1 INTERACTIONS IN PIEZOELECTRIC SEMICONDUCTORS

Thus, when the difference frequency wg is small
compared to those of the fundamental signals, and the
conductivity relaxation frequency w, is chosen to maxi-
mize the attenuation of the fundamental (w.~w;), the
detected difference-frequency signal amplitude at wq
will be comparable to that of the dc acoustoelectric
voltage, and both will be much greater than the second-
harmonic and sum-frequency amplitudes. The sequence
of photographs presented in Fig. 3 illustrates the
inverse frequency dependence of the difference fre-
quency and, further, confirms that for small wg this
detected voltage is comparable to its dc counterpart.
This is to be expected since, in the limit as wg—> 0, the
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difference-frequency acoustoelectric voltage becomes
the dc acoustoelectric voltage.

These results describing the direct-voltage measure-
ment of nonlinear acoustic-wave interactions in piezo-
electric semiconductors may prove significant, since
they indicate that an ultrasonic amplifier employed
under gain conditions is capable of amplifying a modu-
lated acoustic wave, detecting the modulation, filtering
out the carrier and harmonics of the original signal,
and converting the modulation portion of the acoustic
wave directly into a large-amplitude voltage. This
detected modulation signal is, of course, directly analo-
gous to the aforementioned difference-frequency voltage.
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Carrier recombination under (a) arbitrary steady-state and (b) small-signal near-equilibrium transient
conditions has been studied theoretically for a two-interacting-level (ITL) model and a two-independent-
level (IDL) model. Analytic solutions for carrier lifetimes have been obtained and manipulated into a form
which facilitates comparison between the two models, as well as comparison between the steady-state and
transient lifetimes as predicted by each model. It is shown that under small-signal steady-state and transient
conditions the two interacting levels may be treated, with little loss of accuracy, as two independent levels,
provided we describe the effective flaw density at each level by interacting-level equilibrium statistics.
However, under appropriate conditions, the use of either ITL or IDL equilibrium statistics leads to essen-
tially the same lifetimes; the ITL model is then indistinguishable from the TDL model. A comparison of
the steady-state and transient lifetimes, whether of two interacting or two independent levels, shows that
in certain circumstances the transient lifetime can exceed the sum of the steady-state electron and hole
lifetimes, a possibility which does not exist if only one level is present. As a numerical example, the lifetimes
in gold-doped silicon have been calculated and compared. Some possible applications of this work are
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proposed.

I. INTRODUCTION

HE recombination statistics for holes and elec-

trons through a set of single-level flaws have been
treated extensively in the literature.!=% In the classic
treatment by Shockley and Read,! steady-state solu-
tions were obtained for the lifetime of electrons and
holes. The extension to the small-signal” transient situa-
tion was given by Sandiford® and Wertheim* and
recently by Sah® who, in applying the equivalent-circuit
approach to single-level flaws, also examined the

( 15VV) Shockley and W. T. Read, Jr., Phys. Rev. 87, 835
19

2R. N. Hall, Phys. Rev. 83, 288 (1951); 87, 287 (1952).

:D.J. Sandxford Phys. Rev. 105, 524( 7)

4G. K. Werthelm Phys. Rev. 109 1086 (1958).

5 Chih-Tang Sah, Proc. IEEE 55, 654 (1967).

K. C. Normura and J. S. Blakemore Phys. Rev. 112, 1607
(1958); 121, 734 (1961).

7 Small 51gnals are taken to imply small departures from equi-
librium condition, except in the case of Refs. 5 and 17.

transient case of small signals superimposed on arbitrary
steady-state conditions. As pointed out by Normura and
Blakemore,® a complete analytic solution is not possible
for transient decay involving signal levels and flaw den-
sities of arbitrary magnitude; but some numerical cal-
culations, with analytic approximations in wvarious
ranges, have been given by these authors.

An obvious extension to a set of single-level flaws is
the case of two or more sets of single-level flaws acting
in concert. Steady-state solutions for arbitrary flaw
densities in a two-independent-level (IDL) model were
obtained by Okada® and Kalashnikov,? while the small-
signal transient solution was given by Wertheim* for
n-type material with the restriction that the total den-
sity of flaws is less than that of the free carriers. The
IDL case is reducible to the trapping model of Hornbeck

8 J. Okada, J. Phys. Soc. Japan 12, 1338 (1957).

?S. G. Kalashnikov, Zh. Tekhn. Fiz. 26, 241 (1956) [English
transl.: Soviet Phys.—Tech. Phys. 1, 237 (1956)7].
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F1c. 1. Transitions between the bands and the flaws in a IDL
model are (a) electron capture, (b) electron emission, (c) hole
capture, and (d) hole emission.

and Haynes, if the capture asymmetry at one of the
levels is very large.*11:12

In ascribing a single energy level to the flaws, the
implicit assumption is that only two charge states are
effective for each flaw. However, as is well known, im-
purities which are most effective as recombination cen-
ters in silicon and germanium are multiply charged,
with more than one energy level. The equilibrium statis-
tics for this case are formally different from those for
the same number of independent levels, since the
occupancy of the different levels is now interdepend-
ent.!®* The nonequilibrium statistics for multiply
charged flaws have been considered in detail by Sah and
Shockley* under steady-state conditions. Explicit solu-
tion for the small-signal steady-state carrier lifetimes for
divalent centers has been given by Kalashnikov and
Tissen! and by Laff and Fan.!® More recently, Sah!” has
developed a small-signal equivalent circuit model for
the general interacting-level time-dependent case. The
effect of coupling between the levels could not be ex-
pressed in terms of a convenient circuit element, how-
ever, and it was necessary to resort to the use of a
negative capacitance to represent this effect. Both
steady-state and transient solutions were considered by
Sah, but explicit solutions for the transient time con-
stants were not given.

Although the statistical theory of the two interacting-
level (ITL) model is formally different from that of the
IDL model, it has often been supposed that the two
cases are indistinguishable if their energy levels are
more than a few £77s apart. Sah and Shockley!* have
shown this to be the case in terms of the steady-state
recombination rate. However, it should be pointed out

10 J. A. Hornbeck and J. R. Haynes, Phys. Rev. 97, 311 (1955).

1t J. S. Blakemore, in Semiconductor Statistics, edited by H. K.
Henisch (Pergamon Press, Inc., New York, 1962), Vol. 3.

12 B. G. Streetman, J. Appl. Phys. 37, 3137 (1966).

¥ W. Shockley and J. T. Last, Phys. Rev. 107, 393 (1957).

4 C. T. Sah and W. Shockley, Phys. Rev. 109, 1103 (1958).

% S. G. Kalashnikov and K. P. Tissen, Fiz. Tverd. Tela 2, 2743
(1960) [English transl.: Soviet Phys.—Solid State 2, 2443
(1961) 7.

16R. A. Laff and H. Y. Fan, Phys. Rev. 121, 53 (1961).

7 Chih-Tang Sah, Proc. IEEE 55, 672 (1967).

C. CHOO 1

that any conclusion regarding the recombination rate
does not necessarily apply to the lifetimes even in the
steady state, since when trapping effects occur, the
electron and hole lifetimes cannot be determined from
the recombination rate alone.

The purpose of this paper is to obtain, from a ITL
model and a IDL model, analytic solutions for carrier
lifetimes under (a) arbitrary steady-state and (b) small-
signal transient conditions, and to use these solutions as
the basis for comparison between the two models, as
well as comparison between the steady-state lifetimes
and transient lifetime, as predicted by each model.
Both the steady-state and transient solutions are valid
for arbitrary flaw densities in both #- and p-type ma-
terial. The transient solution for the IDL case is there-
fore an extension of Wertheim’s result, while that for
the ITL case is, to our knowledge, not available
elsewhere.

II. THEORY

We assume that the semiconductor is homogeneous
and nondegenerate. Moreover, we exclude any con-
sideration of the effects due to excited states and spin
degeneracy, so that the energy associated with each
recombination level is an effective energy.l'” With
little loss of generality, our treatment will be confined to
a system of two, rather than an arbitrary number of
recombination levels, since no more than two levels are
generally effective at any one time. Although some of
the results obtained are, as pointed out in Sec. I, already
available in the literature, the derivation of these and
other new results will be given in order to show the basic
similarities and differences of the IDL and ITL models.
The results to be presented have been manipulated into
a form which facilitates comparison between the two
models.

We shall begin with the IDL case which is algebrai-
cally simpler than the ITL case.

A. IDL Model
1. Rate Equations

Suppose that there are two sets of centers lying at
energy F; and Es, respectively, in the band gap of a
homogeneous semiconductor. Their densities will be,
for the moment, distinguished by N and N, although
later for comparison with the ITL case they will be
made equal. Each flaw of type j(j=1, 2) is capable of
capturing one electron at an average rate c,; when
vacant, and one hole at a rate ¢,; when occupied by an
electron. The number of filled and empty centers are
denoted by N,;~ and N;*, respectively, and these are
related by the totality condition

N~ 1Vj+=1Vj . (1)

The four transition processes which occur between
each set of flaws and the valence and conduction bands
are shown in Fig. 1 where we have used the parameters
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n; and p; to denote the equilibrium carrier densities
when the Fermi level passes through the flaws lying at
E;. For these two quantities, the following relation-
ships apply:

n="nopo/ pi=noNjot/N o~
=nq exp[ (E;—F)/kT]

=N, exp[(E;—E.)/kT], @

where we have used the subscript 0 to denote equi-
librium quantities, F is the Fermi level, and IV, is the
effective density of states at the conduction band edge
E..

The rate equations describing the interaction of the
flaws with the conduction and valence bands are

dn/di=—3" R.;+G,
J

@)
dp/di=—3 Rpy+G,

AN /dt=R.;j—Ry;, (j=1,2)

where
Ruj= cnj(nN it —n;N;),

Rpi=cpi(pN;i~—pilN;t),

and G is the generation rate of electron-hole pairs due
to external excitation. We assume that charge neutrality
conditions apply so that, in terms of deviations from
equilibrium densities, we have

©)

Ap—AMn—3 AN;=0. )

The above system of Eqs. (2)-(4) is valid for arbitrary
values of excess carrier concentrations. For small devia-
tions from thermal equilibrium condition such that
Anng and Ap<<Kpo, the equations are linear, and may
by written in operator form as follows:

D+an Q12 au An -I
an D+as @23 (6)
L as axy D+ dssJ AN2 O_I

where g is the small-signal component of the excitation
function, D is the operator d/dt, and the a;;’s are func-
tions of the equilibrium statistics and capture coeffi-
cients, as given by Egs. (A1) in the Appendix.

2. Steady-State Lifetimes

In the steady state, the time derivatives in Egs. (3)
disappear. By definition, the lifetimes for electrons r,
and for holes 7, are given by

TnzAn/Z an; (7)
i

szAP/Z Ry;. 8

From Egs. (3) then, along with Eq. (5), we obtain the
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following expressions valid for arbitrary signal levels:

Tp/Tn AP/A” <1+Z ﬂnJ)/(1+z #m) )
(7=12) 9
Tt =[potAp+(ro/Ti)ne 12 (enicniNi/Hy) (10)
where
tni=CailVjot/Hj, (11)
tpi= CpiN 50~/ Hj, (12)
Hj= cnj(notAn+ny)+cpi(potAp+p;) . (13)

Although not required in the above solutions, the
following relationship is useful for subsequent compari-
son with the ITL model:

Nit/Ni = (cani+ CpiD)/ (Cniit Cpili) - (14)

In general, Egs. (9)-(13) can be solved only by di-
rectly or indirectly (through G) specifying either Ap or
Am, but not both, since these two quantities are implic-
itly related by Eq. (9), which contains H, as a function
of Az and Ap. To find Az explicitly in terms of Ap or
vice versa would involve the solution of a cubic equa-
tion. The resulting solution is by no means compact and
will not be given here.

However, a convenient explicit relationship between
Ap and An exists for signal levels where Ap<K(po+p;)
and An<<(no+mn;). Then,

= mid )/ (2 ), 13)
= md /A2 ua®, (7=1,2)  (16)

where the superscript 0 is used to designate equilibrium

values,
2 N]() N 70
Tid '=C. jCpj '71<n0+P0+Z )/HJO: an
and

Hjy= Unj(n0+nj)+cpf(P0+pj) . (18)

3. Transient Lifetimes

In a study of transient decay such as the photocon-
ductivity decay, the main concern is usually with the
time constants of the system which are given by the
negative inverse of the roots of the characteristic equa-
tion for the system matrix [Eq. (6)]

D2 D*+a1D+ap=0 (19)
where
Q= (011022033+ Q12023032+ 013021032)

— (811025032 @19091a33+ Q13020031) ,
o= (011(122‘{— @203+ 011033) (20)

—(a12021+ @050+ a13a31),
2= a1+ a2t ass.

A general solution for the time constants cannot be
obtained in any convenient analytical form unless cer-
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Fr16. 2. Transitions between the bands and the flaws in a ITL
model are (a) electron capture, (b) electron emission, (c) hole
capture, and (d) hole emission.

tain simplifications are made. In most practical situa-
tions of interest, either one or two of the time constants
are dominant. The measurement of photoconductivity
decay would normally yield the longer time constants
since these control the final transient decay.

When two of the constants are longer than the third,
they are given approximately by

Ta,0=(a1/2a0) [ (a1/200)2— (/o) J/2.  (21)

If only one time constant is dominant, it is then given
approximately by

T:al/ao.

(22)

The solution for the case of a single dominant time
constant is often the most useful, and this is found from
Egs. (22), (20), and (A1) to be

= i )/ (+X via), (G=1,2)  (23)

where

via= tins (14 ppi®) - paps*+ (m5H 20) ™
(1751, j=1,2) (24)
and
7771= CnjcpilV j(not pot+NioNiot/N i) /H jo
(j=1,2). (25

When the total density of flaws is smaller than that
of free carriers, i.e., N1+ N2<K#no-+ po, some simplifica-
tion results:

= (X 77/ (A+2 via), (26)

where now

Cni(notni)cpi(potpi)
e , @)
CnipiN f(otpo)

Equation (27) is simply the Shockley-Read lifetime for
the individual levels. .
For p-type material, further simplification is possible,

¥ia= L1+ (cpi(potp1)/H o) 1,
(i#34;4, 7=1,2) (28)
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while for #-type material,

Vir= o T o) /112)),
(730, j=1,2). (29)

The result for #-type material under similar condi-
tions has been given by Wertheim,* but in error. In his
lifetime expression, the 7,71 terms do not appear on their
own as in Eq. (26), but are each multiplied by a factor
(1+ﬂm'o)~

B. ITL Model
1. Rate Equations

We consider a set of flaws with three possible charge
states, (s—1), s, and (s+1) of electronic charges. For
amphoteric impurities such as gold in silicon, s= 0, while
for divalent donors and acceptors, s=—1 and +1, re-
spectively. We assume that the energies associated with
the transitions, E; for (s—1) 2 s and E; for s22 (s+1),
along with thelr capture coefficients, are identical to
those for the IDL case. The flaw densities in the three
charge states are denoted by N,_1, N, and Ny, and
these are related by the totality condition

Nyt NANoa=Ny,

where N is the total flaw density.

The interaction of the flaws with the valence and
conduction bands is shown in Fig. 2. The parameters
71, p1, 12, and p are defined by analogy to single-level
flaws as follows™:

n1=mnopo/ p1="noN s_1°/N
=n,- exp[ (F1—F)/kT]

(30)

=N, exp[(E1—E,)/kT], (31)
na=nopo/ p2=noN 0/ N ¢4 1°

=My exp[:(Ez—F)/kT:]

=N, exp[(E2—E.)/kT], (32)

where the superscript 0 denotes equilibrium conditions.
The above equations also give the relationship of the

equilibrium flaw densities in the various charge states

to the Fermi level. From this equation and the totality

condition, Eq. (30), the number of flaws in each charge

state can be determined for a given value of Fermi level.
From Fig. 2, the rate equations are given by

dn/di=3" Roi+G,
7

d?/‘ﬁ:z: Rpi+67 (.7:17 2)
J

st.H/dt =Rn2 —Rpg ,
st/dt =Rn1 —Rpl _dAVs.*.l/dl ,

(33)

where
Rn1=cni(nNs1—milN,),
Ry=cp(pNs—p1lVo_1),
Rpo= an(%N.s—ﬂst+1) )
Rpa=cpa(pNop1—paNy).



1 CARRIER LIFETIMES

The charge neutrality condition expressed in terms
of deviations from equilibrium condition is now given
by

Ap—An—AN,—AN ,41=0. (34)

Comparison of the rate equations, (33), with those
of the IDL model, Egs. (3), shows that their main
difference lies in the appearance of the last term in Egs.
(33). This term expresses the fact that the creation of
a flaw in the s+1 charge state corresponds to the anni-
hilation of a flaw in the s charge state. The inclusion of
this term indicates that the flaws in the s charge state,
being common to both the upper and lower levels, par-
ticipate in all eight transitions as shown in Fig. 2, in-
stead of four in the case of flaws in other charge
conditions.

The small-signal expansion of Egs. (33) leads to a
3X3 matrix equation in the variables, Az, Ap, and
ANy, of the same form as Eq. (6) for the IDL case.
The matrix elements are different, however, as given
by Eqs. (A2) in Appendix.

2. Steady-State Lifetimes

Following the same procedure as in the IDL case, we
obtain the following expressions for the steady-state
lifetimes of electrons and holes, valid for arbitrary signal
levels:

™ _ AP 1—B1Be+ (1+B2)un1+(1+B1)unz

o Bt (Bt (B

T =[potp+(ro/r)no]Lcn1c (N s—1+Ns)/
Hy+cnacpa(Ns+Nopr)/Ho], (36)

where H,,; are as given in the IDL case, but
pn1=Ca1tlNs1%/H1, pn2=cneNS/Hy,  (37)
pn=culNS/Hy,  ppe=cpeNs1%Ha, (38)
Noot/No= (carmrtcpip)/ (cnntcpipr) 39
No/N sy1= (Cnattatcpop)/ (Cnsn+cpops) (40)
B1=Net/(Net+Ni-1), (41)
Ba=Nors/ Vet Noy). (42)

For near-equilibrium conditions, the following sim-
plifications apply:

7ot = (r17 72070 /[1—B10B20+ (14 B2o)ps®

+ (1 +Br)upe’], (43)
1 = (r17 7270 /[1—B1oB20+ (14 B2o)un1®

+ (1 +Buns’], (44)
where
117 =616V o+ Noa)N Hio, (45)
T2 = C2C2(V '+ N 511°) N H, (46)
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A= (1—10820) (70 p0)
+ (14B20)N "N 1%/ (N 0+ N, 1%

+ (1+BlOBZO)NSONS+10/(N3+10+ Nso) 3y (47)
ﬂl():IVs—lo/(Nso—}—Ns—lO)
={1+exp[(F—E))/kTT}™, (48)
Bao="N 1%/ (V>4 Ns11°)
= {1+exp[(E.—F)/kTT}~*. (49)

In a study of divalent donors, Laff and Fan'® have
given the solutions for the electron and hole lifetimes.
Their result for 7,/7, is in agreement with ours, but
their expression for 7, is incorrect, since it can be shown
that when the Fermi level is well below level 1, their 7,
tends to infinity.1®

3. Transient Lifetimes

The time constants for the ITL case are found in the
same manner as the IDL case. The result for the case of
a single dominant time constant is

= (i H 127 /(1 —BroBoo+v1e+7v2r),  (50)
where
Y1e=pn1® L1 pp2®+ (Crotro/H 20) ]
Fup®[ 1+ (cpape/Hao) 14 (11H20) 72, (51)
v2r= a2’ 1+ pp1°+ (curts/Ho) ]
Fupe’[ 14 (cp1po/H1o) 14 (r2H10) 2, (52)
7'1_—1 = Cnlcpl(zvso'i“ Ns—lo) [n0+PO+]VsoNs——10/
NVL4+N 1)1/ Hy, (53)
T4 1= 6n26p2(Ns0+N8+10) ['}’Lo+ P0+ ZV'?OZVS'HO/
(V"4 Nop1) 1/ Heo.  (54)

For flaw densities which are small compared to the
free carrier densities N <<no+ po, 7. reduces to

7 = (1—B10Be0) (11 47571/
(1—B1oB0t+v1t7v2e) s

cn1(motn1)Fcpr(potpr)
T1= ) (56)
cn16p1 (N 04N s—1°) (mo+po)
Cno(motn2)tcpa(potpe)

Cn20p2(NV 04N y110) (moH-po)

(55)

where

7

Ta=

71 and 72 are the Shockley-Read lifetimes for effective
flaw densities of (V%4 N,-1°) and (V%4 N, 1% at the
lower and upper levels, respectively.

18 Using Laff and Fan’s notation, their Eq. (22), when corrected,
should read

e

1 F2(1 F])
T 1—-F, ]
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Fr1c. 3. Dependence of small-signal steady-state electron and
hole lifetimes on Fermi level in gold-doped silicon, based on an ITL
model and an IDL model.

For p-type material, in particular,

vi=pn"{1+Ha ' [cp1(potpr)+caono]},  (58)

veo=pa2" {1+ H1g ' [epa(potp2)+eama ),  (59)
while for #-type material

Yu=pp* {1+ Hog [eus(notn)+cpop2l},  (60)

Yor=ppe® {1+ H 1" [en2(otn2)+cpipol}.  (61)

III. DISCUSSION OF RESULTS
A. Comparison of IDL and ITL Lifetimes

Comparison of the solutions for the IDL and ITL
steady-state lifetimes, as given, respectively, by_ Eqgs.
(9), (10), (35), and (36), shows that they are identical in
form, aside from the appearance of the additional fac-
tors 8 and B in the I'TL solutions. In the absence of 81
and B,, the two interacting levels would behave exactly
as two independent levels with a total effective flaw
density of (N,_1+NV,) and of (V,+Nsy1) at the lower
and the upper level, as pointed out by Sah and
Shockley!* in their study of steady-state recombination
rate.

The presence of 1 and B is clearly the result of the
dynamic interaction of the two levels, but, as we shall
now show, their effect is small in most cases. From their

C. CHOO 1

defining equations (41) and (42), we observe that
and @ are simply the fractions of empty and filled states
at the lower and upper levels, respectively, and obvi-
ously neither quantity can exceed unity. For arbitrary
signal levels, a determination of 8; and 8 would require
a solution for Az and Ap from Eq. (35), and, as men-
tioned earlier, this goes beyond the scope of the present
paper. However, in the limit of very large signal levels
such that n~p>N, we have u,j, u,<<1 in Eq. (35), so
that the presence of 8; and 8. is immaterial.

For near-equilibrium conditions, Eqs. (48) and (49)
show that 819 and By are governed by the position of
the flaw levels in relation to the Fermi level. The prod-
uct B10820 depends specifically on the energy separation,
and even for energy separation as small as 17, it is
less than 0.15. A survey of multiply charged impurities
in silicon and germanium indicates that the interacting
levels are seldom less than a few kT apart, so that for
most practical purposes, 810820 is negligible.

In view of the inequality, B10820<<0.15, if Bi=21,
B20<0.15, and vice versa, so that, at most, only one of
these factors is likely to matter in any given circum-
stance. If B10==1, the corresponding u.s° or u,s® in Egs.
(43) and (44) will be multiplied by, at worst, a factor of
2 instead of 1. The latter two quantities are, moreover,
associated with level 2, and if the Fermi level is such
that 810=<1, they are not likely to be important anyway.
These considerations suggest that the presence of 8y
and By does not have a significant effect on the steady-
state lifetimes.

Turning now to the transient lifetimes as given by
Eqgs. (23)-(25) for the IDL and Egs. (50)-(54) for the
ITL model, we note that the same factors 1o and B
recur in the ITL solution. The foregoing remarks for
the steady-state lifetimes apply here as well in compar-
ing the two models. There are, however, additional
“coupling” terms in the ITL solution which did not
appear in the steady-state lifetimes, but these terms are
again always less than unity, and their effect is of the
same order as B19 and Bao.

The above discussion indicates that at least for small-
signal conditions, we may regard the two levels in the
ITL model as essentially independent, or, to be strictly
accurate, as quasi-independent. The reason that the two
levels are not truly independent is that we still have to
describe the effective flaw density at each level by inter-
acting-level equilibrium statistics, rather than by
independent-level statistics. To illustrate some of the
consequences of this distinction between the quasi-IDL
and the real IDL models, consider a simple situation
where the Fermi level is, say, well above E,. Under such
COHditiOIlS, Ns+10>>N30>>st_10, and Ns+1°ENf, i.e.,
the lower level in the quasi-IDL model practically
ceases to exist. If we now set N1=N,=N/, we find that
since V1g>>N1ot and Nag>Noot, we have Ny =N,
=Ny and N =2Ny=Ny. It is apparent that in such
circumstances, while the effect of the upper level on
lifetime would be the same in both the quasi-IDL and
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the real IDL models, this is not true of the lower level.

We have examined the conditions under which the
difference between the IDL model and the ITL or
quasi-IDL model is minimized, and found that for them
to yield essentially the same lifetime under steady-state
conditions, we should have

exp[ (Ea— E1)/kTT>(cn1/cn2),
(Cnl/cn2)>>1 ,

(cp2/cp1);
(cpo/cp1)>1.

For transient conditions, we require, in addition, that
the flaw density not be too large, N;<K[(cpo/Cn2)p1
~+ (cn1/cp1)n2]. Depending on the actual location of
and E, in the band gap, some of these conditions can
be relaxed. We note that the first inequality involving
(E,—E,) is easily satisfied for energy separation of more
than a few k7’s. The explanation for this condition is
rather lengthy and will not be given. However, the
origin and significance of the remaining inequalities may
be seen from the discussion below which deals with a
specific numerical example.

B. Application to Gold in Silicon

We shall now apply the ITL small-signal steady-state
and transient solutions to gold in silicon, an amphoteric
impurity with two well-separated energy levels, and
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Fi1c. 4. Dependence of small-signal transient lifetimes on Fermi
level in gold-doped silicon, based on an ITL model and an IDL
model.
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Fi1c6. 5. Variation with Fermi level of the occupancy numbers at
the two flaw levels in gold-doped silicon, based on an ITL and an
IDL model. For simplicity, the subscript or superscript 0, affixed
to thedﬂaw densities to denote equilibrium conditions, has been
omitted.

compare these solutions with those obtained from an
IDL model, subject, of course, to the condition that
N1=N;=N;. From the data of Fairfield and Gokhale,®
the energy levels and capture coefficients of the gold
atom at 7'=300°K are as follows:

For the donor level,

E—E,=035eV,
€n1=6.3X1078 cm—3 sec™!,

€p1=2.4X1078 cm—3 sec™!.
For the acceptor level,

Ey,—E,=0.57¢V,
Cna=1.65X10"% con—3 sec™!,

Cpe=1.15X10"7 cm—3 sec™?.

Other numerical constants used in the computation are?®
n:=1.4X10° cm=3, m,=1.18m,, and m;,=0.81m,, where
n; is the intrinsic carrier density, m, is the free-electron
mass, . is the effective electron, and m;, is the effective
hole mass.

19 J. M. Fairfield and B. V. Gokhale, Solid-State Electron. 8,
685 (1965).
20 H. D. Barber, Solid-State Electron. 10, 1039 (1967).
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F1c. 6. Comparison of transient lifetime 7, based on the approxi-
mation of a single dominant time constant, and the exact solutions
for the three time constants, 74, 75, and 7.

The recombination parameters clearly satisfy two of
the conditions required for the ITL and IDL models
to yield the same steady-state lifetimes, exp[ (E.
—E)/RTT>(cn1/cn2); (€p2/Cp1); (Cn1/cn2)>>1; however,
the condition (cpe/cp1)>1 does not strictly apply.
Also, since (cp2/cn2)pr>(Cn1/cp1)t2, we must have
N;<(cp2/cn2)p1, or a flaw density of less than 10
cm™3, for the ITL and IDL transient lifetimes to be
identical.

The results of the calculations are shown in Figs.
3-5. As we see from Fig. 3, the ITL and IDL steady-
state lifetimes are in excellent agreement, except for
a consistent, but small, difference in extrinsic »-type
material for F—E,>25kT. The difference, which
amounts to about 209, regardless of the flaw densities,
is due to the fact that the condition (cpe/cp1)>>1 does
not strictly apply, and this difference can be readily
estimated by restricting ourselves to the flat portion of
the 7, curve. As may be seen from Fig. 5, in this region
the lower level in the ITL model practically ceases to
exist; Nog =N ,11% B10K1, B20=21. Moreover, in both
the ITL and IDL lifetime expressions ua1% w21, and
up1®K1, so that (7,/7,) is identical in both models.
However, 7,(IDL) = (c,1N14¢p2N2)~L, as compared to
7o(ITL) = (2N 511°) 1= (2N ;). The extent to which
these two lifetimes differ depends therefore on the ratio

C. CHOO 1

(¢p1/¢p2)=0.2 which accounts for the 209, difference
noted above.

The above discussion also serves to explain why in
extrinsic p-type material the presence of the upper level
in the IDL model does not result in any significant
difference between the IDL and ITL lifetimes. Here,
the effect of the upper level is governed by the ratio
(¢n2/cq1) and is negligible if (ca2/ca1)>>1. In the present
example this ratio is 0.025.

In this connection, it is worth mentioning that for
divalent donors the consideration of the Coulombic in-
teraction between the flaw and the carrier leads to the
inequality ca1>cne>cpe>cp1, while for divalent ac-
Ceptors ¢p2>Cp1>Cn1>Cao. As an example of a divalent
acceptor, nickel in germanium gives (cp1/¢,52) <0.35 and
(cna/cn1)=0.122%; both ratios are quite small.

As shown in Fig. 4, the agreement between the ITL
and IDL transient lifetimes is again satisfactory. The
discrepancy in the extrinsic #-type region occurs for
the same reasons mentioned above. There is, however,
in addition a small difference in the near intrinsic region
which begins to develop for gold concentrations greater
than 10% atoms cm™ when N ;> (cp2/cr2) p1. The origin
of this difference can be traced to the product term
up1°uas® which occurs in the denominator of Egs. (23)
and (50) through <ys:s and vs:, respectively. Figure 5
shows that in this region N=Nyt, but NO<Ni;
hence, uns(IDL)=p,2*(ITL), but up*(ITL)=c,N/
H1o<pp®(IDL) =c¢ N 157 /Ho. It is clear, however, that
since up1’ua2® involves the square of the flaw density,
its contribution to lifetime rapidly decreases at the lower
flaw densities, and the difference between the ITL and
IDL lifetime vanishes.

The transient lifetimes considered thus far have been
obtained from Eq. (22) based on the assumption of a
single dominant time constant. It is of interest to com-
pare these solutions with the exact solutions obtained
by numerically solving the cubic equation (19). The
results for V,=10' cm~3, given in Fig. 6 for both the
ITL and IDL models, are typical and show that the use
of Eq. (22) is a reasonable approximation to the largest
time constant over nearly the whole range of Fermi
levels considered. We have also used Eq. (21) to give a
better approximation than Eq. (22) and obtained results
practically indistinguishable from the exact solutions.
These are not shown in the figure.

C. Comparison of Steady-State and
Transient Lifetimes

As originally pointed out by Sandiford? for a single
level of flaws, the transient lifetimes are not necessarily
identical to the steady-state electron and hole lifetimes
when the flaw density is sufficiently large. The diver-
gence of the transient lifetimes from the steady-state
lifetimes in a two-level situation, as shown in Fig. 7 for

2 F. M. Klaassen, J. Blok, and H. C. Booy, Physica 27, 48
(1961).
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N;=10" cm— and 10'® cm™3, is therefore not surprising.
We shall presently show, however, that there are a num-
ber of interesting new features in a two-level system,
which do not occur in a single-level system. In view of
the close similarity in the lifetimes calculated from the
IDL and ITL models, only one of these models need be
considered, and we shall use, as the basis of our com-
parison of steady-state and transient lifetimes, the
much simpler expressions for the IDL model.

We begin by considering the simplest situation where
the flaw density is sufficiently small that no trapping
effects occur. Under such conditions, 2~ %<1,
> K1, and Y v;¢<1, and hence 7,=7,=74. This
type of behavior is observed in Fig. 7 at either end of
the plots (particularly in the case of N,=10® cm™3),
where the majority carrier density #o or po>>Ny. It is
interesting to observe from Egs. (26) and (27) that 714
and 744 are now the Shockley-Read lifetimes due to the
individual levels and that they add in parallel. The pres-
ence of the other level therefore tends to reduce the
over-all lifetime.

The situation is much more complicated when trap-
ping effects become important. In the steady state,
trapping is deemed to occur when 7,77, and arises
because Y u,® and Y up®>1, while in the transient
decay, trapping is evidenced by an increase in the life-
time beyond the value (71474 r247Y), because X, y;&>>1.
As shown in Fig. 7, trapping behavior can be observed
over the major portions of the curves. We note that for
N;y=10" cm™3, where 7,>>71,, 74=7,. However, as the
flaw density is increased, an unusual effect comes into
play, as shown in the plots for N;=10* cm=3. Thus,
while it remains true that where 7,>7, for F—E,
>25kT, T4=1n, there exists a region 15kT<(F—E,)
<25kT, where 7,>7, but where 74 now actually
exceeds (7, 7,). This effect is peculiar to the two-level
system, and as we shall show below, does not occur in
a single-level system.

In order to understand the relationship between the
transient and steady-state lifetimes, we combine Eq.
(23) with Egs. (15) and (16) to give

ta/7o=1+2 via)/(A+ 2 ua®),
7o/ Ta= (142 via)/(1+2 1) -

It is clear, therefore, that if 7,>>7,, implying X u,,°
S>3 ua® and if furthermore, X v;a=>" tp%, 74=rn.
This accounts for the equality between the transient
lifetime and the longer of the two steady-state lifetimes
in Fig. 7. However, it is equally apparent that if the
presence of terms other than 3~ (un;%4 up;®) is important
in 3 v;a, we may have a situation where X (un;%+ p,,0)
>>1, but more importantly, > v;a> 2 (un®+ up®), S0
that 74> (r,+17,), as observed above in connection with
the plots for N ;=10 cm3.

Consider now the situation where a single level of
flaws exists. The lifetime expressions reduce then to the
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Fic. 7. Comparison of small-signal, steady-state, and
transient lifetimes in gold-doped silicon.

well-known results
7p= (1+pn) 71,
2= 1+ pup°)71,
T4~ (1+Mn10+ﬂp10)71,
and, therefore, the inequality must apply:
14<(Tat75).

From the above discussion, we conclude that while
the transient lifetime can exceed the sum of the steady-
state lifetimes in a two-level system, this is not true of
a one-level system.?? This result has an interesting
application, since it can be used to distinguish experi-
mentally a single-level system from a two-level system.

Included in the region where 74> (7.+7,) for
N;=10' cm™ in Fig. 7, there is a position at E, where
Tp=7n. It may be shown that here u,s% u,2°<1, and
although pn1® pp1®>1 (which normally implies trap-
PIng), un1®=pu,1° so that in the steady state the electron
and hole lifetimes are identical. This unique situation
was first pointed out by Kalashnikov® for a single level
of flaws and later elaborated on by Blakemore!! who
also showed that in this circumstance, the transient life-
time is indistinguishable from the steady-state lifetime.

22 Both the one-level and two-level transient lifetime expressions
under consideration were based on the assumption of a single
dominant time constant. The latter restriction can, however, be
removed without invalidating our conclusion. )
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This is not the case, however, in the present two-level
system, as shown by the considerable difference which
exists between the transient and steady-state lifetimes
in Fig. 7. This difference is attributed to the presence of
the term (72H10)" In 24, Which now has a dominant
effect. A conclusion from this result is that the transient
lifetime is much more sensitive to the presence of the
second level than the steady-state lifetimes.

IV. CONCLUSIONS

We have shown that under small-signal, steady-state,
and transient conditions, two interacting flaw levels may
be treated as two independent levels, so long as we de-
scribe the effective flaw density at each level by inter-
acting-level equilibrium statistics. However, under cer-
tain conditions, the use of either interacting-level or
independent-level equilibrium statistics leads to essen-
tially the same lifetime; the ITL model is then indis-
tinguishable from the IDL model. Some of the possible
applications of this result are: (a) simplification in the
small-signal equivalent circuit proposed by Sah'® for the
ITL model, since the negative-capacitance element
used to express the dynamic coupling effect between the
two levels may be removed with little loss of accuracy.
The resultant network in the case of a homogeneous
semiconductor is simply a parallel combination of two
“tee” networks each representing one of the levels, as
may be obtained by a simple extension of Shockley’s
one-level equivalent circuit model?; (b) applicability in
lifetime analysis of the much simpler IDL lifetime ex-
pressions as a good first approximation to any two-level
system, interacting or otherwise.

A comparison of the steady-state and transient life-
times has shown that the latter is more sensitive to the
presence of a second level. Under certain circumstances,
the transient lifetime can even be larger than the sum
of the steady-state electron and hole lifetimes, in con-
trast to a single-level system where this possiblity does
not exist. This implies that whenever the condition
74> (ot 7p) is observed experimentally, a model in-
volving at least more than one level must be invoked.
In this connection, it is interesting to note that in life-
time analysis, the presence of a two-level system is
usually deduced from the temperature dependence of

23 W. Shockley, Proc. IRE 46, 973 (1958).
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either the transient or steady-state lifetimes. This
procedure is subject to uncertainties, since it has often
been found that the temperature dependence can be
equally well explained in terms of a single level with
temperature-dependent capture cross sections. The
present work suggests that if circumstances allow the
inequality 74> (7,4 7,) to be observed, a comparison
of the transient and steady-state lifetimes should resolve
this ambiguity.

APPENDIX: RATE EQUATION MATRIX OF
IDL AND ITL MODELS

The elements of the rate equation matrix for both the
IDL and ITL models have previously been given?* in
a slightly different notation. They are repeated here for

easy reference.
For the IDL model,

@11= Cn1(Mot+n1+NioH)FcaalVaot,
a12= —cn1(no+n1),

@13= Cn1(Mo+11) —Cna(notns),
an= —cp(potp1),
as2=cp1(pot+p1H+ N1 )+cpeNao™,
a93= —Cp1(pot+p1)+cpa(potpe) ,

a31= —Cp2lV oo ’

(A1)

@s39=CpolN oo™,
@33= Cn2(MoF12)+Cpa(pot p2) -
For the ITL model,
a11= Cr1i(MoF11F N5 1°)F Coa(V 0 —np) ,
a12= '—Cnl(n0+n1)+ Cn2Mo,
a13= Gnl(no+ 2711) —Cn2(27l0+ ﬂz) s
aa1= —Cp1(pot p1)+cpap2,
a22= Cp1(poF 1+ N Fcpa(V 10— p2)
a93= —Cp1(2po+ p1)+cpa(pot2p2),
a31= —Cna(V"—n0)+Cpopa,
a32= —Cp2toFCpa(V 51— p2) ,
@35= Cn2(2m0F12)Fcp2(pot-2p2) .

% J. E. L. Hollis, S. C. Choo, and E. L. Heasell, J. Appl. Phys.
38, 1626 (1967).
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