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We report a theoretical investigation of the ac transport in metallic single-walled carbon nanotubes
�SWNTs�. In contrast to the dc conductance, we clarify that the ac admittance behavior of finite-length metallic
SWNTs does depend on the tube chirality and it is classified into two chirality categories: that of metals 1 �e.g.,
metallic zigzag SWNTs� and 2 �e.g., armchair SWNTs�. Moreover, we find that for long SWNTs the admit-
tances of both metals 1 and 2 behave as a simple series circuit consisting of a half of the quantum resistance
and a half of the quantum inductance.
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I. INTRODUCTION

Carbon nanotubes �CNTs� can be metallic or semicon-
ducting depending on their chirality.1,2 Semiconducting
CNTs are potential candidates for field effect transistors due
to their high electrical mobility,3 and metallic CNTs are con-
sidered as interconnects in future large-scale integrated cir-
cuits due to large allowable current.4 Toward the realization
of practical CNT electronics, a considerable amount of effort
has been devoted to the investigation of the dc electronic
transport in CNTs.5 In addition to the dc transport, the ac
transport is a key issue for designing and controlling ultrafast
CNT-based devices.6 Nevertheless, there have been a few
reports on the ac transport in CNTs until recently.

The ac response of CNTs has been measured in wide fre-
quency ranges from kilohertz to terahertz by several experi-
mental groups.6–12 A recent experiment showed that the
terahertz-frequency electron response of quasimetallic
single-walled CNTs �SWNTs� is dominated by ballistic
propagation of single-particle excitations rather than collec-
tive plasmon modes.12 The ac transport properties of CNTs
have also been theoretically investigated, focusing particu-
larly on extremely high frequency regimes �subpetahertz
regime�.13,14 These theoretical studies showed that the dis-
placement current contributes largely to the admittance be-
havior of CNTs under such high frequency regimes,13 al-
though it is negligible for usual bulk materials. However,
there is a wide gap between frequency regimes explored by
theories and experiments, and the characteristic features of
terahertz response, which are important for next-generation
CNT-based devices, have not been clarified yet. Most re-
cently, Kienle and Léonard theoretically investigated the ef-
fects of terahertz ac gate-voltage modulation on CNT-based
field effect transistor characteristics,15 but the effects of tera-
hertz ac source-drain voltage remain to be elucidated. This
paper reports an atomistic simulation of the coherent quan-
tum transport in metallic SWNTs under terahertz ac source-
drain voltage, focusing on the chirality dependence of admit-
tance.

The paper is organized as follows. In Sec. II, we explain
general properties of admittance of multiterminal systems
consisting of a central region connected to multiple leads,
and we introduce the nonequilibrium Green’s function

�NEGF� description of the admittance of multiterminal sys-
tems. In Sec. III, the NEGF simulation results are presented
�Sec. III A� and the obtained NEGF results are analyzed us-
ing a classical equivalent circuit �Sec. III B�. Moreover, the
results obtained from the NEGF simulations and the equiva-
lent circuit analysis are explained by a low-energy effective
model taking into account only two linear energy bands
crossing the Fermi level of metallic SWNTs �Sec. III C�. In
Sec. IV, we conclude that the ac admittance behavior of
finite-length metallic SWNTs does depend on the tube chiral-
ity and it is classified into two chirality categories: that of
metals 1 �e.g., metallic zigzag SWNTs� and 2 �e.g., armchair
SWNTs�. The paper is finally summarized in Sec. V.

II. THEORETICAL AND NUMERICAL METHODOLOGIES

Our target system is a two-terminal system consisting of a
metallic SWNT embedded in a cylindrical source and drain
electrodes, as shown in Fig. 1. This system can be modeled
by dividing an infinitely long SWNT into three parts: a cen-
tral device region with N unit cells and the semi-infinite left
and right parts attached to the metallic electrodes, i.e., a
finite-length SWNT coupled seamlessly to two SWNT leads
of the same type. This model is valid for a ballistic transport
where the contact resistance at the interfaces between a
SWNT and electrodes is much less than the quantum resis-
tance h /e2. In fact, the embedded contact geometry has a
small contact resistance in comparison with that of tube-on-
metal and metal-on-tube geometries. Our simulation method
is based on the NEGF technique within the wideband-limit
approximation16–18 combined with a nearest-neighbor
�-orbital tight-binding model. We use t0=−2.75 eV as the
hopping integral between � orbitals.13

We now explain the general properties of admittance of a
multiterminal system. The electronic current flowing from

Left electrode Right electrode
Central region

FIG. 1. �Color online� Schematic of the cross section of a cy-
lindrical SWNT device.
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the device region to the � lead is expressed as J��t�
=Re�J����e−i�t� with

J���� = �
�

Y�����V���� , �1�

where V���� is the amplitude of the harmonic time-varying
voltage applied to the � lead and Y����� is the admittance
between � and � leads. The admittance Y����� is divided
into two parts associated with the conduction current and the
displacement current,

Y����� = Y��
c ��� + P�Y�

d��� . �2�

The partition coefficients P� satisfy relations ��P�=1 and
P�=−��Y��

c ��� /��Y�
d��� from two physical requirements:

current conservation ���Y�����=0� and the gauge invari-
ance ���Y�����=0�.19 For two-terminal systems of interest
here, the two requirements give a relation among the admit-
tance elements, Y����YLR���=YRL���=−YLL���=−YRR���,
where L �R� denotes the left �right� lead.

Next, we briefly review the NEGF description of the ad-
mittance of a multiterminal system. Within a linear-response
approximation with respect to applied voltages, the
conduction-current admittance Y��

c ��� is expressed as

Y��
c ��� =

e2

h
�

−�

�

d�
f���� − f��� + 	��

	�
T����,�� . �3�

Here, f���� is the Fermi-Dirac distribution function of the �
lead and T���� ,�� is a transmission function under the ac-
bias voltage with frequency �, which is given by

T����,�� = Tr�G�� + 	����G†������

− i
�� Tr�G�� + 	���� − ��G†���� , �4�

in terms of the Green’s functions. Here, G��� and �� are the
retarded Green’s function and the level broadening function,
respectively. In the dc limit ��→0�, the conduction-current
admittance expression in Eq. �3� reduces to the well-known
Landauer formula for the dc transport.20 On the other hand,
the displacement-current admittance Y�

d��� is given by

Y�
d��� =

e2

h
�

−�

�

d��f���� − f��� + 	���Y�
d��,�� , �5�

where the energy-resolved admittance Y�
d�� ,�� is expressed

as

Y�
d��,�� = − i Tr�G�� + 	����G†���� , �6�

in terms of the Green’s functions. In the dc limit, the
displacement-current admittance in Eq. �5� goes to zero,
Y�

d�0�=0.
In addition to the above-mentioned intrinsic admittance of

SWNTs, the parasitic admittance is often dominant in the
measurements of nanoscale objects with the ac voltage up to
terahertz. However, it should be possible to significantly re-
duce the parasitic admittance by a detailed electrode geom-
etry design or by using the nanotube itself as interconnect
electrodes.21 Therefore, we focus only on the intrinsic admit-
tance of SWNTs in the following sections.

In this section, we presented a general expression of the
admittance in terms of the Green’s functions. The NEGF
method is a powerful tool not only for calculating the admit-
tance but also for simulating various physical quantities. For
example, we discuss the nonequilibrium electron density of
metallic SWNTs under the ac-bias voltages in the Appendix.

III. NUMERICAL RESULTS AND THEORETICAL
ANALYSES

A. NEGF simulations of admittance

The metallic SWNTs satisfy a condition mod�2n+m ,3�
=0, where �n ,m� is the chiral index that specifies the struc-
ture of SWNT.1,2 The conductance G�� ,N� �real part of the
admittance� and the susceptance B�� ,N� �imaginary part of
the admittance� of the �15,0� zigzag and the �10,10� armchair
SWNTs with N=10 unit cells are represented in Figs. 2�a�
and 2�b�, respectively. In the dc limit �→0, the conductance
is G�0,N�=2G0 for both �15,0� and �10,10� SWNTs since
metallic SWNTs have two conduction channels at the Fermi
level �F=0, where G0=e2 /h is the quantum conductance.
With increasing frequency from zero, the conductances os-
cillate and the susceptances repeat transitions between the
inductive �B�0� and capacitive �B�0� behaviors. The os-
cillation and transition in the subpetahertz frequency regime
was already discussed by a previous theoretical work14 and
our results are in good agreement with it.

In this work, we pay attention to the lower-frequency be-
havior of G�� ,N� and B�� ,N�. Here, “low-frequency”
means that � is much smaller than an inverse of dwell time

d

−1 that an electron stays inside the central device region of a
SWNT. For example, such a low-frequency regime is esti-
mated as ��1 THz for 1-�m-length metallic SWNTs. In
the low-frequency regime, the conductance and the suscep-
tance of both the �15,0� and �10,10� SWNTs behave as

G��,N� = 2G0 − ��N��2, �7�
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FIG. 2. �Color online� The conductance G�� ,N� and suscep-
tance B�� ,N� of the �15,0� zigzag and the �10,10� armchair SWNTs
with N=10. N is the number of the unit cells in the central region
and G0=e2 /h is the conductance quantum. Blue dashed curves rep-
resent the low-frequency behavior of the conductance �G�� ,N�
=2G0−��N��2� and the susceptance �B�� ,N�=��N���.
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B��,N� = ��N�� , �8�

as shown by the dashed curves in Fig. 2. These relationships
have been observed not only in the �15,0� and �10,10�
SWNTs, but also in all metallic SWNTs we have calculated.
These relationships are not unique properties of SWNTs but
are general properties originating from the fact that G�� ,N�
and B�� ,N� are the even and odd functions of �, respec-
tively. Thus, every characteristic of SWNTs such as chirality
dependence incorporates into ��N� and ��N�. Figure 3 shows
��N� / �G0�aN /vF�2	 and ��N� / �G0�aN /vF�	 of the �15,0�
SWNT �cross marks� and the �10,10� SWNT �open circles�
as functions of 1 /N2, where vF=106 m /s is the Fermi veloc-
ity and a is the unit-cell length of SWNT �e.g., a=4.32 Å
for zigzag SWNTs and a=2.49 Å for armchair ones�.
��N� / �G0�aN /vF�2	 of the �10,10� SWNT exhibits a remark-
able length dependence, whereas that of the �15,0� SWNT is
constant with the tube length. On the other hand,
��N� / �G0�aN /vF�	 is constant in both cases. A central aim of
the following discussion is to clarify the physical origin of
these admittance behaviors.

B. Equivalent circuit analysis

Now, we seek a classical equivalent circuit describing the
above-mentioned relationships, G�� ,N�=2G0−��N��2 and
B�� ,N�=��N��. This is a challenging problem of how to
incorporate the quantum feature of the ac transport in metal-
lic SWNTs into circuit components. As such an equivalent
circuit, we introduce a parallel circuit of Rc-L and Rq-C se-
ries circuits shown in Fig. 4. In fact, the low-frequency con-
ductance and susceptance of the equivalent circuit are ex-
pressed as

G��,N� =
1

Rc
− 
L2

Rc
3 − RqC2��2, �9�

B��,N� = 
 L

Rc
2 − C�� , �10�

up to the second order of �. Here, Rc and Rq are the contact
resistance20 and the charge relaxation resistance,22,23 respec-
tively. For pristine metallic SWNTs, both the contact and the
charge relaxation resistances are given by a half of quantum
resistance, that is, Rc=Rq=h /2e2. On the other hand, the in-
ductance L and the capacitance C in the equivalent circuit are
determined by comparing Eqs. �9� and �10� to the above-
obtained NEGF data of ��N� and ��N�.

A similar equivalent circuit was first introduced intu-
itively by Cuniberti et al. for fitting the numerical data of the
admittance of quantum wire24 and the validity of the circuit
was confirmed analytically by Yam et al. only for the
conduction-current admittance in a simple model: two-site
system in contact with the left and right electrodes.25 In the
last part of this paper, we will analytically establish the
equivalent circuit in Fig. 4 for metallic SWNTs, taking into
account of both the conduction-current admittance and the
displacement-current admittance. Before doing that we dis-
cuss the results obtained by analyzing the NEGF data using
the equivalent circuit in Fig. 4.

Figures 5�a� and 5�b� show L�N� /L0 and C�N� /C0 for the
�15,0� and �10,10� SWNTs as functions of 1 /N2, respec-
tively. Here, L0 is the quantum inductance L0=
dRc related to
the dwell time 
d �Ref. 26� and C0 is the quantum capaci-
tance C0=e2D��F� described by the density of states �DOS�
D��F� at the Fermi level.27 For metallic SWNTs with length
Na, L0 and C0 are given by
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FIG. 4. �Color online� The equivalent circuit for metallic single-
walled carbon nanotubes. The low-frequency ac response of
SWNTs is described by a classical equivalent circuit consisting of a
parallel circuit of Rc-L and Rq-C series circuits. L and C are an
inductance and a capacitance, respectively. Rc and Rq are the con-
tact resistance and the charge relaxation resistance, respectively.

0.502

0.501

0.5

0 0.05 0.1

1.0

0.5

0

0 0.05 0.1

0.502

0.501

0.5

0 0.05 0.1

0

0 0.05 0.1

(a) (15,0) zigzag SWNT (b) (10,10) armchair SWNT

L(
N
)/L

0

L(
N
)/L

0
C
(N
)/C

0

C
(N
)/C

0

1/N 2 1/N 2

[ 10 ]-3
1.0

0.5

[ 10 ]-3

mod(N,3)=0

mod(N,3)=0

mo
d(N
,3)
=1
,2

mo
d(N
,3)
=1
,2

FIG. 5. �Color online� �a� The inductance L�N� and the capaci-
tance C�N� of the �15,0� SWNT as functions of 1 /N2. �b� L�N� and
C�N� of the �10,10� SWNT as functions of 1 /N2. L0 and C0 are the
quantum inductance and the quantum capacitance, respectively �see
the text�. The circles denote the simulation results and the dashed
lines are given by Eqs. �13� and �14� in the text.
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L0 =
h

2e2

Na

vF
= �12.9 nH/�m�Na , �11�

C0 =
4e2

h

Na

vF
= �155 aF/�m�Na . �12�

For the �15,0� SWNT, the inductance equals to a half of the
quantum inductance and the capacitance is always zero:
L�N�=L0 /2 and C�N�=0. This behavior has been observed
not only for the �15,0� SWNT, but also for all zigzag SWNTs
we have calculated. Thus, we conclude that the low-
frequency admittance of the zigzag SWNTs is described by a
simple series circuit consisting of RL=1 / �2G0� and L=L0 /2.
Since the dwell time is give by 
d=Na /vF, the inductance
L=
dRc increases in proportion to N.

As seen in Fig. 5�b�, the length dependences of the induc-
tance and the capacitance of the �10,10� SWNT are signifi-
cantly different from that of the zigzag SWNTs. For
mod�N ,3�=0, L�N� is always a half of the quantum induc-
tance and C�N� is always zero. This Rc-L series circuit be-
havior is the same as the zigzag-SWNT case. On the con-
trary, for mod�N ,3��0, L�N� /L0 goes to 1/2 in proportion to
1 /N2, and C�N� /C0 is not zero for finite N and disappears in
proportion to 1 /N2. Thus, the admittances of the metallic
zigzag and the armchair SWNTs behave as a series circuit
consisting of R=1 / �2G0� and L�N�=L0 /2 in the large-N
limit. These numerical results are summarized as follows:

L�N� = 
1

2
+

A

N2�L0, �13�

C�N� =
A

2N2C0, �14�

where A=0 for the metallic zigzag SWNTs and the armchair
SWNTs with mod�N ,3�=0, and A�0 for the armchair ones
with mod�N ,3��0.

C. Low-energy effective model

The above results obtained from the NEGF simulations
and the equivalent circuit analysis can be explained by a
low-energy effective model taking into account only two lin-
ear energy bands crossing the Fermi level. The linear band
approximation works well in the low-frequency regime be-
low terahertz where the trigonal warping effect is
negligible.28 According to the linear band model, the retarded
Green’s function for an armchair SWNT at the K point is
expressed as

G�,�;��,����F� = − i
a

	vF

e2i���−���

2n
e−ikFa��−���, �15�

where the indices �� ,�� identify the position on graphene’s
unit cell on the tube’s cylindrical coordinates �see Fig. 6�.
The Green’s function at the K� point can be obtained by
replacing kF�=2� /3a� with −kF in Eq. �15�. The level broad-
ening function of the left �right� lead is given by

��,�;��,��
L�R� = 
2

n

	vF

a
, �,�� = 0 ��,�� = N − 1/2�

0, otherwise,
� �16�

where n is a chiral index. Expanding the admittance
Y���� ,N�, which was introduced in the Introduction, up to
the second order of �, and then substituting Eqs. �15� and
�16� into the expanded form of Y���� ,N�, we obtain the
low-frequency expressions of the conductance G�� ,N� and
the susceptance B�� ,N�,

G��,N�
G0

� 2 − 2�
 aN

2vF
�2

+ A
 a

vF
�2��2, �17�

B��,N�
G0

�
aN

vF
� , �18�

where

A =
1 + cos�kFa�

2
��

l=1

N

exp�2ikFal��2

= � 0 �mod�N,3� = 0�
1/48 �mod�N,3� = 1 and 2� .

� �19�

Comparing Eqs. �17� and �18� to Eqs. �9� and �10�, we obtain
Rc=Rq=1 / �2G0� and Eqs. �13� and �14�. Thus, based on the
linear band model, we can explain the capacitance behavior
of the armchair SWNTs in Fig. 5�b�. The capacitance behav-
ior is determined by the value of A, according to Eq. �14�. As
seen in Eq. �19�, when the multiples of wavelength match the
tube length �i.e., mod�N ,3�=0�, the capacitance is zero. On
the other hand, when mod�N ,3�=1,2, the capacitance is fi-
nite for small-N armchair SWNTs and it disappears with in-
creasing N since the wavelength mismatch becomes negli-
gible as N increases. Using the linear band model, we can
also explain that the metallic zigzag SWNTs show A=0 in-
dependent of N. This is because the multiples of wavelength
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FIG. 6. The unrolled �n ,n�-armchair SWNT with length Na.
The horizontal axis � is along the translational direction and the
vertical axis � is along the circumferential direction �see also the
inset�. The graphene unit cell including two carbon atoms is repre-
sented by the dotted rhombus and its position is identified by the
indices �� ,��.
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of metallic zigzag SWNTs always match the tube length.
Before closing this section, we mention the measurement

accuracy required to identify the chirality of SWNTs experi-
mentally from the inductance L and the capacitance C in the
equivalent circuit of SWNTs, on the basis of the results ob-
tained from the above effective model. L and C are deter-
mined by comparing Eqs. �9� and �10� to � in Eq. �7� and �
in Eq. �8�, respectively. In order to identify the chirality de-
pendence on L and C in experiments, we have to measure �
especially with high accuracy. More strictly speaking, the
accuracy of conductance measurements, �G, should be high
enough to identify the difference between the two dashed
curves in Fig. 3�a�, ��, because �G is given by �G
=���2. Since �� is given by ��=2AG0�a /vF�2= �3.18
�10−9 ps2�G0 from Eqs. �17�–�19�, the accuracy �G is es-
timated as �G�10−6G0 for the frequency of a few terahertz,
which is comparable to the accuracy of cutting-edge conduc-
tance measurements.29 In addition, it should be noted that the
length of SWNTs does not affect the accuracy �G required
to identify the chirality by measuring L and C because �� is
independent of the length. Thus, we emphasize that the
chirality of metallic SWNTs with arbitrary length can be
identified by the terahertz response measurements.

IV. TWO CHIRALITY CLASSES OF ADMITTANCE
BEHAVIOR

Thus far, we have discussed the metallic zigzag �n ,0� and
the armchair �n ,n� SWNTs as typical examples of metallic
SWNTs. Now let us generalize our discussion to metallic
chiral SWNTs satisfying mod�2n+m ,3�=0. Furthermore, the
metallic SWNTs can be classified into two categories: metals
1 and 2 obeying mod�3m /dR ,3�=0 and mod�3m /dR ,3��0,
respectively.30 Here, dR is the greatest common divisor of
�2m+n� and �2n+m�. For example, the metallic zigzag
SWNTs and the armchair ones are categorized into metals 1
and 2, respectively. A remarkable difference between metals
1 and 2 is a position of the Fermi wave number kF: the Fermi
point is located at kF=0 for metal 1 and is located at kF
= �2� /3a for metal 2. Thus far, little attention has been
given to the difference between the electronic transport prop-
erties of metals 1 and 2, because the DOSs near the Fermi
level are the same for all metallic SWNTs �at least within the
�-orbital approximation�. However, in sharp contrast to the
dc conductance, the ac admittance behavior of finite-length
metallic SWNTs depends on the chirality and is classified
into metals 1 and 2. In fact, the admittance of the �6,3�
SWNT belonging to metal 1 exhibits similar behavior as that
of the zigzag SWNTs in Fig. 5�a�, whereas the admittance of
the �8,2� SWNT belonging to metal 2 shows similar behavior
as that of the armchair SWNTs in Fig. 5�b�. This remarkable
chirality dependence of admittance clearly differs from the
dc conductance.

V. SUMMARY

In summary, we have investigated the ac quantum trans-
port in metallic SWNTs within the NEGF simulation method
in the context of �-orbital tight-binding model. By analyzing

the NEGF data using the equivalent circuit model, we found
that the ac admittance behavior exhibits a remarkable chiral-
ity dependence, which differs significantly from the dc con-
ductance. This result shows that admittance measurement is
a potentially useful tool for a chirality identification of me-
tallic SWNTs. In this paper, the discussion has been re-
stricted to pristine SWNTs without defect scattering, bound-
ary scattering, and so on. It is experimentally possible to
realize such an ideal situation and to observe nearly quantum
conductance ��2G0� by dc transport measurements.31 When
the contact between a SWNT and electrodes is not ideal, the
scattering at the contact will influence the ac response of
SWNT devices. The NEGF simulation method and the
equivalent circuit analysis used in the present study are use-
ful to understand contact effect and other scattering effects
on the ac response of various nanostructures, not just of
SWNTs.
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APPENDIX: NONEQUILIBRIUM ELECTRON DENSITY
UNDER TERAHERTZ ac-BIAS VOLTAGES

On the basis of the NEGF method for the ac transport, we
can calculate straightforwardly not only the admittance but
also various time-dependent local quantities, such as the cur-
rent density, the electron distribution, and so on. For ex-
ample, the difference between the numbers of electrons on
the jth atom before and after applying the ac-bias voltage
with angular frequency �, 
nj�t ;��, is expressed as
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FIG. 7. �Color online� The RMS of the difference between the
number of electrons of the �10,10� SWNTs with N=3m−2�=10�,
3m−1�=11�, and 3m�=12� before and after applying the 1.0 THz
ac-bias voltage. The chemical potentials of the left and right elec-
trodes are given by �L=−�R= �eV0 /2�cos��t�.
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nj�t;�� = �
�=L,R

���
−�

�

d�
f���� − f��� + 	��

	�

�Re��G�� + 	����G†���	 j jexp�− i�t�� ,

�A1�

within the linear-response and wideband-limit approxima-
tions. Here, �L/R is the chemical potential of the left/right
electrode.

We now consider 
nj�t ;�� under terahertz ac-bias voltage
given by �L=−�R= �eV0 /2�cos��t�. Figure 7 shows the root
mean square �RMS� of 
nj�t ;��,

�
nj���� =�1

T
�

0

T

�
nj�t;���2dt , �A2�

of the �10,10� SWNTs for N=3m−2, 3m−1, and 3m, where
T=2� /� is the period of the ac-bias voltage with frequency
f =2� /�=1.0 THz. As seen in Fig. 7, �
nj���� exhibits a
three-layer structure along the translational axis of the
SWNT that originates from the wavelength of Bloch func-
tions at the Fermi level. The appearance of the three-layer
structure is independent of whether the effective capacitance
is zero �for N=3m� or not �for N=3m−1 and 3m−2�.
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