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A self-consistent treatment of the Kondo problem as described by the s-d exchange model
is presented. The treatment is based on the Roth prescription for linearizing the equations

of motion for the Green’s functions.

The result for the ¢ matrix is the same as in the Nagaoka

theory. The treatment, however, yields different results for higher-order thermal averages.
Some difficulties associated with the Roth scheme are also discussed.

I. INTRODUCTION

The Kondo problem as described by the s-d ex-
change model has been treated by Nagaoka' using
the method of decoupled equations of motion for
Green’s functions. Although the Nagaoka treatment

is attractive from the viewpoint that the formalism
is simple and familiar, the key approximation is a
somewhat arbitrary decoupling procedure. The
heuristic justification for the decoupling approxi-
mation is that it takes into account the correlation
between spins of the impurity and conduction elec-
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trons. At high temperatures, the decoupling scheme
has been demonstrated? to be essentially the same
as the perturbation expansion.

In this paper the Roth® prescription for decoupling
equations of motion for Green’s functions is applied
to this s~-d exchange model. The basic approxima-
tion in the Roth scheme is the choice of a restricted
basis set of operators, Our choice is motivated
by the same physical requirement as the decoupling
approximation of the Nagaoka theory; namely, any
nontrivial treatment must take into account the cor-
relation between spins of the impurity and the con-
duction electrons. Our choice of a basis set of op-
erators appears to be the simplest nontrivial choice
possible. By our choice of a basis set we make all
the basic approximations of the Nagaoka theory ex-
cept for the details of the decoupling procedure,

The reasons for this treatment of the Kondo prob-
lem based on the Roth scheme are twofold, One
hopes to obtain further understanding of the Nagaoka
decoupling procedure. Also, the Kondo Hamilto-
nian provides anontrivial problem for the application
of the Roth procedure, Our treatment illustrates
some difficulties associated with this method.

In Sec. II the Nagaoka theory is briefly reviewed.
The Roth decoupling scheme is outlined in Sec, III
and applied to the Kondo problem for a particular
choice of basis operators. The resulting energy
and normalization matrices are given. These ma-
trices are used to construct the required Green’s
functions in Sec. IV. A self-consistent solution for
the ¢ matrix is obtained which is identical to the
¢t matrix obtained by the Nagaoka treatment. In
Sec. V, the results are discussed.

II. REVIEW OF NAGAOKA THEORY

Nagaoka’s theory!? treats the Kondo problem as
described by the so-called s-d exchange model.
The model Hamiltonian is given by

J -
ZTVE/: Ouu'.gczuck'u' ’ (1)

H=2 € C;u Cru —
k
where C}, and C,, are the creation and annihilation
operators of the conduction electron with momen-
tum % and spin u, €, is its band energy measured
from the Fermi energy, and Sis the spin operator
associated with the impurity located at the origin.
Here &,,. denotes the uu’ component of the
Pauli matrix, and summation of repeated spin in-
‘dices is understood. J is the exchange coupling
constant and N is the total number of atoms in the
crystal,
One wishes to determine the Green’s functions

Gre (@) =5 (Cpru s Chu M »

D : @)
| W) (w)zi«ouu} * Sck'u' 3 Cku»w ’
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where ((4; B)), denotes the Fourier transform of
the time-dependent Green’s function in the notation
of Zubarev.* ((4; B)), satisfies the equation of
motion

w{(4; B)), =(1/2m)([A, Bl.) +{[A, H]; B)),
or (3)

(—U«A; B»w: (1/27T)<[A: BL ) +<<A§ [H’B]»w ’

and the thermal average (BA) is obtained from the
relation

(BA)=5,{4; By}=i lim [ Tt ()
lim [

X[{{A; B))ys i —CA; B y- 5], (4)

where f(w) is the Fermi function.

The equations of motion for G, (w) and T, (w)
obviously do not form a closed set. In the Nagaoka
theory one terminates the hierarchy of equations
of motion by means of the approximation

« (-61/. ut® i-a'vu‘ X S) C;vcl’v' Ck'u’ 5 C:u»w

= 2<C;u.ck'u.> | (w)-2 ((&uu' * .é) Cguck’u'> Gy (w) .
(5)

This decoupling procedure yields the “Nagaoka
equations”

(T 2%

€ Oy ~J/2N
+ El: ( (J/2N)[my =SS +1)] € Opoy — (J/N)(n, —%))
Gtzz(w)
X ( sz(w)> ’ (6)
where
N =% (C;uck'u> :gw{ck'k(w)} ,
Mg =(Buur * SCLCpur) =25, (@)}, (@)

”kEkE, Mty M= 25 Moy
P

The decoupling approximation (5) attempts to take
into account the correlation between the spin of the
impurity and the spins of the conduction electrons
which is important at low temperatures. The ap-
proximation replaces various operators by their
thermal averages. Although the procedure seems
somewhat arbitrary, Nagaoka® has demonstrated
that it reproduces the most divergent logarithmic
terms in each order of J when compared to pertur-
bation theory.

The one-electron { matrix in the non-spin-flip
channel defined by

tHw) > (®)

1 (e
Gkkl(w)_z,"_ (wiék +(w—€k)(w—€ﬁ)
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satisfies in the Nagaoka theory the integral equation

- (J%/4N)T(w)
1+JG(w) + 2P F(w)T'(w) °’

t(w) = )

1 Ny —
G(w)=17k -’*_—% (10)

F(w)zN.l_§ ln_’iw;%‘.s.ﬂl_ .

G(w) and I'(w) are functionals of ¢(w) through n,
and m,, respectively.

The physical content of the Nagaoka theory is
now known. Hamann® showed that Eq. (9) could be
reduced to a single integral equation for the { ma-
trix. Zittartz and Muller -Hartmann® have given an
exact analytic solution for #(w) for the choice of a
Lorentzian density of states symmetric about the
Fermi level. These results will not be reviewed.

III. DECOUPLING PROCEDURE OF ROTH

Roth® has proposed a prescription for decoupling
the hierarchy of equations of motion for Green’s
functions. In the Roth procedure the infinite set of
equations of motion for retarded (advanced) Green’s
functions is truncated in a systematic manner once
one has chosen a restricted set of operators {A,,}.
For this set one approximates [4,, H], where H is
the Hamiltonian, by

[ApH=*E Ko Ay (1)

The matrix K, whose elements are ¢ numbers, is
the solution of the equation

E=KN , (12)

where the Hermitian energy and renormalization
matrices are defined as

€5 Oppe -J/2N
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Enm:<[[AmH]yA1r‘n]’>r Nnm=<[AmAIn]+> . (13)

Provided N is nonsingular, the matrix K can be de-
termined. Substituting Eq. (11) into the equation
of motion for the Green’s function ((4,, B)), (B ar-
bitrary), one obtains an approximate closed set of
equations:

1
WAy B o™ ;([Am B] ) +Y Kunl(Am; B))y -
T
" (14)
The formal solution is

(A BYu= 5 T [ =K) ][4, B,) - (15)

For the application of this procedure to the Kondo
model, we take as our basis set of operators the
same set as used by Nagaoka:

Ap=Cru, Aspp=0uu* SChur . (16)

It is a straightforward task to evaluate the E and
N matrices. One obtains

_{ O 0
Nkk' _< 0 S(S+1)6kkl —mk:,) ’ (17)

€k6ml

B =( (7/2N)[mp -=S(S+1)]
# “\(9/2N)[m, =S(S +1)] )

Eogo

18
where (8)

EZZ,kk’ = €k [S(S + 1) 5kkl —mk:k] - (J/ZN) {[m:' —'S(S + 1)]
+2S(S+1)n,,—6k,,.2,m;+ka'} s (19)

and where L,,. is the following sum of thermal
averages involving four conduction-electron opera-
tors and one spin operator:

ka' :Z{<5vu' ° SCZ'uC‘;sz'w Cku)
1

4Gy (G, x8) CL,CLL Cr Crud} . (20)

By inspection we can write the matrix K as

K = < (J/2N)[m, =SS +1)] €, 0y - (J/N) oy +Dngpe ‘%)> ’ (21)

where An,, satisfies the equation
1
ARy =%G D) (ka. = O 2 My + 2y, m’;)
1
1
+§(§:‘i‘)“2 Myey Dty (22)
1

Comparing Eq. (21) with Eq. (6), we see that the

Nagaoka approximation corresponds to Asn,, =0.
Hence An,, is the correction to the Nagaoka ap-
proximation required by the Roth prescription for
truncating the equations of motion.

It should be noticed that Eq. (22) is an integral
equation for An,,, where the kernel m, , must be
found self-consistently in terms of the eventual
solution. This difficulty, however, does not pre-
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vent one from carrying out the Roth prescription.
In Sec. IV we show how it is possible to construct
the required Green’s functions.

IV. EVALUATION OF GREEN'S FUNCTIONS

Since the Green’s functions are to be evaluated

SCHWEITZER

|

according to Eq. (15), one wants an explicit ex-
pression for the matrix (w —K)-!. First note that
(w=K)-'=N(wN - E)-!. We now attempt to find the
inverse of wN — E, which we know explicitly from
Egs. (17) and (18):

B (w = €,) 0 (J/2N)[S(S+1) —m}X]
(N = B}y “( /2N [SS+1) 1] (@ —€) [SS % 1)pp ~ 1] +Aw) , (23)
where
Appe :l% (n, =3)[S(S+1) —m¥%] + oN (ka. + 2n, mb — Gk,,z m,) (24)
l
Let t(w)
Aul@)= o v E T Ty (35)
Akl ((.0) Cy ((J.)) w_ek '
N -B)h= (i) Do) @) here

The matrices A, B,C, and D are determined by the
equations

(w_ek)Ak,<w)+-z%§ [S(5+ 1) =] By w)=Bur

(26)
2N [S(S+1) —m,] Z Ay (@) +(w - ek)Z [S(S +1)8,

—'mk:k] Bk'l(w) +N

J
t o = <ka. + 2nm — 5w )B ()=0, (27
kl

(w - €,) Cy w)+ E[S(S+1 —m}] Dy (w)=0, (28)

%[s(su) =], Cprg(w)+(w —-ek)§ [S(S+1)
14

‘Wlklk] Dk,,(w)+2 Akk:Dk,,(w):Gk, . (29)
kl

Since N and E are Hermitian matrices,

Ay (w) Ak'k(w*) s (30)
Dy () = Dy (™) (31)
B;zkk' (w)=Ck,k(w*) o (32)

It is clear from Eq. (28) that C,;(w) is of the
form

Culw)=g1(w)/(w-€,) . (83)
Using Eq. (32), we may rewrite Eq. (26) as
1
(w-¢ )A’*’(“’)*zzv w-¢
X 2 [S(S+1) —mp] gh(w*) = By - (34)

1Y
Hence,

2)2 [S(S+1) =m] Byrs(w)

l‘(cu)~——z:[m,2 ~-S(S+1)] gk (w*)=t*(w*), (36)

where the last equality follows from Eq. (30). The
set of functions g,(w) are determined by Eq. (27),
which we rewrite as

(@ =€) T [S(S +1) = myep] g (w*)+—J2ﬁ [S(S+1) =]

B

X[1+NF@EtW)]- 20, -3t (w) +5— oN Z <ka. +2m, mE

= O m:)g,;f (w¥)=0, (37)
1

where F(w) is given by definition (10).

All the required Green’s functions canbe evaluated
by using only the 11, 12, and 21 elements of
(w =K)~!. Recalling that (w —K)"!=N(wN - E)~},
we use Egs. (17), (32), (33), and (85) to obtain

4 b _ tHw)
(w ~K) Ii,kli _w_iyg—k + (w -ek)(w —(y) ’ (38)
(w K) 12,kR! —ik' ((:: ) (39)

(w=-K)3t = S(S+1 - .g.!ﬂﬂ*_)
w sl = 20 [S(S+1) 8y —my] W —€p
1

(40)

The thermal averages appearing in Eq. (37), which
determines a self-consistent set of functions gp(w),
are evaluated by use of Eq. (4). One readily ob-
tains
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_ 1 5__6231__ __t(—“")__ o %{E S(S +1)8,; —my, gt(w)}
e = on g“’lw—ek +(w—€k)(w—€,:) ,  (41) 2m 1 )
J
:m[mk—-QS(SH)nk] . (49)

e =L 3, % T [S(S +1) 8y —mya] %'f_i%} . (42)
L /

In order to complete the equations it would appear
that one must also evaluate L,,.. However, L,,

is a sum of thermal averages which are not of the
form (A'A,), where A, and A,, are numbers of our
basis set of operators. This leads to some arbi-
trariness in the evaluation of L,,.. Instead of di-
rectly evaluating L,,, we shall show that g,(w)

can be determined by requiring a certain exact re-
lationship between the Green’s functions to be sat-
isfied by the approximate Green’s functions. First
we demonstrate certain results.

The function #(w) is clearly the one-electron ¢
matrix. The thermal averages n, and m, are ob-
tained from Eqs. (41) and (42) by summing over the
index k:

1 %% 1+ NF(w)t(w)|

e = 27[ w - €k' 5 ’ (43)
av | tw) |
mk:=—ﬂ_J Ew{w_ek'ﬁ . (44)

It is clear from Eq. (44) that m, is real since *(w)
=t(w*). Then it immediately follows that

g¥(w)=gu(w*) (45)
and
Mppt =My o (46)

We now proceed to evaluate g,(w). First we note
that if one uses the second form for the equation of
motion given in Eq. (3), one immediately obtains
the exact equation

(@ =€) {(Buur * SChur 3 Cho )b

=3 2 (Buse BCur s Burvw BChy . 4T
Consequently,
Fo L = € (G * SCuur 5 Chud}

J -
= —WZ(G' S)inul Ctu,,ckuﬁ
1

g

2N [m, = 2SS+ 1)my] . (48)

This is an exact result. If one now evaluates
((U "€k')<<-&u e’ Scku, N C;r M>>w

by means of the Roth prescription, the following
relationship is obtained:

We shall require that g,(w) be consistent with this
relation. It should be noted that Eq. (47) could
have been obtained from Eq. (28), which demon-
strates that the Roth prescription is consistent
with this exact result.

Now consider Eq. (37). By dividing by w —¢,
and performing the &, oi)eration, we obtain

&*w{z [S(S+1) —m,k]g,(w)< 1+ 52—15")\(

: w—€, §
+ i]zﬁ [S(S+1) —my] ffw% L +IZ’F_((::t(w)}
1 Hw)
- z(nk "5) gw{ W _€p}

J (w)
* 5N SFO,{Z? (Lk,+2nkm, - Bk,; mq)i—‘L_g} =0.

(50)
Using Eqgs. (42)-(44), together with the relationship
(49), we find

1J £1w)
or N g“’\%"( Lmzn"m'—a”«z‘m‘) wl—%}

= (ek —€p)mkp —(J/N){(nk —%)[m, -SS +1)]

~[my =SS +1)] 1, -3)} . (51)

Equation (51) should be viewed as a condition on
L,, resulting from requiring the exact result, Eq.
(47), be satisfied by the approximate Green’s func-
tions. We shall now show that one can evaluate
g»(w) with the aid of Eq, (51).

An equivalent equation to Eq. (37) for determining
the functions g,(w) can be obtained from Eqs. (23)
and (25) by treating (wN - E)-! as the left inverse.
One readily obtains

[14NF@) )] 2 S +1) ~m,]

+Y g1(w)w —€,)[S(S +1)8y, —my ]
1
+ LT @) -3 +1) -]
1

J
+~2—ATZ g:(w) (L,k+2n,mk—6,k2 mq> =0. (52)
1 qQ

We now multiply this equation by g,(w’)/(w’ —€,)
sum over the index k, and operate with &, . This
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yields ,
[L4 NF(@)tw)] srw.{ ) }

€

> [S(S+1) 8

T g -€) %{
1

) B -2 i - | D }
+ ZiN- 2}: g,(w) f}wo{ ? ( Ly, +2nym,
- B2 mq.) f’e(_iu?)p} =0. (53)

Equation (53) may be rewritten with the aid of Egs.
(42), (44), and (51) as

'[1 +NF(w)t(w)]m, +Zj—v ;gz(w)(w - €;)my,

+220 g1(w)ln, —%)mp
]

.

+2_JJ:V zl: gz(w)<(€1_Ep)mtp‘ﬁ{(nz"é)[mp -S(s +1)]

=[m; =SS +1)](n, —%)}) =0. (54)

This is a convenient form since this equation does
not involve the higher-order correlation functions
L, . Equations (54), (41), and (42) are a complete
set of equations to be solved self-consistently.

The self-consistent solution is

~J/2N 1+NF(w)t(w)
w=—€, 1+JG(w) °’ (55)

grlw)=
with
J
t(w)= =20 [my, =SS +1)] gy (w)
w)= o > [m +1)] gp(w

_ - (J%/4N) T(w)
T1+JG(w) +iPF(w)T(w) ’

(56)

where G(w) and I'(w) are defined by Eq. (10). That
g.(w), as given by Eq. (55), is a solution becomes
immediately obvious once one demonstrates that

(€1 =€) myy= T/N){lr; =3)[m, ~SS +1)]
=[m; =S(S+1)](m, =2} (57)
is consistent with Egs. (55) and (42). The demon-
stration is straightforward.
V. DISCUSSION OF RESULTS

The result for #(w) given by Eq. (56) is identical
to the ¢ matrix in the Nagaoka theory. This sug-
gests that the decoupling is the same in the Roth
scheme as in the Nagaoka approximation. Recall

that the correction to the Nagaoka decoupling re-
quired by the Roth prescription was given by An,,,
which satisfied Eq. (22). It is clear from Eq. (22)
that An,, is zero if

Ly = O 23 My = 2M00 . (58)

This relation can be shown to be consistent with
g,(w) given by Eq. (55) by substituting for g,(w) in
Eq. (37). One immediately obtains
Z(ka, — B 2 M+ anmk,>
14 1
1+ NF(w)t(w) 1,
1+JG(w) w-€, (59)

Since w is arbitrary, this implies Eq. (58). There-
fore, we conclude that the decoupling is the same
for our application of the Roth scheme.

It is interesting to note that Eq. (58) can not be
obtained directly from the definition of L,,., given
by Eq. (20), using a straightforward generalization
of the Nagaoka approximation. If the Nagaoka ap-
proximation, Eq. (5), is used to approximate the
appropriate Green’s function required to determine
the second term in expression (20) for L,,, one
immediately obtains
Z <&uu' ’ (iaw' X§)CT' uCIvCl'V' Cru )

14
2N, My — 2y My (60)
In order to evaluate the first term we introduce an
approximation similar to Eq. (5) and obtain
Z < aw' '§Clt' ucIvCl' v Cku >
T4
S 2y 2 My~ N My — My e (61)
1

Equation (61) contains all the nonvanishing terms
resulting from replacing combinations of operators
by their average values. Hence the straightforward
generalization of the Nagaoka approximation is

Ly 200 Dy g — 20, M (62)

Note that this result is inconsistent with the deter-
mination of L,,. based on the Roth prescription.

Rather than assume that the averages in L,
factor according to a Nagaoka approximation, we
can make use of Eq. (15) of the Roth-approximation
scheme to evaluate the appropriate Green’s func-
tions for a direct evaluation of L,,.. Note that the
operator B in Eq. (15) is arbitrary according to the
formulation of the Roth scheme. If we choose

B, ‘ut =Z {5’,,,,: '§Cl'u'cIuCl'v’
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- %auu’ '(i 6,,,,: Xg)cz’uclvcl'v'}! (63)

then L, can be evaluated from the Green’s function
{Crur; Byrys)y. Using Eq. (15), we find



|

Ly & 20 2.1y — 21, My
]

+2_17T gw{? gl(w) <L1kl + Mgy = 5”2'%: mP>} .

W —€,
(64)

However, this result is also inconsistent with Eq.
(58). The lack of consistency illustrates a basic
difficulty associated with the Roth scheme. If we
had used Eq. (64) to substitute for L, in Eq. (37),
the resulting ¢ matrix would undoubtably be differ-
ent from the Nagaoka result. The result would no
longer reproduce the logarithmic terms of the
perturbation theory. A calculation using Eq. (64)
has not been carried out because of the formidable
mathematical difficulties involved in determining
gx{w) from Eq. (37).7

The procedure whereby L, is determined by
requiring the approximate Green’s functions to be
consistent with the exact relationship expressed in
Eq. (47) is certainly the preferable procedure.
This produces a completely self-consistent appli-
cation of the Roth scheme for determining the ¢
matrix. One should not, however, conclude that
Eq. (58) gives a valid approximation for L,,. The
basis set of operators is inadequate to describe
such higher-order averages. This shows itself in
the lack of agreement between Eqgs. (58), (62), and
(64). Difficulties must necessarily arise in apply-
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ing the Roth procedure if one is unable to avoid
evaluating such higher-order averages.

Our treatment yields increased confidence in the
t matrix of the Nagaoka theory. The / matrix de-
termines the resistivity, specific heat, and elec-
tron-spin—-impurity-spin correlation function. The
results for these quantities seem to be qualitatively
correct. Also, an attempt has been made to de-
termine the magnetic susceptibility within the Nag-
aoka theory.?'® The result is an infinite 7=0 sus-
ceptibility, which is unreasonable. However, it
should be noticed that the calculation of the sus-
ceptibility requires the evaluation of ® 2o, where

_3. L - t
Seot=S+22.,5,,.Cl.Cpur .

Our results indicate that such higher-order aver-
ages are not evaluated accurately by a generaliza-
tion of the Nagaoka approximation. Therefore, it
is not surprising that one obtains unreasonable re-
sults for the susceptibility. Also, if one is to use
the Roth scheme to calculate the susceptibility, the
basis set of operators must be enlarged.
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