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The current situation with respect to theory as compared to experiment for Knight shifts and
relaxation times in alkali metals is discussed. The roles of exchange core polarization effect
and exchange enhancement of the susceptibility due to electron-electron interaction are dis-
cussed in detail, It is shown that through a consideration of these effects, combined with the
relativistic corrections to the spin density for heavier alkali metals, one is able to obtain an
over-all agreement with experiment, However, quantitative agreement with experiment is
still lacking, and several additional contributing mechanisms are briefly discussed. The need
for better treatments of exchange-enhancement effects on the susceptibility for Bloch elec-
trons and more accurate wave functions, particularly for the lighter metals lithium, sodium,

and potassium, is pointed out.
I. INTRODUCTION

Alkali metals, because of the simplicity of their
crystalline and electronic structures, are most
amenable for a detailed quantitative comparison
between theory and experiment with respect to their
observable properties. This is particularly true
of their hyperfine properties which are manifested
through Knight shifts, relaxation times, and indirect
spin-spin interaction constants. Accurate experi-
mental data® ™ on all these quantities are available
and calculations of the direct nonrelativistic*™® and
relativistic’ contributions to the spin density at the
nuclei have already been reported. The present
work deals with the role of exchange-core-polariza-
tion (ECP) effects on the hyperfine properties of
these metals, in particular the Knight shifts (K)
and relaxation time (7). A subsequent paper will
be concerned with the influence of ECP effects on
the indirect spin-spin interactions of the Ruderman
Kittel and pseudodipolar types.

The knowledge of all the major contributions to
the wave-function density at the nucleus allows a
critical evaluation of the effects of exchange and
correlation among the conduction electrons on K
and T, through the wave-number- and frequency-
dependent susceptibility (4, w). A previous analy-
sis? of the importance of exchange and correlation
effects on X(q, w), particularly with respect to the
range of Coulomb interaction, was based on a com-
parison between experimental and theoretical Kor-
ringa constants K2 T, T.

Section II will present the calculation of the ECP
effect and its contribution to the wave-function den-
sity 19(0)1? at the nucleiusing single -orthogonalized-
plane-wave (OPW) functions for the conduction-
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electron wave function. In Sec. I, we analyze the
change in 9(0)12 by using a many-OPW (or equiva-
lent) representation and present the direct, ECP,
and relativistic contributions to [9(0)|%. In Sec.
IV, a brief review of the existing procedures to in-
corporate exchange and correlation effects on K
and T, through X(q, w) is presented and the exchange-
enhancement parameters for the different alkali
metals are deduced from the experimental values
of Pauli susceptibility. In Sec. V, we combine the
various contributions to K, T; T, and the Korringa
constant K2 T, T, and compare our theoretical val-
ues with experiment.

II. ECP CONTRIBUTION TO /(0)? (ONE OPW RESULT)

The direct contribution® to the Knight shift, K¢,
is given by

KZ =47 % (| 9(0)|3)a (1)

where (I9(0) 13),, is the average density at the nu-
cleus due to the conduction electrons at the Fermi
surface, X, is the Pauli paramagnetic susceptibility,
Q is the Wigner -Seitz volume in which the conduc-
tion-electron wave function z,l}g is normalized. The
ECP contribution to the Knight shift has been dis-
cussed earlier® ! and for the convenience of nota-
tion we represent it by the equation

K& =3n% Q2 (| 9(0)|%, 1 Ve » (2)

where (19(0) 12, ;). Symbolically defines the addi-
tional effective density at the nucleus arising from
the ECP effect and associated with the /th angular
component of the conduction electrons at the Fermi
surface. The expression relating |(0)12, ; with
the appropriate exchange integrals between 3z and
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TABLE L. Direct and ECP contributions to {|$(0) | 2),, in units of a5® (one~OPW result).
Core polarization

Metal Direct s part p part Rest Total
Li 0.3944 0.0922 -0,0100 —0.0003 0.0819
Na 0.5817 0,1462 0.0031 -0, 0006 0,1487
K 0.9069 0.1975 0.0193 —0.0022 0.2146
Rb 1.3866 0.3074 0.0414 —0.0075 0.3413
Cs 2,2390 0.4494 0,0761 —0.0096 0.5159

moment perturbed (MP) core-s functions is givenin
Ref. 10. In evaluating 19(0) 1%, ;, one may utilize
either a single-OPW function or an appropriate
linear combination of these for Y. In the single-
OPW approximation the averages in Egqs. (1) and
(2) are replaced by their values at # =k, the Fermi
wave vector.

Both for an understanding of the relative contri-
bution to K% from single- and many-OPW functions,
and also because many-OPW functions are unavail-
able for all the alkali metals, the ECP contributions
were carried out in two stages, namely, with one-
OPW and many-OPW functions. In this section, we
shall be concerned with one-OPW functions only.
The extension to many-OPW functions will be car-
ried out in Sec. III. The core wave functions re-
quired for the purpose of orthogonalization were
taken from Clementi’s' Hartree-Fock calculations
for lithium, sodium, and potassium. For rubidium
and cesium, Hartree-Fock functions obtained by
Froese!! and Mann'* were utilized. The MP func-
tions were obtained by solving the MP equations
using the same Hartree-Fock unperturbed core
functions utilized in the construction of OPW’s.

The details of the calculation have been reported
in Ref. 12.

The results for 19(0)12, 19(0)1%, ;, and 19(0)I%yx
are listed in Table I for.all five metals. Atomic
units (a5%) are employed for the entries in this table
and in the rest of the paper. The dominant contri-
bution to [9(0)12%, comes from the s and p parts of
the conduction electrons and will be denoted as
19(0) 12, s and 1¥(0)12, ,, respectively. This is not
true for the transition metals where the d contri-
bution [9(0)12, ; is quite important and often domi-
nates over the s and p contributions. Certain qual-
itative features emerge from Table I. Generally
speaking, [9(0)I2, is roughly 23% of the direct con-
tribution [$(0)]2, a feature quite similar to that
found in alkali atoms. 2

Also as in the case of alkali atoms,'? the s com-
ponent of the conduction-electron wave function was
found to lead to positive ECP contributions from
all the s cores. The p component on the other hand
led to negative ECP effect from the innermost (1s
in all cases and also 2s for cesium) cores and pos-
itive from the outer ones. The net p-type ECP

effect was thus negative for lithium but positive for
the rest. This behavior for lithium metal is simi-
lar to that found for the 2P state of lithium atom,
and can be understood as follows: The 2p and 1s
charge distributions are well separated and so one
can visualize that the p electrons by their exchange
with the 1s electron of parallel spin draw out the
latter towards themselves and away from the nu-
cleus thereby leaving a surplus of antiparallel spin
1s electrons at the nucleus. A similar argument
explains the negative p-type ECP effect from the
inner cores in the rest of the metals, but does not
hold for the outer cores since they are relatively
diffuse compared to lithium 1s core and have nodes
in their radial functions. *

From the Table I, we also notice that the ratio
19(0) 12, , /19(0)12, ;goes from 0. 17 (17%) for cesium
to 0,024 (2.4%) for sodium and, of course, changes
sign for lithium. This indicates a decrease in the
p character of the conduction electrons in going
from cesium to sodium. However, the net p char-
acter also depends on the nature of the linear com-
bination of OPW functions in the many-OPW rep-
resentation for the conduction-electron wave func-
tions and will be considered in Sec. III. Further,
the d and higher angular components of 19(0) |2, are
seen to be negligible.

Before closing this section, it is worthwhile to
comment on the importance of the p~type ECP con-
tribution in influencing the relaxation time (7;) and
particularly the Korringa constant. For K, the
important wave-function property is the total den-
sity at the nucleus which is just the sum of the direct
and ECP contributions from all/ components

IZP(O)Ifotal = l¢(0)lg+ I »(0) Iczp,S""‘/)(O)lcz;:;:A . (3

For Ti!, one requires the square of the matrix ele-
ment (K’ [3¢’| k) that occurs in the nuclear spin tran-
sition probability. For the direct contact interac-
tion, ¥’ is the usual Fermi contact hyperfine Hamil-
tonian and leads to the well-known expression

(1, D) =c [([3O|HF, 4
where
C:%iﬂsﬁsyez')’szBgz(EF) @ (5)

and g(Ey) is the density of states at the Fermi sur-
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face per electron spin and per unit volume. For the
ECP contribution to T3, 3¢’ represents the com-
bined effects of core-conduction exchange and Fermi
contact interaction. Unlike the direct contribution,
when one deals with the non-s ECP contribution to
T, a separation of the k and &’ integrations in the
transition-probability expression leading to the
squared term [(I9(0)1Z)]? in Eq. (4) is no longer
possible. Instead, one has to take account of the
angular dependence ink space in carrying out k

and X’ integration and gets'*

(T, 1) =c{[|9(0)|2 +|(0) Icp o]
. +3[ |‘l’(0)|cpp o}

= CB, (6)
Equation (6) will be utilized to calculate the relaxa-
tion time Ty. It can be seen from Eqs. (3) and (6)
that if there is a finite but small amount of p char-
acter and a contribution to 1¥(0) 1%, through ECP
effect, then it can influence K without affecting
(T, T)~! appreciably.

The ratio A%2/B which occurs in the Korringa con-
stant K27, T can be different from unity even if
ECP contribution K, is small. For example, if,
typically,

19(0) 12, ¢=0.23 19(0) 12

and

(7
19(0) 12, ,=0.1 19(0) IZ,

then the ratio A2 /B=1.17 leads to a 17% increase
inK2T, T from its value in the absence of the p-type
ECP effect.

III. SPIN DENSITIES INCLUDING MANY-OPW, ECP, AND
RELATIVISTIC EFFECTS

Before analyzing the ECP contributions to spin
densities for many-OPW functions, we would like
to review briefly the current situation regarding the
available conduction-electron wave functions for the
alkali metals and the direct spin densities one ob-
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tains from them. The many-OPW values of 13(0)12
and the source they were obtained from are given
in the second column of Table II,

Detailed many-OPW wave functions are available
only for cesium.? For some of the other alkali
metals, conduction-electron wave functions have
been obtained by different procedures. For the sake
of uniformity in terminology, we shall loosely re-
fer to these latter wave functions as many OPW,
since these procedures would ideally yield identical
results as for the many-OPW procedure when car-
ried to completion. It is observed both in these al-
kali metals and in other metals that single-OPW
functions overemphasize the s character at the ex-
pense of other angular characters. Consequently,
the direct wave-functiondensity |#(0)|2 decreases
in going from a single- to many-OPW functions.
For cesium, * it was found that 19(0) |2 changed from
2.24 to 1.83, a decrease by 18%. Callaway® has
calculated the energy bands of lithium, sodium, and
potassium using empirical ionic potentials and the
cellular method in combination with a k- 5 perturba-
tion procedure to obtain the wave functions at the
Fermi surface. The adequacy of retaining only
kZ-order terms in the k« b perturbation series is
questionable as has been pointed out by Bienenstock
and Brooks!® in the course of their calculation of the
g shift in these metals. In addition, Moore and
Vosko® have emphasized that the inclusion of the
Hartree term in the conduction-electron potential
(which takes into account the Coulomb interaction
among the conduction electrons) significantly
changes |1(0)12 from its bare-ion potential value.

For lithium in particular, whose conduction
electrons at the Fermi surface have large p char-
acter,'® the one-OPW approximation severely over-
estimates the density at the nucleus. For lithium,
sodium, and potassium, we have used the results
of Moore and Vosko.® Comments on the accuracy
of these wave functions obtained by using the cel-
lular method will be postponed until Sec. V. It
should be emphasized that the |(0)|2 obtained by

TABLE II. Direct, ECP, relativistic, and total contributions to (| (0) | 2>av in units of a03 (many-OPW result).
Direct Core polarization Total
Metal Nonrel Rel s part p part Rest Total

Li 0.0797 0.0797 0. 02352 —-0.02812 —0.00082 —0.0054% 0.0743
Na 0.3644° 0.3644 0.0916 0.0043 - 0.0006 0. 0953 0.4597
K 0.4830° 0.4830 0.1047 0.0284 —0,0022 0. 0953 0.6139
Rb 1.1370 1.2229 0.2467 0. 0484 —0.0075 0.2876 1.5105
Cs 1,8340 2.4025 0.3685° 0.0898¢ —0.0096° 0.4487°¢ 2.8512¢
0,37744 0. 06904 —0,0283¢ 0. 41004 2.8125¢

2Taken from Ref. 9.
PObtained from Ref. 5.

°These results are estimated by applying the requisite weighting factors to the one-OPW results in Table I, as in the

case of Na, K, Rb.

9These results were obtained through EC P calculations using calculated many-OPW functions.
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the cellular method is extremely sensitive to the
choice of the potential and this should be borne in
mind while making comparisons with experiment.
For the details of the calculation of [(0)1Z, we re-
fer the reader to the Ref. 5.

For rubidium, the only wave functions available
were obtained!” with the OPW procedure using Har-
tree functions for the core states. To obtain a spin
density for quantitative purposes, it would be nec-
essary to repeat these calculations using Hartree-
Fock core functions. In the absence of such cal-
culations, we have scaled the one-OPW spin den-
sity in the Table I by 18%, the same factor that
was found for cesium.*

We next turn our attention to the question of ECP
contributions to the spin density in the many-OPW
approximation. We have carried out actual calcula-
tions for cesium using many-OPW functions and the
MP functions utilized for the one-OPW calculations
in Sec. II. The results are presented in the last
row of the Table II. Comparing with the one-OPW
ECP results in the Table I, it is seen that the s-type
ECP in the many-OPW approximation is about 16%
less than the one-OPW result. This reduction fac-
tor compares favorably with the 18% found for the
direct spin density. The p-type contribution is also
found to decrease by about 20% compared to the one-
OPW case. For lithium, ECP calculations are
available® using Kohn-Callaway!® wave functions
which are substantially different from the one-OPW
functions but give spin densities relatively close to
those of Moore and Vosko.® We have listed the ECP
results of Ref. 9 in the Table II. These are not
expected to be substantially different from what one
would expect from ECP calculations with Moore-
Vosko functions. A comparison with one~-OPW ECP
results in Table I indicates that in going from the
one-OPW to the Kohn-Callaway functions, the s-type
ECP does decrease by the same factor of nearly
4 as the direct spin density. For the p-type ECP,
there is an increase by a factor of about 2.8 com-
pared to the one-OPW case.

The analysis for the above two cases indicates
that the s-type ECP does decrease by almost the
same ratio as the direct density. We have therefore
decreased the one-OPW s-type ECP results for
sodium, potassium, and rubidium by the same ratio
as the direct spin densities to arrive at the appro-
priate entries in the Table II. The p~type ECP sit-
uation is less certain. The lithium results indicate
an increase from the one-OPW value while the ce~
sium metal, with a number of s cores with opposing
contributions as pointed out in Sec. II and as in the
atomic case, !2 shows a decrease, It is thus diffi-
cult to anticipate the exact trend in the other three
metals. However, we feel that the trend for the
p-type ECP in these metals is likely to be closer to
lithium than cesium because the cancelling effect
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among cores is found to be less marked in these
metals than in cesium in the one-OPW approxima-
tion. In the absence of any other compelling reasons
for a better choice, we have up-graded the p-type
ECP for the one-OPW case by the same ratio as the
decrease for the s-type ECP. Departures from

this approximation are not expected to be too crucial
because the p-type ECP effect is itself rather small
in magnitude relative to the direct and s-type ECP
densities in these metals. The upper line under
cesium in Table II gives the results of such an ap-
proximation for cesium. The total ECP density
under this approximation is seen to be within about
10% (the total spin density agreeing within 2%) of

‘the actual result with many-OPW functions.

In making use of the results for the spin density
to obtain theoretical K and 7T to compare with
experiment, we have to include the influence of
relativistic effects. Relativistic effects can influ-
ence K, and T, T in two ways, through the density of
states at the Fermi surface and through the spin
density at the nucleus. The former effect is not
expected to be important for the following reason.
In the alkali metals, the Fermi surface does not
touch the Brillouin zone and therefore, there are no
significant degeneracies or near degeneracies which
could be influenced substantially by spin-orbit in-

‘teraction in the relativistic formalism. The major

relativistic effect is expected to arise from the
change in the spin density at the nucleus.

In an earlier paper’ it was found that within a
single-OPW framework |9(0)|2 increased from its
nonrelativistic value by 31.2% for cesium and 7.3%
for rubidium. From the above trend and the fact
thatrelativistic effects onthe hyperfine constants in
lithium, sodium, and potassium atoms were!? rather
small, it is reasonable to neglect such effects on the
spin densities in corresponding alkali metals. Rel-
ativistic many-OPW calculations are not available
for cesium and rubidium. However, since the major
contribution to the relativistic effect arises from
regions near the nucleus, it is reasonable to expect
that the percentage-wise increase in [9(0) | 5‘ (ingoing
from a nonrelativistic to a relativistic framework)
will be unaltered if one carried out a complete
many-OPW calculation. We have therefore applied
corrections of 31.2 and 7. 3% to the direct many-~
OPW nonrelativistic spin densities for cesium and
rubidium, respectively, and these numbers are in-
cluded in the column under direct relativistic con-
tributions in the Table II.

The question of relativistic corrections to the ECP
spin density is somewhat more complicated and can
be answered quantitatively through relativistic MP
calculations. Any estimate of their importance
would be rather uncertain because |%(0)|%, involves
contributions from regions both near the nucleus
(through densities of the core electrons) as well as
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the rest of the Wigner-Seitz cell (through exchange
interaction). We have therefore not included rela-
tivistic effects on 19(0)1%, in our analysis. The last
column of the Table II gives the total spin density
including both ECP and relativistic corrections.

IV. INFLUENCE OF ELECTRON-ELECTRON
INTERACTIONS ON'K AND T,

The spin densities, both direct and ECP, calcu-
lated in Sec: III can be utilized to obtain theoretical
K, and T T to compare with the experiment, How-
ever, one does need a quantitative knowledge of the
spin susceptibility X, for K, and X(q, @), the wave-
number- and frequency-dependent susceptibility
function for 7. In the analysis of relaxation time,
a convenient form that has been utilized in the
literature®1? j

1s
(T,7) = @4/n%kp(y, ﬁ)-zEa | Aa! 2wt x"(4, w),  (8)

where w, is the nuclear Zeeman frequency yy#H;
kg is the Boltzmann constant with v, (= e/mc) and
vy the gyromagnetic ratios for the electron and the
nucleus, respectively;

Ag= Gy n®UE (0) Y1 (092 ©)

In Eq. (8), x.'(q,w,) is the imaginary part of the
transverse susceptibility (perpendicular to the z
direction) x,(q, w). For an isotropic system,
x.(Q, w) is related to the longitudinal component
xu(Q, w) through the relation

x.(g)= %x"(q) s

where g stands for § and w. The Pauli susceptibil-
ity x, occurring in Eq. (1) is the ¢=0 limit of x,(g).
The two basic aspects of the theoretical calculation
of X,(g) are (a) the influence of crystal potential and
(b) the incorporation of exchange and correlation
effects. For nearly-free-electron-like metals, the
effect of the former can be taken into account
through an effective-mass approximation (through
density-of-states effect). The adequacy of such an
approximation even for the alkali metals is ques-
tionable and will be discussed while presenting the
experimental values of x,. The latter represents

~

the more complex aspect of the theoretical analysis.

In the absence of electron-electron interaction,
Xu(q) is equal to its free-electron value X,(g) given
by (per unit volume) '

%@ =x%@)+ix @, (10)
where '
Xo(@)= 4 (y)? Py, — Rl =Tk (11)
0 2 e g hw—Eg,;+Ey

and

3

Xo"(q)=121 V25 (g, -ng)0(Ew = By g+ Ey) .

(12)
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In Eq. (11), P denotes the principal value. n; is the
usual Fermi function for a state of wave vector k
and energy Ej.

The effect of electron-electron interaction on K
and (T,7)™ can be incorporated through its influence
on the susceptibility function X,(g). In addition, cor-
relation can influence K, and T, T through its effect
on the spin density |9(0)1%. However, band calcula-
tions in cesium? incorporating this effect have shown
this influence to be unimportant. .

Although the importance of exchange and correla-
tion in the study of X,(¢) has been realized for a
long time, there are no adequate theories for quan-
titative evaluations applicable to real systems. One
of the earlier calculations of X, was that of Silver-
stein®® who utilized an interpolation procedure be-
tween high- and low-momentum regimes to calculate
the correlation energy in the presence of a magnetic
field. The effect of the crystal potential was in-
corporated purely through an effective-mass ap-
proximation. The Silverstein expression for X, is

- =y m_\ %"
vex@0=x[t (-1 %], a9

where x; is the Pauli susceptibility for free non-
interacting electrons, X} is that for interacting
electrons without the influence of the lattice poten-
tial. The ratio m,/m gives the enhancement of the
density of states from its free-electron value, i.e.,

my/m=g(Eg)/gy(Er) , (14)

where g(Er) and g,(Er) are the density of states at
the Fermi surface with and without incorporating
band-structure effects. There havebeenseveral
improved calculations of x} after Silverstein.
These are by Rice’*and Singwi ef al.? However,
we will use the experimental values of x, in our
calculation of theoretical K and T,T.

Next, we briefly outline the situation regarding
the exchange-enhancement effects on x,(¢g) for ¢#0.
Earlier calculations of Izuyama et al.? and Moriya'®
assumed that the effect of screening was to make the
effective interaction potential between the electrons
of such a short range that one could replace it by a
6-function potential in the position space. This ap-
proximation leads to the following expression for
Xu(q):

(@ = (3v 1) %o(@)/[1 = 30X (@), (15)

where X,(q) is related to x,(g) of Eq. (10) by the
relation

X (@) = (37,72 X,(q) (16)

and w is the Fourier transform of the § function
potential. Recently, Narath and Weaver? have
analyzed the applicability of such an approximation
and have concluded that for the alkali metals the
finite-range effects are quite important and should
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be properly taken into account.

Although a simple expression for X,(g) given in
Eq. (15) will no longer be valid when one takes
proper account of the finite-range behavior, one can
still define an effective interaction by the following
equation:

(@)= (37 0*% @)/ - Hva DX @)}, A7)

where v,,(g) is in general ¢ and w dependent and
complex and can be obtained from an exact knowl-
edge of X,(g) and X,(g). In the Appendix we have
outlined a procedure for obtaining v,,,(g) which takes

into account the finite-range character in an approxi-

mate fashion. Using the Thomas-Fermi?* model of
the dielectric function to screen the bare Coulomb
potential and making certain local approximations
(see Appendix) we obtain

Vel = 228 [ s s
a7 R+ ED) T R+ ED+1q 2]
(18)
Although the Thomas-Fermi model gives a value
of the screening parameter £ as a function of 7
(the electron sphere radius), we will keep £ as an
open parameter to be determined from the experi-
mental value of X,. Since v, (g) is frequency in-
dependent and real it can be treated precisely in
the same manner as w (excepting for the ?1 inte-
gration) while calculating the exchange enhance-
ment of (7;7)"!. In this case, the Korringa ratio
R [=K2T,T/(K%T,T),] can be calculated by the
usual procedure using Eqs. (8), (12), and (17). We
distinguish two cases:
(a) 6-function interaction:

R=[(1 - a1~ aW(a/2ks)]%) ], (19)
where _
a =% (;7)-3 X5 ; (20)
(b) finite-range approximation,
R'={1- a0)P([1-a(q) Wlg/2k)]?}, (21)
(@)=2 Yard@) s (22)

V=% G np @
The function W(x) is the usual dielectric response
function?® for a free-electron gas. The effect of
band structure on R will be discussed while analyz-
ing the experimental values of x,.

Before proceeding to the numerical calculations,

let us analyze what happens to R when v,,,(g) is
w dependent and complex. Denoting v,,,(q) as

Ve (@) = Vige (@) +i v 54 (q) (23)

we find that
R1={[1 - a(0)P([1 - alg) W(g/2k:)]2[1+¥(@]) },
(24)
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where
_1 v (g,0) f
2=z @k X

V@)= [ Uy(g, 0 Letr@: ) (25)

X6(g @) [4ge0

In deriving the above expression for R we have
made use of the fact that v [y, (g, w)—~0 with w.

Thus we see that if ¥(q) is negative, thén R in-
creases from its value when ¥(g)=0. The amount
of increase is larger for systems with large ¥g(q),
for example, lithium. In order to calculate ¥(q)
one has to obtain X,(g, w) for small but nonzero val-
ues of w. This requires the solution of a complex
integral equation and is beyond the scope of the
present work.

Since we use the experimental values of X, to cal-
culate K, and derive an effective exchange-enhance-
ment parameter «(0), we would like to discuss the
situation regarding X§®* for all the alkali metals.
Electron-spin-resonance (ESR) measurements which
directly give X2** have been made for lithium® and
sodium?® (both in the solid state). Spin-wave (SW)
experiments®” furnish the Fermi-liquid (FL) param-
eters from which one can calculate x§**. Shultz
and Dunnifer have measured the FL parameters for
both sodium?’ and potassium.? The ESR and SW
measurements do not yield identical results for
sodium. Neither of these two measurements is
available for rubidium and cesium. We have used
the values of x ™ obtained by Kaeck? from the
Knight-shift measurements in the liquid alkali-
metal alloys. There are some uncertainties in
these values due to the approximations made re-
garding the variations of the spin density as a func-
tion of alloy concentration. However, it is inter-
esting that the value of xJ*!/x} for potassium ob-
tained by Kaeck agrees well with that obtained by
Shultz and Dunnifer from SW measurements in the

solid.
The question one would like to answer is if one

can use the measurements of X 3" in the liquid
state to calculate K, and @(0) for the solid. The
answer to this question is important since the ef-
fective mass and the density of states at the Fermi
surface alter appreciably during melting, at least
for lithium, rubidium, and cesium. For sodium
and potassium, the question is unimportant since
their effective masses are nearly equal to the free-
electron values in the solid and more so in the lig-
uid. Kaeck? did not make any measurements with
the lithium metal for obvious experimental diffi-
culties. It would have been interesting to compare
the values of xo™* for liquid lithium (scaled to X,
for liquid sodium) with x, obtained from ESR mea-
surements in solid lithium.?

Returning to the question of extracting x, for
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TABLE III. Theoretical and experimental values of
the spin susceptibility x,=X:(0, 0) (in cgs Volume units).
Metal s my/m 106x% 108yg=t

Li 3.22 1.66 0.85 2.09

Na 4,00 1.00 0.67 1.13+0,05

K 4.87 1.09 0.55 0.84+0,08

Rb 5.20 1.21 0.50 0.80+0,08

Cs 5.64 1.30 0,47 0.80+0, 08

solids from the liquid-state measurements for the
alkali metals, let us discuss the case of cesium.
Naively speaking, one would assume that m,; /m
for the liquid is nearly equal to unity. Knowing
my/m for the solid and substituting X;'%/x} for
xt/x, in Silverstein’s expression [Eq. (13)], one
can calculate x, for the solid. Using 1. 30* for
m;/m one finds x,=1.32%x108. If this value of

X, is utilized to calculate K, the Knight shift is
much too high compared to the experiment. It ap-
pears that the simple effective-mass approxima-
tion leading to the Eq. (13) needs a more critical
evaluation. If we ignore the effect of electron-
electron interaction for the time being, the effec-
tive-mass approximation gives

B=x2=Yx{=my/m . (26)

In deriving the above equation, only the change in
the electronic energy spectrum due to the lattice
potential has been considered. However, one
should also incorporate the effects of change in the
wave function and the chemical potential. Recently,
Timbie and White*® have used a pseudopotential
procedure and second-order perturbation theory to
obtain g incorporating the effects mentioned above.
They find that, excepting for lithium, the ratio
differs from unity by less than 1%. In other words,
including the effect of changes in the wave function
and the chemical potential reduces B from its value
given by Eq. (26) to nearly unity. (This is not true
in general as in some cases m,/m is itself less
than unity and both effects add to reduce x }*** ap-
preciably from xJ.) This is easily seen from the
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expression for x(g) given in the Appendix in terms
of single-particle Green’s function (GF). The GF
that one has to use not only has pole at an energy
different from the free-electron value, but is also
multiplied by the quasiparticle amplitude renor-
malization factor® Z,which is less than unity. The
amount of reduction of Z, from unity depends upon
the strength of the crystal potential. Thus it ap-
pears that the simple model of Silverstein which
includes only the effect of density-of-states en-
hancement is not adequate to incorporate all the
effects of the lattice potential.

The calculation of Timbie and White*® both for
the solid and the liquid show that for Na, K, Rb,
and Cs, the cancellation mentioned in the last para-
graph is nearly exact (within 1%) whereas for Li,
the density-of-state effect still remains, its effect
being reduced from 1. 66 to 1.30. This point is
quite important in determining an experimental val-
ue of a(0) {xs™t/xt*=1/[1 - a(0)]} which is the
appropriate parameter to use in the study of Kor-
ringa constant.

We have used the experimental values of x, given
in Table III to calculate K,. For all the alkali met-
als excepting lithium, «(0) has been obtained by put-
putting =1, whereas for lithium 8=1.3. Simple
second-order perturbation-theory result of Timbie
and White®? for lithium whose Fermi surface is
considerably distorted and nearly touches the Bril-
louin zone is doubtful. However, it is likely that
B is considerably smaller than 1. 66 which the sim-
ple density-of-states enhancement model predicts.
For the sake of analysis we shall quote the results
using both the values of 8 (1.3 and 1. 66) to obtain
a(0).

Next we discuss the results of our calculation of
R*Y(a) using Egs. (19) and (21). The effect of ECP
(which is large only for lithium) will be postponed
until Sec. V. The values of @(0), 1+£2, R™!(a)using
finite-range and d-function models are given in the
Table IV along with the experimental values of
Narath and Weaver.? For lithium, two values of
a(0) which were mentioned in the last paragraph are
used. For a particular metal (definite 7,), @(0)

TABLE IV. Exchange and correlation effects on inverse Korringa constant [R~!(e)], the parameters «(0) and 1 +£2
for the alkali metals.

Metal @ (0) 1+¢2 R-Y(a)?* R~ Ya)® R~ Y(a)° R~ Ya)¢
Li 0.47 2,27 0.582 0.738 0.637
(0. 325) (3.28) (0.754) (0. 837)
Na 0.402 3.30 0.687 0.787 0.625 0.623
K 0.345 4,68 0.754 0.825 0.614
Rb 0.375 4.60 0.728 0. 805 0.617
Cs 0.412 4,54 0.696 0.780 0.578
3Finite range. °Experiment.,

b$ function.

dHamann and Overhauser (see text).



1606 S. D. MAHANTI AND T. P. DAS 3
TABLE V. Theoretical and experimental results for K, 747, and R.
Metal
result Li Na K Rb Cs
Ks,Th 0.018 0.115 0.216 0.614 1.419
Ks,em 0. 025 0.108(5) 0.270 0.648 1.570
(T 1)y, 44,80 4.09 34,27 1.03 0.108
(34.60)2
(T4 T) oxpt 421 5.1+0,2 26,88 1.09 0.106
Ry 0. 869 1.46 1.33 1.37 1,44
(0.671)
Reoxpt 1.57 1,60 1.63 1.62 1.73

2Refers to the values of @ (0) given inside parenthesis in Table IV,

uniquely determines the screening parameter £ of
Eq. (18). It is seen from the Table IV that the fi-
nite-range model improves the values of R™}(a) by
10-15% over the 6-function model. However, it
is still 10-18% off from the experimental value,
the agreement being better for smaller », values.

For the sake of comparison, we have used
Hamann and Overhauser’s* results for x’ @/x%
to calculate R (@) for sodium. This is equivalent
to neglecting the imaginary part of v.y,(g) of Eq.
(23). For this metal, HW obtain a(0) to be nearly
0.40, same as that obtained from the experiment.
Thus a direct comparison of this result with those
of finite-range and 6-function models is possible.
For the rest of the alkali metals HW’s values of
X,/ X} [equivalently (0)] do not agree with those
obtained from experiment. Therefore a comparison
for these metals is not meaningful. For sodium,

a better treatment of the screening (not making
small ¢ approximation for the dielectric function)
and the solution of the integral equation (A2) ex-
plicitly gives R-'(a) (0. 623), in exact agreement
with the experiment (0. 625). However, the screened
exchange model for x(q)/x'; within the random-
phase-approximation (RPA) framework becomes
increasingly worse for larger 7 values, and a
better treatment of exchange and correlation in the
presence of a magnetic field isnecessary. Further-
more, additional contributions to K, that may not
alter T,T appreciably, thereby affecting R™*(a), will
be considered in Sec. V.

For lithium, using @(0)=0.47, we see that R (a)
is in good agreement with experiment. For this
metal whose 7, value is small, our model for cal-
culating R!(a) is expected to be quite good. How-
ever, as we have mentioned earlier, there is some
uncertainty regarding the value of «(0). If the
cancellation between the density-of-states enhance-
ment and the quasiparticle amplitude reduction fac-
tor is also exact for this metal, then «(0)=0. 61.
Using this value of a(0), R(a) is found to be 2. 32

which is considerably larger than experiment. We
shall refer to this point in Sec. V while discussing
the results for lithium including the ECP effect.

V. RESULTS FOR KNIGHT SHIFTS, RELAXATION
TIMES, KORRINGA RATIO AND DISCUSSION

The analysis of ECP effects in this paper is part
of a continuing effort at understanding the hyperfine
properties of alkali metals. Earlier efforts have
concentrated on the direct nonrelativistic contribu-
tions and relativistic corrections to K and T,7T.

It is therefore helpful at this point to take stock of
the theoretical vis-a-vis experimental values of

K, T,T, and R including ECP effects as well. This
is done in the Table V for all the five alkali metals.
K, 1t (TyT)ry and R, have been obtained by using
[%(0) |2 of Table II, experimental X, and the param-
eter a(0) derived therefrom.

An inspection of the entries in the Table V in-
dicates that for rubidium and cesium, the nature
of agreement between theory and experiment is
similar. Thus for both metals, the theoretical K,
are about 10 to 12% smaller than experiment, while
the agreement between theoretical and experimental
T,T is near exact for cesium and within 5% for ru-
bidium. The smaller theoretical values of K, lead
to smaller values of R compared to the experiment,
although theoretical and experimental values of R
agree in nature, both being substantially larger than
unity.

For potassium, both K, and (T,T)™! are found to
be smaller than experiment, while for sodium, K
is in near exact agreement but 7,7 is about 20%
smaller than experiment. The theoretical value of
R for sodium is in better agreement with experi-
ment whereas that for potassium, the nature of
agreement is similar to that for rubidium and cesi-
um. For lithium, the over-all situation is rather
intriguing in that the theoretical K appears to be
substantially smaller than experiment while the re-
laxation rate represented by the value of (7,7)!



3 THEORY OF KNIGHT SHIFTS AND RELAXATION TIMES...

is stronger than experiment if one uses a(0)=0. 325
whereas the value of (TIT)'1 obtained by using @(0)
=0. 47 agrees with the experiment. Consequently,
the theoretical value of R including the ECP effect
is rather small, about a factor of 0.5 (between 0. 55
and 0.45) compared to experiment and less than
unity while the experimental R is more than unity.

Before drawing any general conclusions from
these results, we would like to speculate on some
of the possible mechanisms and improvements in
the theory that could lead to better agreement with
experiment.

We shall consider the situation in cesium first,
primarily because band calculations in this metal
were carried out! with specific atténtion towards
obtaining wave functions of sufficient accuracy. If
we do not want to ascribe remaining discrepancies
between theory and experiment to inaccuracies in
the wave functions employed, some additional mech-
anisms are needed that will have the feature of re-
taining the good agreement of 7,7 with experiment,
but improve upon the 10% remaining disagreement
for K, with experiment,

Let us consider the various possible mechanisms
that we have not included one by one. First, there
is the exchange polarization of the conduction elec-
trons'®® pelow the Fermi surface by those on the
‘Fermi surface. This is the analog of the ECP
mechanism except that now the conduction electrons
below the Fermi surface are exchange polarized
rather than the cores. It is difficult to assess the
quantitative importance of this mechanism without
actual calculations because while the density of the
paired conduction electrons at the nucleus is much
smaller than that of the core electrons, their ex-
change interaction with the Fermi-surface electrons
is much stronger. It is possible for this mecha-
nism to contribute differently to K, and T,7, but
again, no definite statement can be made without
an actual calculation. A second possibility is the
orbital contribution®% to K,. Again, the impor -
tance of this mechanism is difficult to assess with-
out actual calculations. Since there is appreciable
p character® in the wave function at the Fermi sur-
face, the orbital mechanism can make significant
contribution to K,. The orbital hyperfine interac-
tion can also contribute to the relaxation rate, and
it is possible that the effectiveness of the orbital
mechanism is qualitatively different®® for K, and
(T,T). Two related mechanisms that can contrib-
ute to (T,T)'1 are the nuclear spin dipolar and elec-
tric quadrupolar mechanisms which are often re-
ferred to as Mitchell®” mechanisms. Preliminary
estimates of their contributions indicate® that they
are, respectively, two and five orders of magnitude
weaker than the Korringa (contact hyperfine) mech-
anism. A third possible mechanism?® that has not
been considered for K, is one arising out of one or-
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der each in electron nuclear contact hyperfine in-
teraction, spin-orbit effect, and electron-orbit
magnetic field interaction. While the relativistic
treatment” of hyperfine effects does include spin-or-
bit effect implicitly, this particular mechanism is
not included because it requires the inclusion of
orbit magnetic field interaction. This mechanism
is expected to be sensitively dependent on the
strength of the spin-orbit interaction and thus be
significant only for the heaviest of the alkali met-
als, namely, cesium.

The important remaining sources for difference
between theory and experiment are possible errors
in X, [hence in @(0)], treatment of the exchange en-
hancement of yy(g), and the neglect of core-conduc-
tion correlation effects on both the conduction and
core wave functions. As regards the former
two, we have already pointed out in Sec. IV the
limitations of current exchange-enhancement treat-
ments in their applicability to Bloch electrons and
systems with large 7,. Both an improved theory
and direct measurement of X, will be helpful in
clearing up this point. As regards the role of core-
conduction correlation effects, no quantitative
treatments are currently available. However, the
comparable phenomenon in atoms is the valence-
core correlation effect and recent treatments using
Brueckner-Goldstone many-body perturbation the-
ory on several atoms including the alkali atoms
lithium and sodium % indicate that such effects can
be quite significant.

All these observations for cesium apply equally
well for rubidium where the agreement between
theory and experiment is of similar nature as in
cesium. There is some uncertainty in rubidium,
however, due to the lack of wave functions of com-
parable-accuracy to cesium.

In the case of potassium, the results in Table V
indicate that both K and (TIT)'1 are underestimated.
Thus, mechanisms that have been neglected or the
inaccuracies in the present calculation must be such
as to enhance both K, and (7,7)™. Any of the addi-
tional sources of contribution listed for cesium
would be important in this respect, except the one®®
involving the spin-orbit effect, since the potassium
is much lighter. In particular, the core-conduction
correlation effect may be the most important one,
in keeping with the trend observed!'3® from the
study of hyperfine constants in alkali atoms. How-
ever, it is also possible that the experimental X,
used is inaccurate and the treatment of exchange
enhancement of Xg(g) is not adequate. Additionally,
there could be some inaccuracy in the conduction-
electron wave function used. The latter was ob-
tained using the spherical cellular approximation
and some of the uncertainties discussed a little la-
ter for lithium could well apply to potassium.

For sodium, the theoretical situation appears to
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be rather satisfactory with respect to K, when one
makes use of the experimental X,. The good agree-
ment between theory and experiment could be taken
as an indication that (a) the wave functions utilized
are accurate and (b) that the other mechanisms con-
tributing to K, which have been neglected make ei-
ther individually small or mutually cancelling con-
tributions. However, definite conclusions on these
points would require actual calculations. In partic-
ular, core-valence correlation effects have been
studied in sodium atom and lead to about 10% con-
tribution to the hyperfine constant. If one assumes
a similar effect in the metal, this would spoil the
apparent good agreement with experiment for K.
As regards the discrepancy between theoretical 7,T
and R and experiment, it appears that an improved
treatment of x(q, 0) can remove the discrepancy. If
the additional effects do in fact turn out to be im-
portant, one would have to withhold making conclu-
sions from the good agreement for K about the
accuracy of the wave functions utilized. Calcula-
tion of these wave functions by other methods would
therefore be helpful, also in view of the surprising-
ly large change in the spin density in going from
one-OPW to the cellular wave functions as also in
the case of potassium (Tables I and II).

The situation in lithium is somewhat intriguing
because the theoretical K, is smaller than experi-
ment while the relaxation rate is stronger than or
nearly same as the experiment. If one attempts to
explain these discrepancies through alteration in
the spin density, one faces the contradictory situa-
tion that the explanation of K, requires an increase
in the spin density while the relaxation rate requires
a decrease. One also arrives at this enigma in
trying to explain the situation through a change in
the ECP effect by alterations in the p character.

A possible explanation out of this ambiguous situa-
tion is to assume that the changes in the p charac-
ter are compensated by corresponding changes in
the d and higher angular components. To be more
definitive about the situation regarding the spin den-
sity, it would be helpful to have revised calculations
of the wave functions in lithium, preferably by the
OPW technique and coupled with a careful scanning
of the Fermi surface. The latter is important to
take proper account of the variation of the angular
character of the wave functions with the direction

of k. The cellular calculations performed on this
metal do not allow for this variation of the spin den-
sity with the direction of E, while the OPW calcula-
tion in cesium? which includes directional effects
ink space, both through the wave functions and the
local density of states, indicates that such effects
are of substantial importance.

In addition, one should study the following in
greater detail: (i) the appropriate a(0) for the
solid which includes the effect of the lattice poten-
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tial; (ii) since the Fermi surface of lithium nearly
touches the Brillouin-zone boundary, Umklapp cor-
rections to X(g) can be quite significant. These
will alter the simple form of X,(d, 0) utilized in the
calculation of R, T,T; (iii) the frequency depen-
dence of V44, (g)in Eq. (17) should be analyzed prop-
erly. Evidence for the important role of Bloch ef-
fects is available from beryllium metal’® where

the free-electron-type (effective-mass approxima-
tion) exchange-enhancement theories* 2 indicate
an enhancement of K and (7,7)"}, while the analy-
sis of the experimental data suggestdeenhancement.
In summary, it appears that the theoretical situa-
tion for K and T,T for lithium is the least well
understood of all the alkali metals, and that efforts
are needed to obtain better wave functions and ex-
change-enhancement factors. In addition, attempts
to estimate the importance of other contributing
mechanisms, particularly the orbital contribution
to K, should be made. Although lithium is a light
metal, it has very large p character and since the

- direct K is itself small, the orbital contribution

may be of comparable magnitude.

V1. CONCLUSION

It appears from the work in the present paper
that ECP effects are of substantial importance in
explaining observed K, and (7,7)! in all the alkali
metals. For lithium, ECP effects have determin-
ing influence on the Korringa ratio R through the
p character of the wave functions. Exchange-en-
hancement effects on the g-dependent susceptibility
also have substantial influence on R, both in lithium
and other metals. For the latter, exchange-en-
hancement effects are more important for R than
the ECP effects. A consideration of these mecha-
nisms as well as relativistic effects for rubidium
and cesium leads to a reasonable over-all quanti-
tative understanding of K; and T,T for all the met-
als. However, since the alkali metals are expected
to be the simplest of all metallic systems, one
would like to resolve the remaining quantitative dis-
agreements between the experiment and theory.

The leading problems to be tackled are more ac-
curate wave functions for the rest of these metals
comparable to those for cesium, * a quantitative
treatment of exchange-enhancement effects ap-
propriate for Bloch electrons, and the inclusion of
core-conduction correlation effects.

APPENDIX

For the sake of brevity we shall denote (q, w) by
a four vector g. In the presence of electron-elec-
tron interaction, x,(q) is given by [in units of
(7.71)?]
i
00 = ogs [ trrsGla+ ¢ 0ale's DG@NAE
(A1)
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where G(g) is the single-particle Green’s func-
tion® and T3, 7., and 7. are the three components
of the Pauli spin matrix (7,=7,+47,, T3=7,). The
vertex function Ay(q’; ¢) in Eq. (Al) satisfies an
integral equation of the form

Ag(E; q)==T3— (22)1]22—2 :Z;

X As(G; )G@No(k; G~F)d*G , (A2)

Glg+79)

where v(g) is the Fourier transform of the Coulomb
interaction and is equal to 4re?/¢®. €(q) is the
wave-vector- and frequency-dependent dielectric:
function and Ay(%; g) on the right-hand side of Eq.
(A2) accounts for the effects of density fluctuations
on the susceptibility. This will be ignored in the
present analysis which amounts to replacing A, by
—-Ty, where T, is the identity operator in the (2x 2)
spin space.

If one approximates v(k)/€(k) by w, one recovers
the result of Moriya'® [see also Eq. (20)]. If in-
stead of w, one uses v(g), then the infinite-range
model of Narath and Weaver? is obtained.

We approximate €(q, w) by its long-wavelength
and static value €;5(q, 0) in the Thomas-Fermi
approximation. This makes the effective inter-
action (screened exchange) frequency independent
and amou. ts to replacing v,,(9Q)[=v(q)/€(q, 0)] by

- 4re?
v5(q) = TEE R (A3)

where £ is a screening parameter and %y is the
Fermi wave vector. In addition, making the fol-
lowing local approximations*':

| k- |2+ e%R2~ 2+ £%2 (A4)
| K= +a |+ £2%2~ 2+ g%+ £%2 (A5)
one obtains

AS(-&, (.U)

_ 2044 (q) ng- s,
-1 2 | |
(A6)
where
47 1 1
e @)= [k%(1+§2>+k§(1+§2)+q2]' (A7

The effective interaction given by Eq. (A7) incor-
porates screening effects while retaining the feature
of decreasing strength of the interaction with in-
creasing g as in the case of v(g). This formally
completes the solution of x{’(q, w) which occurs in
the expression for (7,7)! in Eq. (8) within the
framework of the approximation that we have made
for the effective electron-electron interaction.
Hamann and Overhauser®? have used €gpa(g) for €(g)
in Eq. (A2), and have solved the integral equation
for A to obtain x(g, 0)/x}.

*Work at the University of Utah partially supported
by National Science Foundation.
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