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Elastic scattering of exciton polaritons in planar semiconductor microcavities has been used to create
X-NOR logic gates. Polaritons with identical linear polarization scatter preferentially at the right angle and
rotate their polarization by 90°. On the other hand, scattering of polaritons having orthogonal linear polariza-
tions is suppressed. We show that these effects are a consequence of the multiple scattering in microcavities
which involve three and more polaritons. The theory quantitatively reproduces the experimental data of
C. Leyder et al. �Phys. Rev. Lett. 99, 196402 �2007��.
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I. INTRODUCTION

Exciton polaritons, also referred to as cavity polaritons,
are elementary excitations in semiconductor microcavities.1

Being a combination of bosonic crystal excitations �quantum
well �QW� excitons� and photons, cavity polaritons posses a
number of peculiar properties, which make them promising
candidates for observation of interesting collective phenom-
ena, including high-Tc Bose-Einstein condensation �BEC�
�Ref. 2� and superfluidity.3

An important peculiarity of a polariton system is the spin
structure of a polariton state: being formed usually by heavy-
hole excitons, polaritons have two allowed spin projections
on the structure growth axis ��1�, corresponding to the right
and left circular polarizations of counterpart photons. The
exciton states having spin projections �2 �dark states� are
split-off in energy and affect the polariton dynamics in the
second order with respect to perturbation caused by Cou-
lomb interaction between the exciton polaritons.4 The polar-
ization of light emitted by a microcavity is the same as the
polarization of exciton polaritons. From the formal point of
view the spin structure of cavity polaritons is analogous to
spin structure of the electrons �both are two-level systems�,
which is why a concept of a pseudospin vector S is suitable
for the description of their polarization.5 The pseudospin is a
quantum analogy of the Stockes vector of a classical light. It
is linked with a 2�2 spin-density matrix � of a polariton
quantum state by a relation,

� =
N

2
I + S · � , �1�

where N is the occupation number of the polariton state, I is
the identity matrix, and � is the Pauli-matrix vector. The
orientation of the pseudospin determines the polarization of
emission from a microcavity. The parameter �=2�S� /N is the
total polarization degree of light emitted by the cavity, which
may vary between 0 and 1. The z component of the pseu-
dospin is linked with the circular polarization degree of emit-
ted light �c=2Sz /N, while Sx and Sy characterize the linear
polarization degree of emitted light measured in �x ,y� axes

��l� and in the diagonal axes ��d�, respectively: �l�2Sx /N,
�d�2Sy /N.

In the absence of an external magnetic field the “spin-up”
and “spin-down” states of the exciton polaritons correspond-
ing to their spin projections +1 and −1 to z axis and the
pseudospin parallel and antiparallel to z axis, respectively,
are degenerate. On the other hand, the interaction of polari-
tons in triplet configuration �identical spin projections on the
structure growth axis� is usually much stronger than that of
polaritons in singlet configuration6–8 �spin projections of dif-
ferent signs�. This may lead to lifting of degeneracy of the
spin-up and spin-down polariton states if their populations
are not equal. The spin state which is stronger populated has
a higher energy than the spin state which is less populated.
This interaction-induced spin splitting may be described as
an effective magnetic field applied in z direction which
causes the Larmor precession of the polariton pseudospin in
the �x ,y� plane.9 This precession, also referred to as the self-
induced Larmor precession, is responsible for the mixing of
linearly polarized polariton states which manifests itself in
remarkable nonlinear effects in polariton spin relaxation.8

The difference in the polariton-polariton interaction con-
stants in singlet and triplet configurations is also responsible
for the predominantly linear polarization of BECs of exciton
polaritons, recently observed in microcavities at the condi-
tions close to the thermal equilibirum.10

From the point of view of potential applications, it has
been recently pointed out that the controllable manipulation
of the pseudospin of cavity polaritons can provide a basis for
the construction of optoelectronic devices of the new genera-
tion, referred to as spin-optronic devices,11 which can be of
importance in various technological implementations includ-
ing the classical or quantum information transfer. With re-
spect to the conventional spintronics operating with electri-
cally charged spin carriers, the spin optronics has an
advantage of strongly reducing the dramatic impact of carrier
spin relaxation or decoherence,12 which severely limits the
functionality of spintronic devices. Macroscopically large
coherence lengths of exciton polaritons and their bosonic
properties led to formulation of several concepts of spin-
optronic devices based on microcavities. These include in
particular mesoscopic optical interferometers,13 optical
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circuits,14 and highly efficient sources of entangled photon
pairs.15

The polarization-controlled X-NOR gate is the only spin-
optronic device concept which has been realized experimen-
tally already.16 It consists of a semiconductor microcavity in
the strong-coupling regime optically excited by two linearly
polarized light beams incident at the opposite oblique angles
�see Fig. 1�a��. The device operates due to elastic polariton-
polariton scattering which changes distribution of the exciton
polaritons on the so-called elastic circle, i.e., the circle in the
reciprocal space corresponding to the constant energy, equal
to the energy of the pump beams. It has been demonstrated
experimentally that polaritons are scattered preferentially at
the right angle in this configuration �i.e., in the directions
which are characterized by in-plane wave vector components
orthogonal to those of the pump beams17�. Moreover, the
scattering only takes place if two pumping light beams are
colinearly polarized. On the other hand, if the polarizations
of two incident beams are orthogonal, the scattering van-
ishes. This surprising experimental observation has been
theoretically reproduced in Ref. 16 using the spin dependent
Gross-Pitaevskii �GP� equations, which describe the en-

semble of exciton polaritons by a single spinor wave func-
tion. Being a powerful tool for numerical modeling of the
coherent polariton dynamics, GP equations account for
polariton-polariton scattering in all orders assuming contact
interactions described by two phenomenological constants �1
and �2 which characterize the scattering of polaritons with
parallel and antiparallel spins, respectively. GP equations do
not provide information on the probabilities and polarization
selection rules of each individual scattering act and, while
the agreement between simulation and experiment is excel-
lent, the physical reasons of the unusual characteristics of the
polariton X-NOR gates remained obscure.

The goal of this paper is to describe the most important
features of polariton logic gates in terms of the spin- and
angle-dependent scattering of exciton polaritons. We show
that the peculiar nonuniform distribution of the polaritons on
the elastic circle observed in Refs. 16 and 17 is due to the
diffraction of scattered polaritons on the grating created by
two pump pulses.

II. POLARITON X-NOR GATE IN THE SPONTANEOUS
SCATTERING REGIME

Polarization selection rules in the course of polariton-
polariton scattering have been analyzed in our recent
publication.18 We have shown that a single spontaneous scat-
tering act of two identically linearly polarized exciton polari-
tons results in two weakly polarized polariton states having
their preferential polarization in the plane orthogonal to the
polarization plane of two initial states. This small preferen-
tial polarization of the final states may be amplified in the
case of stimulated scattering. On the other hand, no signifi-
cant angular dependence of the scattering amplitudes has
been found for the realistic microcavity structures within this
model. This result is in apparent contradiction with the
experiments17 and the Gross-Pitaevskii model.16 Having in
mind that the GP equations implicitly account for polariton-
polariton scattering in all orders, the only possible explana-
tion of this contradiction is that the experimentally observed
strong angular dependence of the scattered polariton popula-
tion is due to the processes involving two or more polariton
scattering events.

To start we note that there is no process which could
break the cylindrical symmetry of the microcavity potential
acting upon exciton polaritons under weak excitation �i.e., if
pump-induced blueshift of the excited states is small com-
pared to the disorder potential in the sample�; however, when
the pump power is sufficiently large, the pump beams them-
selves provide the symmetry-breaking effect. This effect can
be described as an appearance of a pump-induced transient
grating on which the polaritons diffract from the elastic
circle �EC� to off-branches19 shifted in the reciprocal space
by the grating vector ��k1−k2�, where k1,2 are the in-plane
wave vectors of excitation beams �see Fig. 1�a��. The transi-
tions to the off-branches do not conserve energy so that they
must be accompanied by processes which restore the energy
conservation within time inversely proportional to the energy
mismatch, according to the uncertainty relations. There is a
rich variety of processes which may restore the energy con-
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FIG. 1. �Color online� �a� Scheme of the polariton dispersion in
the two-dimensional reciprocal space and scattering of counter-
propagating polaritons �denoted as “Excitation”� forming scattered
pairs on the elastic circle �“EC scattering”� and their further diffrac-
tion to off-branches �“Diffraction”�. �b� Diffraction of the EC scat-
tered state to the off-branch states �lying on the dashed circles�.
Lines denote the pair of interacting polaritons and arrows with the
appropriate color denote the possible diffraction processes. �c�
Level scheme for visualization of the virtual processes. Numbers
refer to the states in �b�.
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servation, including scattering back to elastic circle, phonon
scattering, polariton decay by tunneling of a photon through
Bragg mirrors �photon would have energy of a polariton on
the EC and wave vector of the off-branch state�, or return of
polaritons to their initial states. The retarded return processes
influence the phase of the involved polariton so that the in-
terference of polaritons coming back from the virtual states
with other polaritons is not necessarily constructive. In this
paper, we show that the diffraction of the virtual states is
responsible for modulation of the polariton population on the
elastic circle even though this effect is weak compared to the
direct scattering from the pump states to the states on the
elastic circle.

We distinguish between EC scattering and diffraction
throughout the paper. We define EC scattering as a wave
vector conserving elastic-scattering process for a pair of po-
laritons. In particular, the resonant scattering of pump polari-
tons to the states at the elastic circle is EC scattering. The
diffraction is scattering of a single exciton polariton on a
diffraction grating formed by two pump beams which leads
to the change of the polariton wave vector by ��k1−k2�.
When we refer to both processes together, we shall use the
term scattering.

The system reveals a rich variety of possible pair interac-
tions which populate real or virtual states and contribute to
the overall dynamics. There are, nevertheless, several pro-
cesses in the limit of weak polariton-polariton interactions,
which are more probable than others: these are �1� resonant
processes �scattering around the EC� and �2� virtual pro-
cesses, enhanced by the large conjoint population of the in-
volved states. The strongest transitions from one to the other
pump beam are stimulated due to their large macroscopic
populations. The exchanged wave vector is ��k1−k2� in this
case and therefore this group of processes represents the dif-
fraction.

In order to describe the system dynamics in the spontane-
ous EC scattering regime �i.e., considering low population of
the EC�, we consider a polariton pair and investigate its evo-
lution, accounting for the background populations n1,2 of the
pump beams. Considering only those single-polariton states
which may be populated by a single EC scattering or
diffraction,20 single polaritons may occupy only states 1–12
depicted in Fig. 1�b�. All the two-polariton states allowed by
the dynamics may be denoted as follows: the initial state is
A= �1,2�, where the numbers in parentheses denote the con-
tributing single-polariton states, the final EC scattered state
�for a fixed scattering angle �� is E= �3,4�. These states on
the EC are coupled to the virtual states B−D ,F−K by dif-
fraction, see description of levels in Fig. 1�c�. The states D, J
and K are virtual off-branch states. Their relative influence
on the scattering of polaritons depends on the scattering
angle. The state D and, in many cases, one of the states J and
K or sometimes even both of them can be neglected as they
have a little influence on the population of the elastic circle.
On the other hand, for specific scattering angles one of the
states J or K may lie close to the EC and play a more im-
portant role in its population, consequently. In the numerical
calculation we always keep the states D, J, and K in consid-
eration. According to the Fig. 1�c�, diffraction of e.g., single-
polariton state 3 may be regarded as scattering of the states

1 ,3→2,7 or 2 ,3→1,9 and therefore it leads to efficient
coupling of the state E to G and H. Note, however, that there
is no state �1,1� in the level scheme. To clarify this point, we
need to consider both the polariton pair and the background
population—wave vector conservation requires that the tran-
sition �1,2�→ �1,1� is accompanied by the increase of the
population of state 2 by 1 polariton, making the initial and
the final-state equivalent. Clearly the states A−D form a
group coupled by diffraction and also all states within the
second group E−K are coupled by diffraction. These two
groups are then coupled by EC scattering as depicted in Fig.
1�c�. The relevant effective Hamiltonian for the first group
�A−D� accounting only for diffraction reads as

HA−D =�
0 VD VD 0

VD �	11 0 VD

VD 0 �	11 VD

0 VD VD 2�	11

� , �2�

where we denote �	11 the energy mismatch between the
single-polariton state 11 and the EC which can be evaluated
as �	11=4�2k0

2 /m� in parabolic approximation, where k0 is
the EC radius and m� is the polariton effective mass �in the
presence of strong excitation field, parabolic approximation
may be altered by a more proper dispersion accounting for
the Bogoliubov renormalization19,21�. The effective Hamil-
tonian for the group �E−K� has the following form:

HE−K =�
0 VD VD VD VD 0 0

VD �	8 0 0 0 VD 0

VD 0 �	8 0 0 VD 0

VD 0 0 �	7 0 0 VD

VD 0 0 0 �	7 0 VD

0 VD VD 0 0 2�	8 0

0 0 0 VD VD 0 2�	7

� ,

�3�

where �	7,8=2�2k0
2�1
cos �� /m�. We calculate the effec-

tive coupling VD as the Hamiltonian matrix element
	�f�H���i
, where �i,f are the initial and the final states,
respectively, and H� is the microscopic diffraction
Hamiltonian relevant for the selected group of states.
Let us take for instance the transition E→H. In this case,
the part of microscopic Hamiltonian which applies is
H�=V�a7

+a2
+a3a1+H.c.� and the initial and final states are

�i = a3
+a4

+�n1,n2
 , �4�

�f = a7
+a4

+�n1 − 1,n2 + 1
 , �5�

where �n1 ,n2
 is a state created by pump beams with mean
numbers of polaritons n1,2 in the states 1 and 2, respectively.
Considering n1,2�1, we finally obtain VD=V�n1n2.

Coupling of the states, according to the above Hamilto-
nians, is depicted in Fig. 1�c� by vertical lines. As we stated
before, the two groups of states shown in this figure are
coupled by EC scattering �whose amplitude is V�. Note that
not only the states A and E are coupled, we must take into
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account also EC coupling of the virtual states. The coupled
states are connected by horizontal lines in Fig. 1�c�. The
corresponding EC coupling Hamiltonian is

HEC = V���A
 + �D
��	E� + 	J� + 	K�� + �B
�	F�

+ 	H�� + �C
�	G� + 	I�� + H.c.� . �6�

Population of the polaritons scattered to a fixed angle � is
defined by Ntot���=2��=E

K n����, where n� are the individual
populations of the states E−K and the prefactor “2” arises
due to the two-particle nature of the states. This definition
includes both contributions from the EC states and diffracted
polaritons lying on the off-branches. To account only for the
states on the EC, the definition should be revised

NEC��� = 2nE + �
�=F

I

n�. �7�

We evaluate the population NEC��� within the second-order
perturbation theory for the EC scattering. On the other hand,
we account for the diffraction by exact diagonalization of the
appropriate Hamiltonians due to the large coupling terms. All
states are then divided to the groups, whose kinetics is
treated nonperturbatively while the intergroup interactions
are expanded to perturbation series. It is then straightforward
to diagonalize the particular group Hamiltonians:
Ha−d=T�0�HA−DT�0�+

and He−k=T���HE−KT���+
, where T�m� are

the relevant transformation matrices. By this diagonalization,

we define a new set of eigenenergies �	a , . . . ,�	k, eigen-
states �a
=��=A

D Ta,�
�0� ��
 etc. as a linear combination of the

original states. The EC populations may be then redefined as
NEC���=��=e

k n����P����, factor P���� being a number of
the polaritons from the state ��
 lying on the EC �cf. Eq. �7��,

P���� = 2�T�,E
����2 + �

j=F

I

�T�,j
����2. �8�

Applying the standard second-order perturbative approach,
we obtain the steady-state population of, e.g., a final state f
in the form

nf =
2

�2 �
�=a

d ��HEC� f ,��2


2 + �	 f − 	��2n�, �9�

where 
 is the polariton dephasing rate. Considering further
the initial condition nA=n1=n2, and nB−D=0, we obtain after
transformation na−d= �Ta−d,A

�0� �2nA and the EC scattering
Hamiltonian is transformed as �Hec��,j =�m,nT�,m

��� �HEC�m,nTj,n
�0�

�the last term comes from the Hermitian conjugate of a real
matrix�. Substituting this expression to the above equation
and considering explicit form �6� of the EC scattering Hamil-
tonian, we finally obtain

NEC��� =
V2n1

�2 �
j=a

d

�
�=e

k
�Tj,A

�0��2P����
�	 j − 	��2 + 
2 �

�m,n�
�Tj,m

�0� T�,n
����2,

�10�

�m,n� � 
�A,E�;�A,J�;�A,K�;�B,F�;�B,H�;�C,G�;�C,I�;�D,E�;�D,J�;�D,K�� . �11�

The above equation is the illustrative result considering only
one circular polarization and resonant scattering on the EC.
In reality, however, one usually deals with both polarizations
and the polariton population distributed in the whole recip-
rocal space. To account for all possible final states, we sim-
ply let the state E be anywhere in the reciprocal space and
directly apply the equations above. Considering the spin,
each polariton may carry an angular momentum �1
and therefore we redefine polariton states as, e.g.,
�A��
= �1� ,2��. Each of the two-polariton states A to K
is then split to four levels having different spin configura-
tions of the participating polaritons. Coupling strengths be-
tween the states are no more equal but depend on the spin
configuration of the initial and final states and the spin-
dependent populations of the initial states n1� and n2�.

In the numerical calculation we take the polariton effec-
tive mass of m�=10−5me, where me is a free-electron mass,
the in-plane momentum of the pump beams k0=0.9 �m−1

and the dephasing rate 
=0.2 ps−1. We calculated the distri-
butions of polariton populations in the k-space, using the
second-order perturbation theory without stimulation of the
EC scattering, keeping scattering amplitudes V1,2 �scattering
of polaritons with parallel or antiparallel spins,

respectively18� constant around the EC and considering vari-
ous combinations of polarizations of the excitation beams.
The result for cocircular polarizations is shown in Fig. 2�a�.
Clearly the polariton population is distributed in the vicinity
of the EC with the radius 0.9 �m−1 and is further modulated
depending on the scattering angle. Note, however, that this
modulation is due to the coupling to the virtual states by
diffraction on the pump-induced grating. The evaluated po-
lariton population N�k=k0 ,�� on the EC is depicted in Fig.
2�b�, and Fig. 2�c� shows its wave-vector dependence for
three fixed values of the scattering angle.

It follows from Fig. 2�b� that the polariton population
depends on the spins of interacting polaritons and the spin
structure of the excitation beams. Scattering of cocircularly
or linearly polarized beams demonstrates preferential spon-
taneous scattering to the angles around 90°, while counter-
circularly polarized beams are preferentially backscattered.
According to Fig. 2�c�, diffraction also causes variations of
the radial distribution of the polariton density around the EC.

In the case of the linear copolarized excitation beams the
scattering is accompanied by inversion of the linear polariza-
tion, as it was noticed in Refs. 8, 16, and 18. The inversion of
polarization results from the interplay of first-order
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polariton-polariton exchange interaction between the copo-
larized components in the circular spin basis and the second-
order exchange process between countercircularly polarized
components via dark states.22 The second-order exchange
process is comparable in magnitude to the first-order ex-
change process, due to the high density of intermediate dark
states characterized by the excitonlike dispersion. The polar-
ization degree of the scattered states may be estimated from
the T matrix for polariton-polariton interaction.23 Note, how-
ever, that the calculation of Schumacher et al. comprises a
two-dimensional approximation of the exciton gas and there-
fore the use of the T matrix itself may result in an overesti-
mation of the polarization degree because of the neglect of
the direct-scattering channel.18 Using the algebra of Ref. 18
and considering TR

+− /TR
++=−0.28 from Ref. 23, we find for

the degree of linear polarization

�� =
2TR

+−/TR
++

1 + �TR
+−/TR

++�2 � − 52%. �12�

The negative sign here means that the polarization plane of
the final states is rotated by 90° with respect to the polariza-
tion of the pump beams. Compared to the experimental data
of Ref. 6, the polarization degree we obtain is 2.5 times
higher. In the real experiment, the final linear polarization
degree could have been reduced due to the self-induced Lar-
mor precession of polariton pseudospins, neglected in our

model. If the pumps are linearly crosspolarized the scattering
results in a depolarized signal around the EC as discussed in
Ref. 18 while only a small polarization degree resulting from
the weak direct-scattering term is expected.

Preferential scattering to the 90° direction shown in Fig.
2�a� may be qualitatively explained in terms of the above
simplified model with levels A−K ascribed to one circular
polarization. As noted in the beginning of this section, po-
laritons may remain in the virtual state for a limited time
inversely proportional to the virtual state detuning from the
EC. Clearly the larger time polaritons are in the virtual state,
the larger influence of the diffraction is and the larger �nega-
tive� modulation of the coupling strength is. Scattering is
therefore the least influenced by diffraction if the virtual
states are separated from the EC by the largest amount of
energy, what is actually the case of scattering to the angle
�=90°. If ��0 or 180°, on the contrary, small energy sepa-
ration of the levels F ,G or H , I from the level E causes
relatively high population of the virtual off-branch states and
therefore large reduction of the coupling strength between
the initial state and the states on the elastic circle.

III. POLARITON X-NOR GATE IN THE STIMULATED
REGIME

The above discussion of the regime of spontaneous scat-
tering proves our assumption that the excitation causes the
symmetry breaking resulting in the modulation of the
polariton-polariton scattering amplitudes. In the spontaneous
regime this modulation is rather weak and hardly can be
experimentally detected. However, the effect can be drasti-
cally amplified in the stimulated regime. Stimulation pro-
vides also the dramatic increase of linear polarization degree
of the scattered beams which may achieve almost 100%.

For the analysis of the stimulated scattering case we shall
operate with the spin-density matrix of the system using the
first-order Born-Markov approximation. Consider the par-
ticles which can scatter from initial states 1 and 2 to final
states 3 and 4 on the EC. The appropriate part of the inter-
action Hamiltonian can be written as Hscatt=H++H− where

H+ = V1�a1+
+ a2+

+ a3+a4+ + a1−
+ a2−

+ a3−a4−�

+ V2�a1+
+ a2−

+ a3+a4− + a1−
+ a2+

+ a3−a4+�

+ V3�a1+
+ a2−

+ a3−a4+ + a1−
+ a2+

+ a3+a4−� , �13�

and H−= �H+�+. Scattering amplitudes are denoted V1−3 here,
V1 describing the spin triplet configuration and V2,3 describ-
ing the singlet configuration. In order to account for the dif-
fraction on the transient grating, we do not further introduce
the virtual states in the Hamiltonian but rather consider V1−3
as effective scattering amplitudes defined as

Vj��� =
NEC���
NEC� ���

Ṽj��� , �14�

where N��� and N���� come from Eq. �10� as the popula-
tions coupled and uncoupled to the virtual states, respec-
tively. The decoupling of the EC scattering and the diffrac-
tion present in the Eq. �14� is valid as long as we may
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FIG. 2. �Color online� �a� Calculated steady-state populations of
the polariton states in the k space for the cocircular polarizations of
excitation beams �far below stimulation threshold�. �b� Population
of the EC for various combinations of the polarizations of the pump
beams. �c� Population of the polariton states at scattering angles 0,
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resolved steady-state polariton population on the EC under strong
cw excitation slightly above threshold �1.12 Pthr� with colinear or
crosslinear polarizations. Notation AB �C means that excitation
beams have polarizations A and B, and C-polarized component is
detected �A ,B ,C=X ,Y�.
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consider that diffraction on the grating formed by pump
beams is the strongest process in the system. We therefore
require n1,2�n3,4 otherwise the large population of the states
on EC would introduce a new efficient diffraction channel
and the approximation of Eq. �14� would break. The condi-
tion is satisfied in the experiment of Ref. 16. The bare scat-

tering amplitude Ṽj��� can be estimated using microscopic
calculations,22,24 considering the amplitude of the direct scat-
tering in real three-dimensional structures.18 The second-
order exchange processes do not contribute to the Hamil-
tonian in the basis restricted to the bright states only,
however the Hamiltonian presented above may be regarded
as an effective one with the scattering amplitudes which give
a correct form of the scattering T matrix within the chosen
Born-Markov approximation. The second-order processes
therefore may be accounted for in the scattering amplitudes
V2,3.

The Liouville–von Neumann equation for the density ma-
trix � of the system reads as ��=1�

�t� = − �
−�

t


Hscatt�t�;�Hscatt�t��;��t���� . �15�

In the Born-Markov approximation one replaces t� by t and
retains only energy-conserving terms which yields

�−1��E��t� = 2�H+�H− + H−�H+� − �H+H− + H−H+��

− ��H+H− + H−H+� �16�

where the term �−1��E� ensures the conservation of energy.
For time evolution of the mean values of any arbitrary op-

erator Â , 	Â
=Tr��Â� one has

�t	Â
 = Tr���H−;�Â;H+��� + Tr���H+;�Â;H−��� . �17�

This formula can be used for calculation of temporal dynam-
ics of the occupancies and pseudospins defined as

Nj = Tr
��aj,+
+ aj,+ + aj,−

+ aj,−�� , �18�

Sx,j = Re Tr
�aj,+
+ aj,−� , �19�

Sy,j = Im Tr
�aj,+
+ aj,−� , �20�

Sz,j =
1

2
Tr
��aj,+

+ aj,+ − aj,−
+ aj,−�� . �21�

The resulting explicit formulas are listed in the Appendix.
Figure 2�d� shows the resulting distributions of polaritons on
the EC in the stimulated regime under different excitation
conditions �the pump beams are subtracted�. One can see that
the colinear excitation exceeds 98.5% spin inversion slightly
above the threshold �the spin inversion further increases with
increasing pump power� and a strong emission in the 90°
direction with full width at half maximum of 50°, in accor-
dance with the experimental data of Ref. 16. Crosslinear ex-
citation, on the other hand, for the same excitation intensity
yields the scattering signal which is more that one order of
magnitude weaker and is almost unpolarized.

In order to explain why the polariton-polariton scattering
and polarization inversion under colinear pump is stronger
by orders of magnitude than the scattering with crosslinearly
polarized beams, we plot the intensity dependence of the
polariton population and the maximum polarization degree in
Figs. 3�a� and 3�b�. The gate performance in Fig. 2�d� is
plotted for the pump intensity of 1.12 �in the units corre-
sponding to the horizontal scale in Fig. 3�. The stimulation
threshold is reached for the colinear but not crosslinear
pumps, which is why the scattered signal is so much differ-
ent in the two cases. The gate may therefore operate only
within the interval of pump intensities between the two
stimulation thresholds for colinear and crosslinear pump po-
larizations.

The initial degree of polarization at very low pump power
is about −40% in the present calculation, which is far below
the experimentally observed value6 −�15–20�% and also be-
low our theoretical prediction −11% for the narrow InGaAs
QWs.18 There is no contradiction with our previous
publication18 as here we consider an 8-nm-wide QW while
the QW of 2.5 nm width has been considered in Ref. 18. As
the QW width determines the magnitude of the direct-
scattering term, the linear polarization degree of the scattered
polaritons in an 8-nm-wide QW is much higher compared to
a 2.5-nm-wide QW. Considering further complex polariza-
tion dynamics in the case of the excitation geometry of Ref.
6, we find that the theoretical estimation and experimental
data are fully compatible.

Figure 3�b� illustrates another interesting feature of the
stimulated scattering on the EC. Although the polarization
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FIG. 3. �Color online� �a� Pump intensity dependence of the
polarized polariton population on the EC. The polariton population
at the scattering angle 90° under different pump and detection con-
ditions is shown. Pump intensity is plotted relative to the threshold
for the colinear excitation. �b� Pump intensity dependence of the
maximum of polarization degree for colinearly �red� and crosslin-
early �green� polarized pumps. The sign of the polarization degree
shown by the red curve is inverted for clarity. �c� Comparison of the
full microscopic calculation and the presented model for pump
power of 1.12 units, assuming cocircular polarizations of the exci-
tation beams.
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degree in the spontaneous regime of scattering of crosslin-
early polarized polaritons does not exceed 0.1%, stimulation
causes the polarization amplification, which is essential for
operation of future spin-optronic devices.

The use of approximation �14� simplifies the calculations
significantly and also allows one to understand the physical
origin of the population modulation on the EC observed in
experiments. We verified the accuracy of Eq. �14� by a nu-
merical calculation. For this purpose, we have derived the
kinetic equations for the polariton system on the elastic circle
in the stimulation regime accounting for the diffraction in the
microscopic Hamiltonian and thus without simplifying as-
sumption of Eq. �14�. We have used the same approach as in
Sec. II; i.e., we have considered the same states involved in
the dynamics, the diffraction �restricted to the first diffraction
maxima only� has been accounted for nonperturbatively and
the EC scattering has been considered within the Born-
Markov approximation. Considering cocircular excitation for
simplicity, we obtain in this way the results depicted in Fig.
3�c� using the same input parameters for the exact and sim-
plified calculations. One can see that even though there is
some small difference between the curves, the approximate
model still gives very good predictions.

IV. CONCLUSIONS

We have analyzed the most efficient channels of
polariton-polariton scattering on the elastic circle in terms of
multiwave mixing. We show that the multiple polariton scat-
tering processes are responsible for changes in the scattering
probability of the order of few percents in the linear regime.
The increase in the excitation intensity leads to a drastic
increase in this modulation due to the final-state bosonic
stimulation. The multiple polariton scattering process can be

conveniently represented as a combination of the polariton
scattering with a subsequent diffraction to the off-branch
states by a polarization grating created by two pump pulses.
The polaritons from off-branch states then go back to the
elastic circle, so that the energy is conserved.

This scenario explains preferential scattering of the po-
laritons at 90° in the case of colinearly polarized light beams.
In this case, none of the intermediate off-branch states is
close in energy to the elastic circle polaritons so that destruc-
tive interference caused by virtual diffraction processes is
suppressed.

We show that the polarization degree of the scattered po-
laritons strongly depends on the pump intensity and that the
final polarization degree may be strongly amplified above the
stimulation threshold. This feature opens a possibility of con-
struction of a spin-optronic transistor with a smooth depen-
dence of the output polarization on the polarization of the
gate input. The results of this work may be applied for opti-
mization of the design of polariton logic gates by considering
various spin configurations or introducing more control
beams.
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APPENDIX

We define the scattering probabilities as Wj = �Vj�2 and
Wj�=VjV�

�=W12
R +iW12

I . Following Eq. �17� and definitions
�18�–�21�, we obtain the following equations of motion for
the different pseudospin components. Polariton population

d

dt
N3 = N11 + N12 + N22 + N13 + N23 + N33,

N11 =
W1

2
��N1N2 + 4S1zS2z��N3 + N4 + 2� − �N3N4 + 4S3zS4z��N1 + N2 + 2��

+ 2W1��N1S2z + S1zN2��S3z + S4z� − �S1z + S2z��S3zN4 + N3S4z�� ,

N12 = 4W12
R ��N1 − N3�S2 · S4 + �N2 − N4�S1 · S3� + 8W12

I ��S1z − S3z�S2 � S4 + �S2z − S4z�S1 � S3� ,

N22 =
W2

2
��N1N2 − 4S1zS2z��N3 + N4 + 2� − �N3N4 − 4S3zS4z��N1 + N2 + 2��

− 2W2��N1S2z − S1zN2��S3z − S4z� − �S1z − S2z��N3S4z − S3zN4�� ,

N13 = 4W13
R ��N1 − N4�S2 · S3 + �N2 − N3�S1 · S4� + 8W13

I ��S1z − S4z�S2 � S3 + �S2z − S3z�S1 � S4� ,

N23 = − 4W23
R ��N1 + N2 + 2�S3 · S4 − �N3 + N4 + 2�S1 · S2� + 8W23

I ��S1z − S2z�S3 � S4 + �S3z − S4z�S1 � S2� ,
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N33 =
W3

2
��N1N2 − 4S1zS2z��N3 + N4 + 2� − �N3N4 − 4S3zS4z��N1 + N2 + 2��

− + 2W3��N1S2z − S1zN2��S3z − S4z� − �S1z − S2z��N3S4z − S3zN4�� .

Z component of the pseudospin

d

dt
S3z = Z11 + Z12 + Z22 + Z13 + Z23 + Z33,

Z11 =
W1

2
��N1S2z + S1zN2��N3 + N4 + 2� − �N1 + N2 + 2��N3S4z + S3zN4��

+
W1

2
��N1N2 + 4S1zS2z��S3z + S4z� − �S1z + S2z��N3N4 + 4S3zS4z�� ,

Z12 = 4W12
R �S1z − S3z�S2 · S4 + 2W12

I �N1 − N3�S2 � S4,

Z22 = −
W2

2
��N1S2z − S1zN2��N3 + N4 + 2� − �N1 + N2 + 2��N3S4z − S3zN4��

+
W2

2
��N1N2 − 4S1zS2z��S3z − S4z� − �S1z − S2z��N3N4 − 4S3zS4z�� ,

Z13 = 4W13
R �S2z − S3z�S1 · S4 + 2W13

I �N2 − N3�S1 � S4,

Z23 = 4W23
R �S3z − S4z�S1 · S2 + 2W23

I �N3 + N4 + 2�S1 � S2,

Z33 =
W3

2
��N1S2z − S1zN2��N3 + N4 + 2� + �N1 + N2 + 2��N3S4z − S3zN4��

+
W3

2
��N1N2 − 4S1zS2z��S3z − S4z� + �S1z − S2z��N3N4 − 4S3zS4z�� .

Y component of the pseudospin

d

dt
S3y = Y11 + Y12 + Y22 + Y13 + Y23 + Y33

Y11 = −
W1

2
�N4�N1 + N2 + 2� − N1N2�S3y − 2W1�S4z�S1z + S2z� − S1zS2z�S3y + 2W1�S2yS1 · S4 − S2xS1 � S4� ,

Y12 = W12
R �N2�N3 + N4 + 2� − N3N4 + 4S2zS4z�S1y − 4W12

R S3yS2 · S4 + 2W12
I �S2z�N3 + N4 + 2� + S4z�N2 − N3��S1x,

Y22 = −
W2

2
�N4�N1 + N2 + 2� − N1N2�S3y + 2W2�S4z�S1z − S2z� − S1zS2z�S3y + 2W2�S1yS2 · S4 + S1xS2 � S4� ,

Y13 = W13
R �N1�N3 + N4 + 2� − N3N4 + 4S1zS4z�S2y − 4W13

R S3yS1 · S4 + 2W13
I �S1z�N3 + N4 + 2� + S4z�N1 − N3��S2x,

Y23 = − W23
R �N3�N1 + N2 + 2� − N1N2 + 4S1zS2z�S4y + 4W23

R S3yS1 · S2 + 2W23
I �S1z�N2 − N3� − S2z�N1 − N3��S4x,

Y33 = −
W3

2
�N4�N1 + N2 + 2� − N1N2�S3y − 2W3�S4z�S1z − S2z� + S1zS2z�S3y + 2W3�S2yS1 · S4 + S2xS1 � S4� .

X component of the pseudospin

d

dt
S3x = X11 + X12 + X22 + X13 + X23 + X33
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X11 = −
W1

2
�N4�N1 + N2 + 2� − N1N2�S3x − 2W1�S4z�S1z + S2z� − S1zS2z�S3x + 2W1�S2xS1 · S4 + S2yS1 � S4� ,

X12 = W12
R �N2�N3 + N4 + 2� − N3N4 + 4S2zS4z�S1x − 4W12

R S3xS2 · S4 − 2W12
I �S2z�N3 + N4 + 2� + S4z�N2 − N3��S1y ,

X22 = −
W2

2
�N4�N1 + N2 + 2� − N1N2�S3x + 2W2�S4z�S1z − S2z� − S1zS2z�S3x + 2W2�S1xS2 · S4 − S1yS2 � S4� ,

X13 = W13
R �N1�N3 + N4 + 2� − N3N4 + 4S1zS4z�S2x − 4W13

R S3xS1 · S4 − 2W13
I �S1z�N3 + N4 + 2� + S4z�N1 − N3��S2y ,

X23 = − W23
R �N3�N1 + N2 + 2� − N1N2 + 4S1zS2z�S4x + 4W23

R S3xS1 · S2 − 2W23
I �S1z�N2 − N3� − S2z�N1 − N3��S4y ,

X33 = −
W3

2
�N4�N1 + N2 + 2� − N1N2�S3x − 2W3�S4z�S1z − S2z� + S1zS2z�S3x + 2W3�S2xS1 · S4 − S2yS1 � S4� .
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