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sible for giving Ho a stronger tendency toward a
spiral magnetic order do not result in a measurably
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larger Kohn-type anomaly in the phonon spectrum
of Ho.
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The martensitic transformation in sodium is studied by means of a local pseudopotential

theory.

The total Helmbholtz free energy is calculated as a function of temperature and crystal

configuration for both the bec and hep phases of sodium. At T:=0, the hep phase is found to

be stable, while the bcc phase is found to be stable at high temperatures,

The inclusion of the

zero~point energy at T=0 gives improved agreement with the sxperimentally determined energy

differences between the bee and hep phases.

It is found that the thermal expansion of the crys-

tal does not play a significant role in the phase transition and the transition from hecp to bce as
the temperature increases can be explained by thermodynamic arguments.

I. INTRODUCTION

A martensitic phase transition has been observed
in sodium around 36 °K.! As the temperature is
lowered, the high-temperature bce structure
changes to a close-packed hexagonal structure (non-
ideal ratio). In order to study this transition, we
have used a simple local pseudopotential model to
calculate the Helmholtz free energy for both the
bee and hep structures, Previous calculations®®
to determine the stable crystal structure of sodium
have calculated the band structure and electrostatic
energies at 7=0 of the bcc and hep phases at fixed
volume. In the present calculation, the total free
energy as a function of the crystal configuration is
calculated and then minimized at each temperature
with respect to the configuration. Our calculations
show an energy difference at 7'=0 that is approxi-
mately twice the experimentally determined energy
difference, and the total free energy predicts a
phase transition from the cubic to hexagonal struc-
ture at a transition temperature about seven times
the observed transition temperature.

In Sec. II the local pseudopotential used in this
calculation is briefly described, and in Sec. III the
calculation of the total free energy is described
with emphasis on the hexagonal free energy and the
procedure used to minimize it. In Sec. IV we dis-
cuss the relative importance of volume-dependent
vs structural-dependent terms in the free energy,
and give thermodynamic arguments for the explana-
tion of the cubic to hexagonal transition,

II. DESCRIPTION OF LOCAL PSEUDOPOTENTIAL

One of the features of pseudopotential theory is
that the pseudopotential can be separated into terms
that are structure dependent and terms that are de-
pendent only upon the total crystal volume. Thus,
one is able to compare different crystal structures
and, as in this case, specifically incorporate the
structural differences in the calculation of the total
Helmholtz free energy.

Because of its analytical simplicity, we have
chosen Harrison’s modified point-ion pseudopoten-
tial and included a Born-Mayer repulsion between
ion cores. The pseudopotential contains two ad-
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justable parameters and the Born-Mayer repulsion
contains one parameter., The three parameters
were determined by fitting the relevant experimen-
tal data, corrected to 7=0 °K and zero pressure,
to the appropriate derivatives of the static lattice
potential, neglecting the zero-point vibrational
energy.? A fit to the corrected experimental data
for the binding energy per atom of the metal, ioni-
zation energy per ion, the bulk modulus, and the
requirement that the pressure be zero, gave cor-
related values of the parameters with a small de-
gree of arbitrariness. This arbitrariness was re-
moved by requiring agreement between calculated
and measured values of the average of the phonon
frequencies squared. The fitting procedure was
used for only the bce phase of sodium, Since the
lattice-potential parameters are independent of
structure and volume, the same parameters as de-
termined by the bec data were used in the calcula-
tion of quantities for the hcp phase, and no addition
al fitting to hcp data was done.

The total potential is the sum of the Born-Mayer
repulsion between ion cores (Ug), the electrostatic
energy of the lattice of point ions of charge +Ze
in a uniform compensating background (Ugg), the
uniform electron-gas energy (Ugg), and the band-
structure energy (Ugg). The calculation of the elec-
trostatic energy for the hep structure is more dif-
ficult than for the bce structure. The electrostatic
energy may be written®
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where the structure factor is given by
Sq =N-l Z” e-ia~i',, . (2)

N is the number of atoms in the crystal and the
volume per atom is given by Q,=QN"!, The Ewald
convergence factor 7 (which is arbitrary) was
chosen so that the contributions from the first two
terms in Ugg (the wave number sum and double-
lattice sum) were of the same order of magnitude.
The electrostatic energy may be written®‘®

Ugs=-NaZ*3/v, (3)

where

Q,=54mvd (4)
defines »; and for the bcce lattice

Qpee=+1.1791 86, (5)
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Oy 18 independent of the cube size, while for the
hep lattice, ay., depends upon the ¢/a ratio. We
chose to calculate the electrostatic energy from
Eq. (1) for both bce and hep structures, For all
the volumes calculated, a,, agreed with Eq. (5).
Qpep IS 2 maximum near the ideal c/a ratio and

Qpep=+1.79168, c/a="V% . (8)

e, agrees with Harrison’s values?® for both ideal
and nonideal ratios of ¢/a.*®

Care must also be exercised in the calculation
of the band-structure energy for the hexagonal lat-
tice where

Sa = % 535 [1 + e-f;-s] . (7)

The basis vectors for the hexagonal lattice are
chosen such that one atom per unit cell lies on each
lattice poix_l_t and the second atom per unit cell is
located at 6 with respect to each lattice point. The
Q are the reciprocal-lattice vectors. The band-
structure energy is then given by

Ups=3N Y% Foll+cos @-9)] (8)

where Fg is the energy-wave-number character-
istic, The electron-gas energy and the overlap re-
pulsion energy are easily calculated, as described
in Ref, 4,

III. CALCULATION OF TOTAL FREE ENERGY

The calculation of the total free energy system-
atically divides into the calculation of the static
potential energy, the lattice-dynamical calculation
for the determination of the phonon frequencies,
the calculation of the free-electron gas contribution
to the free energy, and finally the minimization of
the total free energy as dependent upon temperature
and crystal configuration.

The total free energy may be written

F(T,V)=Usapo+3 2 Bwis+kg T In (1 - e™#ks)
ks

&s
- %FT‘Z ’ (9)

where the first term on the right-hand side is the
energy of the static crystal, the second term is

the zero-point energy of the lattice vibrations, and
the third term is the phonon contribution to the
temperature-dependent free energy. The last term
is the electron-gas contribution to the free energy,
which we calculate in the free-electron approxi-
mation, where

I'=Nn%3% /2¢, . (10)

kp is the Boltzmann constant and €, is the free-
electron-gas Fermi energy. This term is depen-
dent only on the volume per electron and is inde-
pendent of the crystal structure,
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FIG. 1. hcp static potential energy for different
values of a.

The static potential for the bce structure can be
calculated as a function of the cube edge, or equiva-
lently as a function of ,. For the hcp structure,
the static potential is a function of both ¢ and a
and we chose to write the volume dependence of
the potential as a function of a and »,, where

r3=(V2T/16m) a’c . (11)

This choice of parameters to describe the lattice
structure promotes an easier comparison of bcc
and hcp potentials, since they can be compared at
the same 7.

Figure 1 shows the hcp static potential energy
plotted as a function of ¢, where each of the three
curves is for a different value of a. These curves
show the sensitivity of the potential to the rear-
rangement of the atoms when the volume (7,) is
kept fixed, Thus, one can easily obtain the mini-
mum value of the potential at each 7, as a function
of the crystal configuration.

Figure 2 shows a comparison of the 7=0 free
‘energy for both the hep and bee structures with the
points of the hcp curve obtained by first minimizing
the free energy with respect to the crystal config-
uration at each volume (»,), and then plotting only
the minimum values of the free energy. The hcp
and bce potentials have their minima at about the
same volume and their energy difference is on the
order of the transition temperature for the bce to
hcp transition, Table I gives the comparison of
the bcc and hep lattice parameters with experiment,
The lattice parameters given were determined by
minimizing the static potential and free energy at
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FIG. 2. T=0 free energy for hcp and bece crystal
structures of sodium excluding the zero-point contribution.

T=0 with respect to the crystal configuration,

From the expression for Ugg, Ugg, and the Born-
Mayer repulsion potential, we may calculate the
harmonic potential-energy coefficients and con-
struct the dynamical matrices #; for all phonon
wave vectors Kk in the first Brillouin zone. For the
bce structure, the 3; are real symmetric 3x3 ma-
trices with eigenvalues M (wg,)? and phonon polari-
zation vectors Vg, s=1,2,3, where M is the mass
of the ions, and wg, are the phonon circular fre-
quencies, The calculation proceeds as in Ref. 4,
but now we must perform the calculation for each
crystal configuration of interest, The phonon fre-
quencies and polarization vectors were calculated
for 284 points in 4 of the first Brillouin zone,

For the hcp structure, a; is a 6xX6 Hermitian
matrix, and by the proper similarity transformation
it can be written in the form

e (i’_t”_l _Zo_-> ) (12)

X 2

TABLE I. Comparison of calculated hcp and bee
lattice parameters with experiment. Column A was
determined from the static potential only, while column
B includes the zero-point energy. The experimental
values of Barrett (Ref, 1) are given in column C. Units
are Bohr radii (ap).

Lattice A B C

parameter

bee: 7 3.939 3.954 3.941

hep: g 3.940 3.950 3.935
a 7.125 7.150 7.119
c 11.636 11.662 11.630
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where {, ¥,, V, are real symmetric 3x3 matrices
labeled by the Cartesian indices ii":

u140=228 Gty k+Q), ®+Q)
= 8440 334 Gy g [1 +cos @-9)]
+20n Ao (F,) [cos &- F,) = 8550]
= B0 2om Auir F,+3) , (13)

where Y.’ means to exclude the Q (or ¥,) equal zero
term. A,.(%,) is the total potential-energy coef-
ficient for the lattice sums and is composed of the
lattice-sum contributions to the electrostatic en-
ergy plus the Born-Mayer repulsion contribution,
G3) is composed of the wave-number-sum contri-
bution to the electrostatic energy plus the energy
wave-number characteristic:

Ay (F)==(2%e?) {_Qﬁi <\[—z ne-,,a,z+erfc (177))

T 7
2 g2 2 §) 3 Xy
+ [\/ﬂ ne (Zn [y o erfc (nr) "

-a,ye” [—i - %*%‘) Y”‘”] , (4)

where a, is the Born-Mayer repulsion coefficient
and 1/ =0.339x107% cm (Ref. 6),

onz?e? e-d/n® _ 2,4° wa,ws, (fo—1)
2, X gme® 1+(f,-1)(1-g,)

(15)

Giq =

where wpy, is the bare pseudopotential matrix ele-
ment, f, is the Hartree dielectric function, and
(1-g,) corresponds to an approximate correction
due to exchange and correlation of the electron gas.
For g, we take

8,=4d%/2(q% +ER%) (16)

where %y is the Fermi momentum and £ is deter-
mined as in Ref, 4.
The other contributions to Eq. (12) are given by

Vot =05 G 1.z & + Q) (k +Q);» cos@- D)
+5,A0(F, +8) cos[k - (F,+93)], (17)
Vye==25Gik. 8 & +Q),(k +Q);r sin(@+3)
A (F,+8) sin[k - (F,+0)] . (18)
The phonon-dispersion curves for hexagonal so-

dium are plotted in Fig. 3. The phonon frequencies
and polarization vectors were calculated for 269
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FIG. 3. Calculated phonon-dispersion curves for hcp

sodium (v =w/2m).

points in 3 of the first Brillouin zone.

The average phonon frequency squared is simply
obtained from the average over k of the trace of the
dynamical matrices, and is given by

3M{w?y =a,y 2, (v=2/r,) e
+(412e%/39Q,) + 250 F,q*(N 1 = S,). (19)

The first term is the Born-Mayer repulsion contri-
bution, the second term is the electrostatic-energy
contribution, and the third term is the band-struc-
ture contribution. We may also obtain M(wz) from
Eq. (12) by first diagonalizing the dynamical ma-
trix for each k and performing the appropriate av-
erage over k. A comparison of M{w?) as calculat-
ed by Egs. (12) and (19) provides a check on the
accuracy of our lattice-dynamical calculations,
Such a comparison showed a difference of less than
0. 5% for both lattices. Equation (19) can give an
approximate value for the average phonon frequency
in the approximation of M{w) =M{w?)}*/2, The re-
sults of such an approximation differ from the nu-
merical solution and average over the Brillouin
zone of M{w) as determined by Eq. (12) by about
%.

The total free energy at 7=0 consists of the stat-
ic potential energy Ui,y Plus the zero-point ener-
gy of the phonon modes. The zero-point energy
was calculated from the average phonon frequency
determined by averaging over the Brillouin zone.
The addition of the zero-point energy changed the
volume at which the free energy minimized, as is
shown in Table I, The change in the values of the
lattice constants with the inclusion of the zero-point
energy was about the same for the bcc and hep
structures and worsened the agreement with experi-
ment, The crystal-potential parameters, as dis-
cussed above, were determined in Ref. 4 with the
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exclusion of the zero-point energy., Thus, the in-
clusion of this energy in the calculation of the lat-
tice constants gives an increase in the lattice-con-
stant values, as would be expected.

Knowing the phonon frequencies, we may now
proceed to calculate the total temperature-depen-
dent free energy as given in Eq. (9). The free en-
ergy must be calculated for each temperature of
interest and then minimized with respect to the
crystal configuration. The total free energy was
calculated in the temperature range 0-280 °K. The
free energy minimized at correspondingly larger
volumes as the temperature increased, with a ther-
mal expansion on the same order of magnitude as
is observed experimentally, The thermal expansion
could only be estimated since the different crystal
configurations at which the free energy was calcu-
lated were not closely enough spaced to show ther-
mal expansion for small temperature changes.

The total free energy as a function of temperature
is plotted in Fig. 4. The crystal configurations
used to plot this curve were those that gave the min-
imum free energy at each temperature. The bcc
and hep curves cross at 7= 260 °K with the hcp free
energy lower below 260 °K and the bcc free energy
lower above 260 °K. The experimentally observed
transition temperature is around 36 °K.

1V. DISCUSSION OF RESULTS AND CONCLUSION

We have calculated the total free energy as a
function of temperature and the crystal configuration
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FIG. 4. Total free energy for hcp and bee sodium.
The insert plots the free-energy difference for the hcp
and bce structures.,

STRAUB AND D. C. WALLACE 3

by means of a local pseudopotential theory for the
bee and hep phases of sodium., By minimizing the
free energy at each temperature with respect to the
crystal configuration, we are able to accurately de-
termine the free energy at temperatures other than
T=0. At T=0, we predict that the hexagonal struc-
ture is stable and remains stable until 7'= 260 °K,
when the bee structure becomes stable, The pre-
dicted transition temperature is higher than the ob-
served temperature by a factor of 7, The inclusion
of the zero-point energy at 7=0 causes the free en-
ergy to minimize at larger crystal volumes and
gives poorer agreement with the experimentally de-
termined lattice constants as indicated in Sec, III,
However, since the resulting change in volume is
about the same for both phases, the 7=0 energy
difference between the two phases, which includes
the zero-point energy, should not be appreciably
affected, and indeed the value we calculate for the
energy difference of the bece and hep phases is in
closer agreement with experiment’ than previous
calculations.®® Shaw’s® result shows an energy dif-
ference of 15x10° Ry and our difference is 6x107°
Ry, while the experimentally determined value is
3.15%x10° Ry. The improved experimental agree-
ment that we obtain can be attributed to the minimi-
zation of the energy with respect to the crystal con-
figuration and the inclusion of the zero-point energy,
which decreases the energy difference since Wy,

< <w>hcp .

The crystal potential as fitted by experimental
data is known on an a priori basis to about 0. 01 Ry,
while the energy differences between the bce and hep
phases of sodium are on the order of 5x10° Ry.
One must consider whether such a pseudopotential
model is accurate in calculating the small energy
differences between the two structural phases. The
pseudopotential-model parameters are determined
by experimental data which has an accuracy of only
5% or better, and for the calculated energy differ-
ence to be of significance, one must consider the
effect of the experimental uncertainty on the calcu-
lated energy differences. A change in the point-ion
pseudopotential parameters of 3% produced a change
in the structural-energy difference of 8% and a
change in (w?) of 5%. A similar change in the Born-
Mayer repulsion coefficients of 20% produced a
change in the structural-energy difference of 10%
and a change in {w?) of 2%. A change in the pseu-
dopotential-model parameters corresponding to the
5% uncertainty in (w?) produces a maximum error
of 25% in the calculated energy difference.

We have also calculated the energy differences
between the bcc and hep phases using different ap-
proximations for the exchange and correlation cor-
rections for the electron gas, and using the tabu-
lated values of Shaw’s optimized-model potential
for sodium.® Using the interpolation functions of
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Ref. 8 for the exchange and correlation corrections
in the point-ion pseudopotential, the energy differ-
ences changed by 2%. The tabulated values of the
form factors given in Ref. 8 also produced a simi-
lar change in the energy differences, This small
change in the energy difference is below the accu-
racy of the pseudopotential and is not appreciably
affected by the choice of the exchange and correla-
tion corrections.

It is found that the thermal expansion of the crys-
tal does not play a significant role in the phase
transition, This is determined by calculating the
total free energy as a function of temperature while
keeping the crystal-configuration fixed. When the
free energies of the bce and hep structures were
compared in this manner, it was found that the
free-energy curves cross again at approximately
the same temperature as the full volume-dependent
calculation,

The temperature effects arising from Fermi
functions in the static potential have been ignored
and are probably negligible since the temperatures
of interest are much less than the Fermi tempera-
tures of the alkali metals.® Because of the rela-
tively low Debye temperature, however, anharmon-
ic effects will probably be important, Further, the
anharmonic effects will be highly structure depen-
dent since the selection rules governing the phonon-
phonon interactions will be radically different for
the bce and hep phases. With the inclusion of the
anharmonic free energies, it is possible that the
free energy of one of the two phases will be lowered
relative to the other phase, yielding a lower transi-
tion temperature. The anharmonic free-energy
calculations have not been carried out at the pres-
ent time because of the difficulties associated with
the hep lattice with two atoms per unit cell,

At T=0, the hep free energy is lower than that
of the bce structure, However, the average phonon
frequencies are given by

(VDhee = 2. 50 10" sec™?; (v)pe,=2.55% 102 sec™;
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(VPhee = 7. 16 X 10% sec™®; (1%, =7.21x10* sec™? ,
(20)

[The results given in Eq. (20) are for the crystal
configurations that gave the minimum free energy
at 7=0.] Equation (20) shows that it is energeti-
cally easier, on the average, to excite a bcc phonon
mode than an hcp phonon mode. This is primarily
due to the existence of optic modes in the hcp struc-
ture which are absent in the bcc structure., As the
temperature increases, the entropy for the bcc
structure will increase more rapidly than for the
hcp structure. The 7T=0 free-energy difference is
finally overcome at 7= 260 °K by the unequal in-
crease in the entropy. The bcc structure contin-
ues to be more stable at higher temperatures.

The martensitic transformation actually occurring
in nature is characterized by considerably hystere-
sis with some of the bcc phase transforming to a
faulted hcp phase, and reversion to the bcc phase
does not start until the sample is warmed to a tem-
perature considerably above 36 °K.!° The calcula-
tion that we performed was for perfect-crystal
structures of the hcp and bec lattice, while the
transformation in nature certainly is not between
perfect-crystal structures. The percentage of
transformation to the hcp phase is likely to be high-
ly dependent on the impurity content as well as the
history of the sample. Barrett! observed that sam-
ples cold worked above the transition temperature
could be induced to partially transform to the hcp
phase, and it is likely that sodium partially forms
a metastable faulted hcp phase above 36 °K. How-
ever, the high calculated transition temperature
may or may not reflect such a possibility because
of the various approximations involved in pseudo-
potential theory.
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