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The specific heat of CoO single crystals has been measured near the Néel temperature,
using steady-state ac calorimetry. The critical exponents are found to be @’ =0, 05 + 0, 02
and @ =0.12 +0, 01, which are very close to the predictions of the three-dimensional Ising
model. Further, the actual values of the data (relative to pure copper) are fitted very closely
above Ty by the analytic form of the Ising specific heat. Recent theories have predicted
Ising-like behavior near Ty for slightly anisotropic exchange Hamiltonians. From a calcula-
tion of the effective spin Hamiltonian, it is found that a local pseudodipolar term is induced
by magnetostriction. Use of a pair-cluster approximation shows that this local anisotropy
is proportional to the short-range order parameter and persists above Ty. At Ty, the ratio
Jy/J . is found to be about 1.02. This leads to the prediction of Ising-like behavior for

| T/Ty~11 < 107%, which is borne out by the data.

I. INTRODUCTION

In real magnetic materials, anisotropy oftenplays
a role nearly as important as the exchange inter-
action. Yet, until recently, =2 anisotropy has been
ignored in studies of the critical behavior.

In cubic materials, anisotropy effects are most
important in crystals containing rare-earth ions
or iron-group ions with unquenched angular mo-
mentum. A classic example is CoO, which under -
goes a tetragonal distortion below the Néel tem-
perature. The residual angular momentum of the
Co ion is locked along the tetragonal axis at low
temperature, and, in turn, through the spin-orbit
coupling, aligns the spin antiparallel to the angular
momentum. As a result, the spin of the ion has
only one quantization axis (for the ground-state
doublet) and therefore approximates an Ising anti-
ferromagnet.

Jasnow and Wortis® have hypothesized that the
behavior of a magnetic system near its critical
point has a one-to-one correspondence to the sym-
metry of the ground state. If so, CoO should
behave like an Ising antiferromagnet near T. Rie-
del and Wegner? have extended the argument to
show that for any nonzero anisotropy, the critical
behavior must become anisotropic near enough to
Ty. Below some temperature, the growth of trans-
verse fluctuations is limited by the uniaxial anisot-
ropy and the critical behavior becomes that appro-
priate to the lower symmetry.

We report here the results of specific-heat mea-
surements on single crystals of CoO made using
steady-state ac calorimetry. The critical expo-
nents @ and a’ are found to be very close to the
predictions of the three-dimensional Ising model, 8
with @ ’=0.05 and @=0.12. It is shown that the ac-
tual heat capacity of the sample can be estimated
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directly from the ac data. Using the estimated
values, we find that the specific-heat data for T

> Ty are fitted quite closely by the theoreticallsing
specific heat. Below T, the amplitude of the ob-
served singularity is much smaller than predicted,
although the critical exponent is the same.

Using crystal field theory, * we calculate the spin
Hamiltonian for CoO near T ~ and use it to estimate
the temperature dependence of the local anisotropy
in the Oguchi® approximation. The values of the
anistropic terms in the spin Hamiltonian are es-
timated and found to predict Ising-model behavior
in the Riedel-Wegner theory.

The size of the lattice contribution to the specific
heat is discussed briefly and found to be in rough
agreement with a corresponding states analysis of
the specific heat of VO.®

II. EXPERIMENTAL RESULTS

Samples of CoO were cleaved from a large single
crystal used previously for ultrasonic studies.”
The slices were selected for thinness (the thinnest
being about 0.1 mm) and annealed for 1 week at
1000 °C. A check of the density after annealing
showed that the samples were of the dense phase
of Co0.® A 1-mil chromel-alumel thermocouple
was cemented to the center of each sample, and
the sample mounted parallel to a copper block as
shown in Fig. 1. Copper blocks in good thermal
contact with the main heat sink were used as cold
junctions for the sample thermocouple. The entire
assembly was placed in a He atmosphere. Pulses
of light from a quartz-iodide lamp provided peri-
odic heating of the sample at frequency w.

To determine the temperature oscillations u(x)
at x=d, we solve the diffusion equations

du 8%y
£.8 — s
‘6.5 =D, —lhs (2.1)
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FIG. 1. Sketch of the experimental arrangement. The
sample, of thickness L, is placed a distance d from a
copper heat sink.
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where D, ;= (k,,s/Pg,sCs,s) ANA K, s, Py,s, and ¢, s are
the thermal conductivity, density, and specific
heat per gram of the gas and sample, respectively.
The diffusion of heat pulses through the sample is
governed by the propagation constants k,, = (1+1¢)
X(w/2D, 2. The finite thermal conductivity of
the sample causes it to act as a low-pass filter for
heat pulses. The condition that the sample be in
internal thermal equilibrium is equivalent to re-
quiring that the attenuation and phase shift of the
pulses be small, that is, that |k |L <1,

Solutions of (2.1) have the form® u (x) = a coshk,
X(x —d)+Db sinhks(x —d) and u,(x)=c sinhk,x. Since
lkgIL is small, it is possible to expand u(x) and
u i(x) as

ugx)=a+bk(x-d)
ul(x)=bkg+aki(x -d)

(2.2)

Matching the temperatures and heat flows at the
two surfaces of the sample we find that

aLks+b=~P/rk kA
and b/a=(khk,/k k) cothk,d

where P/A is the net heat flux entering the sample
per second at x=d+L. Thus, the temperature at
the surface x=d is given by

-P k,k, cothk,d )'1
= Ty 1 +
u5(d) kgstA< K EL

The first factor in (2.3) is equal to i P/wC,, where
C; is the heat capacity of the sample. The denom-
inator contains the term k,d coth(k,d)/wr, where
7=C,d/k,A. In order to measure only the heat
capacity of the sample, we require that this term
be small, that is, that wr>1 (xcothx £1). Under
the conditions of this experiment, w7500 and
lkgld=1. Unfortunately, even for the thinnest CoO
samples |k |L is nearly unity. This can lead to a
small correction factor in (2.3) but only to a negli-
gible (<1 mK) gradient across the sample. A more
detailed analysis has been given by Schwartz®with
very similar results.

(2.3)

.data from calculated values is 0.8%.
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The temperature oscillations of the sample are
processed by an HR-8 lock-in amplifier which re-
cords the rms amplitude of the fundamental fre-
quency f of the input signal. Since the power input
to the sample is a square wave of amplitude P, the
actual temperature rise is

U= 0.T07TP/m2fC (2.4)
In addition, there is a dc component
Uge=Pd/2k A (2.5)

By measuring both components, we can eliminate
the power P from (2.4), which then becomes

Uae= (1.414K,u g, /72 fld p3 1) 3t (2.6)

Using standard values for «, in (2.6), we have ob-
tained the heat capacity of samples of pure copper
which are within 10 % of the absolute values found
in the literature and which follow the temperature
dependence to within 1%. The principal error in
(2.6) appears to arise from the assumption of sim-
ple one-dimensional heat flow in the gas. For the
CoO data, the value of x,/d which gives the best
fit for copper samples was used. This choice
leads to a C,, which is as much as 20 % smaller
than the results of Assayag and Bizette.!® In view
of this and the approximations leading to (2.6), we
must consider the absolute magnitude of our results
to be only approximate.

Values of u,, and the temperature of the sample
are recorded continuously as the temperature of
the heat sink is slowly varied (about 400 mK/h).

No hysteresis was observed and the data are con-
sistent from run to run and from sample to sample.
The temperature rise of the sample is about 4 mK/
pulse, which limits our resolution. The raw data
are converted to temperature oscillations usingthe
slope of the emf-versus-temperature curve for the
chromel-alumel thermocouple, and then fit to the
usual power-law form of the heat capacity® by a
least-squares procedure. This program sorts the
data according to the current estimate of the Néel
temperature and fits the entire curve at once.

The result of a fit of 100 points within |e|=5%x10"2
of the Néel temperature for a single run gives

Cu/R=(0.09/a’)(le|"* -1)+0.76
and Cy/R=1.12(* -1)

2.7
, (2.8)

where 0.035a’$0.06 and @=0.12+0.01. The lat-
tice background amounts to C;/R=3.92 + 4.85¢.
With these parameters, the rms deviation of the
The errors
in the critical exponents give the range of values
for which the increase in x? is less than 1%. These
errors are approximately the same as the most
probable errors, which occur in the least-squares
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error matrix.! The data can also be fitted to a
logarithmic specific-heat curve below Ty of the
form C3/R=-0.11nl€| +0.80, but with an rms
deviation of about 1.2%. In either case, the expo-
nents are surprisingly like the predictions of the
three-dimensional Ising model® and, for the high-
temperature data, the strength of the singularity
is also very close to the Ising model.? In all of
the above, we have taken €= (7/288.46 K) — 1.

In Fig. 2, we have plotted the high-temperature
data for several runs relative to the sloping lattice
background determined by the least-squares fit.
On the same graph the theoretical predictions of
the Ising model®? (solid curve) and the Heisenberg
model®® (dashed curve), for which @ and a’ <0,
are drawn relative to the same base line. The fit
of the Ising curve to the data is extremely good,
even better than the power-law curve used in the
least-squares analysis. We stress that although
the scale of this figure is determined from (2.6)
using values obtained from the specific heat of pure
copper, it is in disagreement with earlier work*®
and the excellent fit may be fortuitous. A scale
error will not, of course, affect the values of the
critical exponents.

The situation below Ty is much less clear. The
critical index a ’ is close to the Ising value® as can
be seen in Fig. 3. There, the solid curve is the
result of setting a’=0.05 in (2.7). However, the
theoretical curve!* (dashed line) is a factor of 3
larger. Gaunt and Domb have suggested* that the
low-temperature specific-heat curve might be
rounded as much as two decades farther from Ty
than the high-temperature curve. We may, there-
fore, be observing only the rounding of an Ising-
like specific heat.

Finally, we note that there is little difference

16* 16° 16° 16! 10

FIG. 2. Specific heat of CoO for T>Ty. The solid
curve is the three-dimensional Ising specific heat (Ref.
12); the dashed curve, the specific heat of the three-
dimensional Heisenberg model (Ref. 13).
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FIG. 3. Specific heat of CoO for T'<Ty. The solid
curve is a power-law fit to the data with @’=0,05. The
dashed curve is the predicted specific heat of the three-
dimensional Ising model which hasa ’= g, but larger
amplitude (Ref. 15).

between c, and c, per unit volume near the critical
point of CoO. We use the usual thermodynamic
relation ¢, —c¢,= TB%/K, and the Pippard relation®
B=c,/T&, where &= (dP/dT)y.r,. The isothermal
compressibility K has a much smaller anomaly

(of order c,/T&?), which we ignore. The slope of
the A line is large for CoO with £=1.7x10° bar/K. !¢
The result, then, is that

co=cy(l-c,/TEK ) . (2.9)

At the peak in the ¢, curve, the correction factor
is at most % This may be responsible for the
slightly steeper rise in the measured c, curves
very near T .

III. SPIN HAMILTONIAN THEORY

In this section, we discuss the origin of an aniso-
tropic exchange interaction between Co ions and
its effect on the critical behavior. The Hamiltonian
of the crystal field ground state is assumed to con-
tain a strain-induced tetragonal term which leads
to the anisotropy in the spin Hamiltonian. The
average pair energy calculated from this Hamil-
tonian is lower than for the isotropic case and it is
this reduction in pair energy which drives the mag-
netostriction. By minimizing the pair energy, we
find that local strain is proportional to the short-
range order parameter and, therefore, persists
above Ty.

In addition to the tetragonal distortion, there is
a rhombohedral distortion which is 10 times
smaller. This additional distortion tips the spins
away from the tetragonal axis.'” Because this is a
small effect, we shall ignore it in favor of the te-
tragonal term.

The unusual properties of CoO arise from the
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failure of the cubic crystal field to completely
quench the orbital angular momentum of the *F
ionic state.? Under the action of the cubic field,
the triplet Ty state is split from the excited I'; and
T, states by about 10 000 cm’!. The triplet state
can be assigned a fictitious orbital quantum number
I, of unit magnitude, whose matrix elements are
related to the actual orbital operator L by 1= -2L.!®
Using this fictitious operator, we can write the
Hamiltonian for a single ion, which operates only
in the ground state I'y manifold, as

-> Z - >
5eo=2'1.8y — e (212 -3)+225JS,+S, . (3.1)
Jj=1

The effective spin-orbit coupling constant is A’

== 31, whereA=~ 180 cm~!, We have not included
the effect of admixing the I'y part of the excited tp
level which reduces A’ slightly.? The second term
takes account of the tetragonal distortion e,, in the
z direction. Kanamori* has estimated that 8='7000
cm™! from the observation of a 1% strain at low
temperatures. In the exchange term, the sum is
only over the z next-nearest neighbors of the ion
since, for the magnetic structure of CoO, there
are equal numbers of nearest neighbors on each of
the magnetic sublattices. The contributions from
nearest neighbors therefore tend to cancel.

We can anticipate the result of diagonalizing (3.1)
by considering the terms as successive perturba-
tions on the I'y level. With the spin S= £ included,
the ground state has twelve-fold degeneracy. De-
noting the representation of the S= £ rotation oper-
ator under the symmetry operations of the cubic
point group by Dj,,, we can decompose the direct
product representation as'®

T, X Dyp=Tg+Tp+2T . (3.2)

Since we expect 3 =1+ § to remain a good quantum
number, we make the identification shown in Fig.
4. For CoO, A’ >0, and the T'4(j=3) level lies
lowest. Under the action of the tetragonal field,
the upper levels are split into doubly degenerate
states while the ground state is unaffected, as
sketched in Fig. 4. The remaining degeneracy is
lifted by the exchange interaction.

The Hamiltonian (3.1) without the exchange term
has been diagonalized for general values of Be,, by
Abragam and Pryce. 18 por Be,.=0, they obtain

E(T'y) - E(T4)=405 cm™

The splitting is not large compared with 2Ty, but
we will nevertheless consider only the ground state
in constructing the spin Hamiltonian.

In the presence of a small strain, the eigenvalue
equation can be solved to first order in e,,. The
result for the splitting between the lowest Ag levels
is

E,(Ag) —E (Ag)=405(1 -4A/15) em™ |  (3.3)

where A=2Be,. /). Starting from the states
|mmg ) for which I,=m, and S,=m,, we find that
the eigenfunctions correspondingto the ground-state
Ag doublet are

Yoyp=alF1, £3) 4010, %) +clel,53) ,
where a=(1+54/36)/v2
=-(1-74/36)/V3 ,
c=(1-A/36)/V6

Near the Néel temperature, the effective exchange
field at each ion is small and will simply split the
ground-state doublet. Therefore, it is convenient
to represent the doublet spin by a fictitious s =%

(3.4)

operator which is related to the matrix elements of
the actual spin operator S by

s?=2(1+8a/45)s%
S¥=$ (1 -4A/45)s7 |
S¥=%(1-44/45)s}

(3.5)

for the ith ion. In terms of the fictitious spin, the

exchange term in (3.1) can be written as
2

=20 gy 20 [(1 - 0)8,; 8o+ 30s%s8]

=1

where 6= (8A/45), J,;=25J/9, and J is the next-

nearest-neighbor exchange energy. Kanamori® has

estimated J from the transition temperature, from

which we find that J;;=42 cm™ and §29.2¢,,. The

anisotropic part of (3.6) has the form of a pseudo-

dipolar interaction, as it must for spin-3 ions.

To determine the temperature dependence of
above Ty, we employ a simple pair model® in which
each term in (3.8), denoted by 3C,, is considered
separately. The eigenvalues of ¥, are

(3.6)

S=+1/2
S=-1/2

spin-orbit
coupling field

cubic field tetragonal  exchange

interaction

FIG. 4. Energy levels of the Co* ion in CoO, per-
turbed by successive terms in the Hamiltonian., At low
temperatures, the last three terms are nearly equal and
must be treated simultaneously. The degeneracy of the
T'; and Ty levels results from ignoring I'; and I'y through-
out,
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Ep=de[3+S'(S"+1)(1 - 5)+36m "%, (3.7)

where S(S’+1) and m ' are the eigenvalues of § 2
=(8;+8,)% and S, =s%+s%, respectively. Clearly,
the ground state is the antiferromagnetic singlet
for which S ‘=m '=0. The anisotropic term in (3.6)
splits the S’=1 level thereby lowering the symme-
try of the pair. For T >T,, we can calculate the
pair energy by taking

8 oss Tr[exp (= 30,/kpT)s fs§]
Tr exp(- 3C,/ksT)

U,=

A straightforward calculation gives

. 3o [~ 1+e789(2e77% —%0)]
P 2420729(2e77% 1 £%0) ’

(3.8)

where j=d,¢/kpT. Expanding (3.8) for small 5,
we find that

Up= (3J6tsTo)(1+20) (3.9)

where 7= (-3+3¢7%%)/(1+3¢7%) is the pair correla-
tion function in the Oguchi model.® Since 7 is in-
trinsically negative, the pair energy is lowered by
the strain.

The reduction in pair energy in (3.9) drives the
spontaneous magnetostriction of CoO. The cost in
elastic energy per pair is U, (Q,c; /2)e?,, where
Q, is the volume per pair. Minimizing the total
energy, we find that

€™ [_ Um(T)/C11](16 3/457\ " ,

where U, (T) is the total magnetic energy per unit
volume.

Implicit in the derivation of (3.10) is the assump-
tion that the lattice strain can follow the direction
of the local magnetization. This is true only if the
characteristic time for changes in the local mag-
netization is long compared with the response time
of the lattice, that is, so long as £2/A> /v, where
¢ is the coherence length, A is the spin diffusivity,
and v, is the speed of sound. For reasonable values
of these quantities, this condition is satisfied
throughout the critical region.

We have demonstrated in (3. 10) that local aniso-
tropy persists above Ty. The exchange Hamilton-
ian (3.6) has, therefore, a finite 6 which decreases
slowly above T'y. Jasnow and Wortis® have calcu-
lated the critical exponents for a Hamiltonian sim-
ilar to (3.6) (but not of the pseudodipolar form) and
concluded that for any 6 #0, the behavior is likethe
three-dimensional Ising model at Ty, changing
abruptly to Heisenberg behavior when 6=0. Away
from the critical temperature, the energy in fluc-
tuations exceeds the anisotropy energy and the be-
havior becomes isotropic.

This problem has been considered recently by
Riedel and Wegner.? In their model, the aniso-

(3.10)

tropy parameter § is scaled as an external field ac-
cording to 6 ~L°, where L is the scaling length,
and ¢ is unknown. Riedel and Wegner argue that ¢
~ v, the exponent for the static susceptibility. So
long as €, 5 <1, the scaling laws for the isotropic
case will hold and the singular part of the free en-
ergy will scale as

F51"%8(¢, )= L*i"2F%in¢(L ¢ L%5) (3.11)

where ¢ refers to the isotropic value of the expo-
nent. This implies that

Fsing(€, 6)262-041”)(5/(“’) (3.12)

and that w(x) becomes constant as x—~ 0. Similarly,
close to Ty the anisotropic scaling laws will hold
if €® <6, If so, we will have

Foi"(e, 5) = L *F*"(Le, L °0) (3.13)

and the subscript refers to the anisotropic value of
the exponent. In the event that € ® <§ <1, both

forms of the scaling laws are valid and a compari-
son of (3.12) and (3.13) leads to the conclusion that

w(5/€®) = (5/€®) %%/ ¢ (3.14)

for 5/€°® large. Hence, there is a change from
isotropic to anisotropic critical behavior near the
temperature € ~5Y%, This had been noted earlier
by Kawasaki.?® The argument, stated simply, is
that the anisotropy adds a term proportional to the
square of the transverse magnetization to the mag-
netic free energy. The effective transverse sus-
ceptibility then becomes y:'=x;'+K, where K is
the anisotropy constant. The transverse suscep-
tibility and, therefore, the transverse fluctuations,
cease growing when Xi' *K, which is the same as
the crossover deduced from (3.14)

In Fig. 5, we have sketched 5(¢) as calculated
from (3.10), using the area under the specific-heat
curve to estimate U,(7). The dashed curve sepa-

)

\ .010 /
\\ /
\ /

\ .008 /

\ . .
\ anisoltropic /
N //
\ /

\\ /
v 004+t 7
\ ,
\
~002 4

isotropic | ,/ isotropic
|

NL7

TT04 w03 -0z -oi 6 .0l .02 .03 .04
e=T/Tn-1
FIG. 5. Strain-induced local anisotropy parameter.
The temperature dependence is calculated from the area
under the specific-heat curve. The broken lines separate
the isotropic and anisotropic regions predicted by the
Riedel-Wegner theory (Ref. 2).
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rates the anisotropic and isotropic regions under
the assumption ¢ = % The crossover to isotropic
behavior occurs for € *2X107% and, indeed, the
high-temperature data, Fig. 1, begin to deviate
from the Ising specific-heat curve near € 3 X102,
Although it is unjustified to claim that our data
show a change in critical exponent, it seems clear
that the Riedel-Wegner model provides an explana-
tion for the observation of Ising-like behavior in
CoO0.
We can also write (3.6) in the form
Z
=2 Zi [Jusis+du(stst+s%sD)]
j=

where J,=(1+28)J,

and J1=(1=0)deg;

From Fig. 5, we see that, at Ty, J,/J, £1.02.
Thus, even a 2% anisotropy is predicted to affect
the critical behavior over a sizable portion of the
critical region. We note that the rhombohedral
effects will not be noticeable above |€]=10™.

IV. LATTICE SPECIFIC HEAT

It was found in Sec. II that a linearly increasing
lattice background must be subtracted from the
data to obtain a good fit to a power law. Thelinear
term has the same slope as the high-temperature
data, at which point (7'=333 K) the logarithmic

derivative of the measured curve is
C;/Cp=2x%10" K! (4.1)

independent of the calibration. At this tempera-
ture, the chromel-alumel thermocouple is fairly

linear and will make only a small contribution to
(4.1). We can use (4.1) to estimate the magnitude
of C, from specific-heat curves of a similar non-
magnetic substance by a corresponding states
argument.

Let us assume that the specific heat of the re-
ference inaterial Cj and that of the sample C; are
given by the same function of the reduced tempera-
ture ¢(7/O, ;). Then the logarithmic derivatives
are

(6,/CHCy (T,)=¢"(x)/¢(x) ,
(0,/CHC (T)=0¢ "(x)/p(x)

where x=T,/06,=T,/0,. Since the right-hand
sides of (4.2) are equal, we have

C3/(Ty)/CYTy)="T,C}'(T,)/T,CLT,) . (4.3

Reasonably good data are available for VOwhich
has the same NaCl structure as Co0O.% Comparing
the logarithmic derivative of the VO data with the
value (4.1) by using (4.3), we conclude that ©, /6,
=0.8. Atthe temperature used in the compari-
son C;=9.9 cal/moleK, while our calculated value
is C3=9.8 cal/mole X. This gives an independent
verification of the calibration of the ac specific-
heat data and gives some confidence in the scale
used in plotting Figs. 2 and 3.

(4.2)
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The magnetization and specific heat are calculated on the basis of a Heisenberg model which
is thought to be appropriate for the description of the magnetic properties of four~insulating
copper salts. The calculation includes first- and second-neighbor interactions and is based
on a quasimagnon approximation which goes beyond the Hartree-Fock theory. The low-temper-
ature expansions are exact to order 7% and the results obtained for the transition temperature
are consistent with those obtained from the high-temperature series-expansion theory. Good
agreement between theory and experiment is obtained over most of the temperature range

T<T,

INTRODUCTION

The Heisenberg model of magnetism is a phe-
nomenlogical model based on the concept of local-
ized spins interacting by means of an exchange
mechanism. The discovery and subsequent study
of the four copper salts Cu(NH,)Cl,* 2H,0,
CuK,Cly " 2H,0, CuRb,Cl,* 2H,0, and
Cu(NH,),Br, * 2H,O has made it possible to test
the ability of the Heisenberg model to predict the
magnetic properties of insulators. These copper
salts are spin-one-half isotropic ferromagnets
with the ferromagnetic ions positioned approxi-
mately on a body-centered-cubic (bce) lattice.
The transition temperature T, of each of these
salts is high enough so that measurements of the
magnetization and specific heat can be obtained
above and below T,, but low enough so that pho-
non effects can be neglected. The relatively low
T, would make neutron-scattering experiments
rather difficult but not impossible to do.

Measurements of the magnetization and specific
heat have been obtained by Miedema et al !+
They indicated that their low-temperature results
could be fitted reasonably well to the low-tem -
perature Heisenberg theory with nearest-neigh-
bor interactions. In an attempt to extend the ex-
pressionfor the specific heat to higher tempera-
ture they used an expression which was incorrect
because of a double counting of the Hartree-Fock
magnon-magnon interaction energy.

Wood and Dalton® subsequently pointed out the
necessity of including second -neighbor interac-
tions because of the bcc magnetic structure.
Their work showed that it was possible to obtain

much better agreement between the experimental
and theoretical predictions of certain critical
constants if second -neighbor interactions were
included. They did not attempt to incorporate the
effects of magnon-magnon interactions in their
analysis of the low-temperature behavior of the
salts.

The first attempt at incorporating the effects
of the magnon-magnon interaction was done by
Loly, who used the Hartree-Fock result with
first- and second-neighbor interactions. The
magnetization and specific heat were found to be
double valued and the magnetization remained
nonzero at all temperatures. Loly used a value
of T, obtained from high-temperature series ex-
pansions to plot his results as a function of T/7T,
and found that he could get reasonable agree-
ment with the experiments up to about 80% of the
transition temperature. It was also pointed out
that there was some slight dependence of the re-
sults on the ratio of second-to-first-neighbor
exchange.

There are several problems connected with the
use of the Hartree-Fock theory. First, it does
not reproduce the correct low-temperature con-
tributions to thermodynamic quantities made by the
magnon-magnon interaction. Second, it is neces-
sary to go outside the Hartree-Fock theory in or-
der to obtain a value of the transition temperature
so that the results can be obtained as functions of
T/T,.

It is the purpose of this paper to go beyond the
Hartree-Fock theory and to obtain expressions for
the magnetization and the specific heat for arbi-
trary T < T, which include the effects of first- and



