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Spin Hamiltonian of hyper-kagome Na,Ir;Og
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We derive the spin Hamiltonian for the quantum spin liquid Naylr;Og, and then estimate the direct and
superexchange contributions between near neighbor iridium ions using a tight-binding parametrization of the
electronic structure. We find a magnitude of the exchange interaction comparable to experiment for a reason-
able value of the on-site Coulomb repulsion. For one of the two tight-binding parametrizations we have
studied, the direct exchange term, which is isotropic, dominates the total exchange. This provides support for
those theories proposed to describe this quantum spin liquid that assume an isotropic Heisenberg model.
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I. INTRODUCTION

NayIr;Og  has captured much attention since its
discovery."? This insulator exhibits a large Curie-Weiss tem-
perature (650 K), yet does not magnetically order down to
the lowest measured temperature. The reason for this is
thought to be due to the strongly frustrated nature of the
iridium lattice, which forms a hyper-kagome network com-
posed of corner sharing triangles (the hyper-kagome lattice
being formed by replacing one of the four Ir sites in a pyro-
chlore lattice by a Na ion). Most models that have been
proposed to describe this material assume an isotropic
Heisenberg model with an effective spin of 1/2. This is
somewhat of a surprise, given the distorted nature of the
lattice and the strong spin-orbit coupling of the iridium ions.
These issues have been discussed in depth in Ref. 3.

In a previous paper,* we have calculated the exchange
constants based on a particular tight-binding parametrization
of the electronic structure and found that the resulting spin
Hamiltonian should be highly anisotropic. In the present pa-
per, we revisit this issue by considering a more general tight-
binding parametrization. We now include the residual
crystal-field splittings of the Ir 5d orbitals due to the octahe-
dral distortions and find that this corrects a major deficiency
of the previous fit, which was an anomalously large value for
the tjd hopping. As a result, the more general parametrization
leads to the exchange interaction being dominated by the
direct exchange between Ir ions and as a consequence, we
find an approximately isotropic Heisenberg model. We also
find the observed magnitude of the exchange for a reasonable
value of the Coulomb repulsion.

In Sec. II, we provide a microscopic derivation of the
exchange Hamiltonian, finding a few differences from previ-
ously published results. In Sec. III, we describe the tight-
binding parametrizations of the electronic structure and then
in Sec. IV, the resulting exchange constants as a function of
the Coulomb repulsion. In Sec. V, we summarize our find-
ings.

II. EXCHANGE COUPLINGS

In Naylr;Og, the #,, 5d manifold contains one hole per
iridium site (the e, levels are empty) and the oxygen 2p
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levels are filled.>* This single hole sits in a half-filled doublet
level due to spin-orbit coupling, thus motivating an effective
S=1/2 exchange model. This picture, which is supported by
our electronic structure calculations, can be exploited to cal-
culate the exchange couplings following Ref. 3.

A. Microscopic Hamiltonian

In our own derivation, we exploit the work of Refs. 5 and
6, which calculated the exchange couplings for cuprates in
the presence of spin-orbit coupling, following the earlier
work of Koshibae et al.” referred to in Ref. 3. We want to
derive the exchange couplings generated to fourth order in
the hopping of Ir holes in the 1,, complex. Hopping can be
direct between the Ir** ions or via the p orbitals of the O~
ions. We denote by e‘f’m the Kramers-degenerate energy lev-
els of the r,, complex with egi > e‘f ,6‘2]. These splittings are
mostly due to the spin-orbit coupling, which acts to form a
lower quartet and an upper doublet but there is a contribution
as well from residual crystal-field splittings resulting from
the low site symmetry of the iridium ion (noting that the
space group is cubic).** The vacuum state is denoted as [{2)
where all three levels are fully occupied. The ground state is
then generated by linear combinations of the form

|¢O> = Span{cj3T|Q>’C:3l|Q>}’ (l)

where T, characterizes the Kramers-degenerate states, i is
the site index, and ¢ is the creation operator for a hole in the
t,, complex. According to the Goodenough-Kanamori rules,
the strongest contribution to the exchange coupling results
from two half-occupied orbitals, so we may focus only on
the hopping between the Eg orbitals. The Hamiltonian acting
on the ground state is then

H=H0+Hh0p (2)

with on-site Hamiltonian

©2010 The American Physical Society
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where ¢’ (¢) and p' (p) are creation (annihilation) operators
for holes. Indices i and k describe sites of the Ir ion and its
nearest-neighbor O ions, m,n and a,b denote the Ir by, and
O p levels, and o, ¢’ are spin indices. The relevant hopping
between nearest-neighbor Ir and O sites is

Hhop E (t33)0'0"013(r Cizgr + 2 [(taB oa"pka(r 30’ +H'C-]’

ijoa’ ikaogo’
(4)

where the spin-dependent matrix elements for hopping be-
tween Ir, and Ir and O ions, are

(15) yor = 38,50 + Cs - 0 (5)

(tzﬂ oo’ : Uo" + Cg% (6)

Note that we use a formulation in terms of holes. But to
compare with the results of Ref. 3, we will insert for the
energies of virtual states that of the electrons and not the
holes.

B. Exchange couplings from perturbation theory

The Kramers-degenerate ground state is split due to vir-
tual hopping processes. An effective spin Hamiltonian Hy
can be derived from perturbation theory in H,,,. Accounting
only for interactions between neighboring spins it is of the
general form

Hg= 2, H,;j. (7)
(ij)

Here (ij) indicates a sum over nearest-neighbor sites and
Hij= 20 pgi:)S,(DSy() (®)
pq

with spin-1/2 operators S (p,g=x,y,z). In what follows we
want to derive expressions for J,,(i,/) up to fourth order in
the hopping. For this it is convenient to introduce

T]dl = 2 ([ég)(ru’clj&rcﬁv’ ’ (9)
go’

Tﬁdz E (tl(;l?y rr(r’pka(; 3o’ (10)
aca’

(Tpd);rk = 2 (tglil)(rrr/cz]';(rpka(r’ (1 1)

’
aoco

so that
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Hhop E +E[

I (1)1 (12)

The energy of the ground state |¢,) is set to zero.

1. Direct exchange

The lowest-order contribution results from direct hopping
between Ir ions. There are two contributions resulting from
the back and forth hopping of holes on Ir sites i and j, re-
spectively. Both processes give identical contributions, so we
can restrict ourselves to the hopping of a hole at site i and
multiply its contribution by a factor of 2,

M =~ 2| T ,-ﬁ|¢o>. (13)

lj H
As mentioned above, we want to compare with the findings
of Ref. 3 and therefore we give the energy of the intermedi-
ate state with two holes on Ir site j in terms of the electron’s
energy. The latter is —4U,;+5U,=U, and results from the
difference in reduced (increased) Coulomb interaction on the
site where a hole is inserted (removed). Inserting T‘M from
Eq. (9) we get

>

doyoyoy0y

2

><([33 0'40'3(t’§’% 0'20'1<¢O|Cj3a'4cj3a'3cj3o'2€i30'1|¢0>~
(14)

We now employ the identity (for notational convenience we
suppress the unit matrix in %]l)

1
CzT3(rlCi3az= (_"‘Si“’) (15)

2 0204

to rewrite this as

2 1 (1
H(2=Edtr|:t <2+SJO'>IJ313<§+S,0'):|, (16)

where the trace is over spin indices and we neglected a qua-
dratic term cc’ which does not contribute to the effective
spin Hamiltonian in Eq. (8). Terms involving the factor 1/2
lead to contributions which also do not contribute to Eq. (8).
Neglecting these we find

H?)—iu[r (S )8, - )] (17)

This expression is a factor of 2 larger than that quoted in Ref.
3.

2. Superexchange via oxygen

We now turn to processes involving intermediate oxygen
and states arising from fourth-order hopping. Let us start
with two observations. First, only those processes where the
hole hops from one Ir via the O to a different Ir give spin-
dependent contributions, i.e., processes where the hole hops
to O and then returns to the same Ir it started from do not
contribute to Eq. (8) and will be neglected in the following.
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Second, following Ref. 6, we notice that there are two quali-
tatively different processes in which fourth-order hopping
contributes to Eq. (8). In the “consecutive channel” (cc) a
hole hops from an Ir ion to the O, then to the second Ir, and
finally back to the first Ir via the same or a different O. In
this channel there are two holes on an Ir ion in the interme-
diate state. The cc gives an identical contribution as the di-
rect term, however with an effective hopping amplitude t’3’3
— 74;. In the second “simultaneous channel” (sc) a hole hops
from one of the Ir ions to the O and then a second hole hops
from the second Ir to the same or a different O. Afterward
the holes return to the Ir, i.e., back to the ground state in
which one hole occupies each Ir. In this second channel, two
holes simultaneously occupy O as intermediate states.

(a) Consecutive channel. Let us first turn to contributions
from the cc and look at a hole at Ir site i. Hopping of the hole
from site i to j via an O ion at site k results in a state |¢})
with two holes occupying t,, levels of Ir at site j and no hole
on Ir site i,

1
Ho|¢59) = (TP”’)_}k;OTZ;"l bo). (18)

The (electron) energy of the intermediate state after the first
hop is a sum of four contributions. Removing the hole from
the 1,, level and inserting the hole in the a level of the O ion
at site k gives ed €, for the on-site energies and 5(U,
-U ) from the 1ncreased and reduced Coulomb interaction
between the electrons on Ir and O ions, respectively. That is,
the energy of the intermediate state after the first hop is

cha= &~
Inserting Eq. (10) then gives

&, +5(Ug—U,). (19)

H0|¢§5> = 2 Gpd( 30)0'30'2( a3/ oy0

ako 0203 ka

X ¢ 3(73pka0'2pkao'2 130'1|¢0>

1
= E G‘U (3¢¢)0'302(ta’5 0,0 130'3 1'%0'l|¢0> (20)

akoyoy03 Cka
Introducing the effective hopping between Ir sites

Jk ki

" 13,1t
7_%[3 — E SEapa% (21)
ak ka

which is a matrix in spin space (summation over intermedi-
ate spins is implicit), this is rewritten as

Hol¢59) = 2 (7._77}.3)02016;3026'1‘301|¢0>' (22)

a0

Equation (22) corresponds to the intermediate state Tdd| bo)
in the direct exchange hole pathway Eq. (13) with the hop-
ping matrix elements 7'§3 Therefore division by the (elec-
tron) energy U, of the intermediate state Eq. (22) and appli-
cation of the second hop which returns the hole to Ir site i,
we find
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H‘f‘.“)——tr[ #(S; - 0)T(S; - 0], (23)

L]

where the factor of 2 accounts again for the fact that an
identical contribution results from a process in which the
hole starts at site j.

(b) Simultaneous channel. In the sc both Ir holes from
sites i and j hop onto O ions in the intermediate state |5
This can occur in a process in which the first hole at site i
and then the hole at site j hops or in the reversed order. The
first hop in this process results in the state

Holyy = 2 (T} + T by
k

ki
- Z [(taS 0’20'1pka0'2 30y + (t¢¢jjﬁ)0201pzug2Cj3ol]|¢O>-

akoyoy

(24)

The energy of the intermediate state |#}°) is again € in Eq.
(19). Adding then the second hole on the same or a different
O ion, we obtain the intermediate state Hy| @5

1
Hol¢5) = E(H’," +T$}";T’k’?)|¢0>. (25)

An explicit expression for this intermediate state is given in
Appendix A and we here only remark that its (electron) en-
ergy depends on whether both holes are on the same O ion or
not. It has the noninteracting contribution 2€;— €, — €/, an
interaction contribution 5U;+5U, from removing holes at Ir
sites ¢ and j, and the interaction contribution —9U,, if both
holes are on the same O ion and —=10U,, in case they are not.
This can be summarized as

&+ &+ U,8y. (26)

The return to the ground state can occur again in two ways,
i.e., a hole returns first to Ir at site i and then the second
returns to site j or in the reversed order. The overlap of the
resulting state with the ground state defines the effective
Hamiltonian

HS = E<¢| (TM),H (TM) +(17)], —(Tﬂ"xm |45,

(27)

The calculation of Eq. (27) is identical to the one for cu-
prates in Refs. 5 and 6. For completeness we give details in
Appendix B and here merely state that neglecting spin-
independent contributions, the effective Hamiltonian of inter-
est is

O 1 ( 11 )2
= —— | —+ —
Yk 6Pz§1+5§z§+U Su\ € Eﬁff
X (S, - (S, - 0)]. (28)

Finally, summing the superexchange contributions from both
channels the superexchange contribution is
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4 Ik il lj ik ki
Hz(',j) = E 8ba tr[tl3bt5]3(sj ! U)tgutalii(si : 0-)]7 (29)
balk
where we introduced

" 2 1 ( 11 )2 (30)
= + —+— .
$00= diedu, " v &l v U\ il e

Note that the expression for g differs from that of Ref. 3.
This difference was previously noted in Refs. 5, 6, and 8 in
connection with the similar expression in Ref. 7.

C. Exchange constants

We next want to bring Eq. (17) for the direct exchange
into the form

H,j=JS;-S;+DV.(S;XS)+8;-T7.S,.  (31)

To this end we insert Egs. (5) and (6) into Eq. (17)

Y = Utr[('tgg +Ch- 0)(S;- 0)(Fy + Cls - 0)(S; - 0)].
d

(32)
We then employ the identity (checked in Appendix B)
1
Etr[(Al +B;-0)(S;- 0)(Ay+ B, 0)(S;- 0)]
=A1AQS,- . S]+ l(A2B1 —Ale) . (Sl X Sj)
+S;-(B;B,+B,B,-B,-B,])-S; (33)
to find that M is of the form Eq. (31) with
@ _ i
p? - 2 ey, - Ficl (35)
TR
'@ 4G il G G i i
ij = Fd(c3sc33 + CHCLy - CY5 - C43l). (36)

To do the same calculation for the superexchange Eq. (29),
let us first rewrite products of hopping matrices

i _ il il 4 Ij =il ) i
ity = (T3, + C5;, - 0) (75 + Cjy - 0)=13, 155 + C5, - Cps

il Gy L =il il j b b
+[i(C5, X Cy) +15,Cls + C5, 751 - o=5;] +V;/ 0,

(37)
where in the last line we introduced
b _ il Hj il lj
537 = Typtps + Cy - Cily, (38)
b _ il lj il (~lj il ~j
Vi = i(Cy, X Cily) + 13,Cif3 + Co 1. (39)

We can now apply again Eq. (33) to find
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FIG. 1. (Color online) Superexchange pathway between two Ir
ions as marked by the arrows. The Ir ions are the large (red) spheres
and the oxygen ions the small ones. The lower left (green) pathway
is via an O2 (blue) ion, the upper right (purple) pathway via an O1
(brown) ion.

M =2 g il (s + v 0)(S; o) X (b + Vi 0)(S; - 0)]

balk
=JS;-S;+ DY (§; X Sj)+S,~F’7-Sj (40)
with
J9=22 sigusi, (41)
balk
D=~ 20> (viighs)i ~ 51 ghaV): (42)
balk

@) _ <b Ik cka | <lb Ik cka _ Ib Ik kT
I =22, Vii8aVii + Vji8haVij — Vij8ba" Vji1), (43)

i
balk

and g\, given in Eq. (30).

III. TIGHT-BINDING PARAMETRIZATION

In Ref. 4, we performed local-density approximation
(LDA) calculations for the electronic structure of Na,Ir;Oqg
and then performed a tight-binding fit within a Slater-Koster
formalism. To understand the tight-binding fit, we need to
step back and take a look at the electronic structure of this
material.>* NayIr;Ogq is composed of IrO4 octahedra and as
with many transition-metal oxides, these octahedra are dis-
torted, with just a C, symmetry axis preserved. Moreover,
there are two types of oxygen atoms, with four of the six
around an Ir ion being of one type (O2) and the other two of
the other type (O1). Note that the two O1 ions are not related
by an inversion like in cuprates but are related by a 7 rota-
tion about the C, axis (see Fig. 1). A minimal tight-binding
model restricted to near neighbors only would then consist of
hoppings of Ir to OI, Ir to O2, Ol to O1, O2 to 02, O1 to
02, and Ir to Ir. Because of the distorted nature of the lattice,
not all distances between given atom types are the same. To
reduce the number of fit parameters, we then assumed a typi-
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cal inverse fourth power dependence of the hopping integrals
with distance for a given atom combination. In practice, this
affects only the O to O hoppings and we note that an inverse
fourth power behavior was indeed found for IrO,.° The net
result is that we need 18 tight-binding parameters: energies
of 15, (et ) and e, (€, ) 5d orbitals on Ir, energies of 2p
orbitals on O1 and 02 (€0, . €02) d-d hoppings (t5,,17,15)),
d -p hoppings (17, t7, for Ir-O1 and Ir-O2), p-p hoppings (¢,

for 01-01, 02 02 and O1-02), and the coefficient of the
spm orbit splitting for the Ir 5d orbitals, \ (i.e., N-s).

These parameters are then used to evaluate the various
elements of the secular matrix that generates the
eigenvalues.!” The diagonal elements are simply given by the
various on-site energies and the spin-orbit coupling matrix
elements in a crystal-field basis compatible with that used in
Ref. 10 can be found in Ref. 11. The off-diagonal matrix
elements are of the form t,;;,(1,m,n)e™ "™, where ¢ is the
hopping integral between orbital a on site i and orbital b on
site j, and /,m,n are the three direction cosines between the
two sites at r; and r;. In our case, the resulting secular matrix
has dimension 312 (there are four formula units in the unit
cell, i.e., there are 120 Ir 5d orbitals and 192 O 2p orbitals in
the unit cell when spin orbit is included). In considering
off-diagonal elements of the secular matrix, note that each
iridium ion is surrounded by six oxygen ions and four other
iridium ions (Fig. 1), and each oxygen is surrounded by 12
other oxygen ions. Once the secular matrix is set up, then the
various tight-binding parameters are iteratively adjusted to
achieve an optimal fit to the band-structure eigenvalues. The
function being minimized is a sum of the squares of the
differences of the tight-binding eigenvalues from the first-
principles ones of the electronic-structure calculation. The
minimization was performed using Powell’s method.'> We
first fit the calculation without spin orbit using 42 eigenval-
ues (the bottom and tops of the O1, 02, and e, complexes, as
well as all 36 bands of the #,, complex) at each of the four
symmetry points of the simple-cubic Brillouin zone. As an
initial start to the minimization, we used previously derived
tight-binding parameters for IrO,,’ scaled (by an assumed
inverse fourth power dependence on distance) to the
NaylIr;Og lattice. The starting values for the on-site energies
were estimated from the orbital decomposed density of states
of the band calculation. After minimization, the resulting
tight-binding parameters were then used as input to fitting
the calculation with spin orbit, now involving 78 eigenvalues
(the bottom and tops of the O1, O2, and e, complexes, as
well as all 72 bands of the 1,, complex), again at the four
symmetry points. For the initial start, the spin-orbit coupling
parameter, A, was estimated from the splitting of the j=3/2
and j=5/2 eigenvalues of the band calculation. After mini-
mization, the resulting fit gave a good reproduction of the
energy bands along with the Fermi surface (Figs. 8 and 9 of
Ref. 4). This is nontrivial, given the low site symmetry of
this lattice, the size of the secular matrix, and the large 18-
parameter function space.

This fit, though, does not take into account the residual
crystal-field splitting of the 5d orbitals due to the distortions
of the octahedra. These splittings, although somewhat ob-
scured by hybridization, appear to be present (Fig. 3 of Ref.
4) and could potentially be of importance. Including them

PHYSICAL REVIEW B 81, 174417 (2010)

0.40

0.30

—

0.20 |

—

010,

i EH%ZW
T

-0.10 |
-0.30 |
-0.40

r X M r R M

FIG. 2. Energy bands (z,, spin-orbit doublet) near the Fermi
energy (Ef) from the 21-parameter tight-binding fit to the electronic
structure of Naylr;Og. The horizontal line marks Ep.

increases the number of tight-binding parameters to 21 (with
two more parameters needed for the #,, manifold and one for
the e, one). A complete description of these splittings are
complicated because they involve a number of crystal-field
potential terms, V,g, Va1, Vas,Vags Vars Vs, Vaz, Vaa, whose
coefficients are difficult to estimate from first principles.
Rather, we used a simplified approach where we ignore the
small coupling between the 1,, and e, orbitals. For a C, axis
along (1,1,0), the t,, diagonal elements of the secular matrix
would be (relative to €, ) of the form —2¢; for xy, and +c,
for xz and yz, with an off diagonal matrix element *c; be-
tween xz and yz, the sign depending on whether the C, axis
is along (1,1,0) or (1,—1,0). Diagonalization of this subma-
trix leads to two even-symmetry states and one odd-
symmetry state relative to the C, axis. We note that this
simplified form ignores the smaller off-diagonal matrix ele-
ment between xy and xz,yz which would couple the two
even-symmetry states. For the e, submatrlx the dlagonal ma-
trix elements (relative to €, ) are —2¢, for x*—y? and +2c¢, for
3z2—r2. Diagonalization ofg this submatrix leads to one even-
symmetry and one odd-symmetry states. As the C, axis is
rotated from one iridium site to the next, these lrg and e,
submatrices in turn must be rotated (leading to off-diagonal
terms between x>—y? and 3z2—7r?).

The resulting 21-parameter tight-binding fit had about a
25% smaller rms error than the 18-parameter one (the band
dispersion from the fit is plotted in Fig. 2). On the other
hand, the solution space is more complex than in the 18-
parameter case and as a consequence, it is difficult to esti-
mate how well the minimization routine has succeeded in
finding an optimal solution. In particular, the c¢; parameters
(Table I) lead to effective level splittings for the 1,, and e,
orbitals that do not seem to correspond well to those indi-
cated by the band-structure calculation (Fig. 3 of Ref. 4).
Moreover, the Fermi surface is somewhat degraded relative
to the one of the 18-parameter fit (Fig. 9 of Ref. 4). On the
other hand, the 21-parameter fit corrects a major deficiency
of the 18-parameter one, in that tgd, which was anomalously
large in the 18-parameter fit (0.1545 eV), is now far more
reasonable (0.0521 eV). This, and other differences in the
tight-binding parameters (comparing Table I with Table 2 of
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TABLE 1. Tight-binding hopping parameters in electron volt
from the 21 parameter fit. The on-site energies are €p;=-6.4241,
€02=-3.9141, ¢, =-1.7230, and eeg=0.6619, with the spin-orbit
coupling \=0.5797. The residual crystal-field splittings of the cubic
levels on the Ir sites are denoted as ¢; (i=1,2,3).

(o T )
Ir-O1 -1.6015 0.8671
Ir-02 -2.4604 1.1507
Ir-Ir -0.4799 0.0049 0.0521
01-01 0.5694 0.0284
02-02 0.4823 -0.3264
01-02 0.6261 0.2560
1 2 3
¢ 0.0324 -0.3839 0.2965

Ref. 4), turn out to have a qualitative impact on the exchange
constants, as we will see in the next section.

IV. EXCHANGE CONSTANTS

The exchange constants are derived by taking the tight-
binding parameters discussed in the previous section and in-
serting them into the expressions derived in Sec. II (with
€i=0). We remind that the functional form for the spin
Hamiltonian is listed in Eq. (31). As stated previously in Ref.
4, the direct exchange term only contributes to the isotropic
term J in Eq. (31); the other terms vanish, even for the dis-
torted lattice. This is a consequence of the fact that the spin-
orbit coupling leads to a “doublet” of states around the Fermi
energy (the 24 bands shown in Fig. 2) which to a good ap-
proximation are formed from linear combinations of xy, xz,
and yz orbitals with equal weights. The resulting contribution
to J is of the form 413/ U, where t,=515,+317,+ =19, [this
differs by a factor of 2 from Ref. 4, as already noted after Eq.
(17)]. On the other hand, the superexchange terms contribute

to J, D, and I". We denote the components of the diagonal
contributions to the exchange by J;=J+D;+I'; (i=x,y,2).
These values are plotted in Fig. 3 as a function of U, (Cou-
lomb repulsion on the Ir sites) for both sets of tight-binding
parameters. For the purposes of these plots, U, (Coulomb
repulsion on the O sites) was set to zero.

For the 18-parameter fit, J, becomes equal to the experi-
mental value of 28 meV (Ref. 1) for a value of U, of about
1.1 eV [Fig. 3(a)]. In that context, although the value of U, is
not known for Naylr;Og, we note that for the related perov-
skite, Sr,IrO,, the optical gap is 0.5 eV, and it is known from
LDA+U simulations that a U, of about 2 eV is needed to
reproduce this gap.!? Interestingly, Jy and J_ significantly dif-
fer from J,, indicating that the predicted spin Hamiltonian
from this tight-binding fit is strongly anisotropic, as we pre-
viously remarked.*

We can contrast this with the 21-parameter fit, shown in
Fig. 3(b). J, reaches the experimental value of 28 meV for a
U, of about 1.5 eV, which is close to the anticipated value of
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FIG. 3. (Color online) Diagonal elements of the exchange inter-
action as a function of the on-site repulsion (U,) on the iridium
sites, assuming zero repulsion (U,) on the oxygen sites; (a) is from
the 18-parameter tight-binding fit and (b) from the 21-parameter fit.
The horizontal dashed line is the experimental value for J (Ref. 1).

2 eV. More interestingly, J, and J, are close in value to J,.
This indicates a far more isotropic spin Hamiltonian, which
is in support of various theories for this material. For com-
pleteness, we list all the coefficients of the spin Hamiltonian
in Table II for the 21-parameter fit with U;=1.5 eV. We note
not only the effective isotropy of J; but also the much re-
duced value of the Dzyaloshinski-Moriya interaction com-
pared to what was previously indicated in Ref. 4. This dif-
ference is mainly due to the much smaller value of U, (0.5
eV) assumed in the previous work. On general grounds, we
note the dominance of J,; in Table II compared to the other
exchange terms, in particular, the large ratio of J,; to J,. This
is in contrast to the well-known case of cuprates, where the
superexchange term is dominant. This difference can be at-
tributed to the 90° Ir-O-Ir bond present in this material com-
pared to the 180° Cu-O-Cu bond found in the cuprates. Other
qualitative differences between the 90° and 180° cases have
been emphasized in the recent work of Jackeli and
Khaliullin.'*

Finally, we show in Fig. 4 the dependence of the ex-
change constants on U,,. Its effect is to cause increased an-
isotropy. However, this is more pronounced for the 18-
parameter fit than the 21-parameter one. At larger values of
U, than those shown in Fig. 4, there are divergences that are

TABLE II. Exchange constants in millielectron volt from the 21
parameter tight-binding fit. The spin Hamiltonian is given in Eq.
(31). Quoted are values where Ir site m is along an (0, 1,-1) direc-
tion relative to Ir site n. D are the Dzyaloshinski-Moriya and I the
anisotropic superexchange terms (in the second row for I', the jk
refer to the parenthesis, xy, etc.). In addition, the direct exchange
(isotropic) is J;=24.9 and the isotropic superexchange term is Jg
=2.2. The last row, J;, is the total exchange for the diagonal com-
ponents (Jy+J+1';). The assumed value of U, is 1.5 eV (with U,
assumed to be zero).

i(jk) x(xy) y(xz) 2(yz)
D; 34 0.4 -0.3
Ty 13 -1.3 -1.3
I 0.3 -0.2 -0.0
Ji 284 25.8 25.8

1
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FIG. 4. (Color online) Diagonal elements of the exchange inter-
action as a function of the on-site repulsion (U,) on the oxygen
sites, with a repulsion (U,) of 1.5 eV on the iridium sites; (a) is
from the 18-parameter tight-binding fit and (b) from the 21-
parameter fit. The horizontal dashed line is the experimental value
for J (Ref. 1).

associated with zeros of the denominators entering g [Eq.
(30)]. This corresponds to intermediate states that are low in
energy, meaning that perturbation theory is no longer valid.
Obviously, for very large values of U,, the superexchange
contributions disappear, leaving only the isotropic direct ex-
change term.

From the above, it is obvious that the exchange constants
are very sensitive to the tight-binding parametrization and
also the values of the various Coulomb repulsions. We also
note that higher order processes are ignored, for instance,
sixth-order superexchange processes involving additional
hoppings between the two O ions connecting two Ir sites
which are known to play a role for the honeycomb lattice
found in Na,IrO;."> Longer range hoppings on the iridium
sublattice could also be of importance as well.'®

V. SUMMARY

We have found that an approximately isotropic Heisen-
berg model can be motivated from a tight-binding parametri-
zation of the electronic structure of Naylr;Og, with the ex-
perimental value of J reproduced for a reasonable value of
the Coulomb repulsion, U,. To obtain this result, it was im-
portant to account for the residual crystal-field splittings of
the Ir 5d orbitals due to the octahedral distortions. Our find-
ings are obviously of some importance in regards to models
for this quantum spin liquid since anisotropy acts to stabilize
long-range magnetic order.®> The large value of the exchange
is of much interest since a large J appears to be associated
with the unusual properties of cuprates, including their
d-wave superconductivity.!”

ACKNOWLEDGMENTS

We thank Gang Chen and Jaejun Yu for discussions. Work
at Argonne National Laboratory was supported by the U.S.
DOE, Office of Science under Contract No. DE-ACO02-
06CH11357.

APPENDIX A: INTERMEDIATE STATES IN THE
SUPEREXCHANGE PATHWAY

For self-containedness this appendix provides intermedi-
ate steps of the superexchange calculations similar to those

PHYSICAL REVIEW B 81, 174417 (2010)

found in Ref. 5. The explicit expression for the intermediate
state in the simultaneous channel of the superexchange path-
way, Eq. (25), is a sum of the two contributions

Hol¢5 Y= 2 T ﬂm

lJ
Ik H

=—E E E E epd(tb3)0403

ba lk o403 0501 “ka

X(tu3 0’201plb0' pkaaz Jj3oy 1301|¢0> (Al)
1
Hol¢3™") = 2 T T o)
Ik 0
=- 2 E E 2 d(tbS
ba lk o403 00 eia 4%
X(tcﬂ o‘zalpkaa-zplbg4 J3oy 1’503|¢0>’ (AZ)

where the minus sign results from exchanging operators p’
and c. Upon relabeling indices a« b, k<[, oy« 04, and
o+ 03 we add up both contributions, resulting in the inter-
mediate state

i) =~ 2222(3 =)

ba lk o403 0y0

h3 0'401([(13 O'zu'lplba pkao'2 J3o3 130’1|¢0>
(A3)

and the state |¢5’) has the energy Eq. (26). The return to the
ground state can occur in the two processes described in Eq.
(27). In the intermediate state Ho|¢3)=2,,(TP9)] |5 of the
first process one hole has returned to site i,

0'60'5(th3)0'4(7;(ta% 0,0

ey + €+ Updu

Holpp=-22 2 E

cha mlk 04050403 070

1 1. +
— L ] T
X ( & + 6,;(1)6 BoPmeoPlboPrac,Ci3o;C i3al| bo)-

a

(A4)

Using fermion anticommutation relations and keeping only
those contributions that are not annihilated upon acting

on the ground state, pmcagplh(r4pka(r2 O Ope 5a5a4pka(rz
= OimOacOs 2P1bav which inserted into Eq. (A4) shows that

Hol 65)=Hof| 65 +|657). where

3b 060'4(tb3 0'40'3(ta3 0,0

efb + G,Za + Upgkl

Ho|¢§i’u>=22 > >

ba lk ogou03 0yoy

1 1
X<€D Epd)pka0'2 j—306 Jj3o3 1301|¢0> (AS)
b

174417-7



T. MICKLITZ AND M. R. NORMAN PHYSICAL REVIEW B 81, 174417 (2010)

SuUU(tb3 UO'(ta% 0,0 1
Hlgsh=-22 2 2 T - l( >p1b<r4 1‘3% j0sCize, | P0)- (A6)

“pd d
ba lk ogo403 0yoy pr + Ei,a + Upékl Ep Ep

States |5y and |¢>SC ") have the energies €/ and €/, respectively. Acting with a second hopping Hamiltonian the second hole
returns to its ground state

“ 3a00'(t3bo'a(tb30'o'(ta3ao 1
2 (Tpd)]m|¢gcz )= 2 2 2 2 = 6 . . = EJ 73‘78 j3"76 J3oy ’3"1|¢0> (A7)
1b

“pd
ba lk 0300403 090 ( + U 5/(1)6]/:0 Ep

S@leh=-S3 3 3 s o ( L) ehchonncanlty. (A9

ba lk ogogo403 00y ( w t G;c)a + Up5k1) e?b 6';:6!

Processes in which the holes return to the ground state in reversed order have the intermediate state |¢ ) in which Ir ion at site
j and i are in the ground and excited states, respectively. This intermediate state is again a sum of two contrlbutlons which are
taken to the ground state |¢,) upon acting with the second hopping Hamiltonian. The final state corresponds to Eqgs. (A7) and
(A8) upon exchanging i< j in the first and second matrix elements (i.e., those returning the holes to their ground states) and
the ¢'’s. Upon relabeling of spin indices these four contributions to the superexchange pathway from the simultaneous channel
can be combined into a sum of two contributions, whose overlap with the ground state is

lj ki
agoz(t )0604(tb3)0'403(ta3 0,0 L+ 1 2 T (,‘T P
E'IEZI Epl ]’50-8 30" j303% 30

(Bl 22 X 2

d
ba lk 0g0g0403 070 Ep + Ei +U, 5kl ka
2
3a (’8(’2 3b 060'4(tb3 (r4(r;( a3 0,07 1 1 - +
YD 7t U s _epd i C}3oscjsaﬁcj3o3ci3a, | o) (A9)
ba Ik 03050405 00y b T €ka t UpOn b €ka

Permuting some of the ¢,c’ and applying identity Eq. (15), this can be summarized in the more compact form

1 12|, . (1 1
H s = —(—+—> tr| ] t’f( +S;- )’kt’”(—+S,~~ )
L] bza Izk pr + Epd + Up5kl 6%1 E‘IL:Z 3b°b3 2 (O B3l 2 g

1 1\N2 | 1 {
— | —+— | tr| ALY <_ S.. ) trl 7% k;(_ S.. ) , AL
+%%e‘” +€Ud+Up5kl<6p +EP> I'|:t3btb3 2+ i 0| |tr] 53,043 2+ o ( )

where the trace is again in spin space. The second term as well as contributions from 1/2 in the first term lead to spin-
independent contributions. Neglecting these, we arrive at the effective Hamiltonian (28).

APPENDIX B: TRACES OVER PAULI MATRICES

Starting out from the expression

tf(A; +B, - 0)(S; 0)(A, +B, - 0)(S; - 0)]=S;SA A, tr(c*’) + S{STA| B tr(d* o' 0™) + SIST'A, B} tr(0*o’o™)
+SiS"B}B tr(c* oo™ 0”), (B1)

we use the identities
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tr(O'kOJ) = 25](1, (Bz)
tr(d*o’o™) = 2iey,,, (B3)
tr(o-kojo-moﬂ) = 2(5k18mn - 5km51n + 5kn51m) (B4)

to find

1 - o PN -
Etr[(Al +B1 . (T)(Sl . (T)(A2+B2 . U)(SJ . 0‘)]=A1A2S,» . Sj+ l(A2B1 —Ale) . (Sl X Sj) +S[ . (B1B2+B2B1 _Bl . Bz]) . Sj

(B5)
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