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The magnetoelectric and toroidic effects occurring in NaFeSi2O6 are analyzed theoretically. The symmetry-
breaking mechanism giving rise to the incommensurate antiferromagnetic-ferroelectric phase observed below 6
K is shown to be induced by replication of a single transition order parameter. It implies an effective-
continuous symmetry of the system identified as the phason rotation of the incommensurate order parameter.
The magnetic-field induced toroidal moment is expressed in terms of the macroscopic and spin variables. It
shows that the toroidal susceptibility components vary critically as the electric polarization, denoting the
inherently magnetoelectric nature of the scaling properties of the ferrotoroidic state. The toroidal moment
arising under applied field in antiferromagnetic-ferroelectric structures is induced simultaneously with a spin
wave which exhibits the same symmetry properties but spans different degrees of freedom. The difference
between microscopic spins degrees of freedom and the electromagnetic macroscopic magnetization and toroi-
dal fields is emphasized.

DOI: 10.1103/PhysRevB.81.214417 PACS number�s�: 77.80.�e, 61.50.Ah, 75.80.�q

I. INTRODUCTION

The resurgence of interest in magnetoelectric multiferroic
materials has prompted discussion of the relevance of the
concept of magnetic toroidal moment for clarifying the mac-
roscopic and microscopic properties of these systems.1–4 The
existence in antiferromagnetic structures of a macroscopic
moment asymmetric under both time reversal and space in-
version long remained elusive5–7 until the recent observation
by optical second harmonic generation of the independent
coexistence of ferrotoroidic and antiferromagnetic domains
in the weak-ferromagnetic structure of LiCoPO4.8 This result
provides a motivation for investigating toroidic effects in the
ferroelectric phases of magnetic multiferroic materials, in
which the space-asymmetric electric polarization is induced
by a time-asymmetric and space-asymmetric antiferromag-
netic order. Here we describe theoretically the magnetoelec-
tric and toroidic effects in the pyroxene compound
NaFeSi2O6 �NFS�. We show that the antiferromagnetic-
ferroelectric phase observed below 6 K �Ref. 9� results from
the coupling of two order-parameters displaying the same
symmetry. This symmetry replication of the primary order
parameter, which is permitted by the invariance of the free
energy under the continuous rotation of the phase modulation
mode �phason� associated with the incommensurate spin
wave, is unique among the presently known multiferroic
compounds, such as TbMnO3,10 MnWO4,11 or Ni3V2O8,12 in
which the electric polarization is induced by the coupling of
antiferromagnetic order-parameters having different
symmetries.13–15 The magnetic-field-induced toroidal mo-
ment T� in NFS is expressed in function of the macroscopic
order-parameters and microscopic spins. The field-induced
toroidal moment appears simultaneously with a spin wave
displaying the same symmetry properties, but spanning dif-
ferent degrees of freedom. The toroidal susceptibility com-
ponents are shown to exhibit the same critical behavior as
the electric polarization.

The paper is organized as follows: in Sec. II we recall the
concept of symmetry replication that was introduced in the

theoretical description of systems displaying a continuous
broken symmetry16–18 and explain why it can also apply to
the incommensurate ferroelectric phase of magnetic multifer-
roic materials in which discrete symmetries are broken. This
is illustrated in Sec. III by the theoretical analysis of the
magnetoelectric properties observed in NFS.9 The toroidic
properties of NFS are then described at the macroscopic
�Sec. IV A� and microscopic �Sec. IV B� levels.

II. SYMMETRY REPLICATION IN INCOMMENSURATE
MULTIFERROICS

One of the distinctive feature of most of the presently
known magnetic multiferroic materials is the existence of a
sequence of two second-order transitions to antiferromag-
netic incommensurate phases, in which the first more sym-
metric �nonpolar� phase is induced by a single irreducible
representation �IR� �1 of the parent paramagnetic phase as-
sociated with the incommensurate k� vector, whereas the sec-
ond less-symmetric ferroelectric phase is generated by the
coupling ��1+�2� of two distinct IR’s of the parent phase
corresponding to the same k� vector. Combining once �1 with
�2 can give rise to a number of less symmetric phases that
should exhaust the list of possible magnetic phases that may
appear in the material in presence or absence of applied mag-
netic field. This result is valid when the symmetry group
broken at the transition is discrete. However, we have shown
within the contexts of superconductivity16 and liquid
crystals17,18 that the polymorphism of the low-symmetry
phases extends beyond the conventional phases induced by a
single copy of �1 and �2 when the broken symmetry is con-
tinuous. It relates to the property that the lowest-symmetry
group induced by the IR �1 of a continuous symmetry group
G0 can only be obtained by considering the reducible repre-
sentation �1+�1+�1+¯. The number n of �1 figuring in the
sum can be calculated on using group-theoretical methods
described in Ref. 18. It is always smaller or equal to the
dimension N of �1, i.e., �1+�1 for N=2. This result stems
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from the group-theoretical rule that the minimal symmetry
group Gm induced by �1, defined as the invariance group of
the general direction in the representation space, does not
coincide with the lowest-symmetry group Gk associated with
�1, corresponding to the kernel of the homomorphism of G0
on �1�G0�. Therefore, in order to obtain the full set of
broken-symmetry phases associated with �1 one has to con-
sider the coupling of n copies of �1. This specific property of
continuous groups is illustrated by a simple example in Fig.
1: the IR �1 of a parent phase, with continuous rotational
�isotropic� symmetry, induces an anisotropic phase showing
a polar vector V� invariant by a mirror plane symmetry �,
which forms with the identity 1 the minimal symmetry group
Gm associated with �1. Considering an additional noncol-
linear vector V� � induced by �1, and invariant by a different
mirror plane ��, yields stabilization of the lowest-symmetry
group Gk=1 associated with �1+�1, which leaves invariant
V� and V� �.

The preceding mechanism of symmetry replication of the
order parameter does not apply to structural or magnetic
transitions giving rise to strictly periodic structures, since
they involve discrete symmetry-breaking mechanisms. By
contrast, if the order parameter is associated with structural
or magnetic waves with incommensurate wave vectors it is
well known19 that the thermodynamic features of the transi-

tion to the incommensurate phase are driven by an effective
continuous group generated by the images of the incommen-
surate crystallographic translations in the order-parameter
space: the discrete translation group which is broken at the
transition to the incommensurate �structural or magnetic�
structure has a dense image in the order-parameter space
acting as the continuous rotation group of the phason. Con-
sequently, unconventional low-symmetry phases induced by
several copies of the same IR can be stabilized at incommen-
surate structural or magnetic transitions as the result of a
continuous symmetry-breaking mechanism. In the following
section we show that this is indeed the case for the incom-
mensurate ferroelectric phase observed below 6 K in NFS.

III. MAGNETOELECTRIC PROPERTIES OF NFS

A. Symmetry replication in NSF

Below its paramagnetic phase of magnetic symmetry
C2 /c1� �Fig. 2� NFS undergoes at TN=8 K and TF=6 K
second-order phase transitions associated with the incom-
mensurate wave vector k� = �0,0.77,0�.20 The high-
temperature ordered phase is incommensurate and paraelec-
tric, whereas the low-temperature phase is ferroelectric. A
third magnetic phase is stabilized at low temperature under
applied magnetic field. Two irreducible representations �IR’s�
of C2 /c1�, denoted �+ and �− �Table I�, can give rise to
magnetic transitions in the k� direction of the monoclinic-C
Brillouin zone. Two sets of physical quantities �continuous
magnetic waves and localized spins� can be used for a con-
crete interpretation of the corresponding order parameters. A
first natural set is provided by magnetic waves freezing at the
transitions. Thus, �+ is spanned by a single antiparallel lon-
gitudinal magnetic wave, expressed by the magnetic mo-
ment,

m� b�y� = ��beiky + �b
�e−iky�b� , �1�

where the amplitudes �b and �b
� are the order-parameter

components, and b� is the basic lattice vector along the two-
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FIG. 1. Symmetry replication mechanism. �a� In the parent high-
symmetry phase, the vector order parameter vanishes, and the con-
tinuous symmetry group is � .m �C�v�. When only one vector order
parameter �b� or two collinear order parameters �c� are involved, a
single ordered phase is stabilized which possesses the symmetry m
generated by the reflexion �. By contrast, two dephased noncol-
linear order parameters �d� stabilize an additional vector state hav-
ing the lowest-symmetry group 1, reduced to the identity.
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FIG. 2. Position of the Fe atoms in the conventional monoclinic
unit-cell of the paramagnetic structure of NFS. Atoms 1, 2, 3 and 4
are located, respectively, at �0,1−� ,1 /4�, �0,� ,3 /4�,
�1/2,1/2-�1 /2,1 /2−� ,1 /4�, and �1 /2,1 /2+� ,3 /4�.
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fold axis. �− is associated with two transversely polarized
magnetic waves,

m� a�y� = ��aeiky + �a
�e−iky�a� ,

m� c�y� = ��ce
iky + �c

�e−iky�c� , �2�

where both order parameters ��a ,�a
�� and ��c ,�c

�� transform
as �−. Considering first a single copy of each representation
�+ and �− yields the Landau expansion,

F1 = a1�1
2 + a2�2

2 +
b1

2
�1

4 +
b2

2
�2

4 + a3�1
2�2

2 cos 2	

+
a4

2
�1

4�2
4 cos2 2	 , �3�

with �b=�1ei	1, �b
�=�1e−i	1, �a�or �c�=�2ei	2, �a

��or
�c

��=�2e−i	2, and 
=
1−
2. Figure 3 shows the phase dia-
gram resulting from the minimization of F1. It contains five
possible stable phases labeled I-to-V. Figure 4 summarizes
the equilibrium conditions fulfilled by each phase and their
magnetic point-groups. One can unambiguously identify
phase II, induced by �−, as corresponding to the antiferro-
magnetic phase reported in NFS below TN, since its magnetic
structure, with the point-group 2 /m1�, exhibits collinear Fe-
spins oriented in the a�-c� plane, as observed experimentally.

Figure 4 shows that none of the polar phases III and V
induced by �++�− coincide with the ferroelectric phase with
Pb polarization reported in NFS below TF. Let us show that
the stabilization of this latter phase results from the coupling
of the two transversally polarized magnetic waves m� a�y� and
m� c�y�. Such a coupling stabilizes an additional broken-
symmetry phase under the condition that the two waves cor-
respond to different phases 	2 and 	2� of the order parameter,

i.e., �a=�2ei	2 and �c=�2�e
i	2�, with 	2−	2�� �0,��. The cor-

responding Landau expansion,

F2 = a2�2
2 + a2��2�

2 + 2a3�2�2� cos�	2 − 	2�� +
b2

2
�2

4 +
b2�

2
�2�

4

+ b3�2
2�2�

2 cos2�	2 − 	2�� �4�

yields the phase diagram shown in Fig. 5. It contains, below
the range of stability of phase II, an additional phase II� of
symmetry 2b1�, which exhibits an electric polarization Pb as

TABLE I. Generators of the irreducible representations �+ and
�− of the C2 /c1� paramagnetic space groups for k� = �0,k ,0�. C2 is
the twofold rotation axis along b� , I the space inversion, T the time-
reversal and t�= �0,b ,0�. �=eik�.t�.
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FIG. 3. Phase diagrams associated with the free energy F1 �Eq.
�3�� for �a� a3
0 and �b� a3�0. All curves correspond to second-
order transitions. Phases II and III are respectively observed in NFS
below TN and above a threshold magnetic field Bth.
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FIG. 4. Connection between the magnetic point groups of
phases I-to-V, obtained by minimization of F1, and equilibrium con-
ditions fulfilled by the coupled order-parameter for each phase.
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FIG. 5. Phase diagram associated with the free energy F2 �Eq.
�4��. The curves correspond to second-order transitions. Phase II� is
observed below TF in NFS.
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observed below TF in NFS. Accordingly, the low-
temperature incommensurate phase observed in NFS results
from the coupling of two order parameters having the same
symmetry, i.e., transforming as the same IR �− of the para-
magnetic phase. As emphasized in Sec. II, this symmetry-
replication mechanism, which is disclosed for the first time
in a multiferroic compound, is allowed by the possibility of
fixing arbitrarily the phase of the order parameter, due to the
continuous rotation of the phase modulation mode. It there-
fore permits a coupling between dephased order parameters
displaying the same symmetry.

Note that the coupling of two dephased longitudinal mag-
netic waves m� b �Eq. �1�� would lead to a similar sequence of
phases 2 /m1��phase I�→2b1��phase I��. However, in
phases I and I� the twofold rotation imposes Fe spins ori-
ented along b� , whereas in phases II and II� the twofold rota-
tion combines with time reversal in a way that the Fe spins
lie in the a�-c� planes, as reported experimentally.9

B. Magnetoelectric behavior

Along the straight thermodynamic path P� shown in Fig.
5, the temperature dependences of a2 and a2� can be param-
eterized as: a2=a20�TF-T�+�b2a3 /�b3 a2�=a20� �T2-T�
+b2�a3 /�b3, where a10, a20 and � are constants characterizing
the path. The order-parameter amplitudes �2= �−a2 /b2�1/2 and
�2�= �−a2� /b2��

1/2 vary noncritically at TF, while the dephasing
	2−	2� plays the role of the critical transition order param-
eter. It varies below TF as

sin�	2 − 	2�� 	 
�b3

a3
��a20�

b2�
+

a20

�b2
��1/2

�TF − T . �5�

Minimizing the dielectric free energy,

FC = − �P� . E� − ��2�2�Pb sin�	2 − 	2�� +
�aa

2
PaPa +

�bb

2
PbPb

+
�cc

2
PcPc +

�ac

2
PaPc �6�

gives the zero-field equilibrium value of the polarization,

Pb =
�

�yy
�2�2� sin�	2 − 	2��

	
�

�yy

�b3

a3

a20a20�

b2b2�
��a20�

b2�
+

a20

�b2
��1/2

�TF − T , �7�

which varies critically at TF as a proper ferroelectric
transition.13,19 Therefore, the dielectric permittivity �Eb

b fol-
lows a standard Curie-Weiss-like behavior, as reported in
NFS.9

A decrease of the polarization is observed under applica-
tion of a magnetic field along b� �c�. Above a critical field Bth
the polarization Pb cancels and a component Pc appears.9

This polarization flop can be interpreted as a first-order tran-
sition to phase III, the mac1� symmetry of which reduces to
mac� under application of the field, canceling Pb and inducing
a polarization in the a�-c� plane. Only the Pc component was
reported in NSF.9 At zero magnetic field the coupling free-
energy reads:

FC = − �P� . E� +
�aa

2
�Pa�2 +

�bb

2
�Pb�2 +

�cc

2
�Pc�2 +

�ac

2
PaPc

+ �cKPc + �aKPa + �KJPb + �JPaPb + �JPcPb �8�

where K=�1�2 sin�	1−	2� and J=�1�2 cos�	1−	2�. It gives
the spontaneous polarization in phase III �in which J=0�,

Pa =
�ac�c − �cc�a

�aa�cc − �ac
2 K ,

Pb = 0,

Pc =
�ac�c − �cc�c

�aa�cc − �ac
2 K , �9�

Equation �9� shows that phase III exhibits spontaneous po-
larization in the a�-c� plane. At variance with Pb in phase II�,
Pc in phase III is induced by the coupling of two order-
parameters spanning distinct representations ��++�−�. Along
the thermodynamic path denoted by P in Fig. 3 the tempera-
ture dependence of K is given by

K = �1�2 = �a10

a3
3 �a10b2 − a20c�
1/2

�TIII − T , �10�

where TIII is the critical temperature, at which phase III
would take place at zero magnetic field. a1=a10�TIII−T�
+�c and a2=a20�TIII−T�+�b2, where a10, a20, and � are
temperature-independent parameters.

The observed property of Pb and Pc to cancel at almost
the same critical field9 is the most remarkable feature of the
flop transition. It suggests the existence of a narrow region of
stability of the paraelectric phase II between phases II� and
III. However, it is experimentally unclear in NSF �Ref. 9� if
the transition to the high-field phase is a direct �II�→ III�

TABLE II. Zero-field magnetic point groups �PG�, spontaneous
polarization P� 0, magnetization M� 0 and toroidal moment T�0 in
phases II, II�, and III. Under small electric and magnetic fields one
has: T� =T�0+��EE� +��MB� , P� = P� 0+ �̂EE� + �̂EMB� and M� =M� 0+ �̂MEE�

+ �̂MB� , where ��E= �̂EM=�̂ME=T�0=M� 0=0 in all the phases of the
model. Dielectric �̂E, magnetic �̂M, and magnetotoroidal �̂M

susceptibilities.

Phases II II� III

PG 2 /m1� 21� m1�

P� 0 ,M� 0 ,T�0 0� ,0� ,0� Pb ,0� ,0� PaPc ,0� ,0�

�̂E , �̂M ��a
a 0 �a

c

0 �b
b 0

�c
a 0 �c

c � ��a
a 0 �a

c

0 �b
b 0

�c
a 0 �c

c � ��a
a 0 �a

c

0 �b
b 0

�c
a 0 �c

c �
�̂M �0 0 0

0 0 0

0 0 0
� ��a

a 0 �c
a

0 �b
b 0

�a
c 0 �c

c � � 0 �a
b 0

�b
a 0 �b

c

0 �c
b 0

�
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weakly first-order transition or a sequence �II�→ II→ III� of
two second-order transitions.

IV. TOROIDIC EFFECTS

A. Macroscopic properties

Applying electric or magnetic fields induces a toroidal
moment,

T� = T�0 + ��EE� + ��MB� , �11�

where ��E and ��M are the electrotoroidal and magnetotoroidal
susceptibilities. Their nonzero components are summarized
for each phase in Table II. Since phases II and II� are mac-
roscopically invariant under time reversal, one has T�0=0 and

�̂E=0. In phase II, due to space inversion ��M =0, whereas in
phase II� the nonzero components of �̂M are controlled by
the toroidal free energy,

F2
T = �2�2� sin�	2 − 	2����aaTaBa + �bbTbBb + �ccT

cBc

+ �acT
aBc + �caTcBa� +

1

2
gaa�Ta�2 +

1

2
gbb�Tb�2

+
1

2
gcc�Tc�2 + gacT

aTc, �12�

where �ij and gij are temperature-independent phenomeno-
logical coefficients. Minimizing F2

T with respect to Ta, Tb,
and Tc gives

��M
II� =

�2�2� sin�	2 − 	2��
� �

gac�ca − gcc�aa 0 gac�cc − gcc�ac

0 −
�bb

gbb
� 0

gac�aa − gaa�ca 0 gac�ac − gcc�aa

� , �13�

where �=gaagcc−gac
2 . It shows that in the vicinity of TF the

��M
II� components display the same temperature dependence as

Pb Eq. �7� varying critically as �TF−T.
In phases III, IV, and V the magnetotoroidal coupling

reads

Fcoupl = ��abTaBb + �baTbBa + �cbTcBb + �bcT
bBc�K

+ ��aaTaBa + �acT
aBc + �caTcBa + �ccT

cBc

+ �bbTbBb�K . J , �14�

where K and J are given below Eq. �8�. It yields the suscep-
tibility:

�̂M =
K

�� 0 gac�cb − gcc�ab 0

− �ba�/gbb 0 − �bc�/gbb

0 gac�ab − gaa�cb 0
�

+
K . J

� �gac�ca − gcc�aa 0 gacz�cc − gcc�ac

0 − �bb�/gbb 0

gac�aa − gaa�ca 0 gac�ac − gaa�cc
�

�15�

Setting J=0 and 	1−	2=� /2 in Eq. �15� provides the mag-
netotoroidal susceptibility in phase III,

�̂M
III =

K

�� 0 gac�cb − gcc�ab 0

− �ba�/gbb 0 − �bc�/gbb

0 gac�ab − gaa�cb 0
� ,

�16�

It shows again that the components of �̂M
III vary with tempera-

ture as the Pc polarization in phase III, i.e., as K=�1�2 given

by Eq. �10�. Thus, in phases II� and III the magnetotoroidal
susceptibility components display the same critical behavior
as the corresponding polarization components, i.e., at con-
stant magnetic field the toroidal moment varies critically as
the polarization P� at zero field. Figure 6 shows the field
dependence of the susceptibility. The scaling of T� with P�
reflects the inherently magnetoelectric nature of the ferrotor-
oidic state. Therefore, in phase II�T� starts from zero at zero
field, increases linearly at low field �except close to T=TF�,
before reaching a maximum, then decreases and vanishes
continuously at a threshold field Bth.

From the susceptibilities �M
II� �Eq. �14�� and �M

III �Eq. �16��
one can deduce the interplay between the ferroelectric �FE�
and ferrotoroidic �FTO� domains under applied magnetic
fields in the ferroelectric phases of NFS. The 2b1� symmetry
of phase II� at zero field displays two FE domains. A Bb field
reduces the symmetry to 2b, inducing a small magnetization
Mb and a toroidal moment Tb=−�bb /gbbBb�2�2� sin�	2−	2��
with reversed signs in the two domains. Applying a field
normal to b� lowers the symmetry to 2b�, preserving the FE
domains and inducing a weak magnetization �Ma ,Mc� and a
toroidal moment �Ta ,Tc� normal to b� but not parallel to the
field, with, again, reversed signs in the two domains. The mac�
symmetry of phase III under Bac exhibits also two domains
with reversed polarizations and toroidal moments. In each
domain the polarization and the toroidal moment are not nec-
essarily parallel.

The domain pattern under applied magnetic field of phase

IV, which has the triclinic nonpolar symmetry 1̄1� �Fig. 4�,
presents some remarkable features which deserve to be em-
phasized despite the fact that this phase is not observed in
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NFS. At zero field its two antiferromagnetic domains cannot
be distinguished on using macroscopic vectors. Applying a
magnetic field along c� induces a toroidal moment in the a�-c�
plane �see Table II� and a magnetization parallel to b� . The
number of domains is unaffected, but the domains can be
distinguished by the orientation �T� of their toroidal mo-
ments, while the magnetization is identical in the two do-
mains. Applying a magnetic field perpendicular to b� induces
a toroidal moment parallel to b� , and a magnetization normal
to b� . The magnetic domains are unaffected by the field, but
can be distinguished by the orientation �T� of their toroidal
moments. Applying a field oriented arbitrarily with respect to
b� gives rise to a magnetization and a toroidal moment having
both three independent components, in such a way that the
three vectors B� , T� , and M� are neither parallel nor perpendicu-
lar. Consequently, a single domain corresponding to a pre-
ferred toroidal orientation is favored by the field, which var-
ies with the orientation of the field.

B. Microscopic description

To gain insight into the nature of the microscopic states
giving rise to the toroidal moment, one can express the tran-
sition order parameter in function of the spins localized at

the magnetic atomic positions, instead of the continuous
magnetic waves used in the previous sections. In order to
visualize the structures, we consider the commensurate ap-
proximants of the incommensurate structures of NFS ob-
tained for k� =b��. Note that they do not coincide exactly with
the lock-in limit-phases stabilized when k� =b��, which are de-
scribed in the Appendix. Indeed, additional symmetry break-
downs would take place at the lock-in transitions if the wave
vector reaches the value k� =b��.

Denoting by s�1-to-s�4 the spins of the four Fe atoms in Fig.
1, with s�i=si

aa� +si
bb� +si

cc� �i=1–4�, the transition order pa-
rameters can be expressed as combinations of spin compo-
nents. Such an atomic description allows a more refined
analysis of the magnetic behavior of NFS, as it involves
additional �noncritical� magnetic degrees of freedom de-
scribed by the four spin waves,

L�1 = s�1 + s�2 − s�3 − s�4, L�2 = s�1 − s�2 − s�3 + s�4,

N� = s�1 + s�2 + s�3 + s�4, R� = s�1 − s�2 + s�3 − s�4. �17�

The critical spin waves L�1 and L�2 correspond to the lock-in
wave vector k�L= �0,1 ,0� and verify the conditions �s�1=
−s�3 , s�2=−s�4� imposed by the antitranslations conserved in
all the ordered phases. One finds the relationships,

L1
a = �2 cos	2, L2

a = �2 sin 	2, L1
c = �2� cos 	2�,

L2
c = �2� sin 	2�, L1

b = �1 cos 	1, L2
b = �1 sin 	1,

�18�

which are analog to Eqs. �1� and �2� for discrete spins, con-
firming that one copy of �+ and two copies of �− are re-
quired for describing the degrees of freedom associated with
the magnetic atoms in NFS. The additional waves N� and R� �at
k� =0� transform, respectively, as the total spin of the ex-
tended cell, and as the toroidal moment T� . The equilibrium
conditions for the order parameters at zero field provide the
spin state in the approximant structures,

s�1 = s�2 � b��phase II�, s�1,s�2 � b��phase II��,

s1
a = s2

a,s1
c = s2

c, s1
b = − s2

b�phase III� . �19�

Figure 7 shows the magnetic structures of phases II, II� and
III satisfying the preceding relationships.

In the approximant of II� at zero field the spin configura-
tion is given by

s�1
�0� =

1

4��2 cos 	2 + �2 sin 	2

0

�2� cos 	2� + �2� sin 	2�
�,

s�2
�0� =

1

4�− �2 cos 	2 + �2 sin 	2

0

− �2� cos 	2� + �2� sin 	2�
� ,

κ

B

κ a
a

κ b
a

Bth

B

κ

κ a
a

κ b
a

Bth

II’ III

II’ III

II

FIG. 6. Field dependence of the magetotoroidal susceptibility.
�a� When the II�-III transition is first order. �b� When there is a
sequence, II�-II-III, of second-order transitions.
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s�3
�0� = −

1

4��2 cos 	2 + �2 sin 	2

0

�2� cos 	2� + �2� sin 	2�
�,

s�4
�0� = −

1

4��2 cos 	2 + �2 sin 	2

0

�2� cos 	2� + �2� sin	2�
� . �20�

Canceling L�1, L�2, and N� in Eq. �17� provides the “elemen-
tary” toroidal spin configuration,

s�1 = s�3 = − s�2 = − s�4 = R� /4 �21�

represented in Fig. 8�a�. Equation �21� gives the spins for a
hypothetical “primary ferrotoroidal transition,” in which R�
would be the critical order parameter. However it constitutes
only part of the actual spin configurations in NFS since R� is
not the primary transition order parameter in phase II�, but
only a field-induced secondary order parameter. Note that for
the axially symmetric phase II� all the spins in the “elemen-
tary configuration” are parallel to b� �Fig. 8�b��.

Let us analyze the spin configurations arising under mag-
netic field. In phase II� at zero field, N� =R� =0. Under a small
applied magnetic field B� , the four vectors L�1, L�2, N� , and R�

get contributions proportional to B� ,

N� = ��NB� ,R� = ��RB� , L�1 = ��2 cos 	2

0

�2� cos 	2�
� + ��1B� ,

L�2 = ��2 sin 	2

0

�2� sin 	2�
� + ��2B� , �22�

where the matrices of the susceptibilities ��N, ��R, ��1, and ��2
have the same form with ��z

y =��y
z =��y

x =��x
y =0. Applying the

field along b� yields the spins,

s�1 = s�1
�0� +

�Ny
y + �Ry

y + �1y
y + �2y

y

4 �0

B

0
�,

s�2 = s�2
�0� +

�Ny
y − �Ry

y + �1y
y − �2y

y

4 �0

B

0
� ,

s�3 = s�3
�0� +

�Ny
y + �Ry

y − �1y
y − �2y

y

4 �0

B

0
�,

s�4 = s�4
�0� +

�Ny
y − �Ry

y − �1y
y + �2y

y

4 �0

B

0
� . �23�

Similarly, applying the field in the a�-c� plane yields,

s�1 = s�1
�0� +

1

4

����Nx
x + �Rx

x + �1x
x + �2x

x �Bx + ��Nz
x + �Rz

x + �1z
x + �2z

x �Bz

0

��Nx
z + �Rx

z + �1x
z + �2x

z �Bx + ��Nz
z + �Rz

z + �1z
z + �2z

z �Bz� ,

s�2 = s�2
�0� +

1

4

����Nx
x − �Rx

x + �1x
x − �2x

x �Bx + ��Nz
x − �Rz

x + �1z
x − �2z

x �Bz

0

��Nx
z − �Rx

z + �1x
z − �2x

z �Bx + ��Nz
z − �Rz

z + �1z
z − �2z

z �Bz� ,

s�3 = s�3
�0� +

1

4

����Nx
x + �Rx

x − �1x
x − �2x

x �Bx + ��Nz
x + �Rz

x − �1z
x − �2z

x �Bz

0

��Nx
z + �Rx

z − �1x
z − �2x

z �Bx + ��Nz
z + �Rz

z − �1z
z − �2z

z �Bz� ,

II

c
b

a

2

2

1

3

4

1

II’ III

FIG. 7. Calculated orientations of the Fe spins in the monoclinic
unit cells of phases II, II�, and III at zero field.

(a) (b)

1

2

3

4

2

1

FIG. 8. Orientations of the Fe spins giving rise to a nonzero
toroidal moment, deduced from Eqs. �17� and �21�: �a� when no
additional restriction is put on the symmetry; �b� when the symme-
try groups keeps a twofold axis parallel to b� .
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s�4 = s�4
�0� +

1

4

����Nx
x − �Rx

x − �1x
x + �2x

x �Bx + ��Nz
x − �Rz

x − �1z
x + �2z

x �Bz

0

��Nx
z − �Rx

z − �1x
z + �2x

z �Bx + ��Nz
z − �Rz

z − �1z
z + �2z

z �Bz� .

�24�

A microscopic analysis of the magnetic and toroidal ef-
fects can be performed by using the effective Hamiltonian
corresponding to a second-degree expansion with fixed spin
moduli, expressed in function of the spin variables,

Heff
0 =

aij

2
NiNj +

bij

2
RiRj +

cij

2
L1

i L1
j +

dij

2
L2

i L2
j + eijN

iBj ,

�25�

where �i , j� run over �a ,b ,c�, and the matrices �a ,b ,c ,d ,e�
verify the monoclinic conditions �cab=cba=ccb=cbc=0�. Heff

0

can be obtained from the Hamiltonian by assuming that the
periodicity of the spin configuration is determined by the
wave vector k�L= �0,1 ,0�. Only the spins belonging to the
extended low-symmetry unit-cell appear explicitly in Heff be-
cause only the spin degrees of freedom having nonzero val-
ues in the ordered phases, corresponding to the wave vectors
k�L and k� =0, are taken into account. The spin values under
applied field are identical in all extended cells. Besides, in-
teractions between distinct extended cells are implicitly
present in the effective Hamiltonian, since the four waves L�1,
L�2, R� , and N� in Eq. �17� represent sums over all the spins of
the crystal, when the crystal periodicity is taken into account,
i.e., for general incommensurate wave vectors all the spins
would appear in the definition of the preceding waves. Thus,
“self-interaction” terms of the s�1. s�1 type are present in the
effective Hamiltonian. They result from the interaction of
one spin in the first extended cell, say s�1, with a spin located
at the same atomic position in a neighboring extended cell.

At the classical level the ground state is determined by
minimizing Heff

0 with respect to the directions of the spins s�i.
Such an analysis yields the results previously obtained in our
macroscopic approach �Sec. IV A�. In addition, the equilib-

rium values of N� and R� provide an interesting insight into the
properties of the macroscopic magnetization M� and of the
macroscopic toroidal moment T� because they have the same
symmetry, and thus the same qualitative macroscopic behav-
iors. However, they should not be confused with them. In-
deed, the classical fields M� and T� are defined with respect to
their contributions to the static magnetic field induced by
them.3 If the spins were pointlike localized at the positions of
the magnetic atoms, M� and T� would identify to N� and R� ,
respectively �up to the total volume of the sample�.3 In fact,
the actual spin distribution inside the cell is partially delocal-
ized, so that neither the pointlike spins of Eqs. �17� and �20�,
nor the continuous harmonic magnetic waves description of
Eqs. �1� and �2�, are sufficient for characterizing all the de-
grees of freedom contributing to M� and T� . In particular, in
the monoclinic symmetry of NFS M� and T� are not even
parallel to N� and R� . Furthermore, in systems with a larger
number of atoms in the cell, various spin vectors R� 1 ,R� 2. . .
transforming as the toroidal moment enter into the spin de-
scription, so that the relationship with T� becomes clearly
ambiguous. In principle T� can even appear when no R� -type
vector is permitted in the cell, such unlikely situation requir-
ing, however, a different microscopic mechanism.

In order to find the equilibrium value of T� vs the spins s�i,
one has to consider its coupling with the basic vectors N� , R� ,
L�1, and L�2. The corresponding effective Hamiltonian reads

Heff = Heff
0 +

1

2
gijT

iTj + hijT
iRj + Ta�Ba�ijL1

i L2
j + Bc�ijL1

i L2
j �

+ Tc�Ba�ijL1
i L2

j + Bc�ijL1
i L2

j � + TbBb�ijL1
i L2

j

+ TaBb��ijL1
i L1

j + �ijL2
i L2

j � + TcBb��ijL1
i L1

j + �ijL2
i L2

j �

+ Tb�Ba�ijL1
i L1

j + Bc�ijL2
i L2

j � , �26�

where the matrices �g ,h� and �� ,� ,� ,� ,�� verify the mono-
clinic conditions �cab=cba=ccb=cbc=0�, whereas the matri-
ces �� ,� ,� ,� ,� , ,�� fulfill the conditions ��aa=�bb=�cc
=�ac=�ca=0�. Minimizing Heff with respect to the macro-
scopic variable T� provides the explicit form of the toroidal
moment to the second order in the spin components,

�Ta

Tc � =
1

�
�− gcc gac

gac − gaa
��haaRa + hcaRc + Ba�ijL1

i L2
j + Bb��ijL1

i L1
j + �ijL2

i L2
j � + Bc�ijL1

i L2
j

hacR
a + hccR

c + Ba�ijL1
i L2

j + Bb��ijL1
i L1

j + �ijL2
i L2

j � + Bc�ijL1
i L2

j � ,

Tb = −
1

gbb
�hbbRb + Ba�ijL1

i L1
j + Bb�ijL1

i L2
j + Bc�ijL2

i L2
j � , �27�

where �=gaagcc−gac
2 . The dependence of T� on the magnetic

spins is different from a simple linear spin combination, even
though its equilibrium value results principally from a strong

bilinear coupling with the secondary �nonsymmetry-
breaking� spin wave R� under applied field. In particular, Eq.
�27� shows that T� and R� are not parallel. It also provides the
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toroidal susceptibility �M
II�, since R� is linear in B� : R� = �̂RB� , L�1,

and L�2 being replaced in Eq. �27� by their zero-field values
given in Eq. �18�. Note that introducing Eq. �27� into Eq.
�26� provides an effective Hamiltonian depending only on
the spins, which has the same form as Eq. �25�, but with
renormalized coefficients.

A detailed identification of the interactions between spins
responsible of the onset of a toroidal moment is beyond the
scope of the present work as well as the interactions between
spins giving rise to the electric polarization P� . Note however
that, at variance with the toroidal moment, the electric di-
poles depend quadratically and not linearly on the spin vari-
ables, due to the invariance of P� by time inversion.

V. SUMMARY AND CONCLUSION

Our theoretical analysis of the magnetoelectric and tor-
oidic effects in NSF provides an insight into remarkable
properties of multiferroic materials: the ferroelectric phase
observed in this compound below 6K is induced by two
dephased copies of a single order parameter, transforming as
the same irreducible representation of the paramagnetic
space group. This symmetry-replication mechanism, which is
disclosed for the first time in multiferroics is allowed be-
cause the effective-continuous symmetry associated with the
phason rotation is broken in incommensurate systems. At the
phenomenological level it reflects the property that for in-
commensurate wave vectors the infinite discrete group of
translations has the same effect on the form of the free en-
ergy as a continuous group. The close relationship between
magnetoelectric and toroidic effects is analyzed in details at
the macroscopic and microscopic levels. It shows the inher-
ently magnetoelectric nature of the scaling properties of the
ferrotoroidic state. The toroidal moment arising under ap-
plied field in antiferromagnetic-ferroelectric structures is in-
duced simultaneously with a spin wave which exhibits the
same symmetry properties, but spans different degrees of
freedom. More generally, we emphasize the difference be-
tween microscopic spins degrees of freedom and the electro-
magnetic macroscopic magnetization and toroidal fields.

APPENDIX

At k� =b��, �+ splits into the one-dimensional IR’s �A+�B,
whereas �− splits into �C+�D. L1

b spans �A; L1
a and L1

c span

�C; L2
a and L2

c span �D, and L2
b spans �B. This yields an

increase in the number of possible stable phases, which are
summarized in Table III. One can verify that Phase II has
two lock-in phases �denoted C and D in Table III� corre-
sponding to the magnetic space groups PC2� /m and
PC2� /m�. Phase II� locks in the phase C+D �PC21� and
phase III locks in B+D �PCm�� and A+C �PCc�. All the
lock-in phases have four Fe atoms in the elementary unit cell
of a black-and-white Bravais lattice preserving antitransla-
tions �a� �b�� /2.

The spins in the lock-in phases are given by �s�1=
−s�3 , s�2=−s�4�,

− A: s�1 = s�2 � b� ,

− B: s�1 = − s�2 � b� ,

− C: s�1 = − s�2 � b� ,

− D: s�1 = s�2 � b� ,

− A + B: s�1,s�2 � b� ,

− A + C: s1
a = − s2

a,s1
c = − s2

c,s1
b = s2

b,

− A + D: s�1 = s�2,

− B + C: s�1 = − s�2,

− B + D: s1
a = s2

a,s1
c = s2

c,s1
b = − s2

b,

− C + D: s�1,s2 � b� ,

− F:No additional relation.

where F is the phase with minimal symmetry 1�. Since
the phases are commensurate, no symmetry-replication ex-
tension of the polymorphism takes place, so that a single
copy of each IR is sufficient to yield the full list of ordered
phases.

TABLE III. Lock-in phases induced by the irreducible representations �A ,�B ,�C ,�D and their couplings. Magnetic point groups �PGs�,
magnetic space groups �MSGs�, spontaneous values of the polarization P� 0, vector order parameters L�1 and L�2. The spontaneous magneti-
zation M� , toroidal moment T� and their microscopic analogs N� and R� vanish in all the phases under zero field.

Phase A B C D A+B A+C A+D B+C B+D C+D F

PG 2 /m1� 2 /m1� 2 /m1� 2 /m1� 21� m1� 1̄1� 1̄1� m1� 21� 1�

MSG PC2 /c PC2 /m� PC2� /m PC2� /m� PC2 PCc PS1̄ PS1̄ PCm� PC21 PS1

P� 0 0� 0� 0� 0� Pb PaPc 0� 0� PaPc Pb PaPbPc

L�1 Lb LaLc 0� 0� LaLbLc Lb Lb LaLc LaLc 0� LaLbLc

L�2 0� 0� LaLc Lb 0� LaLc Lb LaLc Lb LaLbLc LaLbLc
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