer, W. A. Bell, M. P. Stallybrass, and B. T. Zinn, “Prediction of
the sound field radiated from axisymmetric surfaces,” J. Acoust. Soc. Am.
65, 631-638 (1979).

BD. T. 1. Francis, “A gradient formulation of the Helmholtz equation for
acoustic radiation and scattering,” J. Acoust. Soc. Am. 93, 1700-1709
(1993).

"“H. A. Schenck, “Improved integral formulation for acoustic radiation
problems,” J. Acoust. Soc. Am. 44, 41-58 (1968).

BL. G. Copley, “Fundamental results concerning integral representations in
acoustic radiation,” J. Acoust. Soc. Am. 44, 28-32 (1968).

6s. Forsythe, “A Matlab version of CHIEF (Combined Helmholtz Integral
Equation Formulation) for solving acoustic radiation and scattering prob-
lems,” J. Acoust. Soc. Am. 106, 2193 (1999).

A. F. Seybert, B. Soenarko, F. J. Rizzo, and D. J. Shippy, “A special
integral equation formulation for acoustic radiation and scattering for axi-
symmetric bodies and boundary conditions,” J. Acoust. Soc. Am. 80,
1241-1247 (1986).

185, Soenarko, “A boundary element formulation for radiation of acoustic
waves from axisymmetric bodies with arbitrary boundary conditions,” J.
Acoust. Soc. Am. 93, 631-639 (1993).

Pw. Wang, N. Atalla, and J. Nicolas, “A boundary integral approach for
acoustic radiation of axisymmetric bodies with arbitrary boundary condi-
tions valid for all wave numbers,” J. Acoust. Soc. Am. 101, 1468—-1478
(1997).

5.V, Tsinopoulos, J. P. Agnantiaris, and D. Polyzos, “An advanced bound-
ary element/fast Fourier transform axisymmetric formulation for acoustic
radiation and wave scattering problems,” J. Acoust. Soc. Am. 105, 1517—
1526 (1999).

2P, Juhl, “An axisymmetric integral equation formulation for free space
nonaxisymmetric radiation and scattering of a known incident wave,” J.
Sound Vib. 163, 397-406 (1993).

2T 7, Esward, N. J. McCormick, K. M. Lawrence, and M. J. Stevens,
“Software support for metrology good practice guide No. 17: Distributed
computing for metrology applications,” Technical Report No. DEM-ES
006, NPL, Teddington, U.K., 2006.

M. E. Laursen and M. Gellert, “Some criteria for numerically integrated
matrices and quadrature formulas for triangles,” Int. J. Numer. Methods
Eng. 12, 67-76 (1978).

K. G. Foote and D. T. I. Francis, “Comparing Kirchoff-approximation and
boundary element models for computing gadoid target strengths,” J.
Acoust. Soc. Am. 111, 1644-1654 (2002).

Wright et al.: Boundary element method using distributed computing 1383



Use of acoustic navigation signals for simultaneous localization

and sound-speed estimation
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The possibility of exploiting low-resolution acoustic signals used for the navigation of Lagrangian
floats to simultaneously estimate the speed of sound is studied. Acoustic navigation of Lagrangian
floats is regularly carried out by measuring travel times from three fixed stations assuming a known
value for the speed of sound. The sound speed is considered here as a variable of the problem to be
estimated from the travel-time data simultaneously with the horizontal location of the float. The
estimation problem is linearized and solved analytically, and closed-form expressions for the
sound-speed estimation errors are derived. Typical acoustic navigation (RAFOS) signals are
characterized by limited time resolution (0.2 s) challenging the accuracy of sound-speed estimation,
depending on the location of the float with respect to the fixed stations. By exploiting travel-time
data from multiple floats, the sound-speed estimation accuracy can be increased, which reflects in
higher localization accuracy as well. In the case of a single float improved sound-speed estimates
and localization results can be obtained by combining travel-time data from different float locations.
Numerical results verify the theoretical error estimates and demonstrate the efficiency of the

method. © 2009 Acoustical Society of America. [DOI: 10.1121/1.3076202]

PACS number(s): 43.30.Pc, 43.60.Jn [AIT]

I. INTRODUCTION

Lagrangian floats play a significant role for the study of
ocean currents and have been successfully used in the
world’s oceans and seas.' They are neutrally buoyant free
drifting instruments which settle at a predetermined depth
and follow the trajectory of the corresponding water
p211rce>1.6’7 Long-range navigation of Lagrangian floats is com-
monly performed using acoustics: pulsed acoustic signals are
emitted from moored sources and received on the floats
(RAFOS ﬂoats&g), or alternatively emitted from the floats
and received at moored hydrophones (original tracking
conceptlo), and acoustic travel times are measured. Assum-
ing a value for the speed of sound the measured travel times
are converted into ranges and the horizontal location of the
floats is calculated by triangulation.

The advent of the ARGO system11 has established a
worldwide network of Lagrangian floats at large depths
(2000 m), which every 10 days profile the water column by
ascending to the sea surface from where they transmit
temperature/salinity and position data through satellite and
then return back to their parking depth to start another cycle.
The deployment of ARGO floats at high latitudes is seriously
hindered because of the presence of sea ice. In this connec-
tion, the enhancement of ARGO floats with a RAFOS receiv-
ing capability has been addressed.'>"® This additional func-
tionality will allow tracking of the floats at arbitrarily short
intervals, e.g., two to three times a day (instead of every
10 days), and optimization of the surfacing process.

The signals used for acoustic navigation of Lagrangian
floats are usually narrowband signals resulting in simple
source design, at the cost of reduced time resolution, whereas
the temporal sampling is also performed with low
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resolution—sampling period of the order of 0.2 s. This res-
olution can provide accuracy of ~300 m in range estimation
assuming that the sound speed is precisely known. In reality,
however, there are uncertainties in the sound speed, which
result in additional localization errors. The aim of the present
work is to study the feasibility of simultaneously estimating
the sound speed and solving the localization problem from
the low-resolution travel times. The anticipation is that be-
sides the sound-speed estimation this approach will also in-
crease localization accuracy.

To estimate the horizontal location of a RAFOS float,
three sources (fixed stations)—all synchronized—are com-
monly used. The first two sources are used to estimate the
location of the float subject to left-right ambiguity, with re-
spect to the interconnecting line of the sources. The third
source is used to resolve this ambiguity by providing addi-
tional travel-time (range) information.® This additional infor-
mation from the third source is used here not only to remove
the left-right ambiguity but also to make an estimation of the
sound speed, simultaneously with solving the localization
problem. The present study takes place in the framework of
the Damocles Arctic research project,14 and, in this connec-
tion, the main interest is in high-latitude areas. The
Damocles project has recently deployed a group of RAFOS
floats in the Arctic ocean. For their tracking pulsed acoustic
signals emitted from a number of ice-tethered platforms are
used. The frequency of the emitted pulses is 780 Hz and the
pulse duration is ~0.1 s, whereas the sampling period on the
floats is 0.18 s.

Localization problems relying on measured travel times
and simultaneously improving the environmental informa-
tion have been addressed by Dosso et al., with application in
array element localization,”™"” including optimization of the

© 2009 Acoustical Society of America



source geornetry,18 as well as in acoustic tracking of
sonobuoys.19 These are short-range applications with time-
measurement accuracy of the order of 0.001 s and normally
distributed errors, whereas the solution of the non-linear lo-
calization problem relies on optimization algorithms, Monte
Carlo methods, or iterative approaches combined with linear-
ization. In long-range ocean acoustic tomography combined
localization and environmental inversion problems arise in
the case of untracked moving sources and/or receivers; such
problems have been addressed in actual experiment520 and
simulation studies®’ ™ in which the measurement of travel
times has been sufficiently accurate to resolve and exploit
multipath structure.

In the case of RAFOS transmissions the challenging fac-
tor is the low temporal resolution, of the order of 0.2 s. With
such a resolution it is impossible to analyze the fine structure
of the received signals and exploit multipath for the retrieval
of the depth structure of the sound-speed distribution. Ex-
ploitation of multipath would require a higher temporal res-
olution, by at least one order of magnitude, as, e.g., in to-
mography expe1riments.24’25 Besides, at high latitudes the
variability of the sound speed with depth is small (10 m/s or
less over the entire water column), resulting in temporal con-
gestion of arrivals at the receiver for ranges up to a few
hundred kilometers.”® At lower latitudes the variability of
sound speed with depth is larger resulting in larger time
spread; this does not necessarily lead to an increase in travel-
time uncertainty if robust observables are used, such as the
arrival finale.”*

As for the horizontal variability, range independence is a
common assumption in ocean acoustic tomography experi-
ments for areas away from ocean fronts. The information
content of RAFOS data is very limited to retrieve the hori-
zontal variability of the sound speed in addition to the float
location. In this connection, a zero-order approach is adopted
here focusing on the estimation of variable but constant
sound speed. Although simple, this is an improvement com-
pared to conventional RAFOS localization using a priori
fixed sound-speed values. Based on the assumption of uni-
formity the estimation problem can be treated analytically in
a linear framework. This approach leads to closed-form ex-
pressions for the sound-speed estimates and the associated
estimation errors.

The main source of travel-time error considered here is
the low-resolution discretization process, with typical step
size of the order of 0.2 s. Further sources of error include the
modeling approach, in particular, the assumption of uniform
sound-speed distribution neglecting multipath along a sec-
tion or differentiation of the sound speed between the differ-
ent sections, and the measurement process including signal
characteristics and signal processing.m’27 For RAFOS signals
the large size of the temporal discretization steps is consid-
ered to be the dominant factor behind travel-time errors. In
this connection, the remaining error sources are not ac-
counted for in the present analysis.

The contents of the work are organized as follows. Sec-
tion II addresses the estimation of sound speed from travel
times between floats and fixed stations in a linear analytic
framework, and provides closed-form expressions for the
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sound-speed errors in the cases of one or several floats. In
Sec. III some numerical examples are presented for sound-
speed estimation and float localization and the validity of the
theoretical predictions is assessed. In Sec. IV the results of
the work are discussed and conclusions are drawn.

Il. SOUND-SPEED ESTIMATION

In this section the case of one or several floats of un-
known location communicating with three fixed stations in a
medium of unknown uniform sound speed is considered.

A. Single float

For a float at (unknown) distances r;, i=1,2,3, from
three fixed stations, the corresponding exact travel times ¢;
will be

ti=_17 (1)

where c is the true sound speed. Assuming that the float and
the fixed stations are synchronized, the measured travel times
are considered as truncated versions of ¢; with discretization
step 87 equal to the temporal resolution (typically 0.2 s in
RAFOS transmissions)

= [ti]ﬁf’ (2)

where the brackets [-];, denote truncation to the nearest dis-
crete value, with discretization step 7.

Even though the distances r; are unknown, an approxi-
mate reference location (F;) of the float can be estimated by
making a guess of the sound speed and using the measured
travel times, see Fig. 1. This reference location may in gen-
eral not comply with all measured travel times, still it can be
assumed to be close to the true location (F) of the float.
Displacements about the reference location are described in
terms of a rectangular coordinate system (x,y) with origin at
the reference location F,. If the distance between the float
and the fixed stations is much larger than the float displace-
ment (x,y) then the directions between the float and the fixed
stations remain approximately the same as the float moves
from the reference to the true location, such that the resulting
change in the corresponding ranges can be approximated by
the projection of the displacement vector on the reference
directions ¢; .

Fi=rig—XCOS @;o—ysin gy, i=1,2,3, (3)

where r;,, i=1,2,3, are the reference ranges (the ranges
from the fixed stations to the reference float location). This
is, in fact, a linear approximation of the range r; as a function
of the displacement vector (x,y).

An estimate of the sound speed (¢) and the float dis-
placement (£,) can be obtained by substituting Eq. (1) into
Eq. (3) and replacing the exact with the discrete travel times.
The resulting equations form a system of three linear equa-

tions with three unknowns
CATi+)2COS (Pl"()+yA Sin (Pi’():rl‘,(), i:1,2,3. (4)

The solution of this system for the sound speed is
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FIG. 1. (a) Geometrical configuration of fixed stations (S;, S,, and S3) and
float (F). The origin of the Cartesian coordinate system is taken at the
reference position (F)) of the float. (b) Detail of float displacement from the
reference (F,) to the true position (F) preserving directions to the fixed
stations.

ri0Asn A3+ 1304,
9’

TIAp + DA 3+ T34

¢= &)
where A;;=sin(¢; o~ ;). i,j=1,2,3. The estimate ¢ will in
general deviate from the true sound speed ¢ due to the de-
viation of the discrete travel times from the exact ones. In-
troducing the travel-time errors

€ i=1,2,3, (6)

oT
;=T,—t, where |g]< o

the measured travel time 7; can be written as

T=—+e (7)
c

Substituting this relation into the expression (5) for ¢,
the latter can be written in terms of the true sound speed and
the travel-time errors as follows:

rioAsn +r0A 3+ 1304,
g1A5 + 8413+ 8345, + (1 Az + 1A 3+ 13Ay))/c

(8)

In the Appendix it is shown that, as long as Eq. (3) is
valid, the following identity holds:

rAs+ A3+ 1Ay =1 0As+ A3+ 130400 )

This means that the expression rjA3,+ 1A 3+134,; is invari-
ant for small displacements about the reference location.
Thus, the expression in parentheses in the denominator in

c=
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Eq. (8) is identical to the numerator. Assuming that the
travel-time errors are small and expanding the right-hand
side of Eq. (8) to the first order with respect to &; the sound-
speed estimate ¢ can be written as

2
_c(8iAn+eA s+ 834y
T10As+ r A3+ 713040

For modeling purposes the travel-time errors g; are consid-
ered in the following as random variables uniformly distrib-
uted over the interval (—87/2,57/2). In this case the expec-
tation and variance of g; will be (g;)=0 and (siz)=67'2/12,
respectively. Hence, the expectation of ¢ becomes

(@=c, (11)

which means that ¢ is an unbiased estimator of ¢ to the first
order. This should be expected from a first-order expansion
and zero-mean errors &;. Interestingly, second-order calcula-
tions also result in negligible bias, much smaller than the
corresponding rms-error. Assuming that the errors g; are pair-
wise uncorrelated the variance of the sound-speed estimate ¢
to the first order will be

(DAL, + (e2)AT; + (eDA3)

2
(r1,0A3+ 120A13+ 13 0451)

+0(&Y). (10)

(e=nH=

- ﬁ (A% + AL +A3) (12)
12 (ry Az + rapA 13 + r30421)°
and the corresponding rms-error will be
7
cor VA§2+A%3+A§1 (13)

rms = .
2\6 ri oAz + A3+ 13045

In this expression the quantities A;; have to do with the gross
geometry of the problem whereas the denominator, although
involving the reference ranges, is invariant to perturbations
of the reference position, Eq. (9), as shown in the Appendix.
This means that the above estimate, Eq. (13), for the rms-
error is independent from the reference position used. The
error is proportional to the time discretization step, inversely
proportional to the distances between the float and the fixed
stations, and depends on the gross geometrical configuration.

B. Multiple floats

In the following the case of multiple floats n=1,...,Nis
considered, each communicating with three fixed stations.
The fixed stations communicating with each float may be
different, i.e., the fixed stations may be more than 3 in gen-
eral. The previous analysis can be applied to the individual
floats resulting in sound-speed estimates

104032+ Tn2.04n.13 + i3, 04001
TiiAn32+ TAn 13+ 734,01

; (14)

where r,;, i=1,2,3, are the reference ranges, ¢, the ref-
erence angles, A, ;;=sin(¢,; 0= ¢,;0), i,j=1,2,3, and 7,; the
measured travel times for the nth float. While the index n
describes a particular float, the index i does not describe a
particular fixed station on its own but in association with n.
The corresponding sound-speed error is given by
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2 2 2 2
coor \/An,sz +A, 3+ A0
n,rms — ’
2\/5 104032 F 72,0403 + T3.040.21

and will be different for each different float, depending on
the particular geometry.

The minimum-variance unbiased linear estimator of the
sound speed ¢ can be shown to be the weighted average of
the individual sound-speed estimates ¢, with inverse vari-
ance weighting

(15)

N A2
1/6¢
Cmv = E WnCps  Wyp =N n’r:;s . (16)
n=1 2m=1 1/&m,rms
Assuming that the errors g,,=7,;—t,;, n=1,...,N, i=1,2,3,

are uniformly distributed in (=87/2, 7/2) the expectation of
cmy 1s clearly equal to ¢ to the first order. Further, assuming
that the errors ¢,; are pairwise uncorrelated the rms-error of
the above sound-speed estimate takes the form

&MV,rms
L 3267
IN2VBSN 1788

n,rms

N 2 2 2
% \/NE At AListAn
204
=t (104032 + T2,040,13 + 703,04 0.21) OC, tms
(17)

Assuming that all floats communicate with the same three
fixed stations and that they are close to each other, such that
the same reference position can be used for all of them
(r.i0="i0), the rms-error in sound-speed estimation becomes

1 267

2 2 2
S _ A +A+HA
MV,rms \/I_V 2\/5

(r10As2+ ra0A 13+ r3040))°

1
= =88, 18
T (18)

i.e., using a set of N moving floats reduces the rms-error by
a factor 1/ \/]T/ This is compatible with the behavior of the
rms-error of a number of independent observations.

lll. NUMERICAL RESULTS

In this section some numerical results are presented for
sound-speed estimation and float localization, assuming one
or several floats communicating with three fixed stations. In
all examples the temporal resolution is considered 0.2 s and
the true sound-speed value is 1506.2 m/s, whereas the floats
and the fixed stations are considered synchronized. From the
exact ranges and the true sound-speed value the exact travel
times are calculated, and then they are discretized to the
nearest 0.2 s increment. The resulting discrete travel times
are considered as the measured data, from which the sound-
speed and float locations are estimated.

A. Effects of float location

In the first example the fixed stations form an orthogonal
triangle of side 100 km in the two orthogonal directions.
Figure 2 shows the theoretically predicted errors in sound-
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FIG. 2. Top: Theoretical error bounds as function of the location of the float
communicating with three fixed stations (white squares) in orthogonal con-
figuration. The black line denotes the circle through the fixed stations. Bot-
tom: Actual sound-speed estimates for various float locations. The fixed
stations are denoted by black squares.

speed estimation (upper panel) and the actual sound-speed
estimates (lower panel) as functions of the float location in
the horizontal plane. In particular, the upper panel shows the
theoretical error bound, given by the rms-error estimate, Eq.
(13), multiplied by V3. This corresponds to a uniform distri-
bution and represents the theoretical limit for the sound-
speed error, which to the first order follows uniform distri-
bution, cf. Eq. (10). From this figure it is seen that the
predicted errors are small in the interior of the triangle de-
fined by the three fixed stations and become large for float
locations close to the circumcircle of the triangle (black
line). Outside the circumcircle the errors drop with distance;
nevertheless the decay is slower across the hypotenuse than
across the other two sides.

The lower panel in Fig. 2 shows the actual sound-speed
estimates from the discrete travel times, Eq. (5), at the vari-
ous float locations. The yellow color in this figure represents
the true sound-speed value (1506.2 m/s). The deviations
from this value are compatible with the theoretical error es-
timates and behavior shown in the upper panel. In general
the errors appear to be smaller inside the circumcircle than
outside, and largest in the vicinity of the circle. The three
straight lines defined by the fixed stations can be discrimi-
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FIG. 3. Indefinitiveness of sound-speed estimation—localization problem:
Estimated float locations (O) for 11 different sound-speed values, from
1300 to 1700 m/s, when the true float location (@) lies on the circumcircle.

nated in this figure (one at x=100 km, one at y=200 km, and
one corresponding to the hypotenuse). When the float lies on
one of those lines the problem of sound-speed estimation
becomes one-dimensional. The reason is that the two in-line
stations are sufficient in this case for estimating the sound-
speed, and this is what Eq. (5) does neglecting the travel-
time information from the third station.

In Fig. 2 the sound-speed errors increase as the float
location approaches the circumcircle defined by the three
fixed stations. The equation of that circle is

V1A32+r2A13+r3A21=0. (19)

This explains the above-mentioned behavior since by
virtue of Eq. (19) the predicted error, Eq. (13), becomes in-
finite for float locations lying on the circle. From another
point of view, the denominator in Eq. (5), i.e., the determi-
nant of the linear system (4), becomes very close to zero for
float locations in the vicinity of the circumcircle, which ren-
ders the three equations (4) linearly dependent. This means
that only two equations are left for the three unknowns
(¢,%,9), such that they accept a solution (an acceptable float
location) for any arbitrary value of the sound speed ¢. This
indefinitiveness is shown in Fig. 3 for the case of a float
whose true location (heavy dot) is on the circumcircle. The
figure shows 11 float locations (open circles) resulting from
Eq. (4) for 11 different sound-speed values, from
1300 to 1700 m/s. The indefinitiveness for float locations on
the circumcircle does not mean singularity of the localization
problem. In fact, if the true sound-speed value is known then
the true float location can be correctly estimated, even for
locations on the circumcircle. The singularity refers to the
simultaneous localization and sound-speed estimation prob-
lem.

In the following examples, a configuration of three fixed
stations forming an equilateral triangle of side 100 km is
considered. Figure 4 presents the theoretical error bounds in
sound-speed estimation (upper panel) and the actual sound-
speed estimates (lower panel) as functions of the float loca-
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FIG. 4. Top: Theoretical error bounds as function of the location of the float
communicating with three fixed stations (white squares) in equilateral con-
figuration. The circle through the fixed stations is denoted in black. Bottom:
Actual sound-speed estimates for various float locations. The fixed stations
are denoted by black squares.

tion. The triangle symmetry in this case reflects in the pre-
dicted errors and also in the deviations of the estimated
sound speed from the true value (1506.2 m/s). The straight
lines defined by the fixed stations can be distinguished in the
lower panel as in the previous case. The sound-speed error
becomes larger as the float location comes closer to the cir-
cumcircle. On the other hand the error for float locations
inside the circumcircle appears to be lower than for locations
outside. To look into this more clearly, a section along the
line AA parallel to the x-axis for y=175 km is considered.
Figure 5 shows the predicted error bounds (solid lines)
and the actual errors (resulting by subtracting the true sound-
speed value 1506.2 m/s from the actual sound-speed esti-
mates), along the line AA of Fig. 4. Both the theoretical and
the actual errors are seen to be smaller inside the circum-
circle than outside, whereas they become unbounded on the
trace of the circumcircle on the line AA. The actual errors
(dots) lie in most cases within the predicted error bounds,
and the agreement between the two is remarkable. The points
that lie outside the predicted bounds correspond to cases
where the second-order terms O(g?) in the sound-speed ex-
pansion, Eq. (10), become significant. In that case the distri-
bution of the sound speed deviates from the uniform distri-
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FIG. 5. Section of Fig. 4 along the line AA. The solid lines show the
predicted error bounds and the dots represent the actual sound-speed errors
(deviations between sound-speed estimates and true value). The resolution
along the x-axis (measuring the float location) is 50 times higher than that of
Fig. 4.

bution and begins to form “tails.” A sign of these tails is the
existence of sound-speed values outside the error bounds
predicted by linear theory. Nevertheless, it is remarkable how
well the first-order theoretical prediction performs in describ-
ing the actual error variance. Further, it is seen that the errors
of the actual sound-speed estimates are evenly distributed
about zero, pointing to a negligible bias. The x-resolution
used in Fig. 5 is 60 m, 50 times higher than that used in Fig.
4 (3000 m), and reveals interesting structures, such as the
striation patterns, particularly toward the left and right ends
as well as in the middle; these patterns are associated with
jumps between different discrete travel-time values. Further,
the actual errors close to the traces of the straight lines con-
necting the fixed stations exhibit increased coherence, which
is associated with the fact that the estimation problem be-
comes one-dimensional for float locations on these lines.

A way to avoid the infinite sound-speed errors for float
locations on the circumcircle is by constraining the inversion
using a priori information. To check this, a statistical inver-
sion approach28’18 is applied to the localization and sound-
speed estimation problem. The a priori information for both
the sound speed and the float locations is assumed to have
the form of Gaussian distributions. In particular, the devia-
tion from the reference location is assumed to follow a zero-
mean Gaussian distribution with standard deviation 1000 m,
whereas the sound speed is assumed to be normally distrib-
uted about a “guess” value of 1500 m/s. Three alternative
values are considered for the standard deviation of the latter
distribution: 20, 10, and 5 m/s. Finally, the exact travel
times are considered to follow uniform distribution about the
observed travel-time values, as in the analytic approach.

The a posteriori probability density function is sampled
using a Monte Carlo method® for float locations along the
same line AA shown in Fig. 4. The resulting sound-speed
populations (not shown here) are distributed about the cor-
rect value (1506.2 m/s). The standard deviations of these
populations about 1506.2 m/s are shown in Fig. 6 for the
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FIG. 6. Standard deviations of the statistical inversion results from the true
sound-speed value corresponding to three values of a priori standard devia-
tion for the sound speed: (a) 20 m/s, (b) 10 m/s, and (c) 5 m/s.

three cases of the standard deviation for the sound speed: 20,
10, and 5 m/s. It is seen in Fig. 6 that the reduction in the
standard deviation for the sound speed leads to gradual sup-
pression of the errors for float locations close to the circum-
circle, as expected. Apart from that, the statistical inversion
scheme results in smaller sound-speed errors inside the circle
than outside, i.e., in a similar behavior as the analytic ap-
proach. In comparing Figs. 5 and 6 it should be noted that
Fig. 5 shows the actual sound-sound estimates and the pre-
dicted error bounds, whereas Fig. 6 shows the rms-errors.

B. Combination of travel-time data from different
floats

The next numerical example addresses the effect that a
combination of travel-time data from a group of floats has on
sound-speed estimation and localization. In this connection a
random distribution of 37 floats around the three fixed sta-
tions (same as in the previous example) is considered, as
shown in Fig. 7. Floats A, B, and C are floats for which
localization results will be shown. Figure 8 shows the sound-
speed estimates obtained by combining the 37 floats in three
different ways. In the upper two panels the floats are sorted
by their distance from the center of the circle; in the upper
panel they are taken in order of decreasing distance, i.e.,
from the outmost float (C) inward, whereas in the middle
panel they are taken in order of increasing distance, i.e., from
the inmost float (A) outward. In the lower panel the floats are
taken in order of increasing error. The floats outside the cir-
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FIG. 7. Random distribution of floats (@) around a set of three fixed stations
(M) in equilateral configuration. Floats A, B, and C are floats for which
localization results will be shown.

cumcircle are characterized in general by larger sound-speed
errors than the floats inside, whereas the floats close to the
circumcircle are characterized by the largest errors, cf. Fig.
4.

From Fig. 8 it is seen that in all cases the addition of
more floats lowers the predicted sound-speed error bounds
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FIG. 8. Sound-speed estimates (O) and theoretical error bounds (solid lines)
about the true sound-speed value (dashed line) resulting from combining the
floats of Fig. 7 in three different ways. Top: In order of decreasing distance
from the center. Middle: In order of increasing distance from the center.
Bottom: In order of increasing error.
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FIG. 9. Localization results for floats A, B, and C, shown in Fig. 7, based on
individual sound-speed estimates (single float location—Ieft) and combined
sound-speed estimates (from all 37 floats—right). The estimated locations
are denoted by the shaded areas and the true float locations by the heavy
dots.

(solid lines) monotonically. Further, the theoretical predic-
tions are compatible with the actual sound-speed estimates
(open circles). In the first case (upper panel) the initial
error—the one corresponding to float C—is significantly
larger than in the second case (middle panel)—the one cor-
responding to float A. This is due to the less favorable loca-
tion of float C, outside the circumcircle, compared to the
location of float A, close to the center of the circumcircle. On
the other hand, when all 37 floats are taken into account the
same error is obtained: 0.6 m/s for the theoretically pre-
dicted variability interval (solid lines) and 0.15 m/s for the
actual error (open circle). The same holds when the floats are
sorted in order of increasing error (lower panel), in which
case, however, the above limits appear to be approximated
more efficiently.

Figure 9 shows the results of the localization for floats
A, B, and C located at characteristic locations with respect to
the circumcircle: float A lies closest to the center, float B lies
close to the circumference, and float C is the outmost one, cf.
Fig. 7. The left panels of Fig. 9 show the localization results
based on the individual sound-speed estimates from the
single floats, whereas the results in the right panels are based
on the best sound-speed estimates (combination of all 37
floats). The localization improvement is marginal for float A
but significant for the outmost float C and largest for float B.
This is associated with the uncertainties in sound-speed esti-
mation resulting from the travel times of the single floats:
Floats close to the center are characterized by smaller uncer-
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FIG. 10. Configuration for sound-speed estimation by combining data from
a single float as it moves along a circular trajectory. Two float locations (A
and B) are considered whereas the fixed stations form an equilateral triangle.
The circular trajectories are shown in the embedded figure at the lower-right
corner.

tainties than exterior floats, whereas the floats close to the
circumference have the largest uncertainties. The resulting
location uncertainty based on the individual sound-speed es-
timates spans about 1 km for float C and 1.5 km for float B
whereas it is less than 500 m for float A; the highest range
accuracy that can be obtained with a travel-time discretiza-
tion step of 0.2 s is 300 m. The difference between the indi-
vidual and the average sound-speed estimate is small for
float A, larger for float C (cf. Fig. 8) and largest for float B
lying close to the circumcircle. The obtained localization un-
certainties using the average sound-speed estimate are of the
order of 500 m or lower.

C. Combination of travel-time data from a single float
at different locations

In the examples considered so far the combination of
travel-time data from multiple floats leads in general to im-
provements both in sound-speed estimation and localization
accuracy, compared to the case of a single float. The im-
provement is due to the random location of the floats relative
to the fixed stations, reflecting into random travel-time errors
averaging to zero. In the light of this result one could think
of improving the sound-speed estimate obtained from a
single float by combining travel-time data from different
float locations, i.e., at different times, assuming that the
sound speed remains unchanged. If the locations are far
enough from each other the effect on the travel times should
be similar to that of multiple floats. In this connection, the
last example involves exploitation of travel-time data from a
single float at different locations. For convenience the float is
assumed to follow an inertial current, i.e., a circular trajec-
tory. Radii of 600 and 1500 m are considered corresponding
to current velocities of 0.04 and 0.1 m/s, respectively, as-
suming polar latitudes. A third case with radius as small as
10 m is also considered for comparison purposes. Two float
locations are examined, one inside the circumcircle (A) and
one outside (B), as shown in Fig. 10. The float locations and
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their trajectories are shown in Fig. 10. The fixed stations are
considered in the same equilateral configuration as before.

Figure 11 shows the sound-speed estimates for floats A
and B for each of the three trajectories as a function of the
number of positions combined (assumed uniformly distrib-
uted on the circular trajectory). The solid lines in this figure
represent the theoretical error bounds assuming the travel-
time errors to be statistically independent. When the radius is
only 10 m the various float locations on the circle are char-
acterized by identical discrete travel times. This means iden-
tical sound-speed estimates from each float position, in
which case the average makes no difference; this is seen in
the top panels in Fig. 11. In this case the assumption of
statistical independence is clearly not fulfilled. As the radius
becomes larger there are differences in the discrete travel
times for the different float locations and this in turn leads to
differences in the sound-speed estimates; this is seen in the
middle and lower panels of Fig. 11. In general the errors are
significantly larger for the outside float B than for the inside
float A, still in both cases better sound-speed estimates are
obtained when the number of positions on the trajectories
increases. The agreement between the predicted error bounds
and the spread of the actual sound-speed estimates in the last
two cases is remarkable.

E. K. Skarsoulis and G. Piperakis: Estimation from navigation signals 1391



float A

1715 1715
g 171
>
1705 1705
1595 160 1605 1595 160 1605
float B float B
131 131
f,,./"*“v
Eros e 1305
= #/ yr
-y
130} 130
82 825 83 82 825 83
x (km) x (km)

FIG. 12. Localization results for floats A and B of Fig. 10 based on indi-
vidual sound-speed estimates (single float location—left) and combined
sound-speed estimates (24 locations along the circular trajectory of radius
1500 m—right). The estimated locations are denoted by the shaded areas
and the true float locations by the heavy dots.

Figure 12 shows the localization results for floats A and
B based on the initial sound-speed estimates—travel-time
data from a single float location—(panels on the left) and the
results based on the combined travel-time data from all 24
locations along the circular trajectory of radius 1500 m (pan-
els on the right). The improvement is marginal for the case of
float A, whose favorable location close to the center results
in a small sound-speed error (and thus localization error)
even using travel-time data from a single location of the
float. In the case of float B the increase in the localization
accuracy is much clearer to see. The reason is that float B is
close to the circumcircle and thus the initial sound-speed
error is large contributing to localization uncertainty of the
order of 1 km; note that the locations A and B in Fig. 10 are
different from those in Fig. 7. With the improvement in the
sound-speed accuracy obtained by the combination of travel-
time data at 24 different float locations the localization un-
certainty drops to less than 500 m.

IV. DISCUSSION AND CONCLUSIONS

In this work a method was proposed for simultaneous
estimation of sound speed and localization of RAFOS floats
from low-resolution travel-time data. Closed-form expres-
sions for the sound-speed estimates and the corresponding
errors were obtained based on two linearization assumptions;
(i) linearization of range variations between floats and fixed
stations with respect to float displacements and (ii) lineariza-
tion of sound-speed estimates with respect to travel-time er-
rors. The first linearization can be justified if the distances
between floats and fixed stations are large, larger than a few
kilometers, taking into account that the initial uncertainty
associated with the float location is of the order of 1 km. The
second linearization is supported by the numerical results
presented here, in particular, by the agreement between the
actual sound-speed errors and the error bounds predicted
from the first-order approach.

The resulting closed-form expressions allow for a para-
metric study of the sound-speed and localization errors. The
present approach does not account for a priori information
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constraining the sound speed, and in this connection, it leads
to infinite sound-speed errors for float locations on the cir-
cumcircle through the fixed stations. The singularity arises
because of linear dependence of the associated equations,
which means that the sound-speed estimation problem be-
comes indefinite (any value of the sound speed is accepted).
This indefinitiveness has to do with the combined sound-
speed estimation and localization problem, not with the lo-
calization problem alone, i.e., if the true sound speed is
known then Eq. (4) leads to the true float positions, even on
the circumcircle.

Further, the predicted sound-speed errors are in general
smaller for float locations inside the circumcircle than out-
side, and largest for locations in the neighborhood of the
circumcircle. These results are in agreement with the behav-
ior of actual sound-speed estimates. As a further check a
statistical inversion approach was applied to the non-linear
estimation problem imposing a priori constraints to sound-
speed and position uncertainties in the form of Gaussian
probability density functions. Apart from the suppression of
the sound-speed singularities for float locations close to the
circumcircle, the statistical approach results in a similar be-
havior of the sound-speed error, with smaller values inside
the circle, larger outside, and largest (yet finite) on the circle,
thus confirming the analytic results to a large extent.

Improved sound-speed estimates can be obtained from a
group of floats by taking weighted averages over individual
sound-speed estimates (based on travel times from single
floats). In this case the best, in terms of minimum variance,
linear estimate of the true sound speed is the weighted mean
of the individual sound-speed estimates with weights propor-
tional to the inverse variances. The thus obtained sound-
speed estimate exhibits a monotonic improvement (decrease
in estimation error) as additional floats are taken into account
irrespective of the location of the floats. Nevertheless, the
location of each new float affects the degree of improvement
since, e.g., floats near the circumcircle are characterized by
larger variances, and they are given smaller weights, than
floats close to the center.

Improved knowledge of the sound speed reflects in im-
proved localization results. For floats close to the center of
the circumcircle the errors of the individual sound-speed es-
timates are small enough such that the localization uncer-
tainty is mainly governed by the temporal resolution
(~300 m for 87=0.2 s). For floats close to or outside the
circumcircle the individual sound-speed estimates are subject
to larger uncertainties which contribute to increased localiza-
tion errors (1000—-1500 m in the examples considered).
These errors can be reduced by improving the sound-speed
estimates. This can be achieved by combining data from dif-
ferent floats or from the same float at different locations. The
latter is a useful alternative under the assumption that the
sound speed remains unchanged, and provided that the dif-
ferent locations are sufficiently apart from each other, such
that the resulting changes in travel times are larger than the
discretization step, and the corresponding travel-time errors
can be considered as pairwise uncorrelated.
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APPENDIX

Using the linearized relation, Eq. (3), for the actual
ranges ry, r,, and r3 the expression r1As,+7rA3+7345; can
be written as

riAyp+rAp+ i = (’”1,0 =X COS @ o=y sin <P1,0)Sin(¢3,0 - 902,0) + (72,0 — X COS @, 9=y sin ¢2,0)Sin((P1,0 - 993,0)

+ (30— X cOS @3 9=y sin @3 )sin(@, 0= @1 o)
=711 043+ 12 0A 13+ 130421 — x[€0s @) o sin(@3 o= @29) +€OS @3 sin(@ o= ¢3)

+ €08 @3 0 sin(@y 0 — @;10)] = y[sin @ sin(@3 9= @y0) + sin @y sin(@; o= @3)

+5in @3 sin(@y 9= @1 0)]

=ripAs+ A3+ r3 gl - x[cos P1,0 SIN @3 5 COS Q) o — COS @ o COS Q3 SIN Q)

+COS (3 SIN @ () COS 39— COS Py 5 COS @) ( SN P39+ COS @3 SIN P ( COS @y

— COS @39 COS Py o SIN 901,0] — y[sin P1,0 SN @3 o COS @3 o — SIN P o COS @3 o SIN 3

+8in @, ( Sin @y ( COS @3 o — SN P, ( COS Py SIN Q3 ) + SIN Q3 SIN @, 5 COS @y

—sin @35 cOS @, o sin @ o].

The six summands in each bracket cancel each other pair-
wise, such that finally

riAsy + A3+ 1r3Ag =1 Az + 1 A 13+ 13040

This means that the expression rjAz,+ 1A 3+134,; 1s invari-
ant for small displacements about the reference location.
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Measurements of three-dimensional propagation in a continental

shelf environment
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Although a significant amount of theoretical and numerical modeling effort has been put into the
study of three-dimensional (3D) acoustic propagation on a coastal wedge, including the
development of the ASA 3D benchmark problem set, there have been few observations of the
predicted 3D propagation effects. Significant horizontal multipath arrivals were observed in a pair
of acoustic transmission tests on the continental shelf off the east coast of Florida in September 2007
and February 2008. For many transmissions, arrivals were received coming from nearly the global
positioning system (GPS) bearing of the ship, as well as up to 30 deg inshore of the true bearing.
The inshore path was up to 25 dB stronger than the direct path in some cases. The experimental
waveforms transmitted included continuous-wave transmissions ranging in frequency from 24 to
415 Hz as well as wideband linear frequency modulation pulses (20-420 Hz). Horizontal multipath
arrivals were observed for source ranges from 10 to 80 km, source depths of 20 and 100 m, and
along several different bearings (inshore and along the 250 m isobath). It is a conclusion of this
paper that the bearing bias and multiple horizontal arrivals are the result of 3D propagation due to
the local shoaling bathymetry. © 2009 Acoustical Society of America. [DOI: 10.1121/1.3075558]

PACS number(s): 43.30.Xm, 43.30.Bp, 43.30.Cq [AIT]

I. INTRODUCTION

The phenomenon of three-dimensional (3D) acoustic
propagation in a continental shelf environment is well under-
stood both theoretically and from a numerical modeling per-
spective. The propagation feature of interest in the wedge
environment is the horizontal refraction of an acoustic ray
(or equivalent normal mode) due to repeated small angle
changes from specular reflections off the sloping seafloor.
Phenomena predicted include the horizontal refraction of
sound traveling at oblique angles relative to the shoreline, an
acoustic shadow zone with a leading edge caustic, inter-
mode interference and focusing, as well as the selective cut-
off of acoustic normal-modes with water depth. The impen-
etrable wedge was addressed via acoustic normal-modes by
Pierce' and Blradley2 and then extended to the penetrable
wedge problem by Buckingham.3 Harrison* looked at the
problem of basin scale 3D propagation and horizontal
shadow zones’ via ray invariants and extended this to a wave
field solution.® In 1974 Weinburg and Burridge7 presented
the definitive paper on horizontal ray theory using vertical
normal modes. This paper presented the idea of using verti-
cal normal mode phase speeds as the background sound
speed field in which to trace horizontal acoustic rays. Nu-
merically this was extended to vertical modes and the hori-
zontal parabolic equation (PE) by Collins,® applied to the
basin scale 3D propagation problem9 and adapted to include
coupled modes by Abawi and Kuperman.10 Recent develop-
ment of the fully 3D PE solution has confirmed our previous
physical intuition." In 1995 the Acoustical Society of
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America generated the “ASA wedge benchmark™ test cases
that were solved using multiple methods, including theoreti-
cal approaches,12 rays, normal modes," and a set of 3D para-
bolic equations.]4 Predictions were made that 3D effects
would affect matched field plrocessing15 and shallow water
propagation. 16

Quantitative measurements of 3D propagation, however,
are rare in literature. Recently Frank et al."” described 3D
propagation measurements from the scattering of sound by
non-linear internal waves. Heaney and Baggeroer'8 observed
3D propagation due to sloping bathymetry off the coast of
Kauai in 2004. In this paper, we present results from a set of
experiments where 3D propagation effects were not only ob-
served, but dominated acoustic propagation. Measurements
in the summer of 2007 taken on the continental shelf 20 km
off the east coast of Florida indicated a bearing error (signal
arrival direction vs source true bearing) of up to 30 deg for a
206 Hz source at broadside at a range of 40 km. For this and
many subsequent runs, observations of a bearing bias as well
as multiple horizontal arrivals were taken. In addition to pre-
sentation of experimental results, we postulate here that the
propagation is indeed 3D, consistent with our understanding
of the wedge problem. A subsequent paper on the compari-
son of these data with theoretical and numerical modeling is
under preparation.

This paper is organized as follows. In Sec. II a descrip-
tion of the calibration operations test (CALOPS) experiments
is presented. The narrowband results are presented in Sec.
III. In Sec. IV observations of 3D propagation with broad-
band signals are presented. Section V is the summary and
conclusion.

© 2009 Acoustical Society of America
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FIG. 1. Bathymetry contours and GPS ship tracks for Summer CALOPS.
The run numbers analyzed in this paper are shown as is the nominal site and
orientation of the array (o). The depth contours are 0, 100, 150, 200, 250,
and 300 m.

Il. ACOUSTIC OBSERVATORY ARRAY AND CALOPS
EXPERIMENTS

In the summer of 2007 a horizontal line array, cabled to
a shore recording facility, was deployed on the bottom by the
Office of Naval Research 20 km off the east coast of Florida.
The array concept was developed in the 1990s over the
course of deliberations by the Acoustic Observatory Working
Group, which followed up on the idea of a permanent acous-
tic observatory installation first put forward by Munk and
Wunsch.' The array contained 120 elements, with % wave-
length spacing at 450 Hz (1.75 m spacing). The data were
lowpass-filtered, digitized (at 1 kHz), and cabled to shore for
real time processing and storage. The array was oriented
downslope, providing a broadside look along the 250 m iso-
bath. This resulted in an orientation of 8 deg relative to true
north. The slope of the seafloor from 100 to 250 m is ap-
proximately 1 deg. As is evident in the bathymetry contour
map shown in Fig. 1, there is a relatively flat shelf at 250 m
near the array site. Two separate weeklong tests were con-
ducted to calibrate the acoustic propagation environment—in
the late summer (September 7—15) of 2007 and in the winter
(February 19-25) of 2008. The tests will be referred to as
CALOPS-S and CALOPS-W for summer and winter.

A. Ship tracks and signals

Bathymetry measurements, which are crucial to the un-
derstanding of propagation in this environment, were com-
piled by Bill Baxley (South Florida Test Facility) and include
a National Oceanic and Atmospheric Administration multi-
beam data set. The bathymetry of the region is shown in Fig.
1, with global positioning system (GPS) ship track positions
from the CALOPS-S overlaid. The CALOPS tests were de-
signed to calibrate the acoustic propagation environment.
Primary emphasis was given to transmission loss (TL) and
impulse response as a function of range, frequency, bearing
(and therefore bathymetry), and source depth. Characteriza-
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tion of the propagation environment involves various mea-
sures of coherence as well as the development of a suitable
geo-acoustic parametrization. With this in mind, a series of
transects, generally along isobaths, was constructed to the
north, south, in-shore, and offshore of the array. In addition
to these source tows, a pair of stationary transmissions was
performed at ranges of 10 and 80 km in the summer and 10,
20, and 40 km in the winter. The winter towed source geom-
etries were designed to repeat the summer tracks.

Due to the strong northward currents of the region (as-
sociated with the Gulf stream), all northbound runs were
conducted with a source depth of 100 m. Almost all south-
bound runs had a source depth of 20 m to approximate the
sound produced by an interfering ship. For all of the source
tows conducted in CALOPS-S, a 2-min repeating sequence
was transmitted. This included a 60-s cw comb with triplets
centered at 24, 52.5, 106, 206, and 415 Hz. The source
power at each peak was estimated, using a calibrated monitor
hydrophone, to be 170, 171, 171, 171.6, and 171 dB/uPa at
1 m, respectively. A lower signal (10 dB down) was trans-
mitted at =8 Hz from each center tone. A 30-s multi-band set
of five linear frequency modulations (LFMs) was then trans-
mitted. The signal duration was 6 s and the swept bands were
20-50, 50-100, 120-180, 200-300, and 320-420 Hz. The
final signal (following an 8-s silence) was a wideband up-
down LFM with a 7-s upsweep from 20 to 420 Hz, followed
by 8 s of silence and then a 7-s downsweep from 420 to 20
Hz. For the CALOPS-W test this 2-min sequence was used
for all southbound transits (with the source at 20 m depth)
and the cw tone set was transmitted continuously for the
northbound events. Two stationary transmissions were con-
ducted at ranges of 10 and 80 km during CALOPS-S. During
the stationary events, a 3-h sequence of signals was used.
The cw comb was transmitted continuously for the first hour.
A set of three maximal length sequences (m-sequence) was
transmitted for the second hour. The wideband up/down
LFM was transmitted every 30 s for the final hour.

B. Environmental measurements

The sound speed field was measured extensively during
both tests with both expendable bathythermographs and
conductivity-temperature-depth (CTD) observations. In this
region the water column is strongly downward refracting due
to surface heating and the advection of Antarctic intermedi-
ate water below the Gulf stream. The average sound speed
field for each experiment taken at the array site is shown in
Fig. 2. The primary difference between summer and winter
conditions is the significantly faster surface water in summer
due to surface heating. Below 100 m the sound speed fields
are comparable. The presence of a very strong thermocline in
both seasons means that this is effectively a two-layer ocean
or a bi-linear profile. From the array site toward shore, it was
observed that the sound speed field could be represented by
truncating the 250 m sound speed profile (SSP) at the local
water depth. In deeper water the clear thermocline disap-
peared and the SSP approximated a linear downward refract-
ing profile.
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FIG. 2. (Color online) Summer and winter CALOPS sound speed measure-
ments (from CTD casts) taken near the array location.

lll. NARROWBAND EXPERIMENTAL RESULTS

In this section we present the beamforming results ob-
tained by processing the narrowband signals. Standard tech-
niques for developing narrowband bearing-time-record
(BTR) analysis of the data were performed. The first step in
data processing is a fast Fourier transform (FFT) of each
hydrophone time series to transform to the frequency do-
main. An 8192 FFT using a Kaiser—Bessel function window
(B=2.5) was applied with a 50% overlap, producing a com-
plex spectrum output every 4.096 s. The peak bin in the
signal band was determined and considered the signal bin. In
order to develop an estimate of the non-signal energy (noise),
an average of four edge bins (=5 Hz from the signal) was
recorded as well. Conventional beamforming was performed
on the complex spectra data vector using a Hanning shaded
(H) plane wave replica given by

w= exp(ilg- 7)/\"%,
B(0,w) =w'(0,w)H' xx' Hw(6, w),

(Hw)'d=1 (1)

where N is the number of elements, k is the horizontal wave-
number (w/c) in the look direction 6, r is the array element
location, and B is the output beam power for a data snapshot
x. The beamformer is normalized to provide a unit beam
power for a unit signal vector (d’d=1). Beamforming there-
fore conserves the signal energy and reduces the noise level
(DI=101og N for N elements in uncorrelated noise). This
normalization is required to compute accurate TL levels.
Near field effects (beam smearing) are expected to occur but
are not considered significant in the identification of horizon-
tal multi-path for source ranges beyond 10 km. A range-
focused replica is a necessity if the exact value of the beam
response is required.

A note on terminology is required. For all of the acoustic
runs below we will observe two distinct arrivals, with differ-
ent propagation paths and arrival angles at the receiver. In
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FIG. 3. BTR for CALOPS-S run IN: (left) signal bin (415 Hz) and (right)
noise bin (410 Hz). The source signal is visible at 8 deg for times 0~220 min
and then appears significantly inshore at 250 min.

general we will refer to two arrivals, one coming near the
GPS bearing of the ship and the other from an angle inshore
of the ship bearing. The nomenclature for these two paths is
not standard and can be confusing. We will follow an anal-
ogy of simple ray propagation near a source where there is a
direct path and a surface reflected (or if in deep water a
refracted) path. The arrival coming in near the source ship
bearing we will label the “direct path.” This path does con-
tain multipath propagation in the vertical. Other options for
labeling this arrival are “in-plane path,” “2D path,” and
“GPS ship-bearing path,” though we prefer direct path. The
path identified as having propagated up the slope and back to
the receiver will be labeled the “inshore path.” This path has
traveled a greater distance than the direct path and has re-
fracted due to multiple bottom interactions to arrive at the
receiver later and from an inshore angle. Other options for
this path label are “3D path” or “horizontally refracted path.”

A. CALOPS-S run 1 north

For CALOPS-S run 1N, the source was deployed at 100
m and towed from the array site north along the 250 m iso-
bath. This is along a bearing of 8 deg. The narrowband BTR
for the signal (415 Hz corrected for Doppler) and the noise
bin (~410 Hz) is presented in Fig. 3. The 415 Hz results are
presented because this frequency has the highest signal-to-
noise ratio (SNR) due to the fall-off of surface shipping noise
levels with frequency. Plotting the signal bin and the noise
bin is necessary to permit identification (through visual
analysis) of energy received from the source. It is expected
that the shipping noise not associated with the source trans-
missions will be the same at 410 and 415 Hz. The x-axis in
this plot and all subsequent BTRs is degrees true (positive
clockwise relative to north), as opposed to bearing relative to
the array. The y-axis is time during the run. The run was
conducted at a constant speed of 3 km to a range of 80 km.
The 2-min on-off cw signal assists in the identification of
source signal energy. The source transmission is clearly vis-
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FIG. 4. (Color online) RL and TL for CALOPS-S run IN: (a) 415 Hz RL for
direct path bearing—signal (dark) and noise (light), (b) 206Hz RL for in-
shore bearing—signal (dark) and noise (light), (¢) 206 Hz TL for direct
(dark dots) and inshore (light stars), and (d) 415 Hz TL for direct (dark dots)
and inshore path (light stars).

ible at the beginning of the run at the GPS bearing of 8§ deg,
as expected. The signal level drops off with range, disappear-
ing at about 220 min into the run, which equates to a range
of 30 km. At about 250 min, a signal appears at —30 deg that
is not in the noise record. The signal is strong enough to
permit classification as a transmitted signal. The 2-min se-
quence is visible out to 400 min, or 70 km. The bearing of
this arrival changes slowly over the last 200 min from —25
to —5 deg. Initial interpretation of these results focused on
the “jump” from the GPS bearing up to a range of 30 km to
the “false bearing” beyond a range of 40 km. These angles
are always inshore of the ship, as is expected and predicted
by theory and modeling. For this particular run, the inshore
arrival is blocked by an interfering ship at precisely the same
bearing and time for much of the run.

The received level (RL) and TL of each of these arrivals
are now examined. The narrowband RL and TL values for
CALOPS-S run IN are shown in Fig. 4. For this and subse-
quent level plots, the beam output time series for the signal
and the noise level is plotted. The beamformer is normalized
so that when the source signal is dominant, the beam output
level is equal to the omni level. This has been confirmed but
is not shown. The SNR is the difference between the two
lines and is shown to be larger than 30 dB for ranges around
20 km. At 38 and 55 km, an interfering ship runs over the
array and dominates this frequency band. Beyond 40 km, the
SNR is negligible and the identification of the signal is prob-
lematic. The in-shore arrival level is generated by hand se-
lecting the bearing and plotting the signal and noise levels
for this bearing as a function of time/range. In Fig. 4(b) the
signal (black) and noise (gray) are plotted as a function of
range for this inshore path. At 25 and 40 km, noise from an
interfering ship again masks the signal levels. Beyond 45
km, the RL of the inshore path is on the order of 60 dB and
is nearly constant with range, except for a fall-off at 75 km.
The 2-min transmission cycle (with the cw on for 1 min and
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FIG. 5. BTRs for signal/noise bins for CALOPS-S run 1S at 415 Hz. The
source moves toward the receiver at 8 deg T. The refracted arrival is visible,
coming in from —15 deg after 250 min.

then off for a minute) is clearly visible in this time series,
though it cannot be seen in this plot due to scale of the
X-axis.

To estimate the TL, a two-pass peak picker was used to
automatically estimate arrival levels. The first pass selected
arrivals with a SNR greater than 10 dB. The second pass
required that the neighboring peaks were within 5 dB. This
second pass is required to filter out time periods where the
weaker cw signals transmitted during the LFM sequences
come through. For low source ranges, even these weak sig-
nals (10 dB down from the strong cw comb) have SNR
greater than 10 dB. The TLs resulting from the application of
the two-pass filter, using the source levels listed in Sec. II,
are presented in Figs. 4(c) and 4(d) for 206 and 415 Hz,
respectively.

This analysis clearly demonstrates the arrival of inshore
energy. At ranges from 40 to 70 km, the 206 Hz TL for this
horizontal multipath is nearly constant with range (on the
order of 88-95 dB), compared with the direct path TL of 125
dB. 3D arrivals are also observed for closer ranges (10-20
km), but are significantly lower in level than the direct path.
It is unfortunate that an interfering ship passed over the bear-
ing of the inshore path while the source ship was 40 km
away because this masks the transition zone. For other runs
this was not the case. To summarize, during CALOPS-S run
1 North, multiple horizontal arrivals were observed, with a
bearing separation at the receiver of up to 30 deg. The in-
shore path dominated the direct path levels at ranges beyond
30 km.

B. CALOPS-S run 1 south

For the CALOPS-S run 18, the source was towed at a
depth of 20 m along the 250 m isobath toward the array from
a distance of 60 km to the north. (Although the run began at
80 km, the shore recording facility was not fully operational
until the source ship was 60 km north.) The signal and noise
BTR results are plotted in Fig. 5. For this run the signal is
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FIG. 6. (Color online) RL and TL for CALOPS-S run 1S: (a) 415 Hz RL for
direct path bearing—signal (dark) and noise (light), (b) 206 Hz RL for
inshore bearing—signal (dark dots) and noise (light stars), (c) 206 Hz TL for
direct path (dark dots) and inshore path (light stars), and (d) 415 Hz TL for
GPS (dark dots) and 3D bearing (light stars).

observable along the true GPS path from the beginning of
the run and becomes dominant as the source ship approaches
the array. The inshore path is also visible from the beginning
of the run (=5 deg) up to about 100 min (30 km), where it
drops out. The angle of the inshore path moves from —35 to
—30 deg as the source ship moves from 60 to 30 km. In the
noise bin BTR on the right side of Fig. 5 the ship is visible as
it passes over the array.

The RL and TL results for this run are shown in Fig. 6.
In Fig. 6(a), the RLs at 206 Hz, the beam-noise levels along
the GPS bearing indicate high SNR for ranges out to 40 km,
with interfering ships passing over at 21 and 50 km. The
inshore tracked bearing is weaker, with an interfering ship
passing over at a source range of 25 km. The TL plots in
panels (c) and (d) confirm that there is a transition zone at 30
km where both GPS and 3D signals have similar TL. For the
inshore path, the 206 Hz TL is nearly uniform with range
(beyond 20 km) at 95-100 dB, with the signal as much as 20
dB stronger than the direct path. The 415 Hz TL plot indi-
cates much weaker signal beyond 20 km, as compared with
206 Hz. These results confirm not only the presence but also
the dominance of 3D propagation. It is also apparent that the
shallow source, which only excites higher angle propagating
energy, has a weaker refracted path than the 100 m source
depth.

C. CALOPS-W run 1 north

The source TL for the winter northbound runs was a
continuous narrowband comb of the same frequencies as the
summer test described above. The continuous narrowband
comb was chosen to permit accurate TL measurements with-
out the 1-min LFM signal dropouts. For CALOPS-W run
IN, the source was suspended at a depth of 100 m and towed
from the receiver north to a range of 60 km. The results from
this event are clearer than for CALOPS-S run IN for two
reasons. Winter propagation conditions are better due to a
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FIG. 7. BTRs for 415 Hz cw transmission during CALOPS-W run IN—
signal (left) and noise (right). The source was on continuously. The source
ship towed away from the receiver along the 250 m isobath (bearing 8 deg
T). The inshore signal is visible from ranges of 25-60 km.

less strongly downward refracting profile (see Fig. 2). There
are also no nearby dominant interfering ships when the
source ship is at a range of 20-50 km from the array. From
Fig. 7, we see that the 3D horizontal multipath arrivals have
significant energy from ranges of 25 km out to the longest
range of 60 km. We also see that the refracted path arrives at
the array sweeping from bearings of approximately —40 deg
(t=160 m corresponding to 30 km) to —10 deg (=340 m
corresponding to r=60 km). This reduction in the bearing
difference between the true and the refracted (reflected) path
is consistent with expectations as the distance between the
source and receiver increases. Consider the thought experi-
ment with a candle and a mirror, easily solved by the method
of images. As the candle moves out in range, the angle be-
tween the true source and the image source reduces.

D. CALOPS-S run 3 north

For CALOPS-S run 3N, the source was towed at a depth
of 100 m inshore along the 120 m isobath. The BTR for run
3N is shown in Fig. 8. For this run, the inshore path appears
strongly at a time of 50 min, corresponding to a range of 10
km. The angular difference between the inshore path and the
direct path is much smaller than for the run 1 geometry. The
double arrival (direct and inshore path) is clear out to a time
of 250 min, after which a single spread arrival is observed.
Propagation conditions are significantly better in this run
than in either run 1N or tun 1S, to the point where the source
transmission is evident in the noise bin BTR, apparently a
glint from each time the LFM passes through the frequency
bins of interest. Two mechanisms proposed to explain these
improved propagation conditions (reduced TL) are downs-
lope focusing (in a downward refracted environment which
deepens, energy is trapped near the bottom) and the change
in acoustic interaction angles with the bottom due to the
warmer water at the seafloor in shallow water.
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ship towed away from the receiver along the 120 m isobath (bearing 8 deg
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The RL and TL levels for run 3N are shown in Fig. 9.
Note how much higher the RLs are for this run, compared
with runs 1N and 1S, when the source was towed along the
deeper (250 m) isobath. The SNR for nearly the entire run is
greater than 20 dB, particularly for the inshore arrival. The
inshore path starts to appear at 10 km, is equivalent to the
direct path levels at 25 km, and becomes much stronger out
to 80 km. At some ranges, the inshore path is as much as 20
dB stronger.

E. CALOPS-S run 9

For CALOPS-S run 9, the source was towed up-shelf
from deep to shallow water (9W) and then back (9E) at a
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FIG. 9. (Color online) RL and TL for CALOPS-S run 3N: (a) 415 Hz RL for
direct path bearing—signal (dark) and noise (light), (b) 206 Hz RL for
inshore bearing—signal (dark) and noise (light), (c) 206 Hz TL for direct
(dark dots) and inshore path (light stars), and (d) 415 Hz TL for direct (dark
dots) and inshore path (light stars).
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FIG. 10. Phone averaged spectrogram for CALOPS-S run 9. Note the split
signals at 415 Hz. A cw tone at 415 Hz was transmitted continuously for the
westbound leg (30-50 min). The 2-min sequence (1 min of cw) was trans-
mitted for the eastbound leg (65-100 m).

range of approximately 30 km from the source. A cw nar-
rowband comb was transmitted during the westbound leg
(toward shallow water) and the standard 2-min sequence of
pulses was transmitted for the subsequent eastbound leg. For
this geometry, the range-rate of the source is nearly zero.
With near-zero Doppler, the 415 Hz transmitted signal is
expected to be in the 415 Hz bin. The search for the signal
and noise bins produced an interesting result. The single el-
ement spectrogram near the 415 Hz cw signal is shown in
Fig. 10. The source signal is clear at 415 Hz for both the
continuous transmission (9W) and the 2-min sequence (9E).
What is surprising is the presence of a Doppler-shifted signal
in addition to the expected zero-Doppler signal. For the OW
leg, the additional signal is Doppler-shifted up on the order
of 1 Hz, while for the 9E leg, the additional signal is shifted
down a similar amount. This Doppler shift is consistent with
the geometry being a refracted 3D propagation path. For this
path, there is a positive range-rate for 9W and a negative
range-rate for 9E.

The BTRs for the center bin and the up-shifted Doppler
bin (noise) during run 9W are shown in Fig. 11. Over this
timeframe, the source ship traveled toward shore, from a
bearing of 40 deg to due north of the array. The right panel of
Fig. 11 is BTR in the signal bin. There is no clear double
arrival, but there is energy spread over many angles. This
out-of-plane scattering is significant to the problem of quiet
target detection in shallow water because it means that en-
ergy from a nearby (and/or very loud) interfering ship is
spread over many angles and cannot be canceled by standard
adaptive beamforming algorithms. We refer to this energy as
out-of-plane 3D scattering. It is evident that there would be
very strong bearing-dependent reverberation for active anti-
submarine warfare in this wedge environment. The left panel
of Fig. 11 shows the BTR of the Doppler-shifted signal bin
(noise bin). This energy arriving at —25 deg is identifiable
with the source in that it ceases 50 min into the run, coinci-
dent with the termination of source transmissions. The in-
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FIG. 11. BTR for CALOPS-S run 9W. (Left) BTR of positive Doppler
shifted energy. There is source energy seen coming from inshore due to 3D
propagation. (Right) BTR for the zero-Doppler source showing the move
from 40 to 0 deg. Scattering to multiple angles near the source (reverbera-
tion) is visible.

shore 3D path appears just after 20 min and by 40 min is
cleaner than and as strong as the direct propagation path. The
positive Doppler (despite a near-zero range rate in this ge-
ometry) is an indication that the sound traveled inshore, re-
fracting from the sloping bathymetry, then propagated away
from shore to arrive at the array at an angle of —25 deg. For
this horizontal path, the source appears to be moving toward
the ship, giving it a positive Doppler.

IV. BROADBAND EXPERIMENTAL RESULTS
A. CALOPS-S run 1 LFM results

The reception of broadband transmissions on a horizon-
tal line array permits the estimation of travel time of each
horizontal arrival. To estimate the arrival time of energy
from a particular direction, matched filtering of a transmitted
LEFM signal is applied to the beam time-series, which is
formed by conducting a Fourier transform then narrowband
beamforming and finally an inverse Fourier transform (IFT).
The hydrophone complex spectrum was calculated by per-
forming an unwindowed 1-s FFT with 50% overlap. Beam-
forming was applied to each frequency between 20 and 450
Hz according to Eq. (1). The IFT was then performed yield-
ing a time series for each arrival angle. Each beam time
series was then matched filtered using the 30-s upsweep
LEM signal replica. In order to compute absolute travel time,
a monitor hydrophone was used to record the signal trans-
mitted into the water. These data were recorded in stereo
with the IRIG-B channel GPS time recorded on the other
channel. Matched-filter processing of the monitor hydro-
phone permitted the determination of the exact time the
source LFM transmission began. The data at the recording
facility are also time-synced to GPS.

The beam time series for CALOPS-S run 1S, when the
source ship was at a range of 32.8 km from the receiver, is
presented in Fig. 12. The multi-path arrival for the direct
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CALOPS-S 1S LFM at r=32.8 km
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FIG. 12. Beam matched filter results for CALOPS-S run 1S for LFM signals
transmitted when the source was at 32.8 km north of the array along the 250
m isobath.

path arrives at an angle of 7 deg at a time of 21.2 s. The
inshore 3D arrival is clearly visible at —24 deg arriving at
24.8 s. The energy at 0 deg is the common-mode electronic
noise. The energy at 30 deg is an interfering ship, as can be
seen in the BTR for CALOPS-S run 1S in Fig. 5.

To compare the arrival time and relative intensities of
the direct path and the inshore path, line-cuts at the signal
maximum bearings (—24 and 7 deg) are taken. Note that the
arrival angle of the direct path is not exactly equal to the
GPS ship bearing of 8 deg T. Time cuts along these two
arrival bearings are shown in Fig. 13. The inshore path pro-
duces an arrival approximately 3.2 s later than the direct
path. The peak level is 7 dB higher, and it is clear that there
is significantly more energy in the later arriving inshore path.
This is consistent with the 25 dB higher received narrowband
level for 206 Hz for run 1S.

CALOPS-S 1S LFM at r=32.8 km
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FIG. 13. (Color online) Horizontal multipath arrivals (—24 and 7 deg T) for
a20-420 Hz LFM transmitted from a source 40 km along a bearing of 8 deg
T. The inshore path arrives 3.2 s later than the direct path bearing energy and
is up to 10 dB stronger (in peak level, there are more peaks).
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r=32.8 km

FIG. 14. (Color online) Geometry for two hypothesized propagation paths
to explain the observed inshore arrivals. The solid line is a reflection from a
bathymetric feature such as a coral wall. The curved path is the refracted
path due to many bottom interactions.

B. Refraction or reflection?

One hypothesis for the 3D inshore path results is the
specular reflection of acoustic energy from an inshore bathy-
metric feature, such as a coral wall. The standard 3D inter-
pretation is for continuous refraction of the energy as a result
of repeated specular interactions with the sloping seafloor.
We have the measurements needed to differentiate between
these two effects. In particular, we have the source-receiver
range, the arrival angle of both the direct path and the in-
shore path, and the travel-time difference between them. The
geometry of the two postulated paths is shown in Fig. 14.

The distance from the source/receiver to the scattering
wall (x) is the range (R=32.8 km) divided by 2 tan 6, where
0 is the arrival angle at the array (32 deg). This leads to a
total path length of 38.67 km, which is 5.88 km longer than
the observed source-receiver separation. Using the measured
group velocity of the direct path (1520 m/s), this would lead
to a predicted travel time of 3.86 s, whereas the observed
travel-time difference was 3.2 s. This gives a strong indica-
tion that the path-length separation must be less than the
straight-line path from the source to the scattering wall to the
receiver, as is the case for the continuously refracted path.
The group velocity assumption that the inshore path has a
group velocity (vg) of 1520 m/s is certainly incorrect, but the
required 20% reduction in the group velocity is larger than is
expected in shallow water, particularly since the net group
velocity is the reciprocal of the average group slowness
(1/vg).

V. SUMMARY AND CONCLUSION

A pair of nearly identical acoustic propagation experi-
ments were conducted on the continental shelf in the summer
of 2007 and winter of 2008. A set of acoustic transmissions,
including narrowband cw tones and broadband LFM, was
transmitted from a towed source and recorded on a bottom-
mounted horizontal line array. This permitted the spatial and
temporal resolution of the received acoustic signals. The
presence of multiple horizontal arrivals, sometime separated
by up to 30 deg in azimuthal arrival angle, was observed. For
summer and winter conditions, multiple source depths, and
multiple source bearings, observations of multiple horizontal
arrivals were recorded. For many of the receptions beyond
20 km, the inshore path was substantially stronger than the
direct path along the measured bearing from the receiver to
the ship. A rather odd feature of the measurements is the
presence of a uniform RL vs range for paths from 40 to 80
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km. This apparent lack of loss is inconsistent with the rapid
falloff of received energy in the first 40 km and is indicative
of some kind of horizontal focusing.

Most source tows were either toward the receiver or
away, producing nearly similar range-rates for the direct path
and the inshore path. This permitted the observation of the
ship GPS path and the inshore 3D path from BTR plots
processed at the signal frequency bin. It also means that both
acoustic paths coherently interacted with each other, presum-
ably producing significant effects on measures of spatial and
temporal coherence. For one run (CALOPS-S run 9E-W),
however, the source was towed cross-slope with very little
range closure. For this reception the direct path has near-zero
Doppler. It was observed that the inshore path has an up-
Doppler shift when the source ship moves toward shore and
a down-Doppler shift when the source ship moves toward
deep water. This is explained by the geometry of refraction
in a wedge environment. This novel result means that mul-
tiple frequency lines can be observed in a 3D environment
when only a single line is emitted. Broadband processing of
a LFM, transmitted when the source was at a range of 32 km,
indicated the clear separation of the two paths, consistent
with horizontal refraction due to the sloping bathymetry.

The observations of 3D propagation presented in this
paper should not be surprising since they are consistent with
theoretical and numerical modeling results dating back to the
late 1960s. What is surprising is the strength of the inshore
energy. For most environments, propagation in shallower
water involves more frequent bottom interaction and there-
fore the shallow water refracted paths are expected to be
weaker than the along-isobath path. This is clearly not the
case in this environment. These results have important im-
plications relevant to the accuracy of bearing-based localiza-
tion such as target motion analysis in the continental shelf
environment. They also imply that interfering ships may be
expected to impact multiple bearings. Data from these tests
should provide a useful experimental database to validate 3D
propagation models in the future.
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Array element localization using ship noise
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This paper describes a method of estimating hydrophone positions in a receiver array using the noise
from a passing ship. Relative arrival times of the ship-noise signal between pairs of hydrophones are
obtained from several time windows of data (corresponding to different ship locations) by
cross-correlating the band-pass filtered time series. The relative arrival times are used as data in an
array element localization inversion to estimate both the hydrophone and ship locations based on
iterated linearization of the acoustic ray equations. The inversion applies the method of
regularization to include prior information such as approximate location estimates and uncertainties
for the source and receivers and the expectation that the array shape and/or source tracks are smooth
functions of position. Linearized and nonlinear (Monte Carlo) estimates of the position errors are in
good agreement and indicate a high degree of confidence in the receiver positions (relative
uncertainties of approximately 0.2 m in the horizontal and 0.05-0.1 m in the vertical). The ability
to improve upon the initial source position estimates depends on the geometry of the problem, as
investigated with simulations. © 2009 Acoustical Society of America. [DOI: 10.1121/1.3076201]

PACS number(s): 43.30.Xm, 43.60.Pt [AIT]

I. INTRODUCTION

Ocean acoustic array processing methods, such as
beamforrning1 and matched-field processing and inversion,
require accurate knowledge of the locations of individual
elements in a receiver array. However, sufficiently accurate
receiver locations are generally not known after array de-
ployment at sea, and array element localization (AEL) sur-
veys are often required.4 AEL is usually based on inverting
acoustic arrival-time measurements from a series of con-
trolled sources at (approximately) known positions to the
receivers to be localized.*™!* However, the uncertainties in
source positions can be an important source of error in
AEL>" A regularized ray-based AEL inversion, which treats
both source and receiver locations as unknown and deter-
mines the simplest (smoothest) array shape subject to fitting
the acoustic data, has been developed and applied to a vari-
ety of source/receiver geometries, such as bottom-moored
horizontal arrays7’14 and vertical arrays,s’14 towed arrays,("’10
two-dimensional arrays,13 and freely-drifting sonobuoy
fields.'"

AEL 1is usually carried out using impulsive sources,
which produce identifiable acoustic arrivals from which ar-
rival times can be measured. The continuous nature of broad-
band noise sources such as a ship makes it difficult to di-
rectly observe coherent arrivals across an array. However,
relative arrival times can be extracted from recordings of a
noise source by cross-correlating the time series at spatially
separated hydrophone pairs. This paper shows that estimat-
ing relative arrival times from ship noise at several positions
can provide a sufficient data set for high-precision AEL.

Cross-correlation techniques have been used in ocean
acoustic applications such as ship tracking,15 marine mam-

Ypresent address: MGM Geosciences, 420-900 Tolmie Avenue, Victoria,
British Columbia V8X 3W6, Canada.
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mal tracking,16 and geoacoustic inversion.'” More recently,
cross-correlation of ocean ambient noise has been used to
estimate Green’s functions between bottom-moored hydro-
phones for positioning and time synchronization.18 Array-
shape estimation has also been performed by a matched-field
approach using the noise from ships of opportunity.]9 How-
ever, it does not appear that cross-correlation of ship noise
has been applied previously to estimate individual receiver
and source positions in an AEL survey. An interesting aspect
of using a continuously-moving source such as a ship (as
opposed to a series of impulsive sources at a grid of loca-
tions) is that the smoothness regularization can be applied to
the ship tracks (as well as array shape) to minimize unreal-
istic zig-zags or jumps between adjacent source positions,
which could be introduced by inaccurate prior information
and noisy acoustic data.

Motivation for the present work comes from an AEL
survey of a bottom-moored vertical line array (VLA) in
which controlled-source recordings intended for AEL proved
unusable (described in Sec. II), and the use of relative arrival
times extracted from broadband ship noise was the only re-
course to localize the array. However, there are a number of
potential advantages of ship-noise AEL, including reductions
in cost, effort, and environmental impact of not using impul-
sive sources; efficient coverage of wide areas (particularly if
the nominal array position is poorly known); and the ability
to carry out AEL covertly, using either a known ship or a
ship of opportunity.

Il. EXPERIMENT AND DATA

In October 2003, a scientific cruise to the Mississippi
Canyon, lease block 798 (MC798) in the northern Gulf of
Mexico, was undertaken to collect acoustic data for seabed
gas-hydrate research. A bottom-moored VLA consisting of
16 hydrophones spaced at approximately 12.5-m intervals
was deployed from the R/V Pelican and allowed to free-fall
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FIG. 1. Plan view showing initial (prior) and estimated (est.) ship and VLA
locations relative to the deployment position. Inset shows ship positions
along both track lines of R/V Pelican.

to the seafloor in ~800 m of water. Concrete weights an-
chored the array to the seafloor, and its shape was maintained
by means of glass floats at the top of the array. 6-s samples
of acoustic data were recorded every 18 s at a 10-kHz sam-
pling rate as the ship transited along two radial track lines
centered near the nominal array position (Fig. 1). Data were
recorded first while towing an impulsive source (water gun)
and then with no sound source except the survey ship. The
water-column sound speed profile was measured prior to run-
ning the track lines and is shown in Fig. 2. Due to badly-
clipped direct arrivals and large correlated timing errors, the
water-gun data were unusable for AEL inversion; therefore, a
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FIG. 2. Water-column sound speed profile measured near VLA position.
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FIG. 3. (a) Raw ship-noise time series (hydrophones 1, 8, and 16 zeroed due
to poor data). (b) Results of cross-correlation processing with hydrophone 2
(hydrophone numbers increment from the bottom of the array).

method was devised to use the ship-noise recordings for this
purpose.

An example of the acoustic time series recorded at the
VLA as the ship transited along line 1 (north-south track
line) is shown in Fig. 3(a) (data for hydrophones 1, 8, and 16
were of poor quality due to seawater leakage and are not
considered here). Direct observation of coherent arrivals on
the noise time series is difficult or impossible. However, the
time differences of energy arriving along the array can be
extracted from the cross-correlation of signals recorded at
pairs of receivers. The cross-correlation between signals s,()
and s,(¢) at hydrophones i and j over T samples is

T-1-7

Rif(m= 2 si{t)sft+7), (1)

=0

where 7 is the lag time (in samples). The lag at the cross-
correlation maximum corresponds to the best estimate of the
time delay of coherent acoustic energy between the receiv-
ers,

Ati,j = argmax[Ri,j(T)]' (2)

Figure 3(b) shows cross-correlation functions for hydro-
phone pairs from Fig. 3(a). Trace 1 represents the autocorre-
lation of the data received at hydrophone 2 (bottom of the
array), and traces 2—14 are the cross-correlations between
hydrophone 2 and the other hydrophones on the array. The
cross-correlation functions are normalized such that the au-
tocorrelation at zero lag is unity. The maximum correlation
occurs when the time delay is equal to the difference be-
tween arrival times of the ship noise at the two hydrophones.
This time delay increases with separation between the hydro-
phones in Fig. 3(b); the cross-correlation peaks at 7=0 are an
artifact due to electrical noise common to all the receivers.
The presence of signals in the data that are not associ-
ated with the survey ship can degrade the correlation pro-
cessing. Prior to computing cross-correlations, the data were
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FIG. 4. (Color online) Spectrograms of unfiltered (left) and filtered (right)
ship noise for line 2. Spectra are normalized to maxima at 0 dB.

band-pass filtered to exclude signals outside the band con-
taining the majority of the ship-noise power. Normalized
spectrograms for the acoustic data recorded at hydrophone 2
along line 2 are shown in Fig. 4. In the raw-data spectrogram
(left panel), a tonal band near 1250 Hz is not associated with
the ship since the signal strength does not diminish with
increasing range from the nominal array position. After some
experimentation, a filter with a pass band of 20—600 Hz and
a 3-dB/octave roll-off was found to yield a good balance
between peak resolution and noise cancellation in the cross-
correlation functions. The spectrogram of the filtered data is
also shown in Fig. 4 (right panel).

A raster image showing the cross-correlation values for
hydrophones 2 and 6 for all recordings along line 1 is shown
in Fig. 5. The time delay of the direct arrival is readily iden-
tified as a dark band in the image that moves out hyperboli-
cally with range from the nominal array position. Faint hy-
perbolic bands observed at larger time delays in the image
are likely associated with water-column multiples of the ship
noise; however, the order of these multiples is not obvious. If
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FIG. 5. Cross-correlation values for hydrophones 2 and 6 and all ship-noise

recordings of line 1. Dotted lines indicate the data used in the AEL inver-
sion. The x indicates the data sample in Fig. 3.
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FIG. 6. Relative travel-time picks from cross-correlation for all hydro-
phones and both ship lines.

the paths of these arrivals were identified, they could poten-
tially be included in the inversion to provide additional in-
formation in determining the sensor depths. However, the
multi-path arrivals would add little information on the hori-
zontal positions of the sensors since they lie in the same
vertical plane as the direct arrival (considered in previous
AEL work).*!'* In this case the arrivals were too weak to pick
reliably and are not considered.

Using hydrophone 2 as the reference, cross-correlation
functions were computed with the usable hydrophones of the
array for the two orthogonal ship tracks shown in Fig. 1.
Time delays corresponding to the cross-correlation maxima
were picked for 13 receivers and 64 source positions over the
two lines (25 from line 1, 39 from line 2) for a total of 832
data, as shown in Fig. 6 (since the reference hydrophone is at
the bottom of the array, the travel-time differences are nega-
tive). Based on examining the cross-correlation plots at high-
magnification, the uncertainty in picking the correlation
peaks was estimated to be 0.2 ms. This uncertainty did not
appear to vary across the array.

Nominal (prior) estimates of the location of the array
elements in x (east-west) and y (north-south) were obtained
from the global positioning system (GPS) position of the
ship when the array was deployed; the (vertical) z coordinate
estimates were based on the chart water depth at this location
and the nominal hydrophone heights above the array anchor.
The uncertainties of the hydrophone-position estimates were
conservatively taken to be 1000 m in x and y and 100 m in z
(these large values allow the data information to dominate
the solution for receiver localization). The position of the
ship at the start of each 6-s recording was extracted from the
navigation data and corresponds to the location of the GPS
antenna near the fore-aft center of the vessel. Traveling at
about 5 m/s, the ship moved ~30 m over a 6-s recording
and ~90 m between records. The ship position at the center
point of each recording was determined by interpolating the
GPS positions, assuming that the ship traveled in a straight
line at a constant speed. Based on this procedure and the
GPS accuracy, the uncertainties in the x and y coordinates of
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the prior source positions were estimated to be 15 m. The z
coordinates for all source positions were estimated to be 3 m
with an uncertainty of 3 m based on the draft of the survey
vessel.

lll. INVERSION METHOD

Regularized AEL inversion is briefly summarized in this
section; more complete descriptions are found
elsewhere.”'*'* The AEL inverse problem considered here
involves estimating three-dimensional position variables
(x,y,z) for N, VLA receivers and N, source (ship) locations
via linearized inversion of the acoustic ray equations,

7 pelz)dz

=), t-peer )
o dz

et J Ol - PP @

where r represents the source-receiver range, ¢ is the arrival
time, f, is the source transmission instant, and c(z) is the
measured sound speed profile. In Egs. (3) and (4), p
=cos 6(z)/c(z) [where 6(z) is the grazing angle] is the ray
invariant, which defines the take-off angle at the source. The
eigenray for a direct path from source to receiver is found by
determining the p value that gives the correct range accord-
ing to Eq. (3); this can be determined efficiently using New-
ton’s method.”"*

The measured arrival times t can be written in vector
form as

t=t(m)+n, (5)

where the model m represents the unknown parameters
(x,y,z for sources and receivers and 7, values) and n repre-
sents data errors (noise), with the assumption that the error n;
on ¢; is due to a Gaussian-distributed random process of stan-
dard deviation o;. The AEL inverse problem of estimating
the model m that fits the data t is functionally nonlinear. A
linearized estimate can be obtained by expanding t(m)
=t(my+ dm) in a Taylor series to first order about a starting
model m,. Rearranging terms, the expansion can be written
as

Jm=t-t(m) +Jm,=d, (6)

where J is the Jacobian matrix of partial derivatives J;;
=dt,(mg)/Jdm; (analytic ray derivatives are given in Ref. 7),
and d consists of known quantities and may be considered
modified data. Equation (6) represents a linear inverse prob-
lem, which can be solved for m (discussed below). Since
nonlinear terms are neglected, the inversion must be repeated
iteratively until convergence.

Including both source and receiver positions as un-
knowns leads to an ill-conditioned inverse problem, which
can be stabilized by including prior information via the
method of regularization. This involves minimizing an objec-
tive function ¢ that includes the data misfit and regularizing
terms:
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¢=|GJm - d)]* + ) |[H;(m - ) [* + p1,|H,m|*. (7)

In Eq. (7), the first term on the right represents the data misfit
for the linearized problem with G=diag[1/0;], and the last
two terms represent regularizations; w; and u, are trade-off
parameters that control the relative importance of the regu-
larizations in the minimization. The first regularization term
in Eq. (7) is used to apply a prior estimate m for the source
and receiver locations based on knowledge of the deploy-
ment procedure; H,=diag[1/§;] is a regularization matrix
that weights prior estimate 71; according to its estimated stan-
dard deviation §;, assuming Gaussian-distributed prior uncer-
tainties. The second regularization term can be used to apply
the prior expectation that the array shape and/or source
tracks are smooth functions of position, where H, is a dis-
crete approximation to the second derivative operator with
respect to position along the array/track.'* The term |H,m|?
then provides a measure of the total curvature or roughness,
and the regularization ensures that the solution has the sim-
plest array shape and/or source track that is consistent with
the data and prior parameter estimates.’

The regularized solution is obtained by setting d¢p/dm
=0, leading to

m=nm+[J'G'GJ + w H'H, + 1,HIH,]"'[J7G'Gd - Jrn].
(8)

From a starting model m,, (usually coinciding with prior m),
Eq. (8) is applied iteratively until convergence is achieved.
Convergence is based on two criteria: fitting the data to a
statistically appropriate level such that the nonlinear data
misfit x*>=|G(d-d(m))> achieves its expected value of
(x*)=N for N data and achieving a stable solution in which
the change in model parameters between successive itera-
tions is small. Fitting the data to y>>N under-fits the data
(i.e., under-constrains the solution); fitting the data to x>
<N over-fits the data (i.e., fits noise on the data) at the
expense of fitting the prior information.”® Assigning values
to the trade-off parameters, w; and u,, to achieve a balance
between the data misfit and the prior information requires a
two-dimensional search, which can be carried out efficiently
as described in Refs. 7 and 14.

An important component of any inverse problem in-
volves estimating the uncertainty of the solution. For linear-
ized problems with Gaussian-distributed errors and priors,
the posterior model covariance matrix can be approximated,

Cn=[J'G'GJ+HH,]"!, 9)

where J is evaluated at the final model, with the ith diagonal
element of C, representing the variance of the ith recovered
parameter. The validity of this approach depends on the de-
gree of nonlinearity but has generally been found to be a
good approximation for AEL inversion."* Fully nonlinear un-
certainty estimates can be computed using a Monte Carlo
approach at higher computational cost. In the Monte Carlo
approach, the source and receiver positions determined via
inversion of the measured data are assumed to define the true
positions for a synthetic inverse problem, and acoustic
arrival-time data are computed. A series of independent in-
versions is then carried out, each with different random er-
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FIG. 7. Data residuals for (a) prior hydrophone positions and (b) recovered
hydrophone positions.

rors applied to the computed data and to the prior position
estimates (errors are drawn from Gaussian distributions with
standard deviations equivalent to the corresponding uncer-
tainties of the data and priors). Standard deviations about the
true sensor positions can then be computed from the en-
semble of inversion results. An advantage of the Monte
Carlo approach is that it can be used to estimate both abso-
lute localization errors (i.e., relative to the geographic coor-
dinate system) and relative localization errors (in array-based
coordinates), while linearization provides only absolute un-
certainties. Relative uncertainties are more relevant in many
applications because position errors common to all receivers
are equivalent to a simple rigid-body translation and/or rota-
tion of the array, while relative position errors introduce
inter-receiver timing or phase errors which degrade array
processing. Relative uncertainties are computed by correct-
ing each realization of the Monte Carlo process for the opti-
mal translation and rotation estimate'>'* and can be ex-
pressed either referenced to the array centroid or as receiver-
to-receiver uncertainties.

IV. SHIP-NOISE AEL RESULTS

The regularized inversion procedure described in Sec.
IIT was applied to the data and prior estimates described in
Sec. II to estimate locations for each source and receiver (the
inverse problem involved 832 data and 295 unknown param-
eters). The algorithm converged in seven iterations, achiev-
ing a data misfit of x*=831 (the expected value is 832),
which is more than 23 times smaller than the misfit com-
puted for the starting model of x*=19,400. Figure 7 shows
data residuals (difference between measured and predicted
data) for the prior and recovered models. The residuals are
reduced from a maximum of 2.2 ms for the prior model to
less than 0.6 ms for the recovered model. The small prior
residuals near data points 140 and 525 correspond to the ship
passing nearly over the array on lines 1 and 2, respectively.
At these points the ship is near endfire to the VLA, and the
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FIG. 8. Recovered array shape in x, y, and R indicated by open circles; filled
circles indicate prior estimates. Receiver locations are relative to hydro-
phone 2 shifted to x=y=0.

relative travel-times are sensitive only to the vertical hydro-
phone separation (i.e., modest errors in the x-y hydrophone
positions do not affect the data significantly).

The x and y locations of the VLA and several nearby
sources as estimated by the inversion are shown in Fig. 1,
along with the corresponding prior estimates (the position of
the VLA is represented by hydrophone 2). The VLA location
is approximately 33 m east and 29 m south of the measured
deployment position. Figure 8 shows the VLA shape in x, y,
and R=[x*>+y?]"? relative to the position of hydrophone 2
shifted to x=y=0. The results indicate that the array is ap-
proximately 4 m shallower in depth than the prior estimate.
Hydrophone 2 is nominally 31.5 m above the array mooring;
therefore, using the estimated z value of 737.3 m, the depth
of the water at the array location is estimated to be 768.8 m.
The water depth determined from bathymetric charts for the
array position from the inversion is 769.0 m, indicating ex-
cellent agreement. Figure 8 shows that the array (hydro-
phones 2—14) is tilted ~5.5 m in a south-southeasterly direc-
tion. This agrees with the average direction of the current
(~0.1 m/s to the southeast) over the course of the experi-
ment, measured by an upward-looking acoustic Doppler cur-
rent profiler mounted near the base of the VLA. The array
shape is smooth and physically reasonable; a slight curvature
is apparent, which is consistent with the expected hydrody-
namic behavior of a moored VLA in the presence of a cur-
rent.

The inter-element spacing from the AEL solution varied
from 12.4 to 12.9 m with a mean of 12.6 m, compared to the
nominal spacing of 12.5 m. The total distance between hy-
drophone elements 2 and 14 from the AEL solution is 1.9 m
longer than the nominal length. To check if the regularization
stretched the array to minimize curvature, the inversion was
re-run without applying the smoothing regularization to the
array; however, there was no difference in the recovered ar-
ray length. The VLA manufacturer verified that the combi-
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hydrophones 1, 8, and 16 are not included due to poor data.

nation of cable stretch under load and the precision to which
the cable was manufactured and hydrophones positioned
along the cable could easily result in an actual inter-element
spacing of 12.6 m or more.

The estimated hydrophone localization uncertainties are
given in Fig. 9. Figures 9(a) and 9(b) show that similar ab-
solute uncertainties are estimated via linearization and the
nonlinear Monte Carlo approach, respectively, with horizon-
tal (R) uncertainties of approximately 10 m and vertical (z)
uncertainties of about 2 m. Relative uncertainties are shown
in Fig. 9(c) referenced to the array centroid. Finally, Fig. 9(d)
shows the relative uncertainties between consecutive hydro-
phones, with R uncertainties of approximately 0.2 m and z
uncertainties of about 0.05—-0.1 m. The slightly higher stan-
dard deviations for hydrophones 7 and 9 result from the
longer inter-receiver spacing caused by omitting hydrophone
8 from the analysis.

The inversion results for the source locations did not
differ greatly from their prior estimates, likely because the
data do not contain sufficient information to reposition both
sources and receivers for this geometry (the role of source-
receiver geometry in refining source locations is considered
in Sec. V). The mean (absolute) standard deviations for the
source positions estimated by the Monte Carlo method are
113 minx, 11.9 min y, and 2.5 m in z (linearized estimates
are similar). These values are slightly smaller than the prior
uncertainties (15 m in x and y, and 3 m in z).

V. SOURCE REPOSITIONING: SYNTHETIC STUDY

An interesting aspect of the AEL inversion developed in
this paper is the application of the smoothing regularization
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FIG. 10. Plan view showing true, prior, and estimated (est.) ship and hydro-
phone (h/ph) locations for the synthetic example. Only portions of the ship
tracks are shown.

to the unknown source positions along the tracks, as well as
to the array shape. In many AEL surveys, the source posi-
tions are considered independent of each other; however,
here positions are extracted from continuous ship tracks, and
it is desirable for the solution to minimize unrealistic track
roughness. In the previous section, the measured data did not
contain sufficient information to adjust the source positions
significantly due to the limited spatial aperture of the array.
In this section, a synthetic case is considered to illustrate
how source position estimates can be improved in cases in-
volving an array with sufficient horizontal aperture.

The geometry used for the synthetic example consists of
nine equi-spaced receivers arranged in a grid pattern on the
seafloor, as indicated by the diamond symbols in Fig. 10
(configurations like this are commonly used for ocean bot-
tom seismometers in geophysical experiments). The array
elements are 150 m apart at 800 m depth, and the center of
the pattern is offset from the intersection of the source lines
by 70 m in x and —120 m in y. A total of 64 source positions
along two orthogonal lines are used (simulating the ship
tracks of the MC798 experiment). The north-south source
line is 2750 m long with 25 source positions, and the east-
west line is 4480 m long with 39 positions. A sine function
with 20-m amplitude modulates the source tracks to simulate
a slowly meandering ship (Fig. 10). Synthetic (relative)
arrival-time data were calculated for this source-receiver ge-
ometry, and Gaussian-distributed random errors of standard
deviation 0=0.2 ms were added. Prior estimates of the
source positions were generated by adding random Gaussian
errors with standard deviations of 15 m in x and y and 3 m in
z to the true positions. The prior estimates of the receiver
positions included errors with standard deviations of 25 m in
xand y and 5 m in z.

The inversion was carried out with the data and prior
source position uncertainties outlined above. Smoothing
regularization was applied to the source tracks but not to the
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FIG. 11. Source position standard-deviation estimates in x, y, z and R indi-
cated by solid, dashed, dotted, and heavy solid lines, respectively, for the
synthetic example. Linearized estimates are shown in (a), and Monte Carlo
absolute estimates in (b). Sources 1-25 correspond to the east-west line, and
26-64 to the north-south line.

receiver positions (which do not form a linear array). Figure
10 shows that both the source and receiver positions esti-
mated via inversion are significantly closer to the true posi-
tions than the prior estimates. Figure 11 shows the linearized
and nonlinear estimates of source position uncertainties. The
vertical (z) localization errors are approximately 2.5 m for
all source positions (compared to 3-m prior uncertainty).
However, the horizontal uncertainties for all source positions
are substantially smaller than the prior uncertainties of 15 m
in x and y (or ~21 m in R). The horizontal errors are small-
est (<5 m in R) when the source is directly over the array
due to a larger apparent array aperture; errors are largest
(~10 m in R) at track end points where the apparent array
aperture is smallest.

VI. SUMMARY

This paper demonstrated high-precision AEL using rela-
tive arrival times extracted from broadband ship noise, rather
than from a standard AEL survey based on impulsive sources
at distinct locations. Arrival-time delays between hydro-
phone pairs were extracted from ship noise using cross-
correlation of the time-series recordings. Linearized inver-
sion of the acoustic ray equations was applied to determine
both source and receiver locations that fit the acoustic data
and prior position estimates within uncertainties. Additional
regularizations for the smoothest array shape and for the
smoothest source tracks (relevant for a continuously-moving
source such as a ship) were also applied.

Ship-noise AEL inversion results for a ~160-m VLA in
800 m of water provided an array location and shape that is
consistent with available information. Nonlinear (Monte
Carlo) error analysis indicated absolute positioning uncer-
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tainties of approximately 10 m in the horizontal and 2 m in
the vertical. Relative receiver-to-receiver uncertainties were
0.05-0.1 m in the vertical and about 0.2 m in the horizontal,
which is much smaller than the receiver displacements along
the VLA resolved by the AEL inversion.

The VLA geometry provided limited ability to resolve
the source positions from their prior estimates; however, a
synthetic study showed that array geometries with a greater
horizontal aperture can provide significantly improved loca-
tions for sources as well as receivers.
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Ultrasound radiation force has been proposed to increase the targeting efficiency in ultrasonic
molecular imaging and drug delivery. A chirp excitation technique is proposed to increase the
radiation force induced microbubble displacement and might potentially be used for enhancing the
targeting efficiency of microbubble clouds. In this study, a modified Rayleigh—Plesset equation is
used to estimate the radius-time behavior of insonified microbubbles, and the translation of
insonified microbubbles is calculated by using the particle trajectory equation. Simulations
demonstrate that the chirp excitation is superior to the sinusoidal one in displacing microbubbles
with a wide-size distribution, and that the performance is dependent on the parameters of the chirp
signal such as the center frequency and frequency range. For Gaussian size distributed microbubble
clouds with mean diameter of 3.5 um and variance of 1, a 2.25 MHz chirp with frequency range
of 1.5 MHz induces about 59.59% more microbubbles over a distance of 10 um during 200 us

insonification, compared to a 2.25 MHz sinusoidal excitation with equal acoustic pressure.
© 2009 Acoustical Society of America. [DOIL: 10.1121/1.3075548]

PACS number(s): 43.35.Mr, 43.35.Wa [DLM]

I. INTRODUCTION

Ultrasound contrast microbubbles, which are highly
compressive and thus highly echogenic due to their construc-
tion, are usually injected into the blood stream in order to
provide increased contrast between blood-filled organ and
surrounding tissues.'> Recent studies show that mi-
crobubbles could be utilized for ultrasonic molecular imag-
ing as well as gene and drug delivery.“’8 In the ultrasonic
molecular imaging, targeted agents selectively attach mo-
lecular markers expressed on diseased endothelium and in-
crease contrast in the area such as thrombus and
inflammation.”"® For this purpose, it is desired to localize
targeted microbubbles near the binding site, typically the
vessel wall, for bond formation. However, microscopic ob-
servations show that microbubbles tend to distribute toward
the axis of the vessel while circulating, similar to that of
erythrocytes.w’22 Previous efforts have shown that ultra-
sound radiation force can manipulate encapsulated mi-
crobubbles and displace them off the vessel axis in blood
stream toward the vessel wall.”> In addition, displacement to
the side of the vessel could decrease the velocity of the mi-
crobubbles, allowing more time for bond formation. In their
study, the radiation force induced by the sinusoidal excitation

YAuthor to whom correspondence should be addressed. Electronic mail:
dzhang @nju.edu.cn

1410 J. Acoust. Soc. Am. 125 (3), March 2009

0001-4966/2009/125(3)/1410/6/$25.00

Pages: 1410-1415

is significantly affected by the variation of resting radius, and
the maximum displacement occurs to bubbles at their reso-
nance frequency. Considering that contrast bubbles used usu-
ally have a wide-size distribution, the efficiency of targeting
bubbles to the vessel wall with radiation force might be lim-
ited. The idea of using chirps to drive microbubbles has been
investigated by several researchers with respect to contrast
fundamental and harmonic imaging modalities.”*** Com-
pared with the traditional pulse excitation, the chirp excita-
tion offers higher Signal-to-Noise Ratio (SNR) and leads to
better image quality and a significant increase in penetration
depth in tissue. 2%

In this report, the effectiveness of a chirp excitation
method is studied mathematically in producing acoustic ra-
diation force and the displacing of microbubble clouds.

Il. THEORETICAL MODEL

Microbubble dynamics in an incompressible liquid has
been studied widely using various types of modified
Rayleigh-Plesset (RP) equations.***? Based on the modi-
fied RP equation considering shell properties and acoustic
radiation damping, Morgan et al* proposed a model to de-
scribe radius-time oscillations of insonified microbubbles.

© 2009 Acoustical Society of America
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where R is the instantaneous radius of microbubble; R and R
are the first and second time derivatives of the instantaneous
radius, respectively; R, is the resting radius; Py is the hydro-
static pressure; b is the van der Waals constant; V,, is the
universal molar volume; p,;, o, X, ¥, ¢, i, Ky, and € are the
density, the surface tension of the liquid surrounding the
bubble, elastic modulus of lipid shell, the polytropic gas ex-
ponent, the speed of sound in liquid, medium viscosity, vis-
cosity of lipid shell, and thickness of lipid shell, respectively;
and Py, is the time-varying acoustic pressure driving the
bubble.

As indicated by Marmottant et al.,** there is a problem
in the model of Morgan et al.,3 3 where the analysis of surface
tension of microbubble fails to describe a coated mi-
crobubble. The quantity o(R) is an effective surface tension,
which should be expressed as o(R) = o(R,)+2x(R/Ry—1) at
elastic state, rather than simply a constant. Using this expres-
sion of surface tension, we can get a modified equation as
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Equation (2) is equivalent to Eq. (3) in the work of Marmot-
tant et al.>* The translation motion of a microbubble in a
fluid during insonification is calculated by solving a particle
trajectory equation23‘3'
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where p,, is the bubble density, v is kinematic viscosity, V,, is
the bubble volume, ur is the coefficient of friction, and P, is
the pressure in liquid. The value of u, is defined by the dif-
ference between the bubble velocity and the liquid velocity,
u,=u,—u;. The term on the left-hand is the overall force on
the microbubble, which is equal to the product of the mi-
crobubble mass and its acceleration. The first term on the
right-hand is the radiation force on a highly compressible
microbubble. The second term on the right-hand is the quasi-
static drag force introduced by Johnson and Hsich,™ and
further modified by Meyer et al.*® The translation equation
requires a Reynolds number of less than 100 for a satisfac-
tory simulation. In this study, since the Reynolds number
Re=U,L/v=2R|u;~u|/v has a small value of U, (about 10
mm/s) and a small value of L (several microns), the Rey-
nolds number is less than 80, which is suitable for this simu-
lation. The third term on the right is the added mass due to
microbubble translation, and the fourth term is added mass
due to microbubble oscillation. The fifth term is incorporated
to consider the frictional force prominent in this experimen-
tal system.

The velocity of liquid is calculated from the acoustic
pressure field as

du 1 9P
T (4)
ot P ox
Pressure in liquid is calculated by32
o\ .
P,=Py+P, cos( —x) sin(wr), (5)
c

where o is the angular frequency of the acoustic signal.

A chirp is a special type of coded excitation signal with
a long frequency modulated burst. A quadratic chirp signal
with a sinusoidal envelope is usually described as

p(1) =A(1) X cos(2mfyt + P(1)), (6)

where A(f) describes the envelope. ¢(f)=mB¢* is a quadratic
phase modulation function at the center frequency f,. Ac-
cordingly, a linearly increasing instantaneous frequency
fiO)=fo+(1/2m)(dp(t)/ dr)=fy+ Bt is obtained. Assume that
the frequency range is from f,—Af to fo+Af, the duration of
the chirp signal is from —7/2 to T/2, then B=2Af/T.

lll. RESULTS AND DISCUSSIONS

In this study, the microbubbles are assumed to be Gauss-
ian distributed, with a mean radius of 3.5 um and a variance
of 1, as shown in Fig. 1. The microbubble clouds have a
concentration of 1X 10° microbubbles/ml, and 1 ml solu-
tion is taken for numerical calculation. In order to compare
with previous study,23 we use the same shell parameters of
the agent MP1950. The values of microbubble parameters in
the numerical calculation are given in Table I.
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FIG. 1. Normalized size distribution of microbubble clouds.

A. Microbubble displacement induced by chirp
excitation

First, the displacements of the Gaussian distributed mi-
crobubbles excited by chirp signals are investigated numeri-
cally. Equations (2) and (3) are numerically solved by the
fourth-order Runge—Kutta method with the initial values R
=Ry, R'=0, u,=0, and du,/dr=0 at t=0. Forced oscillation
and displacement of individual microbubbles are examined
with the linear chirp excitation (A(z)=1).

Figure 2 compares the displacements of microbubbles
driven by a sinusoidal signal and linear chirp signals, in
which the sinusoidal signal is at 2.25 MHz with acoustic
pressure amplitude of 100 kPa; the linear chirp signals with
the equal acoustic pressure amplitudes have the center fre-
quency of 2.25 MHz and frequency ranges of 0.8, 1.1, and
1.5 MHz, respectively. For the case of sinusoidal excitation,
there is a sharp peak of displacement for microbubble with
the radius of 2.5 wm that is close to the resonance frequency
of 2.25 MHz. It suggests that the sinusoidal excitation is
efficient in displacing microbubbles at resonance. For the
case of chirp excitation, the shapes of displacement versus
radius curves are relatively flat without sharp peaks. The
maximum displacement is obviously decreased compared to
that by sinusoidal excitation. For example, the displacement

TABLE I. Values of microbubble parameters in the numerical calculation.

Symbol Description Value
b van der Waals constant 0.1727
Thickness of lipid shell (m) 2X107
c Acoustic velocity in liquid (m/s) 1540
Py Hydrostatic pressure (Pa) 1.013%10°
I Bubble density (kg/m?) 11.2
oy Surface tension (N/m) 0.051
Mh Viscosity of lipid shell (Pa s) 1.27
ME Coefficient of friction 0.5
o Medium viscosity (Pa s) 0.001
v Kinematic viscosity (Pa s) 1X107°
V, Universal molar volume (1) 22.4
X Elastic modulus of lipid shell 1
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FIG. 2. Microbubble displacements insonified with 10 us sinusoidal exci-
tation or linear chirp excitation.

induced by the chirp with the frequency shift of 0.8 MHz is
about 59.46% of that by the sinusoidal excitation. However,
the chirp excitation has the capability of displacing mi-
crobubbles with a distribution. Larger frequency shift per-
forms better in inducing the movements of microbubbles
with wider size distribution.

B. Optimization of chirp excitations

To obtain optimized parameters of the chirp excitation,
the effects of the center frequency and frequency range on
the displacement response from microbubbles excited by the
chirp signal are investigated numerically. Figure 3 plots the
bubble displacements for chirp excitations about 10 us at
center frequencies of 1, 2.25, and 5 MHz, respectively. The
radii corresponding to linear resonance frequencies of 5,
2.25, and 1 MHz of microbubbles are approximately 0.8, 1.6,
and 3.25 um, respectively.34 It is observed that increasing of
the center frequency leads to the decrease in the magnitude
of maximum translation. For example, the maximum trans-
lations of microbubble are 6, 3.3, and 1.75 um for chirps at
center frequencies of 1, 2.25, and 5 MHz, respectively. On
the other hand, as frequency shift increases, the maximum
translation of microbubbles decreases, while there is an in-
crease in radius distribution of bubbles that travel away from
the transducer for a certain distance. As shown in Fig. 3(c),
the translational displacement distribution induced by chirp
with frequency shift of 0.3 MHz is much sharper than that by
chirp with frequency shift of 4.1 MHz.

C. Comparison of sinusoidal and chirp excitations

Figure 4 compares the efficiency of displacement of mi-
crobubble clouds over a fixed distance induced by sinusoidal
and chirp excitations, where the percentage number of mi-
crobubbles whose displacements over 30, 40, and 50 wum
during 200 us are calculated by dividing by the overall
number of the initial microbubbles. The center frequency and
acoustic pressure amplitude for both sinusoidal signal and
chirp signal are 1 MHz and 100 kPa. Note that the sinusoidal
signal can be considered as a chirp signal with no frequency

Hu et al.: Microbubble displacement under chirp excitation
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shift. It is observed that the chirp signal is superior to sinu-
soidal signal in displacing bubbles over the same distance,
and the larger frequency range displaces more bubbles. For
example, the chirp with frequency shift of 0.75 MHz induces
about 56%, 52%, and 0% microbubbles moving over 30, 40,
and 50 wm; the chirp with frequency shift of 0.25 MHz
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induces about 50%, 43%, and 38% microbubbles moving
over 30, 40, and 50 wm; while the sinusoidal signal induces
about 46%, 36%, and 32% microbubbles over 30, 40, and
50 wpm. Although the maximum displacement of resonant
bubble decreases, more off-resonant bubbles are displaced. It
demonstrates that when the exciting frequency is close to the
resonant frequency of the mean radius of bubble clusters,
they show better performance for both sinusoidal and chirp
signals, and chirp excitation displaces more bubbles than
sinusoidal excitation.

Figure 5 shows the calculated percentage of mi-
crobubbles translating over a fixed distance during 200 us
insonified by 2.25 MHz sinusoidal and chirp signals with
equal acoustic pressure of 100 kPa. Similar to Fig. 4, chirp
excitation exhibits better capability in displacing mi-
crobubble clouds than sinusoidal excitation, for example,
chirp signal with 1.5 MHz frequency shift displaces 94.77%
over 10 wm, much more than 35.18% for sinusoidal excita-
tion. Percentage numbers of microbubbles translating more
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than 30 um insonified by sinusoidal and chirps are, respec-
tively, 13.8%, 32.8%, and 37.46%, which are much smaller
than those in Fig. 4. It demonstrates that when the resonant
size is far from the size distribution center of the bubble
cluster, both sinusoidal and chirp excitations generally de-
crease in performance, but chirps with larger frequency shift
show more capability in displacing more bubbles over con-
siderable distances.

In the previous study, the equation of Morgan et al.’”
was utilized to estimate the radiation force under sinusoidal
excitation. Our study modified the surface tension expression
according to the discussion of Marmottant et al** Although
both the model of Morgan et al.*® and the modified model
demonstrate that chirp excitation gets a shape of relatively
flat without sharp peak for the displacement versus radius
curve as shown in Fig. 2, the modified model generates
slightly larger displacement, for example, about 10% when
frequency shift is 0.8 MHz. As frequency shift increases,
displacement gradually becomes close to that obtained from
the model of Morgan et al.® Similarly, both models indicate
that the chirp signal is much more capable in displacing mi-
crobubbles with wide-size distribution over sinusoidal exci-
tation, but the results differ in quantity although the general
trends are similar. Additionally, it should be noted that the
radial and translational equations are coupled together. De-
pending on the size and shell property of the microbubble,
the pressure amplitude plays an important factor for the
coupled relationship. According to the experimental study
within the work by Zheng et al.,”’ the pressure amplitude
used in this study is still in normal range and is not expected
to change the coupled bubble dynamics. Detailed descrip-
tions on the effect of translation on radial oscillation can be
found in the works by Doinikov®® and Kuznetsova et al.,”
where an additional term provides feedback between transla-
tion and radial oscillations.

IV. CONCLUSIONS

Acoustic radiation force has shown promise in facilitat-
ing targeted microbubble adhesion. In this paper, we com-
pared the displacements of microbubbles excited by sinu-
soidal and chirp excitations, and explored the possibility of
maximizing the adhesion efficiency of a cluster with differ-
ent sized microbubbles insonified by linear chirp signal.
Based on the modified RP equation and particle trajectory
equation, we provided an evaluation of microbubble dis-
placement induced by chirp excitation and investigation of
optimization of chirp excitation respected to center fre-
quency and frequency range. Results indicated that transla-
tional displacement of individual bubbles insonified with
chirp signals is dependent on the center frequency, frequency
shift, and acoustic pressure. Also, both sinusoidal and chirp
excitations with center frequency close to the mean radius of
the bubble cluster show better performance. In addition,
chirp signal is much more capable in displacing mi-
crobubbles with wide-size distribution over sinusoidal exci-
tation. Further experimental study is ongoing to examine the
feasibility of this technique.
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Gas-filled quasi-spherical resonators are excellent tools for the measurement of thermophysical
properties of gas and have also been retained for the determination of the Boltzmann constant with
a low uncertainty, which can be derived from measurements of both the speed of sound in a noble
gas and the volume of the resonator. To achieve this, a detailed modeling of the acoustic field in
quasi-spherical resonators is of importance. Several phenomena and perturbations must be taken
into account, including, among inertia and compressibility, heat conduction, viscosity, the shape of
the resonator, small irregularities on the wall, and so on. The aim of this paper is to provide
improvements to the current models of the acoustic field in such resonator. Namely, the model given
here takes into account all the different perturbing elements together in a unique formalism,
including the coupling between the different perturbing elements and the resulting modal coupling
in a consistent manner. The first results obtained from this analytical model on a simple
configuration show that the effect of modal coupling is small but should not be neglected regarding
the accuracy required here, even if several improvements could still be provided to this new unified

model. © 2009 Acoustical Society of America. [DOI: 10.1121/1.3075764]

PACS number(s): 43.35.Ud, 43.20.Ks [RR]

I. INTRODUCTION

The International Committee for Weights and Measures
(CIPM) recently recommended the redefinition of the Inter-
national System Units (SI), where the kelvin would be linked
to an exactly defined value of the Boltzmann constant.! The
advantage would be that the definition of the kelvin would
not depend on any temperature nor on any method for its
measurement. The value to be chosen for the Boltzmann con-
stant must be known with a relative uncertainty of 107°. Gas-
filled quasi-spherical resonators are excellent tools for the
determination of the Boltzmann constant, which can be de-
rived from measurements of both the speed of sound in a
noble gas and the volume of the resonator. The choice of a
quasi-spherical shape for the shell allows us to have a high
quality factor for the acoustic resonances and non-degenerate
electromagnetic modes.

Actually, an accurate design of the shell and a detailed
modeling of the acoustic field in spherical or quasi-spherical
resonators are of importance to measure thermophysical
properties of gas and the Boltzmann constant. Several phe-
nomena must be taken into account, including inertia, com-
pressibility, heat conduction and shear viscosity (in the
boundary layers and in the bulk of the fluid), bulk viscosity,
the real shape of the resonator (in fact, quasi-spherical
shape), the acoustic input impedance of small acoustic ele-
ments flush-mounted on the wall that are necessary for the
measurements (tubes and transducers), geometrical irregu-
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larities, roughness of the wall, and shell motion due to exter-
nal vibration sources and to the coupling between the fluid
and the shell. All these phenomena, which act as perturba-
tions to an idealized acoustic fluid filling a perfect rigid
spherical shell, need to be taken into account to determine
with a low uncertainty their influence on the resonance prop-
erties of the resonator and then on the value obtained for the
Boltzmann constant.

Groundbreaking experiments and a number of signifi-
cant theoretical studies have already been made by Moldover
et al.,2 Mehl and co—workers,3_6 and Trusler.” In particular,
they suggested means to take into account several perturba-
tions in the cavity. It is worth noting that these perturbations
are taken into account separately, then neglecting the cou-
pling between them. These perturbations are the thermal and
viscous effects (in the boundary layers and the bulk of the
gas), the deformation of the cavity, the influence of small
elements located on the wall of the resonator (tubes, slits,
and transducers), and the vibroacoustic coupling between the
fluid and the shell.

The aim of this paper is to suggest unified modeling able
to gather all the different types of perturbing factors in a
unique formalism, including the coupling between the differ-
ent perturbation factors through the modal coupling) ne-
glected until now, which would be of interest to have a better
interpretation of the measurement results in the quasi-
spherical resonator. Here, the acoustic field is expressed by
the coupling between Neumann modes of an ideal, unper-
turbed resonator that bounds outwardly the perturbated sur-
face of the resonator, the coupling being due to energy trans-

© 2009 Acoustical Society of America



fer between modes induced by every perturbation). This
model is then used on the most simple experimental condi-
tions: a perfectly spherical cavity, filled with a dissipative gas
(argon), with only a receiver and a transmitter microphone
flush-mounted on the wall. Assuming perfectly spherical
cavity in the application considered in the present paper en-
ables us to evaluate the effect of modal coupling due to the
viscous and thermal effects in the bulk and in the boundary
layers (modeled at the lowest order) and to the microphones.

The fundamental equations of acoustic propagation in
dissipative fluid are given in Sec. II. In Sec. III, the solution
of the fundamental problem (propagation equation associated
to the boundary conditions) for the acoustic pressure in the
quasi-spherical resonator is expressed as an expansion on the
spherical eigenfunctions, making use of the integral formu-
lation. Finally in Sec. IV, results are given and discussed.
These results are obtained with this model applied on the
most simple experimental configuration which has been car-
ried out in 1988 at the NIST.”

Il. FUNDAMENTAL EQUATIONS OF ACOUSTICS IN
DISSIPATIVE FLUID

The formalism used in the following lies on the works of
Kirchhoff, gathered later by Rayleigh,8 Morse and Ingard,9
Pierce,10 and Bruneau and Scelo.!' The presentation of the
fundamental equations of acoustics chosen here refers to
those of Bruneau and Scelo.

The system considered is a quasi-spherical cavity be-
cause its shape retains certain advantages of spherical acous-
tic resonators (high quality factor) while simplifying the
measurement of the resonator volume using microwave
resonances (electromagnetic modes are not degenerate for
the shape chosen here). The variables describing the dynamic
and thermodynamic states of the fluid are the pressure varia-
tion p, the particle velocity v, the density variation p’, the
entropy variation o, and the temperature variation 7. The
parameters which specify the properties and the nature of the
fluid are the values of the density p,, the static pressure Py,
the shear viscosity coefficient w, the bulk viscosity coeffi-
cient 7, the coefficient of thermal conductivity A, the specific
heat coefficient at constant pressure and constant volume
per unit of mass Cp and Cy, respectively, the specific heat
ratio 7y, and the increase in pressure per unit increase in

temperature at constant density B=(aP/dT), (By= apycy
=1/V(dV/dT)p, a being the volume thermal expansivity and
¢, the adiabatic speed of sound). A complete set of linearized
homogeneous equations governing small amplitude distur-
bances of the fluid includes the following:
* the Navier—Stokes equation,
1 dv 1 ) ,
——+—gradp={,graddivv - ¢, rotrotv, (1)
Co dt pocy

where the characteristic lengths €, and €, are defined as
follows,

i

1 (4
() w et
PoCo 3 PoCo
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(irregular enclosure)
D, S

FIG. 1. Sphere and quasi-sphere with irregular boundary conditions.

¢ the conservation of mass equation, taking into account the
thermodynamic law expressing the density variation as
function of the independent variables p and 7,

J A
PoCo divv+l—(p—B7')=0, (2)
CO ot

* the Fourier equation for heat conduction, taking into ac-
count the thermodynamic law expressing the entropy
variation as function of the independent variables p and 7,

19 -119,
(——-(ihA>T: Y2 (3)
Coat B,y Co ot

the operator A being the Laplacian, where the characteris-
tic length €, is defined as
I

~ pocoCp

€

Equations (1)—(3), associated to the boundary condi-
tions, describe the acoustic field in the quasi-spherical cavity.
The purpose of the following section is to find the propaga-
tion equations for the acoustic pressure, the temperature
variation, and the particle velocity.

lll. THE HARMONIC FIELD IN A QUASI-SPHERICAL
CAVITY

In this section a standard analytic procedure is devel-
oped whereby the acoustic field inside the cavity bounded by
perturbed surface (irregular enclosure, domain D, surface S)
is expressed as a sum over the eigenmodes (Neumann) of a
cavity having separable geometry (regular enclosure, domain
D,, surface S,) that bounds outwardly the perturbed enclo-
sure considered (Fig. 1).

The resulting acoustic modeling presented in Sec. III B
thus includes in a coherent manner all types of perturbation
in the resonator (quasi-spherical shape, dissipation in the
bulk of the fluid, and acoustic elements on the wall) and the
resulting modal coupling.

A. The boundary problem with sources
The acoustic pressure in the perturbed enclosure (do-

main D bounded by surfaces S) is governed by the set of
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equations, including the propagation equation with harmonic
source term f(r) on the right hand side and the boundary
conditions with harmonic boundary source term o(r) on the
right hand side, which takes the following form:

(A+iD)p(r)==f(r) inD, (4a)
[i+ﬂ¢%ﬂﬂﬁ=dﬁ on S, (4b)

where the symbol d/dn implies a normal derivative out-
wardly directed, ky=w/ ¢ is the adiabatic wavenumber, k, is
the acoustic wavenumber including the dissipation in the
bulk of the fluid (Appendix A), and the parameter B(r) is the
specific admittance of the wall. The specific admittance B(r)
can include the viscous and thermal boundary layer effects
and any kind of discontinuities and perturbation on the wall
of the resonator (tubes, slits, transducers, roughness, etc.).
For the problem considered, there is no source in the domain
D, then the term f(r) is zero.

B. The associated eigenvalue problem

The modal wave functions of an ideal spherical cavity
(domain D, bounded by a surface S,), which encloses the
perturbed enclosure, are solutions of the homogeneous
Helmbholtz equation subject to the Neumann boundary con-
dition at the wall, namely,

A+ (r)=0 inD,, (5a)

%w,;(r) =0 onS,, (5b)

where the subscript m stands for three quantum numbers
(v,u,m) and the superscript ¢ (denoted by either ¢ or s)
represents the two degenerate eigenfunctions which depend
on the azimuthal angle ¢. The eigenfunctions ¢, expressed
in the spherical coordinates (r, 6, ¢) are

: 1

(1,0, ¢) = o k)P (cos O)cos we, (6a)
s 1 :

Y (r, 0,¢0) = a_Jv(kvn”)PW(COS f)sin wo, (6b)

where the functions P, are Legendre functions, and the co-
efficients a,, are normalization coefficients (see Appendix B).
Expanding the pressure field p(r) on the eigenfunctions

qp[’)' (r), leads to
pr) =2 gl (r). (7
p.t’

Then, multiplying Eq. (4a), where f=0, by the eigenfunction
! (r) and integrating all over the domain D, i.e.,

f f f Un(r)(A+K3)p(r)dD =0, (8)
D

solution of the posed problem for the acoustic pressure field
is subsequently achieved with the help of Green’s integral
theorem which states
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fffmﬂﬁmw—fff%mmmw
D D

- [ | s Ziieas- [ [ v Lpmas. o)
S n s on

The expressions of Ay’ and (9/9n)y! being required to sat-
isfy Egs. (5a) and (5b), respectively, and the solutions p be-
ing expressed by Eq. (7), Eq. (9) gives straightforwardly the
following equation:

> Lk, — KN, + Al + Elf 1= 8], (10)
pt’
where
NZZ;, = f f f l!f;'(r) 4, (r)dD, (11a)
D
Att' _ ;’( ﬂ t
mp — ‘/Ip I') lﬂm(i‘)dS, (1 ]b)
s ot

£= | | sy ou s (110
N

S= J f o(r) i, (r)ds, (11d)
S

which is equivalent to the matrix equation, using the notation

[k*N] for the matrix whose elements are k; Ni, .

([K*N] - KN+ [A]+ [ED[C] =[S]. (12)

The matrix [N] expresses the influence on the acoustic field
of the depth of the deformation: the radial coordinate of the
cavity depends on the angles 6 and ¢ in spherical coordinates
(the effect expressed by the matrix [N] can be called “bulk”
or “global”12 modal coupling, corresponding to energy trans-
fer between the mode labeled m and the mode labeled p).
The matrix [A] expresses the influence on the acoustic field
of the slope of the deformation: the normal to the wall of the
resonator depends on 6 and ¢, too. The matrix [ E] expresses
the effects on the acoustic field of the perturbations on the
wall, taking also into account the shape of the resonator (the
effects expressed by the matrices [A] and [E] can be called
“boundary” or “Jocal”'? modal coupling, also corresponding
to energy transfer between the mode labeled m and the mode
labeled p). The vector [S] expresses the effect of the acoustic
source set on the wall of the resonator. Finally, the matrix
[k>N]-k*[N]+[A]+[E] in Eq. (12) involves coupling terms
between the different modes (in the cross products
1,//15 (r)¢! (r), weighed or not by the admittance B3, and

w;l (r)(9/ n) i (r)), whereas the right hand side involves the
modes created by the source.

The eigenvalues of the matrix in the left hand side of Eq.
(12) include then together all the perturbations we would
take into account in the calculation of the resonance charac-
teristics (resonance frequencies and half-widths) of the cav-
ity: the effect of the deformation is included in the matrices
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[N] and [A], and all the perturbing factors on the wall of the
cavity are included in the specific admittance 8 of the matrix
[E] for the passive acoustic effects and elements (boundary
layer effects, tubes, transducers, irregularities, roughness, vi-
broacoustic coupling between the fluid and the shell, etc.)
and in the matrix [S] for the active acoustic effects and ele-
ments (acoustic source and shell motion due to external vi-
bration sources).

Remark. In previous works by Mehl,** using the general
formalism of Morse and Feshbach'® and focusing only on the
effects of the small deformations of the cavity (quasi-
spherical shape) from the regular shape (perfect spherical
shape), all the other perturbations on the wall of the resona-
tor being taken into account by other means, the terms E,,,
and S, in Eq. (10) are then zero, which leads to, neglecting

terms NZ;, for m# p and r#t' as made by Meh!? [Eq. (8)],

[k = kpNp = Al = 2
p#m,l#t'

t 4t
CpAmp-

The coefficients ¢!, are then given by

't
2p?’:m,t?’:t"Ampcp

Cm= "2 2\ nmt w (13)
(ka - km)Nmm - Amm
and the difference (k2—k>) by
1 ;o A"
2 2 _ ot mm
K kn= > A+ N
mm=mp#m, £t mm
that is
i E At/t// t"
2 2 Amm 1 w _“aEp"#13pg Cq
ka - km = Ntz + Ntz t Z Amp > PN 7
mm mmcmp;&m,t#:,’ (ka - kp)Npp _App
(14)

then, neglecting the non-diagonal terms in the sum over ¢
. 2 g 2art't 't i at't
and assuming that (k,—k,)N,, >A} " and A, ,=A

pm’
Al An’ 2
ko =k~ oy — (15)

2 2\ gt t At
mm p#m,t#t' (ka - kp)Npp Nmm

In expression (15) of the frequency shifts due to the
deformation of the cavity, derived from Morse and Feshbach
formalism,13 the coupling terms Nﬁf,p (m#p and t#1') are
neglected (the bulk modal coupling is neglected, assuming

quasi-orthogonality), whereas the terms Aff;, are kept; i.e., the
boundary coupling is taken into account (due to the boundary
slope). Furthermore, in these previous works, the symmetry
of the matrix [A] is assumed but not demonstrated in the
general case considered (every shape of the cavity). It is the
aim of the remainder of this paper to keep all the coupling
terms that was not taken into account in previous works in
order to know more accurately the influence of each one.

IV. APPLICATION: ACOUSTIC FIELD IN A SPHERICAL
RESONATOR

The case studied here is the spherical cavity used at the
NIST to measure the gas constant.” This spherical cavity
(mean radius R=8.890 143 X 1072 m) is filled with a dissipa-
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tive gas (argon) with a receiving microphone (specific admit-
tance B, and surface AS,) and a transmitting microphone
(sound source, vibration velocity V,;, and surface AS,). The
dissipation in the bulk of the fluid is taken into account in the
complex wavenumber k,. The boundary layer effects are ex-
pressed in terms of specific admittance [, at the lowest
order (order 1/2 of the characteristic lengths €, and €;). This
specific admittance is uniform on the total area of the wall S.
The shell motion can be taken into account in the matri-
ces E and S in an appropriate manner for the determination
of the Boltzmann constant only if the spatial repartition of
this shell motion is known or modeled with great accuracy.
Previous works'* allow us to determine the influence of the
shell motion on the acoustic resonance frequencies of a
spherical cavity with a simple shape. However, regarding the
complexity of the real shape of the resonator’s shell, it does
not seem possible, at short- or mid-term, to carry out a vi-
broacoustical model with the accuracy required for this ap-
plication. Then, currently, the acoustical measurements are
limited to the frequency ranges for which the effect of the
shell motion is not significant in the experimental results
(this corresponds to frequencies far from the structural reso-
nance frequencies of the shell). The shell motion is thus ne-
glected here in the global modeling of the acoustic field.
For the perfect sphere considered below, the domain D
and the surface S are the same as the regular domain D, and
surface §,, respectively. There is no modal coupling due to
the deformation of the domain and the enclosure. As a con-
sequence, the matrix [N] is the identity and [A] is zero.
Modal coupling in such case is then due to dissipation and
perturbations on the wall of the cavity only (matrix [E]). The
integral equation (10) leads then to
E C;[(krzn - kzzz) 5mp51t’ + Eﬁﬁ;] =S,

m>

(16)

p.t’

Yy, being the nth root of the first derivative of the spherical
Bessel function j, and where [Egs. (11¢) and (11d)]

S£n=ff0'(r)¢,’n(r)d5,
s

El= f f JkoBIIW () (r)dS.
N

(17a)

(17b)

The small surfaces AS, and AS, are much smaller than
the total area S and sufficiently small to assume that the
associated specific admittances, velocity, and eigenfunctions
are uniform on them, giving for Egs. (17a) and (17b)

St =0Un(R, 0,,0,)AS,, (18a)
and
’ _ Uh ’ r !
Ef,’w = E;’,p + Efflp
= jkol Bul 0, |0h)s + BASKY. W), (18b)

where the notation <1,//;, |/ ); stands for the integral of the

: : ¢ t
product of the eigenfunctions ¢, and ¢, over the surface
either S or AS,.
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TABLE I. 6 and ¢ coordinates of the small elements flush-mounted on the
wall of the resonator.

01 bi
Transmitting microphone ™ 0
Receiving microphone /2 3mw/4

The contributions in the modal coupling of the boundary
layer effects (acting on the whole surface S of the wall) and
of each small element flush-mounted on the wall are calcu-
lated in Secs. IV A and IV B, respectively, when the resona-
tor is excited by a local sound source, whose influence (terms
S,,) is calculated in Sec. IV C. The coordinates 6 and ¢ of the
small elements flush-mounted on the wall are given in Table
I, corresponding to the design of the cavity used at INM.

A. Viscous and thermal boundary layer effects

The specific admittance on the surface S due to the vis-
cous and the thermal boundary layer effects has the form 1
(at the order 1/2 of the characteristic lengths)

1+ In kiz" [or [~
Bon= "5 kol | 1= 5 N+ (y=1NE | (19)
N a

where the wavenumber k, is related to the radial and azi-
muthal wavenumbers k, and k,, by k5=kf+kﬁ,. In the expres-
sion of this admittance, which acts as a small correction on
the acoustic field, the complex wavenumber k,, including the
dissipation in the bulk of the fluid (Sec. III A), is replaced by
the adiabatic wavenumber k), the dissipation in the bulk be-
ing much smaller than in the boundary layers.

The term (1-k?/k%) is related to the incidence of the
acoustic wave on the wall, which depends on the acoustic
modes that occur in the cavity. Then, because of the modal
coupling in the cavity, while the acoustic source generates an
acoustic field at the angular frequency w, different acoustic
modes are excited at this angular frequency in the cavity. The
specific admittance associated to each acoustic mode in Eq.
(19) is then a function of the wavenumber ky=w/c, and of
the factor related to this mode, namely,

1+ ';[ V(V+ 1)
5 Vo
Yor

V2
On the other hand, the integral <z,01§, |4 )s on the whole
surface S is given by

Ve + (y= 136, | (20)

Buh = ﬁwy ~

2

<¢;’|¢fn>s= J J w;'(R,0,¢)¢:n(R,e,¢)R2 sin 0d6de
0 0

that gives straightforwardly (because of the orthogonality of
the Legendre’s functions and of functions sin and cos), for
the influence of the viscous and thermal boundary layers in
the resonator,

2j V( yw;)j V( ’YV’I]’)
TonT vy

J,, being the norm of the function j,(k,,r) (see Appendix
B).

VED = jkoB,,R Sy B Ot (21)
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B. Receiving microphone flush-mounted on the wall

On the small surface AS,, the integral (tp;’ | ! ), reduces
to

WL 1Y = Ui (R0, @)W (R. 6, 0,iC)AS, (22)

that gives, for the coordinates 6,=7/2 and ¢,=37/4 (Table
I), making use of the relations k,,,R="7,,,

: 1
"Ep = jko——AS,Bj (Vun)jv (Vs ) Py(cos 6))
ana,

X P, (cos 0,) ¢/ Bmm/d) ¢’ (3mu'/4), (23)

the function ¢’ standing for either cos or sin.

The expression chosen here for the specific admittance
B, of the receiving microphone is the expression used in the
study done at the NIST,2

B, = jwpocoX; (24)

x being the compliance per unit area of the membrane of the
microphone (nominal value of 1.5 X 1071).

C. Sound source

The influence of the source on the acoustic field is ex-
pressed by [Eq. (18a)]

S' = o (R, 0,,¢0,)AS,,, (25)

where o=jwp,V,, V, being the vibration velocity of the
source that gives

Slrn = jkOPOCO VO'ASO'lprtn(Rv 0(7’ QDO-) . (26)

The sound source being an electrostatic microphone
(used as a transmitter), the volume velocity V,AS, of the
sound source is then derived from the following transduction
equation:

M ,yi =Y op(R, 04y 05) + AS, Vs, (27)

where M, and Y, are, respectively, the pressure sensitivity
and the acoustic admittance of the microphone, and i is the
electric current through the microphone. Making use of Eqs.
(27) and (7) in Eq. (26) gives

Si” :jkopocoMPU'iwrtn(Rs 00" (P(r) - 2 C;;’ UEZ;,, (28&)
pit’
with
Enp = ikopocoY okt |¥)s (28b)
and
WL 1) e = W(R, O ) U (R, O 0,)AS,. (28¢)

The influence of the source in the acoustic field is then
composed of an active part linked to the electrical excitation
applied on the microphone and a reactive part due to the
acoustic input admittance of the microphone flush-mounted
on the wall.

Expressions (23) and (28a)—(28¢) of the effects of small
elements flush-mounted on the wall of the cavity show that
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FIG. 2. Acoustic pressure on the wall of a spherical cavity at the resonance
frequency of the (0,2) radial mode at the static pressure of 25 kPa.

these effects are strongly dependent on the relative position
of these elements on the wall (neglected in the previous
works).

D. Results
1. Effect of modal coupling on the acoustic pressure

The theoretical effect of modal coupling on the bulk
behavior of the acoustic pressure in a spherical cavity filled
with argon gas, at the triple point of water for different static
pressures, is shown in Figs. 2-5, representing the carto-
graphic projection of the amplitude of the acoustic pressure
on the wall of the cavity, with respect to the spherical coor-
dinates ¢ and 6, when the transmitting microphone generates
a harmonic signal at the resonance frequency of a radial
mode. The cavity has only a transmitting and a receiving
microphone on its wall.

These almost qualitative representations in the lower
static pressure range, in Figs. 2 and 3, show that the acoustic
field is quasi-axisymmetric around the axis of the transmit-
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FIG. 3. Acoustic pressure on the wall of a spherical cavity at the resonance
frequency of the (0,5) radial mode at the static pressure of 25 kPa.
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FIG. 4. Acoustic pressure on the wall of a spherical cavity at the resonance
frequency of the (0,2) radial mode at the static pressure of 500 kPa.

ting microphone because the influence of the receiving mi-
crophone is minimum. The maxima at = and #=0 are due
to the transmitting microphone. The other deviations from a
uniform acoustic pressure that should be observed at the
resonance frequency of a radial mode are due to the influence
of the viscous and thermal effects on non-radial modes,
which are immediately close to the radial mode expected.
Then, the (0,2) mode is mostly perturbed by the (3,1) mode,
and the (0,5) mode by the (12,1) mode, all of them without
azimuthal components because of the axisymmetry of the
system for such low static pressures.

In the higher static pressure range, the viscous and ther-
mal effects are less important; then the deviations from a
uniform acoustic pressure on the wall of the cavity due to
modal coupling are smaller, which can be seen in Figs. 4 and
5. The impedance of the receiving microphone decreases,
and then its influence on the acoustic pressure in the cavity
increases (but remains small), generating also azimuthal
modes by modal coupling.
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FIG. 5. Acoustic pressure on the wall of a spherical cavity at the resonance
frequency of the (0,5) radial mode at the static pressure of 500 kPa.
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Such maps of the acoustic field on the wall of the cavity
could be used to support the design of an acoustic resonator
for the determination of the Boltzmann constant or for acous-
tic thermometry. Indeed, they show us the optimal places on
the wall for the measurement devices to maximize the signal
to noise ratio and reduce the perturbations effects. For ex-
ample, here, the best place for the receiving microphone
would be in front of the transmitting microphone (maximum
of acoustic pressure for all the acoustic modes and static
pressures of interest, axisymmetric acoustic system).

Moreover, the particular results presented in this section
show that to elucidate the individual physical phenomena in
the formalism, it is necessary to consider separately the
physical phenomena involved and to do simplifying assump-
tions.

2. Influence of modal coupling on the acoustic
resonance properties of the cavity

For the determination of the Boltzmann constant, the
value of k is derived from the extrapolation at zero pressure
of the speed of sound determined from measurements of the
acoustic resonance frequencies of radial modes in the cavity,
on which are applied correction terms calculated from the
model of the acoustic field in the cavity. The comparison
between the experimental and theoretical half-widths allows
us to check the validity of the model used to calculate the
corrections to be applied on the resonance frequencies.

The global model presented here allows us to calculate
the acoustic frequency response of the resonator. Fitting a
resonant function (Lorenzian function) with this calculated
transfer function around the resonance frequency of an
acoustic mode gives us the resonance frequency and the half-
width of this mode according to the global analytical model.

Since the global formalism presented here includes
modal coupling (non-diagonal terms in the matrices), a direct
analytic expression of the perturbation effects on the reso-
nance properties of the cavity cannot be derived from this
global modeling without doing several simplifying assump-
tions. Then, only a global and numerical comparison be-
tween the current and previous theoretical results is pre-
sented here. However, it is worthy to notice that neglecting
the terms m # p in the matrix E in Eq. (16) leads finally to
the analytical expressions of the frequency shifts and half-
widths determined in previous works.>®

The effect of the acoustic perturbations in the cavity and
of the resulting modal coupling on the resonance properties
of radial modes from (0,2) to (0,6) as function of the static
pressure is shown in Figs. 6 and 7. The major perturbation in
the cavity being the viscous and thermal effects, the absolute
values of the frequency shifts and the half-widths both in-
crease when the static pressure and the quantum number of
the modes decrease.

The comparison between the results obtained with this
unified model and the model used previously at the NIST to
determine the current value of the Boltzmann constant”
(Figs. 8 and 9) shows the discrepancies due to the only
modal coupling, the models used for each source of pertur-
bation being the same in both methods.
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FIG. 6. Frequency shifts for radial modes from (0,2) to (0,6) as function of
the static pressure.

According to the curves in Fig. 8, the contribution of
modal coupling in the resonance frequencies of the radial
modes considered here is significant in the higher static pres-
sure range, but lower than 0.2 X 107% in relative values in the
lower static pressure range, and then should not take a larger
part in the extrapolation at zero static pressure of the speed
of sound. However, this contribution should not be neglected
regarding the final uncertainty required on the value of the
Boltzmann constant. Here, the effect of modal coupling on
the values of the resonance frequencies is nearly a linear
function of the static pressure and does not depend signifi-
cantly on the frequency. To interpret this, a few calculation
on a simplified expression of Eq. (16) (neglecting the viscous
and thermal effects) leads to expressing directly the effect of
modal coupling on the resonance frequencies as a term pro-
portional to pocé)(AS, (x being the constant compliance of
the receiving microphone), which is a linear function of the
static pressure and does not depend on the frequency.
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FIG. 7. Theoretical half-widths for radial modes from (0,2) to (0,6) as
function of the static pressure.
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FIG. 8. Differences between the frequency shifts calculated according to
actual and previous theories for radial modes from (0,2) to (0,6) as function
of the static pressure.

The differences between the half-widths (Fig. 9) calcu-
lated from the two models confirm that the effect of the
modal coupling in the resonance properties of radial modes
should not be neglected in this spherical resonator.

Finally, the comparison between the theoretical half-
widths calculated from the unified modeling of the acoustic
field and the half-widths measured 20 years ago at the NIST
(Ref. 2) is shown in Fig. 10 with the respective experimental
deviations as function of the static pressure for acoustic ra-
dial modes from (0,2) to (0,6). For static pressures higher
than 50 kPa, the discrepancies between theory and experi-
ment are larger than the experimental deviations, showing
that this model is not sufficient yet to take into account all
the phenomena that occur in this spherical cavity. In the
lower static pressure range, the experimental deviations are
too large to conclude on the agreement between the analyti-
cal and the experimental results.
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FIG. 9. Differences between the half-widths calculated according to actual
and previous theories for radial modes from (0,2) to (0,6) as function of the
static pressure.
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FIG. 10. Excess half-widths and experimental deviations for radial modes
from (0,2) to (0,6).

V. CONCLUSION

To sum up, the present paper provides some important
improvements to the modeling of the acoustic field in a
quasi-spherical cavity with irregular wall (Sec. III) because
the model given here allows us to take into account all the
different perturbing elements together: the viscous and ther-
mal effects in the boundary layers and in the bulk of the gas,
the shape of the cavity (quasi-spherical shape), small ele-
ments located on the wall of the cavity (ducts, acoustic trans-
ducers, and small geometrical irregularities), the roughness
of the wall, and the coupling between the fluid and the shell.
This unified model includes the coupling between the differ-
ent perturbing elements depending on the relative position of
these elements on the wall for the small local components,
with respect to the real shape of the cavity, and the resulting
modal coupling in a consistent manner.

Regarding the first results obtained with this model on
the particular case of the spherical cavity used at the NIST
20 years ago,2 it seems that the contribution of modal cou-
pling in the resonance frequency is small but should not be
neglected considering the accuracy required here. Moreover,
the discrepancies between the theoretical and experimental
half-widths show that several phenomena are still missing in
this unified model and should be taken into account in the
future.

This work has to be carried out with the accurate mod-
eling of each small element located on the wall of the cavity,
especially the acoustic transducers, thin slits (undesirable but
unavoidable in practice), which could be modeled as local
roughness, and the coupling between the fluid and the shell.
All these perturbing elements would be taken into account in
the global modeling suggested here in terms of source or
specific admittance on the wall.

Another improvement would be the modeling of the vis-
cous and thermal effects at a higher order, which would
avoid separating the effects in the boundary layer and in the
bulk, taking into account low density gas effects (thermal
jump and slip conditions), and integrating it in the unified
modeling of the acoustic field in the cavity.
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APPENDIX A: ACOUSTIC PROPAGATION IN
DISSIPATIVE FLUID

1. Propagation equations

The particle velocity field v can be written as the sum of
a vortical velocity v, and a laminar velocity v;:

v=v,+uv, (Ala)
rotv;=0 and divy,#0, (Alb)
divv,=0 and rotuv, # 0. (Alc)

Neglecting the coupling between the vortical and lami-
nar movements in the bulk of the fluid, Navier—Stokes equa-
tion (1) is written as two equations, and then the fundamental
equations (1)—(3) lead straightforwardly to the propagation
equations for p, 7, v;, and v,,.

The calculation of the propagation equation for the tem-
perature variation 7 is given in Ref. 11 (Sec. 2.5.1), neglect-
ing the terms of order greater than the first order of the vis-
cous and thermal lengths. The temperature variation 7 can be
written as the sum of an acoustic temperature 7, and an en-
tropic temperature 7y, respectively, solutions of the two fol-
lowing equations:

17 ( 1 (9) ]
S -\1+€,— |A|7,=0,
| 2 or? Uhco ot Ta
where €,,=€,+(y—1)¢,,

(14

10
_C—Oa—ehA(l+(’y_l)(€v_€h)c_05>:|7hzo' (A3)

(A2)

The pressure variation p=p,+p;, and the laminar particle ve-
locity v,=v,+v,, satisfy the same equations (A2) and (A3)
than the temperature variation 7.

The propagation equation for the vortical particle veloc-
ity is obtained, making use of Egs. (Ala)-(Alc) in the
Navier—Stokes equation (1):

19
12 ca]o

A4
Co ot ( )

2. General solutions

The solutions for the pressure variation p=p,+p;, and
the particle velocity v,=v,+v; can be derived from the so-
lution for the temperature variation 7. Writing out the solu-
tion 7=7,+ 7, in Eq. (3), making use of Egs. (A2) and (A3)
leads to

y,[AB < 1 o")
=~—I1-¢,—— |7, A5
Pa 7_1 hCO at Ta ( a)
A 10
pn=vBU,— ) ——7,<p,. (A5b)
Co ot

Writing out Egs. (A5a) and (A5b) in Eq. (1) and making
use of Egs. (A1)—(A3) gives for the particle velocities v, and
Uy
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1 y8 (1)
va%__‘y_ﬁ|:<__) +(€U_€h):|grad Tas
pocoy— 11 \cgot

(A6a)

A

v,~ P ¢ grad 7, (A6b)
y—1
Equations (A2) and (A6b) can also be written for har-
monic motion ¢/*/ making use of the three following wave-
numbers:

k2
12~ ——2—— =~ IQ[1 = jkoly], AT
4 kot ol 1 = jko€] (A7)
ik
k= =221 = jko(y= 1€, = )], (AS)
h
ik
ki:—le—lo. (A9)

Assuming that p,> p,, the acoustic pressure p,, denoted
by p in the present paper, is governed by the same propaga-
tion equation (A2) as the acoustic temperature variation 7,.
This propagation equation should be associated to adapted
boundary conditions to describe the acoustic field in the cav-

ity.

APPENDIX B: NORMALIZATION COEFFICIENTS

The normalization coefficients J,, of the spherical
Bessel functions j,(k,,r) [Eq. (21)] are given by the ortho-

normality condition on the Bessel functions:

R
j%/7]= - f() [jv(knvr)]zrzdr’

yielding
R3
2
Toy= PR (Bla)
for v=0 and 7=1,
R3 v(v+1)
2 . 2
=— 1- , Blb
Toy= Ui v)] [ ) } (B1b)

otherwise.

The normalization coefficients 7,, of the spherical
Bessel functions j,(k,,r) [Eq. (6)] are given by the orthonor-
mality condition on the eigenfunctions ¢/ (r) in the regular
domain D,:

ay, = f f f [, (r))dr,
Dr

leading to
(B2a)

for v=0 and 7=1,
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@, = (1+ 8,0 TR (v, I
v(v+1) I (v+w!
7377 2v+1(v=pw)!’

x| 1- (B2b)

otherwise.
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Photoacoustic tomography with a single detector in a
reverberant cavity
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In conventional biomedical photoacoustic tomography (PAT), ultrasonic pulses generated through
the absorption of nanosecond pulses of near-infrared light are recorded over an array of detectors
and used to recover an image of the initial acoustic pressure distribution within soft tissue. This
image is related to the tissue optical coefficients and therefore carries information about the tissue
physiology. For high resolution imaging, a large-area detector array with a high density of small,
sensitive elements is required. Such arrays can be expensive, so reverberant-field PAT has been
suggested as a means of obtaining PAT images using arrays with a smaller number of detectors. By
recording the reflections from an acoustically reverberant cavity surrounding the sample, in addition
to the primary acoustic pulse, sufficient information may be captured to allow an image to be
reconstructed without the need for a large-area array. An initial study using two-dimensional
simulations was performed to assess the feasibility of using a single detector for PAT. It is shown
that reverberant-field data recorded at a single detector are sufficient to reconstruct the initial
pressure distribution accurately, so long as the shape of the reverberant cavity makes it ray-chaotic.

The practicalities of such an approach to photoacoustic imaging are discussed.
© 2009 Acoustical Society of America. [DOI: 10.1121/1.3068445]

PACS number(s): 43.35.Ud, 43.20.Ks, 43.60.Pt, 43.28.We [TDM]

I. INTRODUCTION

In the past decade or so, the potential of photoacoustic
tomography1 (PAT) to become a useful biomedical imaging
tool has been clearly demonstrated.”® For imaging soft-
tissue to depths where the effect of optical scattering be-
comes too great for “ballistic” optical imaging modalities,
e.g., optical microscopy or optical coherence tomography,
PAT provides a means of obtaining an image based on opti-
cal contrast but still with good resolution (typically
<100 wm at depths of 5-10 mm). It is a hybrid technique in
the sense that optical pulses are used to generate ultrasonic
pulses within the tissue. The absorption of short (nanosec-
ond) laser pulses by tissue chromophores results in a small
but rapid increase in the local pressure, which then propa-
gates as a high frequency ultrasonic pulse (tens of mega-
hertz). These ultrasonic pulses are recorded by a detector
array and, via a numerical reconstruction algorithm, used to
form an image.

The spatially varying pressure rise caused when the light
energy is absorbed is called the “initial pressure distribu-
tion.” It is this that a PAT image represents, and it is propor-
tional to the optical energy per unit volume absorbed by the
tissue. As this is closely related to the optical absorption
coefficient, PAT images are related to the distribution of the
chromophores contained in the tissue and carry information
about the tissue structure and function. Because of this reli-
ance on optical absorption, PAT has the potential to be used
spectroscopically, so could be used in applications such as

“Electronic mail: bencox @mpb.ucl.ac.uk
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molecular imaging, in which an image of the distribution of
endogenous or exogeneous chromophores with known opti-
cal absorption spectra is obtained.”"*

Current experimental PAT systems use arrays of detec-
tors to collect data over a sufficiently large measurement
surface to form an image. This becomes expensive as the
demand for better resolution, and therefore larger arrays, in-
creases. In addition, for a real time imaging system, each of
the detector array elements requires dedicated electronics,
further increasing the cost. For targets that can be enclosed,
or partially enclosed, by an acoustically reverberant cavity, it
has been shown that by using the information stored in the
reverberant field, the size of the measurement surface (and
therefore the number of detection points) can be reduced
without losing image quality.11 This paper suggests taking
this approach one step further: using a single point measure-
ment of the reverberation of a photoacoustically generated
signal within an acoustically reverberant cavity to form a
PAT image. This is applicable only to targets that can be
enclosed by the reverberant cavity, but avoids both the use of
a large and expensive array and point-by-point scanning.
Two-dimensional numerical examples are used to demon-
strate how good quality PAT images could be obtained from
measurements made using just a single ultrasound detector in
a chaotic cavity, and the advantages, practicalities, and limi-
tations of such a scheme are discussed.

Il. PHOTOACOUSTIC IMAGE RECONSTRUCTION

Consider a short laser pulse incident on some optically
heterogeneous biological tissue (such as skin). A region of
slightly increased pressure, py(x), is generated locally wher-

© 2009 Acoustical Society of America



ever the optical energy is absorbed (such as in a blood ves-
sel). When the laser pulse duration is much shorter than the
acoustic travel time across a characteristic distance of p
(such as the vessel diameter), the subsequent acoustic propa-
gation can be modeled as an initial value problem for the
wave equation with the initial conditions p(x)|,_o=p,(x) and
dp/dt|,_y=0. In conventional PAT, an image of p,(x) is re-
constructed from measurements of the acoustic pressure
waves p(x,,t) made by detectors placed at points X, on a
measurement surface S enclosing V, where supp(py) € V.
(Usually the detectors are assumed to be much smaller than
the shortest acoustic wavelength in the pulse, and omnidirec-
tional, which is never quite the case in practice.)

In the past decade or so, numerous algorithms to recover
po(x) from p(x,,7) have been proposed. For recent reviews
see Refs. 5 and 12. The algorithms differ in the measurement
geometries assumed (e.g., spherical, cylindrical, planar, and
arbitrary), in the types of solution (e.g., closed form, infinite
series, and numerical), and in their computational efficiency.
However, all the algorithms make the simplifying assump-
tion that the measurement surface is acoustically transparent
and does not affect the free-field propagation of the photoa-
coustically generated waves. (Experimentally this assump-
tion has been accommodated by truncating the measurements
before any reflections, e.g., from other parts of the measure-
ment apparatus, are received, i.e., by time-gating out any
reflections.) The image reconstruction described in this paper
is quite different in the sense that the free-field assumption is
not made, and the reflected or reverberant field is included in
the formulation.

A. Limited-view problem

Experimental imaging studies have been carried out us-
ing circular, cylindrical, spherical, and planar measurement
surfaces. With a spherical measurement surface enclosing V
it is possible to record the photoacoustic waves traveling
away from the source in all directions. With a planar mea-
surement surface at most half of the waves can be recorded,
as a plane cannot surround the source region. Nevertheless, if
the plane is infinite in extent this is still sufficient informa-
tion to recover the source exactly, as shown by Anastasio et
al.”® In practice, an actual planar measurement surface will
have a finite size, and not even half of the emitted waves can
be recorded. This loss of information means that there are
insufficient data to reconstruct the image exactly. The ap-
proximation of an infinite or closed measurement surface by
one of limited extents—the “limited view,” “partial scan,” or
“finite aperture” problem—therefore leads to artifacts and
distortion in the reconstructed image. [It has been shown'*'
that the edge of a source region (an abrupt change in ab-
sorbed energy density) can be reconstructed stably only if the
normal to the edge crosses the measurement surface. For a
spherical measurement surface enclosing V this is readily
achievable, but, as hinted at above, for a single planar mea-
surement surface it is necessary for it to extend to infinity to
fulfill this requirement.] In practice, image reconstruction al-
gorithms designed with a complete measurement surface in
mind, e.g., a sphere or an infinite plane, are applied to partial

J. Acoust. Soc. Am., Vol. 125, No. 3, March 2009

single =
detector\% acoustically
X reflecting
- walls
Lv

point
source

FIG. 1. A rectangular reverberant cavity with a single detector at point
(x4,y4) and a point source.

data sets with the missing information implicitly replaced by
zeros, even though such an extension of the data is clearly
unphysical. The use of range conditions to constrain the ex-
tension of the data to be more realistic has been proposed,17
but this does not overcome the fundamental lack of data.

B. Reverberant-field PAT

When approximating an infinite planar measurement
surface by one of finite extent, one way to ameliorate the
limited-view problem is to reflect the sound back onto the
measurement surface by placing acoustically reflecting walls
perpendicular to, and at the ends of, the planar measurement
aperture. The effect of this is to introduce an infinite, peri-
odically repeating array of acoustic image sources. The data
can now be extended periodically so that p(x,,7) is known
over the entire infinite measurement plane, even though it
was only recorded over a finite region. An efficient recon-
struction algorithm that exploits the periodicity exists for this
case.'""® In effect, the information that would have been lost
is retained in the reverberant field set up between the reflect-
ing walls.

This use of a reverberant acoustic field for imaging is in
contrast to most image reconstruction algorithms, which, as
mentioned above, suppose that the measurement surface sits
within an acoustic free-field, i.e., the waves emanating from
the photoacoustic source p, travel outward through the mea-
surement surface, unimpeded and unaffected by either the
measurement surface itself or any other obstacles. The use of
acoustic reflectors, in addition to being one way to tackle the
limited-view problem, suggests that smaller detector arrays
could replace larger ones without sacrificing the quality of
the images, if reverberation can be used to replace the miss-
ing data. The question then naturally arises as to how far this
idea can be taken. For instance, if p, is restricted to a box
with reflecting walls, as shown in Fig. 1, is it possible to
reconstruct p, from measurements of the reverberant field at
a single point?19

lll. RECTANGULAR CAVITY BACKPROJECTION

As a first step, consider the simple scenario: can the
position of a single point source (which emits one impulse)
be reconstructed from the times at which the pulse and its
reflections arrive at a single detector? For a rectangular cav-
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FIG. 2. Image sources and detectors. The shaded region is the actual rectangular cavity; the other rectangles are images. (a) Image sources. Those within a
circle of radius ¢t have contributed to the signal measured at the detector by time #, where ¢ is the sound speed. Rays are shown connecting the image sources
to the omnidirectional detector, which records the times of arrivals of the pulses but not their directions. (b) Image detectors. These can be useful when
reconstructing the position of a point source. The circles illustrate the backprojection of three impulses received at the detector for three of the image sources,

showing that they coincide at the source point.

ity, the reflections from the walls can be represented by im-
age sources, which make the calculations of the arrival times
straightforward and provide a simple geometrical way to un-
derstand the problem. [Two-dimensional examples are used
throughout this paper for ease of presentation and in order to
limit the calculation times, but the same principles apply in
three dimensions (3D).]

Figure 1 shows a 15 mm X 20 mm cavity with a single
point source and a single point omnidirectional detector, and
Fig. 2(a) illustrates the idea of image sources due to the
single point source within the reverberant cavity. The image
sources within a circle of radius ct, where c is the speed of
sound, contribute to the signal measured at the detector up to
time ¢. If the source emits a pulse at time =0, then the times
of arrival of the pulse and its reflections can be straightfor-
wardly calculated by using this notion of image sources:
each image source supplies one pulse at time (r/c), where r
is the distance between the detector and the image source.
The effect of geometrical spreading on the waves was in-
cluded by reducing the amplitude by a factor of 1/\5 (in 3D
this would be 1/r). At this initial stage no attempt has been
made to model the photoacoustic wave propagation more
realistically than this, although it is fully modeled in the
other examples given below and in Sec. IV. Figure 3 shows
the impulse train p(7) that would be recorded by a detector
positioned in the corner, (x;,y,)=(0 mm, 20 mm), due to a
point source at (8 mm, 7 mm). (There are three times at
which two reflections have coincided exactly and therefore
have twice the amplitude of the neighboring pulses.)

In Fig. 2(a), rays connecting the image sources to the
detector have been drawn. Of course, the image sources emit
rays in all directions, but it is clear from Fig. 2(a) that the
direction in which the detected ray leaves its image source
can, and usually will, be different for different image
sources. This implies that many of the normals to the edge of
the source will reach a single measurement point sooner or
later. Given that the normals to the edges of a source are
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required to cross the measurement surface for that edge to be
stably reconstructed, as mentioned in Sec. II A, this suggests
that it might be possible to reconstruct the edges of the
source accurately from a measurement at a single detector.

By considering the symmetries of the cavity in Fig. 1, it
is clear that for some detector positions it is not possible to
determine the point source uniquely, as point sources at two
different positions can give identical pulse trains. For ex-
ample, if the detector lies on any axis of reflection or rotation
symmetry then it is not possible to associate the pulse train
with a unique source. However, if the detector is placed
away from these symmetry axes, then it is possible to locate
the point source uniquely. To demonstrate this, the concept of
image detectors—the detector equivalents of image
sources—will be introduced.

The pulse train in Fig. 3 was calculated by determining
the distance (and therefore propagation time) between the
detector and a set of image sources, as described above. Each
image source represents one reflection, and therefore contrib-
utes one pulse to the pulse train. It could equally well have
been generated by calculating the distance between the actual

0 0.05 0.1 0.15 0.2 0.25
pulse train of arrival times (ms)

FIG. 3. The first 0.25 ms of the train of pulses received by the detector as
calculated using image sources. The amplitude shows cylindrical spreading
Vet dependence (sound speed ¢=1500 m/s). On three occasions two pulses
arrive at the detector simultaneously, hence the three pulses with larger
amplitude.
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FIG. 4. Backprojecting the train of pulses from the nearest 500 image de-
tectors shows that the point source can be located. The detector is located at
the corner (0 mm, 20 mm) and the source is at (8§ mm, 7 mm).

source position and a set of image detectors. The measured
signal at each hypothetical image detector would consist of a
single pulse, indicating the distance from the source. If these
measured signals are denoted p;(r) for image detectors i
=1, ..., then the pulse train for the actual detector would be
the summation of the individual signals, p(r)=2,p,(r). Each
image detector represents one reflection and, as with the im-
age sources, contributes one pulse to the measured pulse
train. If it were possible to measure the signals p,(¢) individu-
ally, then the position and amplitude of the point source
could be determined by summing the backprojections of
each p,()

N i —d
po(x) = E (%)Pth_ di|/C)’ (1)
i=1

where d; is the position of the image detector i, and the term
\V|x—d,;| was included to account for the cylindrical spread-
ing. This will give the position and amplitude of the point
source exactly in the limit N—oo. In practice, the set of
signals {p;(¢);i=1,...} is not measured, but only its summa-
tion p(r). Replacing p;(r) with p(¢) in Eq. (1) gives an ap-
proximate backprojection formula

Y
po(x) = > (T)Pﬂx ~djl/c). )
i=1

Figure 2(b) illustrates the principle by showing the back-
projection of three pulse arrival times from the actual detec-
tor position and two image detectors, and the three coincide
only at the source point. The backprojection of the time se-
ries in Fig. 3, from the 25 image detectors nearest to the
actual detector, gives the image in Fig. 4. It is clear that with
only this single measurement, the source position can never-
theless be located accurately and uniquely. This is similar to
single channel time-reversal imaging to locate point sources,
which is discussed further in Sec. V.
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FIG. 5. The first part of a photoacoustic time series simulated from the
initial pressure distribution in Fig. 6(A) for the point (0.03 mm, 19.96 mm).

Next, the same backprojection was used to reconstruct
an estimate of the initial pressure distribution from a simu-
lated photoacoustic time series “measurement” rather than
just pulse arrival times. The “measured” signal in Fig. 5 was
simulated using a k-space method” from the initial pressure
distribution shown in Fig. 6(A). The detector was positioned
close to the corner at (0.03 mm,19.96 mm), and 1% Gaussian
noise was added. Figure 6(B) shows the results of back-
projecting the 0.5 ms duration time series from the 500 im-
age detector positions nearest to the actual detector. It is
apparent that the main features of the initial pressure distri-
butions have been recovered, but also that the image is con-
taminated by artifacts and noise. A second example, which
will be compared to the modal reconstruction approach de-
scribed in Sec. IV, is also shown in Fig. 7. (These images are
placed later in the text to allow the comparison with the
images generated using other techniques to be made easily.)
The initial pressure distribution, Fig. 7(A), consists of nine
small circular sources with Gaussian profiles which are just
about located accurately in the image, Fig. 7(B), but the er-
rors due to artifacts are so significant that the image quality
is poor.

IV. MODAL RECONSTRUCTION

The backprojection reconstruction described in Sec. III
can give at best a crude approximation to the true initial
pressure distribution. Furthermore, it is only simple to imple-
ment when the reverberant cavity is a regular shape, such as
a rectangle, because the positions of the image detectors can
then be calculated straightforwardly. For a more accurate re-
construction, and one that could be applied to cavities of
more general shape, a reconstruction based on the acoustic
modes of a cavity was used. This has the advantage that it is
based more closely on the physics of the system, it is exact
(within the limits imposed by ill-posedness) and is generally
applicable, in that mode shapes and eigenvalues can be cal-
culated for a cavity of any shape.

A. General case

A photoacoustically generated acoustic pressure field at
a point (x,y) in a reverberant cavity, at a time ¢, can be
written as a sum of normal modes
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FIG. 6. (A) Circular initial pressure distribution used to generate the time series in Fig. 5. (B) Image formed by backprojecting the reverberant time series from
the 500 image detector positions nearest to the actual detector. The circular initial pressure distribution has been recovered, but the image suffers from artifacts

and noise.

P6y,1) = 20 Ayb(x,y)c0s(@,0), 3)

where subscript m indicates the mode with amplitude A,,,
modal frequency w,,, and normalized mode shape ¢,,(x,y).
In this notation, the initial pressure distribution is

p()(x’y) = EAm¢m(x7y)s (4)

and it is clear that dp/dt|,-o=0, i.e., the particle velocity is
initially zero, which is true for photoacoustic waves. By dis-
cretizing the continuous variables x, y, and ¢ as x,, y,, and t;,
where n=0,...,N and i=0,...,T, Egs. (3) and (4) can be
written in matrix-vector form

pP=MA, po=MjA, (5)

where  p=[p(xsy4.10). ... .p(xa.ya: 1)1, Po=[Po(x0.¥0).

. polxnsyw) ], and A=[A,, ..., Ay]". M is the total num-
ber of modes that are included in the reconstruction. Each
column of the N XM matrix M, contains the shape of a
single mode m at all the points (x,,y,), n=0,...,N

M()(I’l,m) = ¢m(xmyn)’ (6)

and each column of the 7X M matrix M, contains the values
of a single mode m at the detector position (x ,y,) at all the
time points #;, i=0,...,T

Mt(i’m) = ¢m(xd’yd)cos(wmti)' (7)

The matrices M and M, can be generated in advance from
knowledge of the mode shapes and frequencies of the cavity.
For simple geometries these may be known analytically; oth-
erwise it might be necessary to calculate them numerically
using the finite element (FE) method, for instance. (In which
case it would also be possible to take into account known
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variations in the acoustic parameters within the cavity, such
as sound speed heterogeneities.)

From Eq. (5) it is clear that an approximation to p, can
be found from the measured time series, p, in two steps: first,
estimate the modal amplitudes A by inverting the first equa-
tion,

A=M;'p, (8)

and then use the second equation to obtain an estimate for p,.
Written as one equation these two operations are

po=MM;'p, 9)
which could also be written as
p() = Gr_elverbp i ( 1 0)

where the columns of the Green’s function matrix Geyer
contain the time series (impulse response functions) that
would be recorded at (x;,y,) due to impulses leaving the
points (x,,y,), n=0,...,N, at time t=0. For simple geom-
etries Gyee, an be found analytically; when the boundary is
more complex, G e, could in principle be constructed col-
umn by column from time domain calculations of the im-
pulse response functions. Clearly, G;.\ ., =MM;".

Equations (9) and (10) show that the success of this
imaging approach depends on the invertibility of the matrix
M, (or G,eyerp)- This in turn depends on the geometry of the
cavity, as will be shown below by comparing the reconstruc-
tion using a rectangular cavity with that in a chaotic cavity (a
quarter Sinai billiard).

B. Rectangular cavity

For a rectangular cavity, the mode shapes are separable
in x and y and take on simple forms, so Eq. (3) becomes

B. T. Cox and P. C. Beard: Single-detector photoacoustic tomography
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FIG. 7. (Color online) (A) Initial pressure distribution, p,, consisting of nine small circles with Gaussian profiles. (B) Image of p, obtained by backprojection
using Eq. (2). (C) Image of p, obtained by a modal reconstruction in a rectangular cavity. (D) Image of p, obtained by a modal reconstruction in a chaotic
cavity. (E) Profiles at y=10 mm through (A), (B), (C), and (D), corresponding to the exact p, (solid line), backprojection (dashed), modal reconstruction with
rectangular cavity (dot-dashed), and chaotic cavity (dotted). (F) Mean squared error as a function of truncation order for the images from rectangular (+) and

chaotic (O) cavities.
px,y,) =2, Ay cos(kmx/L,)cos(lmy/Ly)cos(wyt), (11)
k,l

where k=0,...,K, [=0,...,L, and each pair {k,l} corre-
sponds to a single mode with amplitude A;;, modal frequency

wy=c\(km/L)* + (Im/L,)?, (12)

and mode shape cos(kmx/L,)cos(lmy/Ly). Similarly, Eq. (4)
becomes
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polx,y) = > Ay cos(kmx/L,)cos(lmy/Ly). (13)
kil

Each column of the N X KL matrix M, contains, therefore,
the shape of a single mode {k,/} at all the points (x,,,y,):

kx, ) ( lmy, )
cos| — |,
L, L,
and each column of the 7' X KL matrix M, contains the values

of a single mode {k,[} at the detector position (x,,y,) at the
time points [z, ... ,t7]:

My(n,{k,I}) = cos( (14)
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FIG. 8. Singular values of matrix M, for the rectangular cavity.

M (i {k,0}) = Cos(kzxd>cos<%)COS(COMU). (15)

X

This modal reconstruction approach was used to esti-
mate the initial pressure distribution shown in Fig. 7(A) from
the same single time series measurement (not shown) that
was used to reconstruct Fig. 7(B). The TX 1 vector of mea-
sured data, p, included 1% Gaussian noise and consisted of
T=1600 equally spaced samples with #,,,,=0.16 ms, and the
15 mm X 20 mm reconstruction mesh consisted of N=90
X90=8100 rectangular pixels. Matrix M, was constructed
with the 1000 lowest frequency modes, and its singular value
decomposition (SVD) was calculated using MATLAB’S SVD
function, which uses LAPACK’s DGESVD routine. The singu-
lar value spectrum is shown in Fig. 8. The physical signifi-
cance of the very small singular values will be discussed
below, but numerically they make M, ill-conditioned, and
therefore its (pseudo)inverse is very sensitive to noise in the
data. Regularization must be included to suppress the noise,
and here a truncated-SVD inversion was used. The mean
squared error between the estimated and true images is
shown, again with + symbols, in Fig. 7(F) as a function of
the truncation order. Figure 7(C) shows the image with the
truncation order set to 770 singular values. This reconstruc-
tion is much more accurate than the backprojection, Fig.

7(B), but it still used less than 80% of the available modes,
as many had to be discarded in order to regularize the solu-
tion. If a way could be found to improve the conditioning of
the matrix M,, so that more modes can be included in the
inversion, it should be possible to improve the accuracy of
the image further.

C. Modal degeneracy

The columns of matrix M, are given by Eq. (7), and each
one is a scaled cosine oscillating with modal frequency w,,.
For M, to be invertible it is necessary that the columns are
linearly independent. This can only be the case when no two
modal frequencies are the same, i.e., w,, # w, Vm,n. In the
case of a rectangular cavity, the modal frequencies are given
by Eq. (12), so many modes have the same modal frequency,
and the condition does not hold. This modal degeneracy
gives rise to the practically zero singular values in the spec-
trum shown in Fig. 8 and thus to the noninvertibility of M,.
In order to improve the conditioning of M,, therefore, it is
necessary to choose a cavity shape that minimizes the num-
ber of modes with the same modal frequency. Cavity shapes
with this property are already known from the study of
waves in reverberant cavities known as quantum or wave
chaos.?'™* Indeed, the eigenvalues for cavities of different
shapes have been studied in some depth, and it has been
shown that the distributions of the spacings between the ei-
genvalues (or modes) take on quite precise and universal
forms which depend on the shape of the cavity. Figure 9(a) is
a histogram showing the distribution of the spaces between
the lowest 4000 modal frequencies in a 20 mm X 15.1 mm
rectangular cavity as a function of normalized modal spac-
ing, s (modal spacing/number of modes included). This dis-
tribution agrees closely with Poisson’s distribution exp(-s),
also shown, as is expected for integrable cavities such as this.
(An integrable cavity is one in which Hamilton’s equations
describing the cavity’s ray dynamics form an integrable sys-
tem.) It is notable that this distribution, which applies uni-
versally to any cavity of this type, has its peak at a modal
spacing of zero. This is of practical significance because it
means that there will be many degenerate modal frequencies,
and therefore imperfect image reconstruction, for any inte-
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FIG. 9. Histograms showing the distributions of the spaces between the lowest 4000 modal frequencies as a function of normalized modal spacing, s (modal
spacing/number of modes included). (a) For a 20X 15.1 mm? rectangular cavity, the distribution agrees closely with Poisson’s distribution exp(-s) (solid
line). (b) For a chaotic cavity (a quarter Sinai billiard), the distribution agrees closely with Wigner’s distribution (7/2)s exp(—(s>/4)) (solid line).
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grable cavity. (In fact, it is even worse than this for the case
investigated in Sec. IV B. When the sides of a rectangular
cavity are in simple ratios there is an even larger peak close
to zero spacing.23 The cavity used in Sec. IVB was
20 mm X 15 mm, not 20 mm X 15.1 mm, and the resulting
increase in degeneracy is shown in Fig. 9(a) with dotted
lines.) If the modal frequencies were spaced so that no two
modes share the same modal frequency, and degeneracy is
thereby reduced, then the columns of M, would be linearly
independent and more of the modes can be used in the re-
construction, leading to more accurate imaging. That this is
true for chaotic cavities is shown in Fig. 9(b) and discussed
below.

D. Chaotic cavity

Although the description given for the acoustic field in
Sec. IV A was in terms of modes, ray descriptions can also
be helpful and intuitive. According to this model, rays are
emitted from a source, reflect specularly from the walls of
the reverberant cavity, and contribute to the detected signal
when they pass through the measurement point. Consider
rays emitted in all directions from a source. For some cavity
geometries some of these rays will never reach the detector.
They may, for instance, follow a periodic orbit around the
cavity never encountering the measurement point if it is not
on their orbit. The rectangular cavity used here is one ex-
ample of a type of cavity in which this can happen. It seems
intuitive that if some of the rays from a point do not encoun-
ter the detector, then that point cannot be reconstructed ex-
actly from the measured data. It seems clear, when thinking
in terms of rays, that what is required is a cavity in which
every ray travels through every point in the cavity, without
getting trapped into periodic orbits. Such a cavity is termed a
chaotic (or ray-chaotic) cavity.

To convert the 20 mm X 15 mm cavity used so far into a
chaotic cavity, a quadrant of a circle of radius 7 mm, cen-
tered at (0,0), was removed to form a “quarter Sinai billiard.”
(A Sinai billiard is a rectangular cavity with a circle re-
moved from the center.) The modal spacing distribution
for all chaotic cavities follows Wigner’s distribution,
(/2)s exp(=(ars*/4)), shown as the solid line in Fig. 9(b),
and the distribution of the spacings of the first 4000 modes of
the quarter Sinai billiard clearly follows this trend. The prin-
cipal point to note is that in a Wigner distribution, there are
no modal spacings of zero, i.e., no two modes have the same
modal frequency. This is exactly what was required to im-
prove the conditioning of M, and to lead to better images.

The modal frequencies of the chaotic cavity cannot be
calculated using simple algebraic expressions, as they can for
the rectangular case, and so a FE model was used. A FE
simulation was constructed in MATLAB and the function
sptarn was used to calculate the eigenvalues (Arnoldi es-
timates) and eigenvectors of the cavity, and thereby construct
matrix M,. A different FE mesh and the MATLAB function
hyperbolic were used to calculate the measured photoa-
coustic time series for a detector at (0.03 mm, 19.96 mm),
and 1% Gaussian noise was added. The reconstruction was
performed, as above, using a truncated SVD. The singular
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FIG. 10. Singular values of matrix M, for rectangular (+) and chaotic (.)
cavities.

value spectrum is shown in Fig. 10 (dots) alongside the SVD
spectrum from the rectangular case (+), and it shows that the
modal degeneracy has been removed so almost all the modes
can now be used in the reconstruction without causing ill-
conditioning.

Figure 7(A) shows an initial pressure distribution used
to compare the three reconstructions: simple backprojection
[Fig. 7(B)], modal inversion in a rectangular cavity [Fig.
7(C)], and modal inversion with the chaotic cavity [Fig.
7(D)].

Figure 7(D) shows the image recovered when 920
modes were included, which when compared to Fig. 7(C)
shows better recovery of both the amplitudes and the shapes
of the circles. The improvement in the reconstruction of the
amplitudes is confirmed by Fig. 7(E), which shows profiles
at y=10 mm through the images in Figs. 7(A)-7(D), corre-
sponding to the exact p, (solid line), p, reconstructed using
backprojection (dashed), modal reconstruction with rectan-
gular cavity (dot-dashed), and reconstruction with chaotic
cavity (dotted). Figure 7(F) shows the mean squared error as
a function of the truncation order for the rectangular (cross)
and chaotic (open circle) cavities. A much larger percentage
of the modes can be used in the chaotic case, and the error is
consequently significantly lower than in the rectangular case.

A second example comparing reverberant PAT imaging
in the rectangular and chaotic cavities was also calculated.
The inversions were performed exactly as before but for the
initial pressure distribution shown in Fig. 11(A). The images
for the rectangular and chaotic cavities are given in Figs.
11(B) and 11(C), and profiles through these images at y
=15 mm are shown in Fig. 11(D). Again it is clear that the
chaotic cavity gives better results in terms of both amplitude
and shape.

V. DISCUSSION
A. Matrix inversion

The aim of this paper is to suggest and try to demon-
strate that it might be possible to use a single point measure-
ment of reverberation to do photoacoustic imaging. To this
end, simple two-dimensional examples have been given, in
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FIG. 11. (Color online) (A) Example initial pressure distribution, p,. (B) Image of p, obtained using a rectangular cavity. (C) Image of p, obtained using a
chaotic cavity. (D) Profiles at y=15 mm through (A), (B), and (C), corresponding to the exact p, (solid line), p, reconstructed using modal reconstruction with

rectangular