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The reflection properties of a semi-infinite plasma in the presence of a magnetic field nor-
mal to its surface are calculated on the assumption that the response of the electrons is gov-
erned by Fermi-liquid theory and that the surface of the plasma randomizes the motion of the
electrons incident upon it. A resonancelike magnetic field dependence of the surface imped-
ance is found near that field for which propagation of the correlation-produced magnetoplasma
mode first becomes possible. The size of the structure is calculated to be much enhanced
over that of the corresponding structure calculated using specular scattering as a boundary
condition for the electrons. Numerical and analytic results are presented and discussed for
a range of parameters relevant to possible experiments in the alkali metals.

I. INTRODUCTION

The electromagnetic excitations propagated by
conduction electrons of a metal immersed in a
strong magnetic field! are becoming an increasing-
ly useful tool for obtaining information about the
many-body correlations between these electrons.?™®
Of special interest in this regard is the wave which
propagates parallel to the magnetic field at a fre-
quency close to the cyclotron frequency. In the ab-
sence of correlations, i.e., on the assumption that
each carrier is an independent particle whose mo-
tion is governed by the self-consistent field arising
from the motion of all the other carriers, no such
wave can exist. However, by using the Landau-
Silin®~? form of Fermi-liquid theory (a phenomeno-
logical scheme for introducing the effects of cor-
relation into the self-consistent-field description
above), Cheng, Clarke, and Mermin!® (CCM) pre-
dicted that a wave can propagate near the cyclotron
frequency. Because this wave owes its very exis-
tence to the correlations, its properties should
serve as a sensitive probe for measuring them.
The wave should, by altering the shielding currents
and electromagnetic fields at the surface, cause a
change in the reflection properties of the metal.
Considerations addressed to this question are pre-
sented in this paper; we calculate the change in
surface admittance caused by Fermi-liquid corre-
lation effects under the conditions (wcz w and anom-
alous-skin-effect regime) necessary to the propa-
gation of this wave.

At first thought, such a calculation might seem
to be a pointless one: Any information obtained by
surface experiments could also, in principle, be
obtained from a direct study of the wave in bulk.

In particular, the dispersion relation for the wave
in the infinite medium is available in a relatively
simple form and, by fitting the observed wavelength
to this dispersion relation, values of the Fermi-
liquid parameters might be obtained. Reference 3
provides a beautiful example of this technique as
applied to the high-frequency waves (HFW) which
propagate across the magnetic field, and rightly
points out the simplicity of an infinite-medium cal-
culation versus the difficulty of even the simplest
boundary-value problem. Why pose a difficult cal-
culation when the same results might be obtained
from a simple one?

The answer to this question lies in the observa-
bility of the phenomena. Unlike the HFW waves,
the magnetoplasma mode (which we shall denote
as the CCM mode) turns out nof to be the least
damped excitation which the system will support
(Sec. V). The Gantmakher-Kaner (GK) oscilla-
tions, !! single-particle excitations rather strongly
coupled to the electromagnetic field, are of longer
spatial range. If the sample is made thick enough
to justify an analysis based on the infinite-medium
situation, there is a strong chance that the GK
oscillations will overwrite the CCM mode. On the
other hand, if the sample is made thin, say, less
than a wavelength, there is reason for serious
doubt that an infinite-medium mode will even exist.
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In this situation, it may well turn out that with
the magnetic field normal to the surface, a reflec-
tion experiment is the only way to observe the
mode. Sincethedynamicsof the HFWwaves prop-
agating across the field is so different from those
of the CCM mode propagating along the field, it
will be of considerable interest to see if the same
estimates of the correlation effects emerge from
the two classes of observations.

The model used for these calculations is a sim-
ple one: The metal is treated as a zero-tempera-
ture gas of electrons which interact with each
other via the self-consistent field and the short-
range forces embodied in the Landau-Silin theory
of the Fermi liquid. This gas is immersed in a
uniform magnetic field By, normal to its surface.
A transverse electromagnetic wave falls on that
surface at normal incidence. In the bulk of the
metal, the interaction between the electrons and
the background lattice is characterized by a scat-
tering time 7. Electrons impinging upon the sur-
face of the metal are reflected so that they are
prevented from leaving the sample.

Were we content to assume that electrons strik-
ing the surface suffer specular reflection, our
calculation would reduce to the evaluation of an
integral already given by Platzman and Jacobs!?
as an extension of the Reuter-Sondheimer®® cal-
culation of the surface impedance. However, use
of this integral to estimate the change in surface
impedance caused by correlations has led to re-
markably small values'® - well below the limits
of observability. The only hope of seeing the mode
is to abandon the specular boundary condition as a
description of the electron-surface interaction.
Hence, the major part of this paper deals with the
situation where electrons striking the surface are
redirected with equal probability at all angles back
into the metal - the so-called diffuse boundary
condition. We find that in the diffuse case, the ef-
fect of correlations isenhanced over their effect in
the specular case by a factor of order )/5, where
A is the wavelength of the mode and 6§ is the anom-
alous skin depth.

The intensity of the effects calculated here, even
though enormously enhanced over the specular cal-
culation, is still rather small when compared to
the size of the smooth changes in surface admit-
tance (or impedance) caused by reducing the mag-
netic field from its cyclotron resonance value to
zero. Nonetheless, the correlations are predicted
to produce a characteristic resonancelike struc-
ture in the surface admittance as the magnetic
field is swept through' the cyclotron-resonance re-
gion, structure which is totally absent in any cal-
culation ignoring correlations.

Because the change from specular to diffuse

scattering has such a large effect on the predicted
amplitude of the resonance structure, we canspec-
ulate that if the surface of the sample were rough?®
instead of being diffuse, in a way which hindered
the establishment of shielding currents, then the
fields in the bulk of the material would be strong-
er, and their interaction with the mode enhanced
thereby. Indeed, the form of the expressions
which appear in the calculation supports this point
of view and we shall return to a brief consideration
of the effect of surface roughness at the end of the
paper. This is a matter which is peripheral to

the theme of the main investigation but which, un-
fortunately, must be faced when theory and experi-
ment are to be compared.

Leaving these matters aside, we return to the
problem of central interest — calculating the change
in surface admittance of a simple metal caused by
Fermi-liquid effects under diffuse boundary condi-
tions. The calculation is a rather long one and it
may be useful to outline how it was done and to
provide, at the same time, a guide to the contents
of this paper.

Section II is merely preliminary to the start of
the calculation. We write the Landau-Silin trans-
port equation, establish notation, linearize, and
then restrict the linearized equation to the geome-
try of interest. The calculation starts in Sec. III,
where we convert the transport equation to a set
of coupled integral equations which embody the
diffuse scattering boundary condition.

In Sec. IV, we relate these integral equations to
a variational principle. The stationary value of
the functional to be varied gives the surface ad-
mittance. We introduce suitable trial functions,
and in Appendix A, we evaluate the quantity whose
variation must vanish. This yields the equations
which fix the variational parameters.

These equations simplify so much if one stays
near cyclotron resonance that an analytic solution
is possible. We show this in Appendix B and point
out a relationship which exists between the station-
ary quantity and the dispersion relation for the
CCM mode. The analytic solution is carried far
enough to exhibit the main features of the numerical
solution presented in Sec. V.

In Sec. V, we obtain numerical solutions to the
CCM dispersion relation in the presence of colli-
sions and compare the propagation and damping
constant for the mode with those of the GK oscilla-
tions into which the mode merges at its Doppler-
shifted cyclotron resonance. We also obtain nu-
merical solutions to the simplified equations of
Appendix B and evaluate, thereby, the change in
surface admittance as a function of magnetic field
and of the bulk scattering time 7.

Finally, since the contact with experiment is
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via the surface impedance, and, in the alkalis at
least, is likely to involve a rough surface rather
than a diffuse one, we conclude by converting the
admittance variations to impedance variations and
discussing briefly what changes might be engen-
dered by a rough surface.

II. FORMULATION OF PROBLEM

A complete and readily available account of the
Landau theory of Fermi liquids and Silin’s exten-
sion of it to charged fermions is to be found in the
text by Pines and Noziéres. ! An equally lucid
exposition of exactly those parts we shall need
here is provided in Ref. 3.

Our starting point is the spin-independent part
of the transport equation which governs the time
evolution of n(p, 7, t), the quasiparticle distribu-
tion function:

8n n 9¢€ o€ an n
_____ x .__. e .
Ky, <8r 9p  or op )"I(E+V B) (at)”“

(2.1)

Here, €(P, T, t) is the energy which a quasiparticle
of momentum P has when it is at position T at time
t. This energy is composed of two terms,

e=E°(P)+6e(B, T, 1)

the second of which,

5€(p, H= [(2 %) 3f(p; ”)[n(ﬁ, ?; t)""o]’
2.2

represents the amount by which the energy of the
quasiparticle is changed by the short-range inter-
actions with other quasiparticles in its immediate
vicinity. Its long-range interaction with distant
quasiparticles is electromagnetm and appears in
(2.1) in the q(E +VxB) term where the fields E
and B are the total fields, external plus self-con-
sistent, acting at » and £. The velocity whi_gh ap-
pears in this term is the Hamiltonian one, V=V,€.
The last term in (2.1) represents the effect of col-
lisions between the quasiparticles and the lattice.
The transport equation (2.1) is linearized by in-
troducing a quantity g(, ¥, #) which measures the
deviation of » from its equilibrium value 7,

n,
n=mng+ *a—l'a%g

The linearized form is

-

%gz:+<—:—' +V+ V+q(VxBy)- $b>(g_5<)=—qV' E.
(2.3)

In (2.3), and from here on, the symbol V will
be used only for the interaction-independent part

of the velocity:
V=V,E(d) . (2.4)

The term 1/7 arises from the collision integral
(see Pines and Noziéres'®) under the assumption
that the quasiparticles are scattered isotropically
by the lattice and that there are no density fluctua-
tions. Choosing the Z axis to lie along the direc-
tion of the dc magnetic field, and introducing
spherical coordinates in P space, py=p sinf coso,
etc., one has

- - - 9
q(VxBo)-V,,:—wc% , (2.5)
where w,=qBy/m* (2. 6a)
and m*=p/V (2. 6b)

In all of the equations used here, the momentum
P is understood to be confined to the Fermi sur-
face, sothat |pl=pp. Thus, the dependence of g
and 5€ on P is really a dependence on £, the direc-
tion of the momentum. We restrict attention here
to the situation where distribution functions and
fields vary only in the Z direction, and where the
field is transverse and circularly polarized [E /i
=E,=e(2), E,= g] It is useful to represent g, 8¢,
g=g-06€. and E. Vas

g=lZ) SNy l(2Z) Vi) (2.7
5€=2 6€,,(2) V;,(R) (2.8)
Im
F=g-08€=2 6N, (2) ¥, Q) , (2.9)
im

E-V=(81/3)V2V,e(Z) Y1,(R) , (2.10)

where the Y,m(ﬁ) are the normalized spherical
harmonics.

The quasiparticle scattering amplitude (P, p’)
is expanded in Legendre polynomials of the angle
between P and B ':

(B, 5=, f,P, (-8 (2.11)
Making use of (2.7)-(2.10) in (2.2) gives

0€;=—APBN,,=-[A,/(1+A)]6N,,, , (2.12)
where A, = (m*Pp/n%% ®)f,/(21+1) (2.13)

Within the framework of the Landau theory, the
set of A; and the parameter m* fully characterize
the spin-independent properties of the quasiparti-
cles.

We assume a time dependence e and, using
(2.5), (2.8), (2.10), and (2.12) in the transport
equation (2.5), we see that there is nothing coupling
the various m values. Hence, we can have a solu-
tion where only m =1 appears, i.e., where

-iwt
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6N 1.(2)=6N,(2), if m=1

=0, otherwise (2.14)

and the transport equation becomes

]
(% +Vpcost — —i(w+w, ))gr'

8Z

WE(

==-q VF(% ”)llze(z) Yu(n).

Finally, consider the current,

)aN,<z> Y@

(2.15)

J(r; )= qf(z %)? V(g—ée)gnT“o

Using the definitions (2.9) and (2.14) in the form
5N ,(2)= [ daY¥()zF (2.16)

allows us to express the circularly polarized cur-
rent as

#(2)=j(2) - 4,(2Z)

('27,%73'1’< )llzam(z)

This current is related to the field e through Max-
well’s equations, which can be combined to give
the wave equation

(2.17)

dé  o? . .
(-dz—2+?—)e(Z)=-zwuo](Z) . (2.18)

This set of equations, (2.15)-(2.18), augmented
by spatial boundary conditions as given in Sec. IIJ,
constitutes the full statement of the problem if we
had assumed a plane-wave solution in which all
spatial dependences are as e'*Z, it would be easy
to solve for g, take moments, and study the re-
sulting set of coupled algebraic equations for 6N;.
Here, the same sort of approach is useful; solve
for g, take moments, and study the resulting set
of coupled equations. These are integral equations

rather than algebraic.
III. INTEGRAL EQUATIONS

After division by Vcosd, Eq. (2.15) becomes a
first-order differential equation for g. This is to
be integrated subject to the usual d1ffuse scattering
boundary conditions, namely, g(Z=0, ) vanishes
for cos6>0, i.e., in the direction which would
carry a particle on the surface into the bulk, while
for cos6<0, i.e., particles moving towards the
surface from the bulk, we use the fact that §(Z
=0 9) vanishes. Having solved for g, we take an-
g'ular moments and obtain the following set of
coupled integral equations:

oN(2)+ 5= o kv 1+A f K (Z-2")oN,(2")dZ’

——(81r/3)1/2qf Ky(Z-2")e(z")az’,
(3.1)

where

da
cos§>0 COSH

Xexp[ - a(Z-2Z")/cosb], Z>Z'

a0 . (3.2a)
=fcos€<0 cos@ ¥ m

xexp[-a(Z-2")/cosb], 2’ >Z.
(3. 2b)

The kernels defined in (3.2) are central to the
development. K;,(Z~-Z')is, towithindimensional
factors, equal to the nonlocal conductivity of the
noninteracting electron gas. Its Fourier trans-
form determines the properties of all excitations
which propagate parallel to the magnetic field in
the infinite medium. The Fourier transforms of
the other K,, kernels are, to within a factor i/ (&
=transform variable), equal to the algebraic quanti-
ties K, used in the CCM paper in the derivation
of the infinite-medium dispersion relation for the
mode.

The reader can easily derive a corresponding
set of coupled integral equations assuming specular
boundary conditions and obtain, thereby, the justi-
fication for using the Reuter-Sondheimer expres-
sion for the surface impedance,

Kp(Z-2")=

Y :1(5) Ynl(ﬁ)

() ¥,,(%)

i [w dk
z% fw k% = k2 —iwueo(k, w)

Here o(%, w) is the Fourier transform of the non-
local conductivity, calculated for the infinite me-
dium within the framework of Fermi-liquid theory.

Unfortunately, the Wiener-Hopf technique used
by Reuter and Sondheimer for the diffuse situation
does not generalize to a system of equations such
as (3.1), and no closed-form expression analogous
to their diffuse result for the surface admittance
appears to exist. The use of a variational princi-
ple utilizing the nonlocal conductivity'® is also
precluded because (3.1) cannot be solved in closed
form. The approach adopted in Sec. IV rests on a
variational principle using (3.1) directly, bypassing
the need for having the nonlocal conductivity, but
paying for that gain by raising the number of fields
which must be varied.

IV. VARIATIONAL PRINCIPLE

Let us specialize (3.1) immediately by retaining
only A; and A, but assuming that A; and all higher
parameters are zero. The approximation here
will not be severe if, as is commonly believed,® !®
the Landau parameters converge rapidly. Reten-
tion of A,, though it may be small, is essential to
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the existence of the CCM mode.
It is convenient to use the mean free path I= V7
as the unit of length,

Z=A , (4.1)

and to rescale the dependent variables 5N, and 6N,
so as to collect all the dimensional constants to-
gether. Accordingly, we define

6N,(Z) = ql(81/3)"2¥,(x), (4. 2a)
6N,(Z) = qU(8n/3)2¥y(x) , (4. 2b)
e(Z) =W4(x) (4. 2c)

The set of Egs. (3.1) and (2.17) and (2.18) becomes

2 ©
W)+ 2 f Ky, (x = ")k (x") dx’
n=170

+ L *Kpy(x - x"Na(x)dx"=0 (4. 32)

da
- by (x) + ( ot kﬁlz>\p3(x) =0 , (4. 3v)
where h;=iwTA,/(1+4,) , (4.4a)
b=(ww2l?/VyC? (4. 4p)

2r 1 d,
and K,.m(x—x')=ﬁ de | —szl(u, @)

XYX (u, 0)exp[ - alx—x")/u], x>x" (4.5)

=(-1)"*"K, (x'-x), x'>x
(4.6)

and a=1-ilw+w)T . (4.7

(x=x")+h Kyy(x-x")
thZI(x - x’)
-ibd(x~x")

My(x—x")

Consider the following functional:

o o) )
+%)‘/:lwdxdx'¢¢(x)M,,(x—x')\Il,(x') .
(4.12)

It is readily shown that the condition that this func-
tional be stationary with respect to variations of
the fields ¢ which maintain the boundary conditions
(4.10), i.e.,

5M/5¢,(x)=0 , (4.13a)

thlz(x - x,)

Equations (4.3) are to be solved subject to the
boundary conditions

(4.8a)
(4. 8b)

For the purposes of devising a variational princi-
ple, we consider the equations adjoint to (4.3).
Denoting their solutions as ¢,(x), the adjoint equa-
tions are

Ts(x=0)=1 ,
Wy(x=%2)=0

Q1) +hy [T Kny(v— ") @4(x ") dx”’

=h fome(x - x") @y(x") —ibps(x) =0,
(4.9a)

—hy j;me(x -x') %(x')dx' + (%)
+h2f0°°Kza(x—x')¢g(x')dx’=0 s (4. 9b)

‘/:’Ku(x— o (x")dx’ —_[:Km(x— x") @ (x")dx’

2
+(‘;’7 +k312)¢3(x)=o, (4. 9c)
and the boundary conditions we impose are
P3(x=0)=1 , (4.10a)
P3(x=)=0 (4. 10b)

The principle is most easily described in terms
of the following matrix operator:

Ky(x—x")
(x—x")+hyKpp(x—x") Kplx—x") (4.11)
B21%6(x~x")
[
8p4(0)=0 , (4.13p)

is equation set (4.3). Stationarity with respect to
the fields ¥,

SM/8y,(x)=0
oP3(0)=0

implies equation set (4.9). Moreover, the sta-
tionary value of this functional is readily shown
to be

Mo, y]= <%>,=0=(%>x=o

Hence, the surface admittance

(4.14a)
(4.14Dp)

(4.15)



4312 G. A. BARAFF 1

vt (6 o

is given by
Y= M[(p, Zp]/ikol

The program, of course, is to propose trial func-
tions for the fields ¢ and ¢, vary the parameters
on which they depend until M is stationary, and
use that stationary value in (4.17) to obtain the
admittance. If the best trial fields deviate from
the true fields by a quantity which is first order
small, the error in ¥ computed in this way will be
second order small. However, we are interested
in the changes in Y caused by the Fermi-liquid
theory, and we should therefore make some effort
to get an exact evaluation for the part of ¥ which
is independent of correlations. We choose the fol-
lowing functions as trial fields:

(4.16)

(4.17)

0;(x)=0%x) +ae?* + b, =+ ¢° , (4.18a)

D3(%) =9Ux) + c,e' +d et s* =0+ 9°

The ¢? and ¢{ are the exact fields when there are
no correlations, i.e., that satisfy (4.3) and (4.9)
when the A; are zero, and which satisfy the nor-
malization (4.8) and (4.10). In order that the trial
fields (4.18) satisfy this same normalization, it is
necessary that p, ¢, 7, s all have positive imagi-
nary parts, and that

(4.18b)

(4.19a)
(4.19Db)

Aside from this constraint which is to be used to
eliminate b3 and d;, the other 14 parameters in
(4.18) are to be considered as independent, with
values to be fixed by solving (4.13) and (4. 14).

This program is carried through in the Appen-
dixes. In Appendix A, we show that to lowest or-
der in the parameter (ab~'/%)? (essentially, the
square root of the ratio of the anomalous skin
depth to the wavelength of the GK oscillations), one
is left with two equations to solve for p and » ap-
pearing in (4.18). In Appendix B, an analytic solu-
tion to these equations is obtained which is valid
near threshold, i.e., where the CCM dispersion
relation would predict £=0 in the infinite w7 limit.
The resulting expression for the surface admit-
tance is

az+b3=0 ,

C3+d3=0

Y=Y, +AY V1 Ay @ (4. 20)

where AY V= (2°|aM|y°)/ikyl -

Y, is just the surface admittance in the absence of
correlations. Y ‘! is computed using &° and ¢°,
the fields which are calculated in the absence of
correlations, and AM, using (4.11), is

AM(x—x")=Kylx—x"Vny, i,j=1,2
=0, i=3o0orj=38

Neither the fields ®°, ¢° nor the operator AM
exhibit any structure (i.e., unusual dependence
on w,/w)inthe neighborhood of threshold and so
the term AY ‘) contributes no structure to the ad-
mittance in that region. (Estimates of AY ¥,
based on material in the Appendixes, also reveal
almost no magnetic field dependence at w,/w=1,*°
where both the fields ° ¥° and the kernels do
have structure. The kernels have their longest
range at cyclotron resonance, and the fields, be-
cause of shielding currents, have their least am-
plitude. The combinations which enter into AY ‘¥
are just such that these changes at cyclotron reso-
nance cancel each other.) We can ignore AY ‘¥
because of its small size compared to ¥, and its
lack of magnetic field dependence. Using the ex-
pression for AY ®’ derived in Appendix B,

Y= Y°+<7’%>(1 ;422)2 (Z::/a: (_1;)11);//17) ’
(4.21)

where a; and a, are real numbers of order unity,
and where

. =G C, = _Ar
1= @ Jo-D-ifor’ 2 144,
This expression has several features which re-
inforce its identification with the CCM mode.
First, recall that near threshold, the propagation
constant for the mode is, to within a real constant,

ke (1-mY2

so that the admittance contains a part which is con-
ductive or susceptive depending on whether the
mode is propagating or evanescent. Second, note
that, like the dispersion relation for the mode, the
expression does not depend on A,;. Finally, as

we point out in Appendix B, there is an intimate
connection between AY ¥, regarded as a varia-
tional principle for p and », and the dispersion
relation for the CCM mode.

(4.22)

V. NUMERICAL RESULTS

The discussion given in Sec. IV was restricted
to the immediate neighborhood of threshold and to
the 1/w7T~0 limit. However, the numerical work
to explore finite values of 1/wT and larger neigh-
borhoods of threshold, including cyclotron reso-
nance, is modest. For the surface admittance,
we have, from (4.17), (A18), and (B1),

Y=Y, +AY ® =Y+ MA 1 /iRyl (5.1)

where MA~'J is given by (B4) and where the pa-
rameters p and 7 are to be fixed by evaluating
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&%(MA"J)=0 ,
(5.2)
A At ) =
ar (MA™tJ)=0
The term AY ’ has been omitted from (5.1) be-
cause, as explained in Sec. IV, its contributionis

small compared to ¥, and is without structure.
It turns out that by writing

AY®=(-C,C/Vp)AY (5.3)
the quantity AY is a function of two variables
x=(w,/w~1)/(-C,) (5.4a)
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FIG. 1. (a) Real part and (b) imaginary part of the
dimensionless change in the surface admittance versus
dimensionless magnetic field. Cyclotron resonance oc-
curs at x=0, mode threshold at x=1. The parameter
€, =~ wrC, measures the importance of correlation ef-
fects relative to damping effects.

Cz= Az/(|+Az)
625 wTC2
X = (we/w-1)/(-C2)

C2:=-0.03¢

Im k£

FIG. 2. Dispersion relation for the CCM mode show-
ing real and imaginary parts of the propagation constant
k in a system of units where the mean free path is the
unit of length. Values of x run from zero (cyclotron
resonance) to about x =% where, in the T—  limit, the
mode would suffer Doppler-shifted cyclotron damping.

and Co=-wTCp=ih, . (5. 4b)

The variable x is proportional to the magnetic field,
and has been arranged so that cyclotron resonance
occurs at x=0 and mode threshold at x=1. The
variable Cz is a measure of the importance of cor-
relations relative to collisions.

In Figs. 1(a) and 1(b), we have plotted the real
and imaginary parts of AY obtained from the nu-
merical solution of (5.1) and (5.2), for representa-
tive positive values of Cz. Values of A¥ for the
corresponding negative values of é‘z are the com-
plex conjugate of those given here, i.e., the real
part is the same but the imaginary part is re-
versed. It is clear from (4.3) that the quantities
C;=ih; are the dimensionless measure of the im-
portance of the correlations. Consequently, the
possibility of having the CCM mode exist is also
tied to the size of C,. To illustrate this point, we
have solved the CCM dispersion relation for &, the
propagation constant of the mode (again, the mean
free path is the unit of length), and have exhibited
the results in Figs. 2 and 3, both of which are cal-
culatedfor A,=-0.03. In Fig. 2, we have given the
locus of % in the complex plane as x varies between
zero and %, where Doppler-shifted cyclotron damp-
ing destroys the mode. In Fig. 3, the same infor-
mation appears plotted as the real part of % [Fig.
3(a)] and as the imaginary part of 2 [Fig. 3(b)]
versus x, for a single value of #,. The dashedline
on the same graph indicates the real and imaginary
parts of the propagation constant for the GK oscil-
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(a)

-2+

-tF 7 Re k2 x 0.1
/ €2=31.5

| I
%0 1.0 1.667
X=(we /w-1)/(-Cp)

(b)

Im k&

0.0 1.0 1.66
X=(we/w-1)/(-Cp)

FIG. 3. (a) Real part and (b) imaginary part of the
propagation constant for the CCM mode as a function of
the dimensionless magnetic field variable x = (w,/w —1)/
(—=Cy). The values of the parameters chosen for display
would correspond to A;=—0.03 and =0.05 mm, a value
somewhat better than found in good potassium. Also
shown in Fig. 3(a) is the dispersion relation for 7=0.5
mm, an unrealistically long mean free path, in order to
display how the long mean-free-path results approach
the infinite mean-free-path curve shown in Ref. 10. The
dashed lines give the propagation constant for the Gant-
makher-Kaner oscillation. Doppler-shifted cyclotron
damping occurs when |(Rekl)yoqe! > (Rekl)gk|. Note
that the mode is always more heavily damped than the
GK oscillations.

lations. It is included to show that the CCM mode
is always more strongly damped than the GK oscil-
lations, and, at mode cutoff, has the same wave-
length.

The information contained in Fig. 1 is all that
one needs to predict the effects of Fermi-liquid
correlations on the admittance of a diffuse surface.
The quantity usually studied experimentally is the
surface impedance, the reciprocal of the admit-
tance. There, the effects of interest are trans-
formed somewhat by the background impedance,
i.e., the impedance contributed by the electrons

in the metal in the absence of correlation. What
we mean is, that although the correlation effects
added a small term to the surface admittance as
in (5.1), the term which augments the surface im-
pedance,

Z=Y = (Y +AY) 'R 2y~ ZEAY=Z,+AZ
' (5.5)
5.5

depends explicitly on the value of the surface im-
pedance Z, in the absence of correlations. To the
order we have been working, Z, should, in the
second term of (5.5), be considered as being con-
stant, and equal to its extreme anomalous limit
value of

. 3 2C\-1/3
Zy,=(3V3)e ”/3<‘41f’g'€,—1?> . (5.6)

The factor e~ *"/? appearing in (5.6) yields a AZ in

which the real and imaginary parts are linear com-
binations of the real and imaginary parts of AY,
and which scales the result using the w,, Vg, and
w appropriate to the particular metal and the par-
ticular frequency being studied. In Fig. 4, we
have multiplied the AY presented in Fig. 1 by

- ¢~2"/3 The resulting curves are proportional
to the change in the real and imaginary parts of the
surface impedance caused by correlations, the
proportionality factor being

/-3C cz> (317 wiC >-2/ s

4V, )\ 4 oV,

The change AZ caused by correlations has to be
compared with the change in Z; which is caused
by sweeping the magnetic field (or frequency)
through the cyclotron resonance region. The
change in Z, is conveniently given by using the
second term of Dingle’s?® expansion for Z, in the
anomalous-skin-effect regime. [We take complex
conjugates because Dingle used e*!“? time depen-
dence, and multiply by &yl =wl/C, in conformity
with Eq. (4.17).]

(5.7)

-ir/8 -2/3
AZ(Dingle) = wie" T (:—"ﬂ )

aC 4
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FIG. 4. Real and imaginary parts of —e AP as
a function of x and Cy,. The phase shift chosen corres-
ponds to that which would be applied to AY, the change
in surface admittance, to obtain AZ, the change in sur-
face impedance, in the case of a diffuse surface.

1/3
x[0.5330+0.1351 m( 3."2) ] (5.8)
4ia

where, as in (4.4) and (4.7),

b=(wwil®/VsC? (5. 9a)

(5. 9b)

As the mean free path ! becomes longer and
longer, AZ (Dingle), the variation in surface im-
pedance of a free-electron gas, goes as 1/1 while
AZ, (5.5), the change caused by correlations, sat-
urates to a size independent of I. However, at the
values of I which are currently available, the cor-
relation-produced changes are typically 10°2 of
those produced by sweeping the magnetic field
through the region where correlation effects are

a=1-i(w-w)T
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important.

VI. SURFACE ROUGHNESS, EXPERIMENT, AND
CONCLUSIONS

The calculations presented to this point have
focused on the change in the surface admittance of
a diffuse surface when the magnetic field, normal
to the surface, is swept through the cyclotron
resonance region. The changes arise from two
separate effects. First, the properties of the con-
duction-electron gas bounded by the surface,
treated as a gas of noninteracting particles, are in-
fluenced by the steady magnetic field. This effect
has long been known to produce a smooth monotonic
increase in the size of the real part of the surface
impedance as the magnetic field increases from
zero in the direction of cyclotron resonance. The
second, and by far the more interesting effect,
arises because correlations between the electrons
give rise to the possibility that a relatively un-
damped wave can propagate normal to the surface
when the magnetic field is close to, but not exactly
at, the value for cyclotronresonance. Our analyt-
ic result describing the size of the latter change,
Eq. (4.21), exhibits the following features:

(1) The over-all change is greatest at cyclotron
resonance, and decreases like (w,/w-1-i/w7)™!
as the field or frequency departs from resonance.

(2) There is a part of the admittance change
which is conductive or susceptive, depending on
whether the mode is propagating or evanescent,
the crossover occurring at threshold.

(3) To lowest order in (anomalous skin depth/
wavelength of the mode)'?, the structure in the
admittance, like the dispersion relation for the
mode, does not depend on the A, correlation pa-
rameter.

Our numerical results, Fig. 1 and Egs. (5.5)-
(5.7), indicate that the change in surface impedance
caused by correlations will be enhanced by about
three orders of magnitude over what they are cal-
culated to be for a specular surface. This is sur-
prising; it raises the question of why this occurs,
since, as is well known, the surface impedance
itself is calculated to be rather independent of
whether the surface is assumed diffuse or specu-
lar. We shall return to this question almost im-
mediately below.

There are at present no experimental results
with which the predictions of this calculation can
be directly compared. The single measurement
of surface impedance as a function of magnetic
field thus far reported for an alkali metal near cy-
clotron resonance'® has an over-all shape which is
far better understood on the assumption that the
surface of the metal was rough, rather than that
it was diffuse.!® There was structure reported in
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this measurement, a sharp peak in the real part
of the surface resistance slightly above cyclotron
resonance and a slight dip at cyclotron resonance.
The height of the peak was roughly comparable to
the size of the change in the background surface
impedance caused by reducing the field from its
value at cyclotron resonance to zero. This result,
obtained from measurements on what appeared to
be a rough surface, is ~10%2-10° times larger than
what we would have expected from these calcula-
tions, had the surface been diffuse. The shape of
the observed structure does not correspond at all
with what is shown in Fig. 4(a) as the real part of
the impedance of a diffuse surface.

Since the size of the correlation effect on the
impedance is so drastically affected by whether
the surface is assumed specular or diffuse, we
must ask whether the sensitivity to surface condi-
tions would reconcile calculation and observation
if the surface were rough. In other words, how
would the assumption of a rough surface, rather
than a diffuse one, change the size and shape of
the structure we calculate? We cannot answer
this question exactly, but we do wish to make the
following observations which may suggest physi-
cally what is going on:

(1) The expression (5.1), for the size of the
structure contributed by the mode, contains factors
M and J, each of which is more or less the Fourier
transform of the field calculated at the small &
values characteristic of the mode; i.e., it is as
though M and J were overlap integrals between the
unperturbed field and the field of the mode. This
overlap integral appears twice as a factor of AY.

(2) The enhancement factor by which the struc-
ture in the diffuse calculation, given here, exceeds
that in the specular calculation, estimated in Ref.
14, is essentially the square of the factor by which
the long-range (i. e., low-k) part of the unper-
turbed diffuse field exceeds the long-range part of
the unperturbed specular field.

These two observations suggest that, if the ef-
fect of a rough surface is to decrease the shielding
currents and enhance the deep field penetration,
the structure contributed by the correlations will
be multiplied by the square of the enhancement
factor. A real enhancement factor would increase
the size of the structure. A complex enhancement
factor would, besides increasing the size of the
structure, cause a mixing between the real and
imaginary parts of AZ.

Our preliminary calculations of enhancement
factors using the surface roughness model® indi-
cate that there can be a large enhancement factor.
The enhancement factors which emerge are com-
plex, with the phase not too strongly dependent on
the applied magnetic field. One thus expects to

observe a surface resistance which is a linear
combination of the real and imaginary parts of the
calculated AZ. The amount of the phase shift and
the size of the enhancement depend on the details
of the parameters describing the roughness. For
our purposes here, it suffices to characterize the
effect of the roughened surface simply as a field-
independent phase shift of the long-range tail of
the unperturbed fields. - A phase shift of ¢~ !"/3 ap-
pliedtothefield gives the surface resistance curve
exhibited in Fig. 5, which exhibits structure quite
similar to that reported in Ref. 14. The various
curves given in Fig. 5 correspond to different
mean free paths and depict, therefore, how the
impedance change of the rough surface might change
with temperature. We must emphasize, however,
that the details of the coupling between the fields
outside a physically imperfect surface and the elec-
tron motion inside the bulk is still a difficult and
unsolved problem. Its ultimate solution is likely
to involve details of the surface which are not of
any deep significance to the bulk problems usually
considered.

Although the phase shift chosen for the purpose
of display in Fig. 5 was chosen to optimize the fit
between the calculation and experiment, the under-
lying calculation of A¥ shows that there are only
two field values, cyclotron resonance and thresh-
old (rather than mode cutoff by Doppler-shifted cy-
clotron damping), where structure occurs. It may
well turn out that when the surface impedance of a
rough surface in the presence of correlations is
calculated properly, this feature will remain. In
that case, the sharp peak reported in the observa-

0.70
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0.40
0.30
0.20
0.10

0.00

-0.10

-0.20 -

-0.30 1 L L L 1 1 1 1 1
-4.00 -3.00 -200 -1.00 O 100 200 3.00 4.00 5.00
X=(wc/w-1)/(-Cz)

FIG. 5. Real part of the change in surface impedance
as calculated assuming that the fields in the interior of
the metal suffer a phase shift of e~ caused by surface
roughness.



tions in Ref. 14 is properly identified as thresh-
old. Such identification leads to a value of the
Landau parameter A, equal to about — 0.03. This
is in substantial agreement with that obtained by
observing the HFW which propagate across the
magnetic field, and whose dynamics are totally
different from those of the CCM mode which prop-
agates along the field. On the other, if the field
enhancement idea underlying Fig. 5 turns out to
be substantially correct, then the peak in the real
part of the surface resistance occurs at x=0.5-0.7
rather than at x=1.0. This would yield a value of
A, some 1.5 to 2.0 times the value implied by hav-
ing the peak at x=1.0. This discrepancy is proba-
bly within the range of uncertainty occasioned by
imprecision in the field value which should be as-
signed to cyclotron resonance.

Note added in proof. The field enhancement cal-
culations have been completed, and will appear
shortly. They yield an enhancement factor which
does depend on magnetic field and which, in the
neighborhood of the threshold, is very close to the
e~ ¥'% chosen here for display purposes. Using
these calculations, the peak appears at x=1.0, in-
dicating that A,~ - 0.03, and confirming the value
deduced from HFW. The uncertainty in size of A,
could be substantially reduced by measuring both
the real and imaginary parts of AZ, taking the
linear combination of the two which resulted in the
most dispersive line shape, and measuring the
separation between the positive and the negative
peaks. According to Fig. 1(a), the separation will
tend toward Ax=1, i.e., to Aw,/w=C,, as the
mean free path increases. For finite mean free
path, the separation is greater than Ax=1, and
this will establish an upper bound on the size of
C,.

A description of the way the surface roughness
model may be used to calculate the deep field en-
hancement factor will appear shortly.
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APPENDIX A: EVALUATION OF ADMITTANCE IN
ANOMALOUS-SKIN-EFFECT REGIME

Our first step is to evaluate M: We write (4.12)
in a symbolic form as

M&, v]=(&| M|yp) = (8°] M|¢°) + (8°| M| p°)

+(@°| M99 + (20| M| g°) , (a1)
and we write the matrix operator as
M=M°+AM (a2)

where M° are the parts of M which survive when
there are no correlations and AM is the rest —
parts which have &, or &, as a factor. Because &°
and y° are exact solutions, they render M, station-
ary and, as a result,

(¢°'M°|¢°+¢C)E(¢°+¢°|M°|¢°)
=(8°| M°| %) =M, . (A3)
M[&, p]= My -+ (2°| AM|4°) + (8°| M| p°)
+(2°| AM|p°) +(8°| aM|y°) . (A4)

Using (4.18), we now have

Hence,

33
(°| Mm|y°)= § [aifi,(p, 7) e+ asfi (b, s)d,

+ bifu(q, 7) C;+ befu(q, s) dj] , (A5)

where
i/(p+7)+Hy(p,7) 1y Hyp(p, 7) by Hy(p, 7)
fu(i’; v)= H21(p, ) hy ‘l/(P +7)+ Hzg(l’; ) hy Hm(l), 7) ’ (A6)
b/(p+7) 0 ipr/(p+7)+ikE 1%/ (p+7)

and the integrals Hy,(p, 7) are defined as
Hy,(p, 'r)=f0‘m j;wdxdx' e K, (x-x")e™ . (A7)

We also have

2
(@°| aM|y®)= § [a:Si,(p)+0:S,(D] (A8)

[

(@°| am|y°) =? [e;Ts,r) + d,Tsy(s)] (A9)
i
where
Sup)=J, [ dxax’ e K (- x M ix"),
(A10)



4318 G.

T”(’r)=f0” fomdxdx'ég(x)K“(x—x')h,e""' .
(A11)

We use (4.19) to eliminate b; and ds, and introduce
the following notation for the independent param-
eters:

(Uy, Uy, Us, Uy, Us)=(cy, Cpy €3y dyydy) ,  (Al2a)
(wlulLulul,uh=(ay, ayas by, b,), (Al2b)
(Ry, Fooy R, ) =(R)= (D, g, 7, 5) (A12c)
This casts (A4) into the form
M=M,y+(2°| aAM|y°)
+UT g U+UT-sk)+ k). U . (A13)

The g;,(%) are linear combinations of the f;; — linear
combinations which arise by eliminating b3 and d;

from (A5). The s(k) and #(#) are also linear com-

binations of the S;; and T;;, respectively.

From 6M/6U =0, we obtain
gk)-U+s(k)=0

or U=-g (k) s (k) (A14)
Similarly from 6M/5U=0, we obtain
Ut=-te)-g-1(k) (A15)

Finally, the variation of (A13) with respect to k; is
set equal to zero.

UT(a%‘E(k)) ‘U Jr_tgw‘-(aikl §_(k))

+(5—%:g(k))-g=o

We substitute (A14) and (A15) into (A16) and, using
the operator identity

2y et 2\t
ok; = (k)=-g (3k¢=)§ ’

Eq. (A16) becomes

(A16)

- 2 [4e) g M) s ()] =0 (A17)
ak‘ - =
We may also substitute (A15) and (A14) into (A13),

|
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with the result
M=M0+(<I>°|AMlzp°)—g(k)'g'l(k)‘g(k) . (A18)

In (A17), we have four equations which fix the four
unknowns k;. Having fixed them, we may evaluate
(A18). 1t is interesting to note that if we had re-
garded (A18) as a trial form for M (never mind
where it came from) then (A17) would be the as-
sociated stationarity condition.

These equations, involving derivatives of the
inverse of a 5X5 matrix of known but rather com-
plicated functions, simplify remarkably if we take
advantage of the fact that they are to be used in the
anomalous-skin-effect regime. Here, the number
b will be huge - typically of order 10° to 10° de-
pending on mean free path, and, as we shall now
show, the number b~Y3 (essentially, theanomalous
skin depth in units of the mean free path), provides
a useful expansion parameter.

Consider the trial fields proposed in (4.18b):
One effect of correlation is to allow the system to
support a new mode whose fields are of relatively
long range and long wavelength compared to zp°,
the fields in the absence of correlation. Hence,
one of the propagation constants in (4.18b), say, 7,
should be of the order of the % of the mode. (In
our units, k will be of order ia.) Another effect
of correlations is to change the conductivity slight-
ly, affecting the shielding currents and altering the
fields within the anomalous skin depth. This
change can be represented in (4.18b) only if the
other propagation constant, say, s, is of the order
of an inverse anomalous skin depth, namely, b2,
The close relation between the adjoint fields & and
the physical fields ¥ leads us to surmise that the
propagation constants p and g appearing in (4.18a)
will be roughly the same as » and s. Onthis basis,
we may expect p and 7 to be of order ia while ¢
and s will be of order »Y3. This is a large dis-
parity in size which we can exploit in evaluating
the matrix g and taking its inverse.

The specific form for g appears when we com-
pare (A5) with (A13), using (A12) and (4.19) to ef-
fect the comparison. We obtain

fh fi fls-fis i ri
fa fi fis—fis i fo
§(k)= fa-ra fe-rh fés‘f%a‘fgs*“fa‘ts fo-fh fo-rs ’ (A19)
It fie fl=ris i fiz
I fie fla=fi fa fi
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where we have used a superscript to denote the
arguments of the f;; as follows:

f}JEfij(p, 7)’ f%jEfu(P, S) Py
F=fular), fiy =fiules).

If we examine the form of f givenby (A6) and (A7),it
is clear that, with the exception of the (3.3) element,
all other elements of f,(p, ) have either a ( p+r)?
or a ( 1)1’)'1 behavior. On this basis, we can state
that 7! is of the order of £~'=5Y%/ia larger than
fE F° or gt

We may now write g and g~

as
=AB> _1_<EF)
£°\c p) £ “\¢ m/’

where A and E are 3X3 matrices while D and H
are 2X2 matrices. Using our estimates of the
sizes of f1, f% f% andf*% in (A19), we find that
the matrices A, B, C, D stand roughly in the size

(A20)

!in partitioned form

(A21)

10

A:B:C:D=¢7h1:1:1 . (A22)
The components of g ~! are given by
E=(A-BD™'C)! |
F=-A"'B(D-CA™'B)™* ,
G=-D"'C(A-BD™'C)** ,
H=(D-CA™'B)!
By partitioning s and { in the same way,
s=W/L), t=M|N) , (A23)

we obtain
t-g™l s =(M-ND'C)(A-BD™'C)"'dJ
+(N=MA™'B)(D-CA™'B)"'L

However, to lowest order in £, the estimate (4.41)
tells us that

(A-BD™'C)'=A""

(D-CA™'B)™=p!

Furthermore, to lowest order in ¢, the matrix D

is a multiple of the unit matrix: D=4/(g+s)X1=dX1.

Hence,

t-g e s=(M-NC/d)A™'J+(N-MA™'B)L/d .
N (A24)

The disparity in sizes of p and » versus ¢q and s
can also be expected to be reflected in the relative
sizes of J:L and M:N. By comparing (A8) and (A9)
with (A13), using (A12) to effect the comparison,
we have

B Su(i’)‘rsm(i’ﬂ Fqu
Sz1(p) +Sa(P) Iy
0 =| J3 |, (A25)
S11(q) +S12(g) L,
| S2a(@) +Saa(@) 1 [ Lo_|
[~ Ty () + Toy(v))  [M; 7]
T1o(7) + Too(7) M,
0 = | M, (A26)
T14(S) + Ty (S) N;
[ T12(S) + T25(S)_] L N2 _J

One might expect, from considering the forms
(A10)and (A11), that each term S;,(k) or T;,(k)hasa
1/k dependence at large %, and on that basis, one
would have J:L~M:N=~1:{. The S;; integrals do
behave that way, and the estimate J:L=~1:{ is cor-
rect. The T;; integrals do not take on this limiting
behavior until 2~ 5Y3, and it turns out that M:N
~1:¢Y2. The only convincing way to obtain this
result is to carry out the evaluation of S and T,
which we describe briefly below, and carry out in
more detail in later Appendixes. Using these es-
timates, however, (A24) reduces to

t-g ' s=MA'J+N(L-CA™Y)/d ,  (A27)

and the second term is of order {2 smaller than
the first.

Even the labor of evaluating (A27) for use in
(A17) and (A18) is substantially reduced by the
circumstance that A has one element, (3,1), so
much larger than the others that it dominates the
inversion, Deleting from A™! all terms of order
¢, we have

0 0 0
A =(flafss—fisfa) M| fis —f1s O (A28)
~fi flz 0

Finally, the evaluation of the integrals which
make up s and ¢ must be considered briefly: By
setting %;=0 in (4.3) we obtain

W@ == [ Kple-x"9ix"dx’, j=1,2 (A29)
while 33, the electric field in the absence of cor-

relations, satisfies the familiar integrodifferential
equation!®

dz 272\,,3 : « 107 2
(W +Rg1l )zpo(x) +zb.[0 Ky(x=x")93(x")dx’ =0,

93(0)=1 (A30)
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By setting %;=0 in (4.6), we obtain

&}x)=ivdY(x) ,
(A31)
®x)=0

while <I>g satisfies the same equation and boundary
conditions as does ¢ and hence is identical to it.
The integrals in (A9) and (A10) thus become

Sip)==n; [ [7 [ axax’ ax"

Xe? K, (x—x")Kyy(x" = x")9Ax"") , (A32a)

Tyylr) =ivhy [ [ " dxdn’ Y300K, (- x")e™
(A32b)

If the kernel which operates on ¥3(x) is K;;, we can
use (A30) to effect the integration. If the kernel
is some K;; other than K,;, then we express the
kernel as a spatial integral of K, (Appendix C)and
againuse (A30). In this way, wearrive eventually at
expressions from which the kernels have been
eliminated, i.e., essentially the Fourier trans-
form of ¥3. This transform is available from the
Wiener-Hopf solution of (A30) (Appendix D), and
we use it to evaluate the integrals (A32) in Ap-
pendix E.

APPENDIX B: ANALYTIC SOLUTION IN
IMMEDIATE VICINITY OF ANOMALY

The derivation of (A27) required that
. (w-w,)/Vg
(wwf; /VgCY3
be small in comparison with unity.!® Typical

values of this parameter are so small that, in the
]

neighborhood of cyclotron resonance over which
the mode propagation occurs, /¢ can also be used
as a small (but not terribly small) parameter. By
neglecting the second term in (A27) which is of
order +¢ times the first, we can obtain a solution
of (A17) and an evaluation of (A18) which are of
interest in their own right. Should the labor of
working with the full (A27) be deemed rewarding,
this solution can be used as a starting point for
tackling the more general problem.
The first term in (A27),
teg s~ MATY (B1)

depends only on p and 7, not on s and ¢q. Hence,
to order ¢, the two variational equations

i -1
= .5)=0
9 s)

(¢

<
1og

2 (fegtig)=
and —-(t-g7"+5)=0

are satisfied automatically. The remaining two
variational equations,

—i _1' =
ap(g.g s)=0 , (B2a)

%(§°§"-§)=0 , (B2Db)
are now to be studied.

In evaluating (B1), it turns out to be useful to
remove a factor of i/(p+7) from the H,,(p, 7) in-
tegrals defined by (A7), so that we have functions
D,,.(p, r) defined by

H,(p,7)=iD,,(p,v)/(p+7) . (B3)

Using (A28) in (B1), and referring to (A6), we ob-
tain

i(D +7) Ma(r) Doy (0, 7) J1(P) = D1y (P, 7)Ta(D)]

MA™'J =

There is already, at this stage, a hint of the
CCM mode lurking in (B4), for if one sets p+7=0
so that the numerator vanishes, MA~'J is zero
unless the denominator also vanishes, which it

does if either p ov v satisfies the dispevsion velation

given by CCM (Appendix C). The % of the CCM
mode vanishes when w,/w=(1+A4,)"". This sug-
gests that near w,/w=(1+A4,)"", we can also ex-
pect p and 7 to be small and suggests the utility of
a power-series expansion. Accordingly, we in-
troduce new independent variables, R and p, de-
fined by

p=3(r+p), R=i(r-p), (B5)

in terms of which (B2) becomes

Dyy(p, ¥) + he[Dyy(p, 7) Dop( b, 7) = DD, ¥) Dy (p, 7)] (B4)

O a1y
8p(MA =0 , (B6a)

5—% (MA™'J)=0 (B6b)

We rewrite (B4) in terms of these variables as
MA™'J =pN(R, p)/D(R, p) , (B7)
where N(R, p) =2iMy()[Dyy(p, 7)J1(p)
=Dy(p, V) (p)] (B8a)
D(R, p)=Dy,(p, 7) + hy[D11(p, 7)Don(p, ¥)
= Dyo(p, ¥)Dyy(p, 7)] (B8D)

The numerator and denominator of (B7)areto be ex-
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panded about R=0, p=0, and terms up to second
order are to be retained. Thus, we need terms
up to first order in N,

N(R, p)=Ngg+NyoR+ Ny p (B9)

and terms up to second order in D. However, the
symmetry (4.6) results in D being even with re-
spect to interchange of p and 7, so no odd powers
of R can appear in the expansion. To second or-
der, then,

D(R, p)=dog+doy p + doap® + dag R? - (B10)

We now insert (B9), (B8), and (B7) into (B6), and
retain terms up to second order in the coefficient
of D(R, p)"2. This gives us

doo Nog + RNyodoo + 2p Noydoo + RZNyodyg

+p?(Noydos — Noodee) =0, (B11a)

P(Nyodoo +pPN1od oy = 2RNggd ) =0 (B11b)

It is clear that there will be small R and p solu-
tions only if dy, is small, and, since dy is small-
est when w,/w=(1 +A,)”", this is consistent with
what we expected. If we regard dy, as being first
order small, i.e., like R or p, then all terms in
(Bl1la) are second order small except for dygN g,
and no solution is possible. Hence, dg must be
second order small, i.e., like R% or Rp or p?.

If we delete quantities third order small from
(Bl1a) and (B11b), there remains

dooNoo +R2Noodzo +p*(Noydoy = Nogdz) =0 ,
PNyodgy — 2RNgodze =0,

which gives the solution
R=pNyydy /2Ngody

pz - — doo/dm
(Nm/ZNoo)z doy /dao + Noy /Nog = dgs /dm

Using (B9) and (B10) in (B7),

Ngg+ (NwR +Nmp)
doy + (doo + dozp® +dz R?) /p

(B12a)

(B12b)

MA™'g =~ » (B13)
( )

which is of the form

qu_q(l +A(doo/d01)1/2> , (B14)

YL nlad /a 172
doy \1 + Bldgy/dyy) 2

where A and B can be determined by comparing
(B12), (B13), and (B14).

It is possible to evaluate the coefficients ap-
pearing in (B9) and (B10), making use of the ma-
terial in Appendixes C, D, and E. Using this ma-
terial, we have

doo/dey= (1 =1)/Bn - 8y,

where B=ia=(w-w)T+i ,

(B15a)
(B15b)

- Ax(1 +Az)'l
w./w-1) —i/wT

n=—ihy/B={ (B15¢c)
In the large w7 limit, dy, vanishes at 7=1, which
we designate as threshold. Evaluating (B14) in
the limit -1, we obtain

-hif a+a(1 —17)1/2>
iB \ag+a(1-n)V2 )

where ay, ap;, a;, and a, are veal numbers of order
unity.

This derivation has been based on the smallness
of 1 —n which, considering both real and imagi-
nary parts, means that w,/w=~(1+A4,)"" and w7
much greater than 1. The contribution of (B16) to
the surface admittance (A8) in this limit is

AY P = (MA™ )/ kg
(£ ( Ay \2/ay+ax(1 —n)”2> w =i -1
= (VF> 1+4,) \ag+a,(1 -2\ w, o
(B17)
c A, \2/as+ag(l —n)V2

~ (=) [—=2 5 6

(VF> 1+A2> ((wc/w_l)_i/w.r ’ (B18)
where again, as and ag are real numbers of order

unity. Equation (B18) appears as (4.21) in the
text.

MA™'J =

(B16)

APPENDIX C: PROPERTIES OF KERNELS

Using the definition of the first two (I, 1) spheri-
cal harmonics below,

Y1,(2) = (3/8m)Y2J(1 - ud)e'® | (Cla)
Y,y (90) = (15/8m)Y2 J(1 = uP)et® | (C1b)

where u=cosf, and the definition (3.2) of the ker-
nels, we have

Ki(x—x')= folu'ldufm(u) exp| - alx - x")/ul,

x>y’ (C2a)

Ki(x=x")=(-1)"K;;(x"-x), x'>x (C2b)
where m=i+j—2 (C3)
and f,(u)=306™%")1 -u?) . (c4)

The single subscript » provides as much informa-
tion as the double subscript ¢, j and will be used
here. Since we use kernels K,(x - x') in which
m=0,1,2, we are free to define kernel Ky(x —x")
by extending definitions (C2) and (C4) to m =3.

The kernel, so defined, does not correspond to the
definition (3.2). The utility of the extended defini-
tion is that using (C2) and (C4) one easily obtains

Kpoa(x=x")=ay(6) [ "dx" K,(x"" - x")

—0(x" = X)[Kpy1(0°) = K,y 1(07)] (C5)
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and
fox K (x—x")dx"! =a—w/1(—5—){K,,,,,1(x— x') = Kpay(%)

+0(x" = X)[Kps1(0%) = K, 'ty (0011, (C6)

where 6(y)=1, >0 (c7)

=0, y<0 .

By extending the definition, we can use (C5) and
(Ce) for m =2 as well as for m=0,1. The use of
(C5) and (C6) is invaluable in evaluating the inte-
grals (A32).

Using the definition (C2), we can evaluate the
H;, integrals (A7) and the D;; functions (B3) as

H;(p, 9)=iD;y(p, @)/ (p+q) ,

Dby @) =dp(p)+ (- D"dnla) (cs)

where d,(p)= il?.j: (w+ia/p) fulw)du (c9)

where m=¢+j—2. Itis also a simple matter to
show that

Dyy(p, —P)=f_:Kij(x)eipxdx ) (C10)

i.e., that D(p, —p) is the Fourier transform of the
kernel. It is for this reason that setting »=-p in
the denominator of (B4) leads to an expression in-
volving the Fourier transforms of the kernels —
quantities which are normally associated with in-
finite-medium propagation studies. Having es-
tablished this, the identity between zero of the de-
nominator of (B4) and the CCM dispersion relation
is trivial to demonstrate.
APPENDIX D: EVALUATION OF SOURCE
INTEGRALS

We are concerned with the S;,(p) and T;,(») in-
tegrals defined by (A32). We shall demonstrate
here how these can be evaluated by carrying
through that evaluation of enough of them to illus-
trate each of the steps involved:

Tla(y)zibhzf0 dx fow dx’ P Ky(x - x")e'™" .
(D1)
The subscript 1 on the kernel follows the notation
convention of Appendix C, namely, ¢,j-~i+j — 2.
Using the fact that K, is odd, this is also
Tyy(r) = — ibh, fo " dx fo “dx' e K (x— x"WYx") ,
or, using (C5),

T12(7)=—ibhza\/(5)]:dxfowdx'f:dx"

Xe" Ko(x" = x")3(x") + 2ibhy K, (0%)

x [ [ dxdx’ e0(x" - DY(x") . (D2)

The equation governing ¢ is (A30). In this nota-
tion, this is

2 -3
%C—zzl)g(xh—ibj; Ky(x-x")8d(x")dx’ , (D3)

wherein we have dropped the displacement current
term k%lz as being numerically unimportant. Using
(D3) in the first term of (D2) performs the x’ in-
tegration and leaves d23(x’")/d(x"")? in the inte-
grand. The x'’ integration converts this to a first
derivative with respect to x. The derivative with
respect to x in the integral over x is removed by
integration by parts. Hence, the first term in

(D2) is

hoa J(B)[¥3(x=0)+iry ()] (D4)
where zp(p)Efow e Y3(x) dx (D5)

is the Fourier transform of the electric field
¥(x). The initial value of this field is unity, and
this value should appear in (D4). In the second
term in (D2), we perform the x integration first:

ﬁ: ﬁ»dxdx' e 0(x" — x)3x’)
- [ x93 " o= [y - 9(0)] .
Thus, Tys(¥) = heay(5)[1 +ird(#)]

+2bhy K1 (0M)[9(#) = 9(0))/7 . (D6)

The S;; integrals are somewhat more complicated,
and contain some component parts which require
use of an approximation which is best illustrated
in the evaluation of Sy;.

Using (D3) in (A32a),

h L -]
Su(p) ibﬁ [) dxdx

2
X e K(x~ x')(di,>¢g(x') . (D7)

Recall that $3(x) is large only within the skin depth
although it does have a weak, slowly varying, ex-
tremely long-range tail which extends to distances
of the order of a mean free path. In this situation,
dz/)g /dx will be concentrated even more within the
skin depth than is y itself, in the sense that the
long-range tail of dy3/dx is even smaller, rela-
tive to dng /dx in the skin depth, than was true for
ng.a The same situation holds a fortiori for d%3/
dx*®.

If p<bY3~1/5, then the function of x’ defined
by

fo dx e Ky(x—x")
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will be slowly varying over that region of x’, 0< x’
=5, where d%)?/d(x’)? is large, and we can there-
fore approximate (D7) as

Sy1(p) = f dxe""Ko(x—O)f dx’ x_;d’)iz (D8)
= (ih1 /b)do(p) Mo . (Dg)

Here, we have defined
dp(p)=f " dxe K (x) (D10)

deliberately choosing the same notation as used in
(C8) because, upon evaluation, we find the defini-
tion (D10) equivalent to the evaluation (C9). Also
in (D9), we have used

MO [dll) (x)/dx]x 0 » (Dll)

choosing the same notation as used in (A3).

The other integrals yield to the same techniques
as have been illustrated here, including, in evalu-
ation of one of the pieces which arise in S,, and Sy,
use of (C6) in a manner similar to that in which
(C5) was used above. For reference, we list all
of the nonzero source integrals below.

Ty() = y[r2p(r) + My - ir]
T15(7) = hea (5)[1 +iry(r)]
+2bhy Ky (0M)[9(v) - 9(0))/7
Su(p) =[[in Mydo(p) /0]]
Ses(p) = [[ihy Mydy(p) /]]

51200) =22YE {114, ()] - 22,0005}

-2, K,(0%)/ay(5)]$(0) d5(p)

g@%?(o_*) [zp( p) - (w(p) +p % ¢(P))p=o]’

Suap) = 122

X ([ [do(p)]] - %“’u’;’—“‘s) [v(p) - zp(o)])

21, K,(0%) _ 4hya+/(5) K3(0%)
el VORP) ~ TG

x[zp(i’)— (zp(p) +P—§ *épz%;%)m]

The double square bracket [[ ]] surrounds the
terms in which we use the approximation that dy/
dxord 2zp/dx2 is short ranged. The approximation
is not valid for p~b"3, but is excellent for p
«pY3, Clearly, the large size of b makes it pos-
sible to ignore Ty,, and the first term in Ty, S;,,
and S;,.
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APPENDIX E: UNPERTURBED ELECTRIC
FIELD

The source integrals given in Appendix D were
all given in terms of the Fourier transform

D) = fowdxe“”‘ng(x) , (E1)
where pJ(p) satisfies

& zps a5 __ i f Kol —x"Wy3x ") dx (E2)
subject to

Pax)=1 at x=0 ,
=0 at x=o ,

The Fourier transform can be calculated using
Wiener-Hopf methods. The first solution to this
problem was given by Reuter and Sondheimer. '3
The form given by Reuter and Sondheimer in-
volved knowledge of those roots of the dispersion
relation which happen to lie closer to the real axis
than an inverse mean free path. It also involved
knowledge of the dispersion function along the lines
Imk=x1 between which the roots (if any) had to
be known.

By using contour integration, Dingle®® showed
that the line along which the dispersion function
must be known can be moved to the real axis and
in doing so, it will pick up contributions at the
roots of the dispersion relation which make un-
necessary the specific knowledge of the roots ly-
ing between the original contour and the real axis.

If the reader will reverse Dingle’s procedure
and move the line of integration away from the
real axis as far as possible, the line will encircle
the cut in the dispersion function. In its way to
that position, it will cross other roots of the dis-
persion function and will pick up contributions
similar in form to those in the expression given
by Reuter and Sondheimer. The net result will be
an expression which explicitly involves all the up-
per half-plane roots and the discontinuity in the
dispersion function across the cut; namely,

_i(B+p)™ ! Bdu
xp<2mf1 e PlnG(u)) (E3)

=z @
90 =Txe )
The meaning of the terms in (E3) is as follows:
Let ®(k) be the dispersion function, the Fourier
transform of the operators in (E1),

a(k)=k®-ib [~ Kox)e*dx . (E4)

This function has a branch point in the upper half-
plane at

k=B=ia=(w—-w)T+i
and a branch cut which goes from that branch point
to infinity, most conveniently along the line % = pu,
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1<u<e, The roots of &%) in the upper half-plane
are at positions 2;, and there are either one or
two of them. The product in (E3) involves all N

of the upper half-plane roots:

&(k;))=0, i=1,...,N, Imk;>0. (E5)

We designate values of &(k) along the branch cut
as &*; that is,

3*(Bu)= 11::;+ [k =Bluxie)]

Then Gu)=d (Buw)/d" (Bu) . (E6)

The form (E3) can also be derived directly using
the Weiner-Hopf factorization subject to the ad-
ditional requirement that the function being fac-
tored have no poles or zeros, only branch cuts,
in the complex plane.

We have given a rather detailed discussion of
the function

) 5571;1.—1116 @ (ET)

and stated the location of the roots elsewhere. 2!
We take those results for use here, making only
those changes in notation which arise because,
here, lengths are measured in units of mean free
path. The results we need are these:

Let £ be the phase of B; that is,

B=(w=-wT+i=|Ble* . (ES)

Then there are three values of 2 which are poten-
tially roots of (E5). These are at

k=(3mb/4) 3exp(io,) , (E9a)

where @;=}7, @p=37, @3=37 . (E9b)

Only one or two of these are, in fact, roots.
Which of these are in fact roots depends on & as
follows:

Actual roots Number of roots

0<g<gm 1=2 N=1
Lo<t<3 1=2,1=1 N=2
gt <am ’ (E10)
m<i<imr  1=1 N=1
Im<t<m  1=1,1=3 N=2
The expression for I(u) is
3 4 1 4 1
Iw) = [N—§+E;+ (E—F) -Z—‘-s-]+9(p,u)+J(u,£) ,
6(y)=1, y>0
=0, y<0 . (E11)

J is a function peaked more or less tightly about
u=p and having a peak whose area is of magni-
tude p,

1
1 (_ 1)(n-1)/2 ueN 3n
Ju, &) == —_— (— ) , U<
Tn>0,0daa " o P
1 (_ 1)(n—1)/z pe-u)3n
= - —_— i > .
m n>§dd n (u o UoP
(E12)

The quantity p which enters into (E11) and (E12) is
p=(3m/2"%/ (8] . (E13)

We can now consider evaluation of y(p) for p <b'/3,
Using (E11), the integral in the exponent is

1 (7 pdu (" _Bdu
o L Bu+p1nG(u)—£ Ju, £)

Bdu+p

+ (N— %)A()% +‘1‘?§A1% + (%—%) AS% ) (E14)
° du

. u"(u +p/B) (E15)

where A,,% =j

Since J(#) is concentrated about # =p, we can ig-
nore the p in the denominator of the first term in
the right-hand side of (E14). The integral then
becomes

S ut dudu, £)=iFo(£) + 0 (1/b) (E16)

where

_1 (= 1)V sime st
Filt)ogrs 2o —p—le¥ =),

Fo(§) =3¢, -gm<E<+im,  (El7a)
Fol&)=}m-3E, tw<k<im, (E17b)
Fol§)=Fo(t - 2n/3), im<é<m . (E17¢)

In the denominator of (E3), the condition p <b*/3
allows us to write

II¥ (e, +p)~ Ik, =(37b/4)¥ /3 expli LV 0,) . (E18)
Note that, using (E10) and (E17),
N
Fol§)=2 ¢;==31-(N=3) . (E19)

Finally, defining

4 1 4
U% =exp[;zA1% +(§_?>A5% ] (E20)

allows us to cast (E3) into the form

)= {B+0)" " U(p/B)

»(p (376/4)"

xexp{ VW - D)A(p/B) - it]} . (E21)
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Note that the definition (E15) gives

Ao(p/B)=1n(p +p/B) - In(1+p/B)
~1lnp-1n(1+p/B) , (E22)

where the approximate equality arises for p <b'/S.
We can therefore rewrite (E21) as

_(Bpe™* _\V_Up/B) 1
¢(P)_((317b/4) ) W exp[zln(l +P/B()E]:23)
Combing definitions (E8) and (E13) simplifies
(E23) to

1/2
w(0)= B0k D explin(1 +p/6)]

1/2

The branch cut for the square root must run along
the negative value of its argument.

The function U(p/p) is readily evaluated.
Again, for p<bY? we evaluate (E15) to get

A,(x) =—91;1n(1 +x)

1

1 1 1 1
As(x)--4—; RV R Rl S In(1+x) ,

and U(p/B) turns out to be of order unity through-
out. Hence, the characteristic behavior of (p)
is its p¥/2 growth in the range p <bV3,

In the range p >bY3, y(p) exhibits the 1/p be-
havior common to all Fourier transforms. Details
of this can be obtained with approximately the
same labor as required for the study of the p <bY3
region.
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