3 RESONANT PHONON-ASSISTED GENERATION...

not observed, presumably because either the
strength is lower or the resonance width is appre-
ciably greater (i.e., the pole at w= w; is further
from the real axis). The angular positions at which
these peaks would occur are shown by arrows A and
B in Fig. 5.

V. SUMMARY

A quantum approach to phonon-assisted (or acous-
tically induced) optical-harmonic generation based
on perturbation theory has been developed. The
results obtained in second order suggest that reso-
nant behavior may be observed if the acoustic beam
is almost normal to the optical beam. This possi-
bility is studied experimentally in LiNbO,; with a
1.06-u optical fundamental and 300-MHz longitudi-
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nal acoustic wave. A double resonance peak is ob-
served, with a separation of 1.2° in the rotational
position of the crystal. This separation agrees
closely with the expected separation of 5 4 between
resonances due to the pole at 2w; for the two pro-
cesses of absorption and stimulated emission of
phonons. Two more resonances which could occur
(due to the pole at w;) have not been observed.
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The Gibbs-Bogolyubov variational principle is used to calculate the free energy of vacancy
formation g, (T) in solid Kr, Ne, and Cu and the interchange parameter w for dilute Ar-Kr

mixtures.

These calculations include vibrational properties and, since any temperature can

be considered, all other thermal properties can be obtained. For the vacancy, the formation
energy obtained in this way as k,=g, — (dg,/dT)pT is essentially the same as expected from
equivalent static-lattice calculations at T'=0°K. Thus, the vibrational motion does not
encourage further relaxation and there remains a large discrepancy between computed and
observed %, in solid Kr, although the entropies s, compare well. The computed w’s agree
very well with the observed values of Fender and Halsey.

I. INTRODUCTION

Most calculations of point-defect properties such

as the formation energy'™ or substitutional energy

are done for T=0°K only. This is because (a) a
static vibration-free lattice is considered and (b)
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only at 7=0 °K can an energy variational principle
be used to find the relaxation about the defect. Here,
we extend this sort of calculation to 7= 0 °K using
the Gibbs-Bogolyubov free-energy variational prin—'
ciple to replace the usual energy principle. It is
then possible to include the vibrational motion, to
_calculate the free energy from which all other ther-
modynamic properties can be obtained and to inves-
tigate temperature dependences.

In Sec. II the free-energy principle is expressed
in a form useful for thermodynamic properties of
defects. The method is then applied specifically to
vacancies in solid Xr and Ne in Sec. III. The chief
purpose is to test whether including the atomic vi-
brational amplitudes, which are ~10-13% near the
melting temperature in Kr, can improve agreement
between theory®~® and experiment®” by allowing
greater atomic relaxation around the vacancies. Cu
is also briefly considered. In Sec. IV the expres-
sion for the interchange parameter w in the theory
of mixtures® is generalized toinclude vibrational ef-
fects for dilute mixtures. The w is then calculated
for Ar-Kr dilute mixtures and compared with ex-
periment. The applicability of regular solution the-
ory for solid Ar-Kr mixtures is also discussed.

II. GIBBS-BOGOLYUBOYV PRINCIPLE FOR THERMAL
PROPERTIES OF DEFECTS

The Gibbs-Bogolyubov theorem?®'1? states that if
the exact density function p = e ##/Tr{e"*#} for a
system with Hamiltonian H is approximated by a
convenient trial density p,, then the free energy
Fp=Tr(pH) + B8 Tr(pslnpy )is an upper bound to
the exact free energy F=E - TS =~ ™ InTr(e*").
Here B=(kT)™ where k is Boltzmann’s constant.

This may be proved using the general inequality"'11

Tr(prlnp)= Tr(prlnpy) , 1

which holds for any two arbitrary unit trace ma-
trices pp and p. On substituting the density p, the
left-hand side of (1) becomes

Tr(py (- BH - InTre™")]=- BTr(p H)+BF . (2)
Combining (1) and (2) gives
F=Tr(ppH)+p" Tr(prlnpr)=Fr . @3)

The great usefulness of (3) lies in the direct relation
between the convenient approximate model de-
scribed by a model Hamiltonian H,, and

pp=em/Tr(e #m) . @)
Then, since F;=F, we may parametrize H,, and
minimize F , with respect to these parameters to

find the best H,, which describes the real system.
For a solid with two-body forces

H=T+32 0@ =T, . (5)
1#4
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Inequality (3) has been applied to perfect-crystal
dynamics'? with success using a model harmonic
picture
Hp=Hy=T+30 08,00, , 6)
1

where U, =T, - R, are the atomic displacements and
®,, are variational parameters. On writing

HZHh—%Eﬁi°$11'61+%20(;‘—;1) (7)
(1%} i#4
and substituting H in Eq. (3)

FTth—éTh+é§-<v(F,—F,)), (8)

where F,=TrppH,+1npr) and Ty=%,; Tas Pia, s

X @, 580 are the harmonic free and vibration ener-
gies, respectively, and (0) =Tr(pz0). In normal
coordinates'?

Fp=B"2[In @sinh (3p7wy,) )
hx

~ 1 BT wyy Coth(3B7 wy,)] + %#21 (v@E-T)), (9

where w,, are the harmonic frequencies.

To describe point defects, we reduce this model
to an Einstein approximation. At high temperatures,
the region of experimental interest here, this should
be a good approximation. Also, since we want only
averaged properties over the degrees of freedom
(which are nearly 3ET in energy at high tempera-
ture) and the explicit kinetic part of F is small, we
do not need a precise description of the vibrational
frequency spectrum., Then, on introducing an Ein-
stein frequency wg for each atom i, F; can be writ-
ten as
Fp=p" Z){ln[zmnh (9132(’7"’1)]

ia

=

- éeET. %) coth <6E2(Z'Ta))} +3 #2, (v(dyy+ ﬁi!» ’
(10)

where 3;, is over the atoms ¢ and directions @, and
Opa)=f wg@a)/k is the Einstein temperature. For
a pure crystal each ©z((@) is identical. Near de-
fects we expect the atoms to vibrate differently and
allow these atoms 7 to have a private Oz (a) along
axis a.

Following Eq. (18) of Ref. 12, (v(T¥;~T,)) may
be expressed as a space average, which in the Ein-
stein model, is

(v(¥~T,) = |dF,df,v(F,~ T))

XTI (44 /0t 2 e iatt-B0% (1)
i
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where

A= mke;;(’a) tanh(e‘;(;a)> . (12)
The variational parameters are then the interatomic
separations and the 64 (@) (or equivalently the rms
deviations (u%,)'/%). In a simple Einstein model
(u2,)=(24%,)". For equivalent force constants,

the Debye and Einstein frequencies are related by
w?=5%w%. Then at high temperature for a Debye
model

(ua)p=% (ula)p=$(24,,)" = 502

The atoms were assumed to interact via a pair-
wise Morse potential

V(?’) = E(e-ar(r-ro) - % -r(r-ro)) .

(13)

For the rare-gas crystals, the parameters €, 7,
and ¥ were obtained®® by fitting to three 7= 0 °K solid
properties plus the mixture rules €, = (€,€,)"/% and
Vom= 30 01 +7¢2). For Cu, the parameters of Giri-
falco and Weizer!* were used. The Morse potential
is useful since (11) can be integrated analytically for
spherically symmetric A,, values.

1I. VACANCIES

In a perfect crystal with free energy F(0), the N
atoms occupy N lattice sites. To form a single va-
cancy, we place the N atoms on N +1 sites and the
free energy of formation f, is defined'® as the total
resulting free-energy change (other than the con-
figurational part)

f,=F(v)-F(0) . (14)

The equilibrium number # of such nbninteracting
vacancies at temperature 7T is'®

c,=n/N+n)=e (15)

The F 5(0) is calculated for given T here by intro-
ducing the observed'® interatom spacing R;;(T) into
Eq. (10) and minimizing F »(0) with respect to ©y.
This provides both F,(0) and the perfect lattice rms
vibrational amplitude U = (27/104)2 from (12). For
F(1v), a model for the distortion about the vacancy
must be introduced. Here the first three neighbor
shells were allowed separate amplitudes U, (1), U, (1),
U(2), and U(3), with each atom in a given shell as-
'sumed identical. For the first shell, a different am-
plitude perpendicular (L) and parallel (Il) to the va-
cancy was permitted. All other amplitudes were
fixed at U. The first three shells were allowed to
relax separately either radially inward or outward.
The outer shells could relax as if imbedded in an el-
astic continuum with radial displacement at point #»
given by'"

'fg/kT

Ar)=-c/r?. (16)

FREE ENERGIES OF VACANCIES. ..
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The ¢ was determined so that the continuum relax-
ation ﬁ(r) joined continuously onto the third-shell
displacement. The interatomic potential was cut
off after five shells and an elastic represehtation
used thereafter. Fp(lv) was then computed via (10)
by minimizing it with respect to all these param-
eters. Since the whole crystal can relax via (16),
the only reference to the pure crystal is through the
rms amplitude U. In each case a test relaxation
calculation was made with an atom placed in the va-
cant site. This verified that the computed relaxa-
tion was, indeed, due to the vacancy and not a result
of simple shrinkage of the perfect crystal.

A. Vacancies in Solid Kr and Ne

The computed f,(T') in Kr for four temperatures
are listed in Table I. Since the pV(lv) term in g,
=f,+pV(lv) is negligible, these values also give g,
which is plotted in Fig. 1. From this plot the en-
tropy and energy of formation can then be obtained
from the definitions s,= - (dg,/dT), and h,=g,+s,T.

From Table I, the rms deviation of the first neigh-
bors vibrating toward the vacancy, (u2(1))"%=U,(1),
is seen to increase by ~ 13% while that perpendiéular
decreases by ~~- 1%. These changes are displayed
pictorially in Fig. 2. The rms deviations of the
second and third shells decreased only slightly
(~=0.3%) and are not listed. The mean position of
the first and third shells (and thus the shells beyond)
relax inward while the second relaxes outward.

The vibrational changes and relaxations about a
vacancy in Ne were essentially the same as in Kr,
so only g,(7) for Ne is shown in Fig. 1. As a re-
sult we do not expect any difference between Ne and
Kr defect properties to arise from kinetic effects.

" Although the (kinetic energy)/(potential energy) is

much greater in Ne, the (rms deviation)/ (interatom
spacing), U/R, is essentially constant near the tri-
ple point for all the rare-gas crystals and the U/R
ratio appears to be the physically important param-
eter.

Observations of the vacancy concentration ¢,
are made at saturated vapor pressure (svp) and us-
ually presented® as (Inc,)s, vs 1/7. To great ac-
curacy, svp may be taken as constant pressure here
so that - 2 times the slope of this plot is

<]
- k(g (1;1/67"1)>p “—f:r(é’u/T)p— - T( i ) +8y=hy(T),
(1)
where the above definitions of s, and %, have been
used. In principle 2,(T) can depend on tempera-
ture. However, if g,(T) can be fitted by a straight
line of form g,(T) =gy~ &'T (~s,=g’, a constant),
then h,(T)= (go-&'T)+g'T is a constant g,. In Kr
the g,(T) can be fitted well by a straight line (since
we attach no physical significance to the wiggle in
Fig. 1) and this gives, in the temperature range
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80 to 115 °K for Kr
$,=2.3R,
h,=2850 cal/mole.

In Ne the g,(T) cannot be fitted by a straight line.
Taking the tangent at high temperatures gives for
Ne

(18)

$,=2.2R
h,=574 cal/mole.

At lower temperatures s,=1.3 R, %,=538 cal/mole.
The nonlinear temperature dependence of g,(7) in
Ne arises since, at T<15°K, the zero-point energy
makes a significant contribution to the lattice ex-
pansion and keeps it from contracting linearly

with T. ‘

The remarkable feature of the %, in (18) and (19)
is that they essentially equal the values obtained
from a static-lattice calculation at 7=0°K. In this
limit and for no relaxation, %, is just the potential
energy per atom E, in the pure lattice.'® For Kr
and Ne

E,=~ 2810 and E,= 590 cal/mole,

(19)

. respectively, using the observed values of the sub-
limation energy and calculations of the zero-point

energy. 3

B. Vacancies in Cu

To test whether a temperature dependent 7, in a
metal could be predicted with this model, %, for Cu
at T=550, 700, 850, and 1000 °C was computed.

In this temperature range, g, was well fitted by

g,=3.28-(1.82 R)T eV, (20)

with %, constant within 0.01 eV. This 4, is some-
what higher, but comparable with %,=3.19 eV ob-
tained by Doyama and Cotterill*® in a static-lattice
calculation at 7=0°K [, (observed)®°=1,17 eV].
Although the Morse potential is poor for Cu, (20)
suggests that %, is a constant and that 7'=0 °K values
of &, will represent high temperatures well. Since
the zero-point energy and the U/R ratio in Cu is

TABLE I. The free energy of vacancy formation in solid krypton.
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FIG. 1. The Helmholtz free energy of vacancy

formation in solid neon and krypton.

much less than in Kr, this could also be inferred
from the Kr results.

IV. DILUTE Ar-Kr SOLID MIXTURES

In a dilute solution of atoms A in a host B, the
quantity of most direct experimental interest is the
partial vapor pressure P, of A,%%

Py/Pyy=ef “ata) =xev/*T (21)
Here PAo is the vapor pressure above a pure A solu-
tion at temperature T, i, and U 4, are the chemical
potentials of A in the mixture and pure A solutions,
and x is the concentration of A in B. The wis the
interchange parameter which we now derive and
calculate using the second relation in (21) as its
definition. The first relation can be derived by
noting the free-energy change on transferring a
mole of A from the pure A to the AB solution via
their respective vapors.?

U/R is the ratio of the rms vibrational amplitude

to the interatom spacing in perfect Kr. U, (1)/U and 6U, (1) /U are the changes in U for the first-neighbors atoms for
vibration toward (ll) and perpendicular (1) to the vacancy. OR; is the change in distance from the vacancy of neigh-

bor shell .

fo v oU, ) 8U, (1) oR, OR, oRy

T R U U R R, Ry

(°K) (cal/mole) (%) (%) (%) (%) (%) (%)
115 2332 9.95 -1.3 12.5 —-0.40 0.07 -0.09
105 2387 9.38 -0.8 13.1 -0.35 0.07 -~0.03
95 2420 8.84 -0.4 13.3 -0.30 0.10 0.0

80 2491 8.03 -0.2 13.4 -0.30 0.10 0.0
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FIG. 2. A schematic representation of the atomic
relaxation and vibrational amplitude changes around
a vacancy in Kr as listed in Table I.

By dilute we mean the A atoms are so widely
separated that they do not interact. Then the solu-
tion energy FE is independent of the configuration
of A’s. Thus, in calculating the mixture free en-
ergy, e is independent of configuration so that

FM=—B'11n< 2 u e“)

all all
config states

=—ﬁ'11n< T e 3 1)
states all
config

__ p~l . -es(_N! R

- B n [st%tis ¢ (NAlNBI>]

g -8By _ p- Nl

==pgIn (Tre )-8 11n<NAlNBl> . (22)

For the first term of (22) we use the trial free
energy (10) which we write as a sum over free en-
ergies per atom f;

Fr=22ifi . (23)
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It is convenient to break this sum up as
Fr=Na(fa +Fp,a)+ (N=nNy)f5,u
=NA(fA+FB,a"”fB.u)+NfB,u . (24)

Here f, and fp, , are the free energies of an A atom
and a B atom unaffected by the presence of A, The
Fp,, is the free energy of the »B atoms near each
A which are affected by the presence of the A atom.,
The free energy of the pure A solution is just
Fy=N, fao. Thus using (22) and (24)

_(oF, 8F,
Ha=Hbaw=\3N, ~ 3N,

=(fa+Fp,a=nfu~=fao)

+BIn(N,/N 4+ Np),

so that from (21)

wE(fA+FB,a_nfB,u—fA0)- (25)
Using the Einstein trial free energies (10),
Fa=faa=stra+ts 2 (v,;(AB)) (26)
*4
and

n

Fp,o—=1fp = 2 (5fh3— 30yp+ 13\—/ 8y (BB)>>
i

i=1

1 n 1 n
(3 & wamr -3 £ s, mm). @0

The first term in (27) arises from the vibrational
changes and the relaxations of the » B atoms around
each A. The second arises since each of the n B
atoms has one of its original BB bonds replaced
by an AB bond when near an A atom.

If we now take the static-lattice limit and assume
pure A and B have identical lattice spacings then
w reduces to

w=27v,,(AB) = % 20 [v;;(AA) +v,(BB)],  (28)
J#A #
which is exactly the definition given for this limit

by Guggenheim® (p. 23). His w was defined such
that if we start with two pure lattices and inter-

TABLE II. .The interchange parameter w for dilute solution of Kr in Ar. U, and Uy are the rms vibrational ampli-
tudes of the host Ar and impurity Kr, respectively. 6U, and 6U, are the change in rms amplitudes of the first—peighbor
Ar for vibration of parallel (1) and perpendicular to the Kr impurity. OR is the change in the first-shell spacing R..

Pure Kr First Ar neighbor to Kr

Ar impurity
T U o U=, U, ouy oR w

R R U, U, U, R

(°K) (%) (%) (%) (%) (%) (%) (cal/mole)
80 10.1 8.1 - 20 -5.1 +0.6 +0.7 109.22
70 9.3 7.6 —18 -7.1 +1.6 +0.8 123.58
60 8.4 6.9 -18 -8.5 +1.4 +0.8 138.94
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TABLE IIl. The interchange parameter w for dilute solution of Ar in Kr. U,, U, 6U,, 6U,, and 6R have the same
meaning as in Table II.
Pure Ar First Kr neighbor to Ar
Kr impurity
T A U Up-Uj ouy ou, 133 w
R R U, U, U, R
(°K) (%) (%) (% (%) (%) %) (cal/mole)
100 9.1 11.5 +26 +5.2 -0.6 -0.4 (149)
90 8.6 10.8 +26 +5.6 -0.8 -0.4 151.6
80 8.0 10.2 +26 +6.1 -0.4 -0.4 157.3
70 7.5 9.5 +26 +6.4 -0.4 -0.4 161.3

change one A with one B the total energy increase
is 2w.

To compute w at a given T, we first calculate
Sfao and fpo=fp,, by inserting the observed lattice
spacing'® R(7) in (10) and minimizing (10) in each
case. f4o can be used directly in (25) and f5,, in
(27). Then an A atom is inserted in the B lattice
and the free energy of this structure minimized.
In this minimization, the A atom was allowed.a
distinct vibrational amplitude U, and the surrounding
B’s were given the same parametrization as in the
vacancy case, When the minimum F), is found,
(27) can be calculated.

A. Results

The results for dilute Ar-Kr mixtures are tab-
ulated in Tables II and III. Only the rms amplitude
of the host (U,), of the impurity (U;), and of the
first shell of B’s, along with the relaxation of the
first shell, are listed since the other parameters
changed little.

From Table II we see the rms amplitude of Kr
impurity is less than that of the host Ar, as expected
from the increased mass, with (U;~ Uy)/R~~ 1.8%.
Using the position of the minimum of the Morse
potential as a measure of the “core” size of the
atom, we see that the Kr core is greater by
[7m(Kr) = 7,,(Ar)] /¥ (Ar) ~+ 6. 7%. Thus despite
the reduced amplitude, Kr appears larger than Ar
by ~+4.9%. As a result, the first-shell Ar atoms
relax outward and their vibrational amplitude to-
ward the Kr(U,) is reduced. For Ar in Kr, a sim-
ilar estimate finds a net decrease in Ar size rel-
ative to Kr of ~-4,1%. Thus the first-shell Kr
atoms relax inward and increase their amplitude
toward the Ar—though less in magnitude than the
Kr in Ar case, It is interesting to note that the
rms amplitudes of Ar and Kr at a given tempera-
ture are approximately the same, irrespective of
which lattice they are in.

B. Implications of Results for Nondilute Mixtures

From Tables II and III, we see that w is not the
same at a given temperature for Ar- and Kr-rich
mixtures. Thus we expect w to vary with composi-

tion in a general Ar-Kr mixture. This variation
is due to the different lattice constants of Ar and
Kr., Since the basic assumption of the strictly
regular solution theory is a constant w, this theory
cannot be expected to hold exactly for nondilute
Ar-Kr mixtures.

The w is also temperature dependent. Provided
this is recognized, it does not affect the validity
of regular solution theory.® In the temperature
range 60-100°K, the w(7) here can be titted by

w(T) =226 - 1, 467 for dilute Kr in Ar ,

(29)
w(T) =203~ 0, 66T for dilute Ar in Dr,

There is no foundation for this dependence—this
form just happens to fit. Also, this dependence for
the Ar in Kr limit is not well.determined for at
T=90°K and 7 =100°K the points of Table III are
unreliable. These are unreliable since pure Ar
does not exist above T =83, 8°K, and fy, , above this
must be obtained by extrapolation. Since w is ob-
tained from a sensitive cancellation of large quan-
tities, any error in this extrapolation is multiplied
by about 20 in w. For this reason the temperature
dependence is poorly determined,

For temperatures considered here (w/k7T) < 1.
Thus, should regular solution theory hold, the
zeroth approximation to it should give good results
for 7>60°K. In this approximation, the partial
vapor pressures for concentrations of A,

O<xs<1, are®

2
- kT
PA/PA():xe(lx )/ ,

(30)
Pp/Ppo=(1=x)e™w/*T,

Fitting (30) to observed pressures would provide

w within 4% at the worst limit of x = 3 and low tem-

perature, and within 1% if fitted up to x =% or 2

at high temperature, with w being underestimated.
Finally, the heat of mixing, H, = Nx(1-x)

X (w — Tdw/dT), for x= % is Hy,=55 and 51 cal/mole

using the w(T) in Tables II and III, respectively.

The temperature of critical mixing, given by

w(T)/kT,~2.45, is T,= 36 and 37 °K for these two

values of w(T).
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C. Comparison with Experiment

The w(T) of Table III may be compared directly
with the observed values of Fender and Halsey. 2!
They found w between 169, 6 cal/mole at 85 °K and
144, 3 cal/mole at 100 °K, and that their results
were well fitted by

w=291- 1, 39T cal/mole . (31)

Thus the values in Table III agree reasonably well
although the temperature dependence does not—
which probably results from the extrapolation
problem discussed in Sec, IVB. A similar prob-
lem arises in experiment since the pure Ar vapor
pressure must be extrapolated above T =83. 8 °K
to get w. ‘

The measurements were extended to Ar concen-
trations x=0.15. At this x, w decreased by 6 £3
cal/mole. Assuming a linear extrapolation be-
tween the results in Tables II and III at 7'=80 °K,
the calculations predict a decrease of 7 cal/mole,
which is of the correct sign and magnitude.

From the point of view of testing calculations,
experiments on Kr in Ar would be most interesting
since no extrapolation problems arise there.

V. DISCUSSION

The basic variational model used here, Eq. (10),
is very similar to the variational cell model used
by Mansoori and Canfield® to describe melting.
The Gibbs-Bogolyubov principle has also been
used by them to describe pure® and mixed liquids?®
with a hard-core interatomic-potential system
used as a model. Critiques and comparisons®
with perturbation theory of this work has also been
presented. A most interesting general discussion
of variational principles with historical references
has been presented by Huber. °

On expanding {v(u;; + R,;)) in (11) about the lattice
points, we see that F, retains all even anharmonic
terms with all odd terms vanishing since the
Gaussian is an even function, Thus F; includes
an approximate treatment of anharmonicity and it
is for this reason that it has been successful in

_pure crystals, % though corrections to it are not
insignificant.?” A defect calculation similar to
the present one (but using a method proposed by
Mayer) which retains the quartic anharmonic term
with no self-consistency has been given by Allnatt
and Rowley. 2°

The novel feature of the present vacancy calcula-
tion is a self-consistent evaluation of the vibration-
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al motion and an investigation of temperature de-
pendences. The purpose was to test whether ad-
ditional atomic relaxation and thus a reduced #, in
better agreement with experiment for Kr would be
obtained when the large vibrational motion was
incorporated. Also, an elastic boundary around
the vacancy was included. The basic result is that
the relaxation and %, found are essentially the same
as found in static-lattice calculations at 7=0°K.%?®
There thus remains a large and unsatisfactory dis-
agreement between the calculated %, for Kr in Eq.
(18) and the observed %,= (1780 + 200) cal/mole, *7
The present results serve largely, then, to elim-
inate one possible explanation of this disagreement.
The entropy computed here is in quite good agree-
ment with the observed values®” for Kr
(s,=2.0%3:2R and s,=3.42:}) but since &, is not,
this is perhaps fortuitous.

The presence of many-body potential contribu-
tions in solid Kr is a much discussed solution to
this disagreement. “®'® However, if the well-
documented triple-dipole interaction between triplets
of atoms is consistently included, this reduces #,
by only ~ 150 cal/mole.* The four-dipole contribu-
tion increases it by ~60 cal/mole, * so &, still re-
mains well above the observed value. It is only
when the exchange interaction between electrons on
neighboring atoms, suggested by Jansen, % is in-
cluded that a much decreased %, is obtained.*? To
decrease #, to the observed value these three-
atom electron-exchange interactions would also
make a 20-25% contribution to the potential in per-
fect crystals.3® Since there is much disagreement
on the theoretical estimates of these forces®! and
since the properties of perfect crystals are quite
well predicted using model pair forces between
rigid ions, ®* the magnitude of the triple-exchange
contribution remains an open question.

The interchange parameter w calculated for
Ar-Kr mixtures is discussed in Secs. IVB and IVC,
and we note here only that w agrees well with the
observed value.

The computed entropy of vacancy formation in
Cu, Eq. (20), agrees well with a similar quasi-
harmonic calculation®® and with the observed value,3*
The computed formation energy, however, differs
markedly from the observed value.
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The second-quantization method of Hopfield and Mahan for the calculation of the van der
Waals energies in solids is extended to the case where the molecules of the solid are opti-

cally active.

The crystal energy of cohesion is computed by taking the difference of the zero-

point energies of the crystal with and without the intermolecular interactions and is written

in terms of an integral of a response function at imaginary frequencies.
is shown to be proportional to the optical rotatory strengths of the molecules.

A part of the energy
The leading

term that discriminates between enantiomeric interactions is the same as that obtained by

summation of the two-body potential found by Craig, Power, and Thirunamachandran.

Finally,

this discriminating energy is expressed as an integral over the optical rotation angles at ima-

ginary frequencies.

I. INTRODUCTION

In a recent paper, Craig, Power, and Thiruna-
machandran’ have investigated the interactions be-
tween optically active molecules in crystals using
the perturbation method. They showed that the in-
teraction between one dextro- and another dextro-
molecule is different from a dextro- and a laevo-
molecule. This difference arises in part from the
fact that transitions from the ground to excited
states are both electrically and magnetically al-
lowed. Thus the energy expression includes elec-
tric as well as magnetic dipolar coupling terms.

In the present paper, we supplement the earlier
work by adopting an alternative viewpoint following
Hopfield? and Mahan.?

The low-energy excited states of a molecular
crystal are called exciton states and the existence
of such states has been demonstrated experimentally
for a number of systems. For such crystals the
dispersion forces form an important contribution
to the binding energy and it was pointed out by Hop-
field that the dispersion energy may be interpreted
as the decrease in zero-point energy of excitons
due to dipolar interactions. This viewpoint was
further developed by Mahan, who obtained an ex-



