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We consider models of heavy fermions in the strong coupling or local-moment limit and include phonon
degrees of freedom on the conduction electrons. Due to the large mass or low coherence temperature of the
heavy-fermion state, it is shown that such a regime is dominated by vertex corrections which leads to the
complete failure of the Migdal theorem. Even at weak electron-phonon couplings, binding of the conduction
electrons competes with the Kondo effect and substantially reduces the coherence temperature, ultimately
leading to the Kondo breakdown. Those results are obtained using a combination of the slave-boson method
and Migdal-Eliashberg approximation as well as the dynamical mean-field theory approximation.

DOI: 10.1103/PhysRevB.81.054444 PACS number�s�: 71.27.�a, 71.10.Fd, 71.38.�k, 75.20.Hr

I. INTRODUCTION AND MODELS

The heavy-fermion paramagnetic state as realized, for in-
stance, in CeCu6 or induced by a weak magnetic field in
YbRh2�Si1−xGex�2 corresponds to the coherent, Bloch type,
superposition of the individual Kondo screening clouds of
the spins of rare earths.1 The coherence temperature Tcoh or
inverse effective mass of this state is set by the Kondo2–5

scale which lies orders of magnitude below the Fermi tem-
perature, TF, of the host metallic state. In general, for weakly
correlated metals, the characteristic phonon frequencies set
by the Debye temperature �D are much smaller than the
Fermi temperature EF�104–5 K thus yielding a small pa-
rameter �D /TF on which Migdal theorem is based.6 This
small parameter is absent in heavy-fermion materials since
the Fermi temperature should be replaced by Tcoh which
might be even smaller than 1 K. Moreover, smallness of the
relevant energy scales implies that properties of the ground
state can be easily tuned by Hamiltonian perturbations. This
observation raises the central question of this paper: what
role do phonons play in models of heavy fermions?

We address this question on the basis of the periodic
Anderson model �PAM� on a square lattice with Holstein
phonons that couple to the conduction-band electrons,

H = H0 + HV + Hph

with

H0 = �
k,�

��k�ck,�
† ck,�,

HV = V�
i,�

�f i,�
† ci,� + H.c.� + �� f − ���

i,�
f i,�

† f i,�

+ U�
i

�ni,↑
f − 1/2��ni,↓

f − 1/2� ,

Hph = g�
i

Q̂i�ni
c − 1� + �

i
� P̂i

2

2M
+

k

2
Q̂i

2� . �1�

Here, H0 describes the conduction band with dispersion re-
lation ��k�=−2t�cos kx+cos ky�−� and with ck,�

† creating a
conduction electron with z component of spin � and in the
Bloch state with crystal momentum k. Next, HV accounts for
the hybridization with a conduction electron in Wannier state
centered around unit cell i and the localized f electron in the
same unit cell while the Coulomb repulsion set by the Hub-
bard U on the f orbitals accounts for local-moment forma-
tion. Finally, Hph corresponds to Einstein phonons with a
Holstein coupling to the conduction electrons. In fact, the
choice between a model in which phonons couple predomi-
nately either to the conduction or f electrons is material de-
pendent. Indeed, retaining the coupling of Holstein phonons
only to the conduction electrons is justified in the local-
moment regime where charge fluctuations on the f orbitals
are suppressed due to the strong Coulomb repulsion. In this
limit, the model maps onto the Kondo lattice model �KLM�,

HKLM = H0 + Hph + J�
i

Si
cSi

f . �2�

In contrast, the effect of phonon coupling to the f electrons is
expected to become more important in the mixed-valence
regime of moderately heavy fermions such as filled skutteru-
dites as emphasized in Ref. 7.

We use several methods to unravel the physics contained
in those model Hamiltonians. Arbitrarily low temperatures as
well as phonon frequencies may be reached within a combi-
nation of the slave-boson �SB� mean-field approximation8

with the self-consistent calculation of the self-energy dia-
gram of Fig. 1 within Migdal-Eliashberg6,9,10 �ME� approxi-
mation. The former leads to the hybridized band picture of
the heavy-fermion state while the latter allows one to ac-
count for coupling to the phonons. Furthermore, since the SB
approximation fails at finite temperatures while the ME ap-
proach does not capture vertex corrections, we equally use
the dynamical mean-field theory �DMFT� approximation
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with a recently developed weak-coupling continuous-time
quantum Monte Carlo �CT-QMC� impurity solver11 to in-
clude phonon degrees of freedom into the PAM.12,13 Finally,
in order to access the low-temperature limit, we resort to
numerical renormalization-group �NRG� method14 as a
complementary to the CT-QMC impurity solver applied to
the KLM �Eq. �2��.

To understand the failure of the ME approximation for the
heavy-fermion state, let us start with the phonons coupled to
a band of conduction electrons with a flat density of states of
width W. In this case, the self-energy diagram of Fig. 1 gives
a mass renormalization,

m�

m0
= 1 + ��1 −

�0

W/2 + �0
� , �3�

where �= g2

kW and �0=	k /M corresponds to the phonon fre-
quency, and m0 is the mass of the bare electron. � corre-
sponds to the dimensionless electron-phonon interaction and
we have explicitly included high-frequency corrections.

In the adiabatic limit �0	Tcoh, we can use the above
formula with the heavy Fermi liquid as a starting point rather
than the bare conduction electrons to account for the effect of
phonons. As it is reviewed in some details in Sec. II, the ratio
of the coherence temperature of the heavy-fermion state to
the Fermi temperature of the host metal is given by the qua-
siparticle �QP� residue,

Z = 
�
0
N−1
ckF,�

0

N�
2. �4�

This quantity measures the overlap of the QP with a bare
conduction electron. Hence, the coupling of the phonons to
the heavy-fermion quasiparticles will be renormalized by a
factor Z in comparison to the coupling to the bare electron
�i.e., g→gZ�. One equally expects effective bandwidth to be
scaled by the same factor Z. Accounting for these two renor-
malization factors, and neglecting the high-frequency correc-
tion in Eq. �3� gives a mass enhancement,

m�

m
� 1 + �Z , �5�

where m�m0 /Z corresponds to the effective mass of the
heavy-fermion state in the absence of phonons. Therefore, in
this limit the coherence scale,

Tcoh �
m0

m�
�

Z

1 + �Z
�6�

is next to unaffected by the inclusion of phonons since Z
	1 even in the strong electron-phonon coupling limit, �
�1. In Sec. II, we verify explicitly this result with the use of

a combination of the SB technique and the ME approxima-
tion. In this case, the coherence temperature is also protected
from adiabatic phonons which stems from their coupling to
merely a fraction, Z, of the heavy QP.

In the high-frequency limit, W��0�Tcoh the correct
starting point is to consider the Hamiltonian H0+Hph. Ne-
glecting vertex corrections, one can account for the low-
energy physics of this Hamiltonian within the ME approxi-
mation. This approximation describes the formation of
quasiparticles with enhanced effective mass set by
m0�1+�� or equivalently a bandwidth reduced by a factor
�1+��. From there onward, one can account for the magnetic
impurities. The hybridization matrix element between the QP
and the f electron is renormalized by a factor 1 /	1+� in
comparison to the hybridization with the bare electron. Tak-
ing into account those two renormalization factors, band-
width and hybridization, the Kondo temperature, TK�exp
�−UW /4V2�, remains invariant at this level of approxima-
tion. Hence, as in the adiabatic case, one also expects in this
regime a very weak influence of the phonon degrees of free-
dom on the scales of the heavy-fermion state. This point is
confirmed explicitly in Sec. II within the ME approximation.

Therefore, we anticipate that retaining only noncrossing
diagrams thus omitting vertex corrections leaves the scales
of the heavy-fermion state next to unaffected. Vertex correc-
tions will clearly play a role since they lead to polaron bind-
ing which competes with the Kondo screening of the impu-
rity spins. In particular, integrating out the phonon degrees of
freedom yields a retarded attractive interaction. The retarda-
tion is set by 1 /�0 and its magnitude by �W /2. This term
leads to binding between polarons into singlets and is re-
sponsible for the onset of superconductivity. To capture this
competition and associated substantial reduction in the co-
herence temperature even at very low values of the electron-
phonon coupling, we carry out in Sec. III DMFT calculations
using two complementary impurity solvers based on: �i� a
recently developed CT-QMC technique11,12 as well as �ii�
zero-temperature NRG method.14 Finally, in Sec. IV, we con-
clude and discuss the implications of our results.

Unless stated otherwise, throughout the paper, we con-
sider the parameters U / t=4, V / t=1, and � f =� for the PAM
and J=W /2 with W=0.2 for the KLM, and choose the
chemical potential � such that the total particle number per
unit cell reads �n�=1.8.

II. MEAN-FIELD APPROXIMATION

In order to understand the basic underlying physics of the
model, Eq. �1�, it is instructive to work first in the mean-field
framework. A good starting point to handle strong electron
correlations is offered by the SB mean-field method.8 Indeed,
its usefulness has been proved in the studies devoted to
searching for the ground state of both the doped Hubbard
model15 and its multiband variant.16 Moreover, it has been
applied to determine instabilities of the PAM,17 and since it
captures two characteristic energy scales, i.e., the coherence
Tcoh and the Kondo TK ones, is believed to account for the
essential physics of the heavy-fermion systems.18

Additionally, in order to gain preliminary insight into the
interplay between electron correlations and electron-phonon

FIG. 1. Self-energy diagram. The solid �wavy� line corresponds
to the bare single-particle Green’s function �phonon propagator�,
respectively.
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coupling, we combine the SB technique with the ME
approximation.6,9,10 Remarkably, despite obvious flaws there
are some regimes where this approach works quite well19–21

and on top it might be systematically improved by including
the leading-order vertex corrections in the self-energy calcu-
lations. For example, it has widely been used to describe the
dynamics of a single hole in the magnetically ordered back-
ground of Mott insulators and to analyze changes in the QP
properties by coupling to various bosonic excitations such as
magnons,22,23 phonons,24,25 and orbitons.26 Moreover, recent
studies of the one-dimensional quarter-filled Holstein model
have shown that in the temperature range above the onset of
the Luttinger liquid phase, the approximation is capable of
reproducing the temperature dependence of the one-particle
spectral function obtained within a cluster extension of the
DMFT.13

A. Energy scales in the PAM

It is now well established that both the PAM and its
strong-coupling version, i.e., the KLM have two paramag-
netic solutions. The first one sets in above the scale TK and is
characterized by the fully localized f electrons. In contrast,
below the Kondo temperature TK, the c and f electrons
couple to form a heavy-fermion state that on decreasing T
evolves eventually into a coherent Fermi-liquid state and the
onset is marked by the so-called coherence scale Tcoh. Its
most prominent features are: �i� a flat low-intensity region in
the c-electron spectral function Ac�k ,�� that results from the
hybridization between a dispersionless correlated f band and
a wide conduction c band; as shown in Fig. 2, it crosses the
Fermi level and hence it is responsible for a metallic charac-
ter of the low-temperature ground state; �ii� quasiparticles
with a strongly renormalized effective mass m /m0�1, and
�iii� linear specific heat Cv=
T.

Within the SB approach, one can define a Kondo tempera-
ture TK. It corresponds to the temperature scale at which the
SB factor z renormalizing the hybridization amplitude V van-
ishes. The transition into the state with singly occupied f
orbitals at TK is also seen as discontinuity of the specific heat

Cv=−T�
�2FSB

�T2 ��n� shown in Fig. 3. The second feature of Cv is
a low-temperature peak at Tcoh that signals entering the co-
herent Fermi-liquid regime with well-defined QP peaks
whose effective mass is strongly enhanced. The two energy

scales Tcoh and TK read off from Fig. 3 are listed in Table I.
As expected based on the Gutzwiller approach,2 large N
method,3 DMFT studies,4 as well as on the QMC
simulations,5 one finds that both energy scales track each
other on varying the hybridization amplitude V. To be more
precise within the large N approach, Tcoh lies well below the
Kondo temperature with proportionality constant being
strongly dependent on the conduction density of states. How-
ever, at fixed density and upon varying the hybridization,
Tcoh tracks TK. In particular, for a flat density of states, the
Gutzwiller method yields TK�exp�−UW /4V2� and accord-
ingly increasing V shifts both characteristic temperatures to-
ward higher T. Remarkably, even though TK changes by one
order of magnitude on increasing V / t from 3/4 to 5/4, the
ratio Tcoh /TK is next to constant �cf. Table I�.

The onset of the coherent Fermi liquid is also signalized
by the imaginary part of the effective c-electron self-energy
−Im �cc

ef f�i�m� �see Appendix�. Indeed, as shown in the inset
in Fig. 4 with V / t=1, a conspicuous change in the behavior
of −Im �cc

ef f�i�m� with �m→0 takes place in the temperature
region 30��t�40 matching the low-temperature peak in
Cv. Moreover, a discontinuity in the c-electron single-
particle occupation nc�k�=
−�

� d�Ac�k ,�� emerges below
�t=100 �see Fig. 4�. In fact, since the coherent QP part of
the spectral function is given at low temperature by a delta
function of weight Z: Ac�k ,���Z���−�k�, its magnitude is

FIG. 2. �Color online� c-electron spectral function Ac�k ,�� �left�
and the corresponding density of states Nc��� obtained in the PAM
with V / t=1 in the coherent Fermi-liquid regime at the low tempera-
ture �t=400.
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FIG. 3. �Color online� Temperature dependence of the specific
heat Cv: discontinuity of Cv in the high-temperature regime signals
Kondo breakdown at TK; low-temperature peaks indicate onset of
the Fermi-liquid regime at Tcoh. Inset shows a closeup of the low-
temperature limit.

TABLE I. Slave-boson coherence temperature Tcoh, Kondo tem-
perature TK, their ratio, as well as QP residue Z obtained from Eq.
�7� in the PAM at �t=400 for a few representative values of the
hybridization V.

V / t 0.75 1.0 1.25

kBTcoh / t 0.010 0.026 0.046

kBTK / t 0.244 0.721 1.346

Tcoh /TK 0.041 0.036 0.034

Z 0.018 0.043 0.066
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given precisely by the QP residue Z which in turn is directly
related to the effective QP mass Z−1=m /m0. In the low-
temperature limit, the value of Z can be determined as the
slope of the imaginary part of the effective self-energy on the
Matsubara axis �see the inset in Fig. 4�,

Z = �1 −
Im �cc

ef f�i�m�
�m

�
�m=�T

−1

. �7�

Furthermore, we observe that the value of V strongly in-
fluences the shape and the intensity of the QP band around
the Fermi level depicted in Fig. 5. On the one hand, V / t
=5 /4 yields a more dispersive QP band with a higher inten-
sity, as compared to the V / t=1 case. It extends much above
the Fermi energy up to a certain value �c / t�0.06. On the
other hand, a smaller V / t=3 /4 produces a strongly renormal-
ized low-intensity flat band just above the Fermi level ex-
tending up to �c / t�0.02. Hence, in the considered range of
the hybridization amplitude V, the SB results indicate that
both energy scales Tcoh and �c are intimately related, i.e.,
Tcoh��c.

B. Effect of electron-phonon coupling

We now discuss how the previously found features of the
coherent ground state of the PAM are altered by the electron-
phonon coupling. At zero temperature, the imaginary part of
the self-energy of Eq. �A12� reads(b)

(a)

(c)

FIG. 5. �Color online� Low-energy part of the c-electron spec-
tral function Ac�k ,�� �left� and the corresponding density of states
Nc��� �right� in the PAM found at �t=400: V / t=1.25 �top�, V / t
=1 �middle�, and V / t=0.75 �bottom�.
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FIG. 7. �Color online� Same as in Fig. 2 but with �=0.5 and
�0 / t=0.5.
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�cc� ��� = −
g2

2k
��0�Nc

+�1 − ��� + �0�� + Nc
−��� − �0��

�8�

with Nc
�=Nc����0� and ���� being a usual Heavyside step

function. Consequently, as shown in Fig. 6, �cc� ��� vanishes
in a window −�0����0. Moreover, the hybridization gap
of the heavy-fermion state, equally leads to strong suppres-
sion of this quantity just above ���0 �see Fig. 6�. Away
from this energy window, the imaginary part of the self-
energy is finite thereby producing an incoherent high-energy
background visible in the single-particle spectral function
�see Fig. 7�. A measure of this incoherent background is
obtained from the value of nc�k= �� ,��� shown in Fig. 8.
Finally, since the imaginary part of the self-energy vanishes
at the Fermi energy, a well-defined QP is formed and the
corresponding QP residue Z can be extracted from the real
part of self-energy,

�cc� ��� = −
1

�
P�

−�

�

d��
�cc� ����
� − ��

�9�

and with the use of Eq. �7�.

We turn now to the most important aspect of our analysis,
namely, the mass renormalization due to the inclusion of the
rainbow diagrams. This quantity is plotted in Fig. 9 at �
=0.5 and as a function of phonon frequency �0. Here one
finds that in comparison to the free-electron case, shown as
inset in Fig. 9�a�, the overall mass renormalization is ex-
tremely small especially in the adiabatic case. As depicted in
Fig. 10, this weak mass renormalization is also apparent in
delicate flattening of the QP band producing very small shift
in the peak position of the QP pole in the vicinity of k
= �� ,��.

To understand the origin of this weak mass renormaliza-
tion, we can start from the hybridized band picture as ob-
tained from the SB approach which up to a constant pro-
duces a mean-field Hamiltonian,

HSB = �
k,�,n=�

En�k��k,�,n
† �k,�,n + Hph, �10�

where the QP energies En�k� are given by Eq. �A7�, �k,�,n
† are

the corresponding QP operators,

�k,�,+ = ukck,� − vk f̃k,�,

�k,�,− = ukck,� + vk f̃k,� �11�

while u�k� and v�k� are the coherence factors,

u�k� =
1
	2
�1 +

��k� − �̃ f

E�k� �1/2

,

v�k� =
1
	2
�1 −

��k� − �̃ f

E�k� �1/2

, �12�

where E�k�=	��̃ f −��k��2+4�zV�2. Introducing the raising
and lowering operators,

ai
† =

�0MQ̂i − iP̂i

	2�0M
, ai =

�0MQ̂i + iP̂i

	2�0M
, �13�

the phonon part of our Hamiltonian reads
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FIG. 8. �Color online� Same as in Fig. 4 but with �=0.5 and
�0 / t=0.5.
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Hph = g	�0

2k �
q

��q��aq
† + a−q� + �0�

q
aq

†aq, �14�

where the phonons couple to the charge density,

��q� =
1

	N
�
k,�

ck,�
† ck+q,�. �15�

In the low phonon-frequency limit, it is appropriate to re-
write the charge density in terms of the heavy quasiparticles,

��q� =
1

	N
�
k,�

�ukuk+q�k,�,+
† �k+q,�,+ + vkvk+q�k,�,−

† �k+q,�,−

+ ukvk+q�k,�,+
† �k+q,�,− + vkuk+q�k,�,−

† �k+q,�,+� , �16�

where intraband and interband transitions are apparent. For
�0�Tcoh, we can retain only the intraband transitions within
the lower hybridized band, E−�k�, thus obtaining an effective
low-energy Hamiltonian,

Hef f = �
k,�

E−�k��k,�,−
† �k,�,− + �0�

q
aq

†aq

+ g	�0

2k

1
	N

�
kq,�

vkvk+q�k,�,−
† �k+q,�,−�aq

† + a−q� .

�17�

This corresponds to a single band problem, the bandwidth
being WZ, where W is the bare bandwidth and with a renor-
malized electron-phonon coupling g→gZ. Here, we have
used the fact that in the adiabatic limit, momentum transfer
q→0 and Z= 
v�k�
2. Hence, we arrive at Eq. �5� discussed in
the Sec. I

Let us now focus on the low-frequency limit where all the
high-energy interband channels contributing to QP dressing
are frozen due to the hybridization gap �see Fig. 9�b��. The
sudden downturn in the data is a temperature effect. Making
abstraction of this downturn by first taking the limit T→0
and then �0→0, gives values of m� /m which as indicated in
Fig. 9�b� track the scale 1+�Z thus confirming the above
argument. As the phonon frequency grows beyond the coher-
ence temperature, the single low-energy band picture fails
and interband transitions become progressively important.
Indeed, owing to the smallest hybridization gap �cf. inset in
Fig. 6�, this effect appears first in the weakly hybridized
regime with V / t=3 /4.

Furthermore, as discussed in Sec. I, we can acquire in-
sight in the high-frequency limit, by first taking into account
phonon degrees of freedom and then the magnetic impurities,
to arrive at the conclusion that also in this limit, the phonons
have very little effect on the scales of the heavy-fermion
metallic state. This is again confirmed by Fig. 9�a� since the
overall scale of the plot remains very small in comparison to
obtained in the absence of magnetic impurities. In fact, we
have checked by varying 0��0 / t�10 and 0���1 that the
overall variation in the Z factor remains very small. Conse-
quently, we conclude that the scales of the heavy-fermion
metallic state are protected within the ME approximation
from the electron-phonon interaction both in adiabatic and
antiadiabatic limits. This sets the stage for the importance of
vertex corrections which is the subject of Sec. III.

III. DYNAMICAL MEAN-FIELD APPROXIMATION

We use a recently developed generalization of the weak-
coupling CT-QMC algorithm to include phonon degrees of
freedom as impurity solver for the DMFT.11,12 This algorithm
relies on integrating out the phonon degrees of freedom at
the expense of a retarded attractive density-density interac-
tion in which one expands. This approach to include phonons
in model Hamiltonians has been tested extensively in the
framework of the one-dimensional Holstein model.13 We re-
fer the reader to Ref. 12 for a detailed discussion of the
algorithm. We have used a stochastic analytical continuation
scheme to carry the rotation from imaginary to real times.27

We begin with Fig. 11 which plots the conduction-
electron single-particle spectral function at our lowest tem-
perature, �t=200, and at the k= �� ,�� point. As argued in
the previous section, the position of the peak as well as its

(a)

(b)

(c)

FIG. 10. �Color online� Low-energy part of the c-electron spec-
tral function Ac�k ,�� �left� and the QP peak at k= �� ,�� �right�
obtained with �=0.5 and �0 / t=0.5 at �t=400: V / t=1.25 �top�,
V / t=1 �middle�, and V / t=0.75 �bottom�. For comparison, the cor-
responding Ac�k= �� ,�� ,�� in the absence of phonons �dashed
line� is shown.
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residue is a measure of the coherence temperature Tcoh. One
can estimate the QP residue directly from the low-
temperature imaginary-time Green’s function by noting that

G�k,�� → − e−��qp�k�
�
0
N+1
ck,�

† 

0
N�
2 for �t � 1.

�18�

Here, �qp�k�=E0
N+1�k�−E0

N+1, where E0
N+1�k� corresponds to

the energy eigenstate with particle number N+1 and momen-
tum k and E0

N+1 is the ground-state energy in the Hilbert
space with N particles. The corresponding QP residue ex-
tracted by fitting the imaginary-time data to the above form
and in a limited range 1	�t��t /2 is shown in the inset in
Fig. 11. The fact that we obtain approximatively the same
results for �t=120 and �t=200 confirms that both the tem-
peratures lie below Tcoh of this heavy-fermion state.

As expected, Fig. 11 tracks the evolution of Tcoh—as de-
fined by the peak position in Ac�k= �� ,�� ,�� and the QP
residue Zk=��,��—as a function of growing electron-phonon
couplings and at fixed phonon frequency �0=2t. In the con-
sidered electron-phonon coupling range, we observe a con-
siderable decrease in this quantity, and the data is consistent
with a vanishing Tcoh at ��0.5. The fact that we cannot
account for this large suppression of Tcoh within the ME
approximation highlights the importance of vertex correc-
tions in this parameter range. To confirm that the drop in Tcoh
is driven by electron binding, we have computed the local
pairing, �p, and spin susceptibilities, �s

� on the cluster as
defined by

�p = �
0

�

d��c↑
†���c↓

†���c↓c↑� ,

�s
� = �

0

�

d��Sz
����Sz

�� , �19�

where � stands for the conduction or f electron in the corre-
sponding impurity problem. Those quantities are plotted in

Fig. 12. As shown in Fig. 12�a�, after an initial drop, the pair
susceptibility grows and tracks the decrease in the coherence
temperature. The growth stems from conduction-electron
binding which originates from the attractive retarded interac-
tion between conduction electrons mediated by a phonon ex-
change. Regarding a small drop in �p at weak electron-
phonon coupling, we understand this drop in terms of
quasiparticle formation; the bare electron which enters our
definition of the singlet s-wave pair acquires a smaller over-
lap with the QP as a function of growing �. This dressing of
the bare electron reduces the pair susceptibility and initially
overcomes the growth of this quantity due to electron bind-
ing.

Electron binding into s-wave singlets as suggested by Fig.
12�a� lead to a drop of the conduction spin susceptibility.
This is clearly seen in Fig. 12�b�. Indeed, pairing of conduc-
tion electrons competes with the Kondo effect in which con-
duction electrons form an entangled state with the f electrons
thereby screening the magnetic impurities. Therefore, grow-
ing values of � are linked to a breakdown of the Kondo
singlets and hence a growth of the f-spin susceptibility as
shown in Fig. 12�c�. This behavior should be contrasted with
results obtained in complementary studies of the PAM ex-
tended by phonon coupling to the f electrons.7 In this case,
electron-phonon coupling generates not only pairing between
f orbitals but also indirectly via finite mixed valence induces
binding of the conduction electrons.

Furthermore, Figs. 13 and 14 compare the temperature
dependence of the c-electron single-particle spectral func-
tions with and without phonon degrees of freedom. In the
absence of the electron-phonon interaction, it has been
shown28 that signatures of the hybridized bands in the single-
particle spectral function emerge below the single-ion Kondo
temperature. On the other hand, it is only below the coher-
ence temperature that a well-defined hybridization gap is vis-
ible. As shown in Ref. 28, this hybridization gap leads to a
plateau feature in the magnetization curve. The plots in Fig.
13 do not include coupling to the phonon degrees of freedom
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FIG. 11. �Color online� c-electron spectral function
Ac�k= �� ,�� ,�� as a function of the electron-phonon coupling. In-
set: QP residue as obtained from fitting the �t=120 ��t=200� data
to the form of Eq. �18� in the range 30��t�50 �30��t�70�,
respectively.
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FIG. 12. �a� Pair �b� conduction- and �c� f-spin susceptibilities
as a function of the electron-phonon coupling at our lowest tem-
perature, �t=200.
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and point to the gradual formation of the hybridization gap.
It is only at the lowest shown temperature, �t=120, that a
clear hybridization gap is apparent. The SB mean-field
analysis gives TK / t�0.7 for this parameter set. Hence, for
the temperature range considered in Fig. 13 and in the ab-
sence of electron-phonon interaction, we always expect sig-
natures of the hybridized band structure when the data is
taken below the Kondo temperature.

Turning on the electron-phonon interaction to �=0.375
and setting the phonon frequency to �0=2t reduces Tcoh—as
measured by the QP residue �see Fig. 11�—by roughly an
order of magnitude. Since one expects the Kondo tempera-
ture to track the coherence temperature, a similar reduction
in the former quantity is foreseen. Our highest-temperature
spectral function, �t=10, in Fig. 14 shows no sign of the
hybridization bands thus confirming the substantial reduction

in this scale upon inclusion of the electron-phonon coupling.
At this temperature, only high-energy features and an en-
hancement of the effective mass by the phonon degrees of
freedom is apparent in the data. The Fermi surface of this
state accounts solely for the conduction electrons. Upon low-
ering the temperature, a hybridization gap is restored in the
QP band but its width is substantially reduced as compared
to the corresponding one in Fig. 13. Only at our lowest con-
sidered temperature, one can perceive the coherent heavy-
fermion metallic state with very faint QP peak crossing the
Fermi energy in the vicinity of the Brillouin-zone corner k
= �� ,�� thus indicating reconstruction of a large Fermi sur-
face including both the conduction and f electrons.

We have up to now considered only a fixed phonon fre-
quency and altered the electron-phonon coupling. Figure 15
considers the evolution of Tcoh at a fixed electron-phonon
interaction, �=0.25, and as a function of frequency �0 / t. As
apparent, there is a rapid convergence to the high-frequency

(a)

(b)

(c)

FIG. 13. �Color online� c-electron single-particle spectral func-
tion in the absence of phonons. The models parameters are given by
V / t=1, U / t=4, � f =�, and �n�=1.8. The temperature from top to
bottom corresponds to �t=10, 20, and 120.

(b)

(a)

(c)

FIG. 14. �Color online� Same as in Fig. 13 but in the presence of
phonons with �=0.375 and �0=2t.
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limit. This crossover between the high-frequency and low-
frequency behavior compares remarkably well with the en-
ergy scale of TK as estimated from the SB mean-field calcu-
lations �cf. Table I�.

To capture the low-energy behavior of the above transi-
tion, we concentrate on the KLM of Eq. �2�. This model is an
effective low-energy model for the PAM in the limit where
charge fluctuations on the f sites are negligible. Considering
the KLM facilitates the study of the low-energy physics in
this limit. We have equally used an NRG solver14 to at best
resolve the low energies.

In Fig. 16, we show the variation in the effective mass,
m��1 /Z, induced by increasing electron-phonon coupling, �
while keeping the phonon frequency fixed at �0=W /2. In
analogy to our results for the PAM �see Fig. 11�, one ob-
serves a divergence of m� or equivalently a vanishing of the
coherence temperature.

Next, it is particularly instructive to follow the single-
particle spectral function, Fig. 17, and corresponding density

of states, Fig. 18, as a function of electron-phonon coupling.
At weak and intermediate electron-phonon couplings, �
�0.8, essentially the same low-energy single-particle spec-
tral function is observed but with a renormalized effective
mass. Both at �=0 and �=0.25, the single-particle density of
states �see Fig. 18� shows a very clear hybridization gap
which becomes somewhat smaller as a function of growing
electron-phonon coupling thereby reflecting the reduction in
the coherence temperature.

In contrast, the data set at �=1 in Figs. 17 and 18 stands
apart. Here we are in the regime where the dynamics of the f
spin is frozen as signalized by limT→0 T�s

f �0 �see Eq. �19��.
In a static mean-field approach, this state is captured by the
vanishing hybridization matrix element and thereby leads to
a total decoupling of f and c electrons. Following this pic-
ture, one expects the conduction-electron spectral function to
correspond to that of tight-binding electrons coupled to the
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FIG. 15. �Color online� Single-particle spectral function of the
conduction electrons and QP residue �inset� at fixed electron-
phonon coupling, �=0.25, and as a function of phonon frequency.
The data points at �0=0 correspond to the case without phonons.

FIG. 16. �Color online� QP residue Z as a function of electron-
phonon coupling � in the KLM with J=W /2 and �0=W /2 while
W=0.2. The conduction-band filling is nc=0.8. The red line is a
guide to the eyes.

(b)

(a)

(c)

FIG. 17. �Color online� Closing hybridization gap on increasing
electron-phonon coupling � as seen in the c-electron single-particle
spectral function Ac�k ,��: �=0 �top�, �=0.25 �middle�, and �=1
�bottom�. Parameters as in Fig. 16.
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phonon degrees of freedom thereby producing coherent low-
energy single-particle excitations with enhanced mass. How-
ever, this simple picture does not fit the numerical data which
shows no sign of a coherent quasiparticle. Hence, an alterna-
tive interpretation is required.

The characteristic feature of the state considered here is
the frozen dynamics of the f spin which essentially leads to a
separation of time scales; the conduction electron propagates
in the static magnetic background of the f spins. Since in the
DMFT we do not allow for spin ordering, it is very tempting
to describe the magnetic background in terms of an f spin
which points in a random direction on each site.

This simple model of disorder, which can be dealt with
within a coherent potential approximation naturally accounts
for the incoherent features of the low-energy spectral func-
tion seen at �=1. The incoherence of the single-particle
spectral function is clearly seen in the self-energy data of
Fig. 19; at �=1 and in the low-frequency limit, the imagi-
nary part of this quantity remains finite.29 A similar argument
was used in Ref. 30 to account for the physics of the single-
particle spectral function in the local-moment regime of the
PAM with s-wave superconducting BCS conduction elec-
trons.

IV. CONCLUSIONS

In this paper, we have shown that the low-coherence tem-
perature characteristic of heavy-fermion compounds leads to
the breakdown of the Migdal theorem. In particular, the
dominant effect which competes with the formation of the
heavy-fermion metallic state is conduction-electron binding
which inhibits Kondo screening of the impurity spins. Since
the Kondo temperature is a small scale, already weak
electron-phonon coupling leads to a large reduction in the
coherence temperature and ultimately to a Kondo break-
down. Our studies were conducted in the local-moment re-
gime of the periodic Anderson model and Kondo lattice
model in which phonon degrees of freedom predominantly
couple to the conduction electrons. Hence, we can conjecture
that heavy-fermion materials in the local-moment regime
should show no phonon anomalies since this would imply a
large electron-phonon interaction which as we have shown
leads to the breakdown of the heavy-fermion metallic state.
Moreover, since the electron-phonon interaction consider-
ably lowers the coherence and Kondo scales, it implicitly
enhances the importance of magnetic instabilities driven by
the Ruderman-Kittel-Kasuya-Yosida interaction between the
local moments. It also leads to pairing hence potentially fa-
voring superconductivity. The delicate interplay between
those phonon-driven instabilities can only be understood
within the framework of cluster methods and is the goal of
future investigations.
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APPENDIX: SLAVE-BOSON TECHNIQUE AND THE
MIGDAL-ELIASHBERG APPROXIMATION

In the SB method, one enlarges the Hilbert space by in-
troducing a set of four auxiliary bosonic fields ei, pi��, and di
corresponding to empty, singly, and doubly occupied impu-
rity sites, respectively, such that the f-electron operators are

replaced by f i�→ f̃ i�zi� with

zi� =
ei

†pi� + pi−�
† di

	1 − di
†di − pi�

† pi�
	1 − ei

†ei − pi−�
† pi−�

. �A1�

However, such enlargement of the Hilbert space introduces
unphysical states which should be eliminated so as to recover
the original Hilbert space. Therefore, the SB operators have
to fulfill the following constraints at each site:

ei
†ei + di

†di + �
�

pi�
† pi� = 1,

FIG. 18. �Color online� Closing hybridization gap on increasing
electron-phonon coupling � as seen in the c-electron density of
states. Parameters as in Fig. 16.
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FIG. 19. �Color online� Low-frequency closeup of the imaginary
part of the self-energy as obtained for increasing electron-phonon
coupling from the NRG simulations. Parameters as in Fig. 16.
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di
†di + pi�

† pi� = f̃ i�
† f̃ i�. �A2�

The constraints enforced by time-dependent Lagrange multi-
pliers �i

�1� and �i�
�2� are conveniently handled in a path-

integral formulation. Indeed, the SB partition function of the
periodic Anderson model may be written down as a func-
tional integral over coherent states of Fermi and Bose fields,

ZSB =� D�e,p��,d�D�c, f̃�D���1�,���
�2� �e−�SB+SF� �A3�

with the bosonic,

SB = �
0

�

d��
i
�di

†��� + �i
�1� − �

�

�i�
�2� + U�di − �i

�1�

+ ei
†��� + �i

�1��ei + �
�

pi�
† ��� + �i

�1� − �i�
�2��pi�� �A4�

and fermionic,

SF = �
0

�

d��H0 + �
i�

f̃ i�
† ��� + �̃ f� f̃ i� + V�

i�

ci
†zi� f̃ i��

�A5�

actions. In Eq. �A5�, �̃ f =� f +�i�
�2�−U /2−� is a renormalized

f-level energy. Next, we assume the translation and spin
SU�2� invariance and apply the saddle-point approximation
in which one replaces all the Bose fields and Lagrange mul-
tipliers by their time-independent averages, i.e., p��pi�

† ����
= �pi����� and so on. The site-normalized SB mean-field free-
energy becomes

FSB = −
2

�N
�

k,n=�

ln�1 + e−�En�k�� + ��n� + ��1�

��e2 + 2p2 + d2 − 1� − 2��2��p2 + d2� + Ud2

�A6�

with

E��k� =
1

2
��̃ f + ��k� � 	 ��̃ f − ��k��2 + 4�zV�2� , �A7�

being the energies of the hybridized bands. The equilibrium
values of the classical field amplitudes as well as of the
chemical potential � are determined by the minimization FSB
with respect to these parameters,

�FSB

���1� = e2 + 2p2 + d2 − 1 = 0,

�FSB

���2� = � f̃† f̃� − �p2 + d2� = 0,

�FSB

�e
= ��1�e + V

�z

�e
�cf = 0,

�FSB

�d
= ���1� − 2��2� + U�d + V

�z

�d
�cf = 0,

�FSB

�p
= ���1� − ��2��p + V

�z

�p
�cf = 0,

�FSB

��
= �n� − 2��c†c� + � f̃† f̃�� , �A8�

where we have defined average bond hopping �cf = �c† f̃�
+H.c. The expectation values ��†�� with ���c , f̃� are ob-
tained from the local one-particle Green’s functions which
allows one to combine the SB approach with the ME ap-
proximation to account for the phonon degrees of freedom.
The self-consistent evaluation of the diagram of Fig. 1
amounts to solving,

�cc�i�m� =
g2�0

2k

1

�N �
k,i�m

D0�i�m�Gcc�k,i�m − i�m�

�A9�

with

G�k,i�m� � �Gcc�k,i�m� Gcf�k,i�m�
Gfc�k,i�m� Gf f�k,i�m�

�
=

1

G0
−1�k,i�m� − ��cc�i�m� 0

0 0
� . �A10�

Here D0�i�m�= 1
�0+i�m

+ 1
�0−i�m

is the bare phonon propagator,
�m ��m� are fermionic �bosonic� Matsubara frequencies, re-
spectively, and G0�k , i�m� is the 2�2 Green’s-function ma-
trix as obtained from the SB mean-field Hamiltonian at the
given iteration step. Since at a given iteration, we do not
have at hand the pole structure of Gcc�k , i�m� in the
complex-frequency plane, we solve the above equation nu-
merically for real frequencies. Namely, we use the spectral
representation of the Green’s function,

Gcc�k,i�m� =� d��
Ac�k,���
i�m − ��

, �A11�

where Ac�k ,���=− 1
� Im Gcc

ret�k ,��� and perform summation
over bosonic Matsubara frequencies so that the self-energy
reads

�cc�i�m� =
g2

2k
�0� d��Nc���� � �nb��0� + 1 − nf����

− �� − �0 + i�m

+
nb��0� + nf����
− �� + �0 + i�m

� , �A12�

where Nc����� 1
N�kAc�k ,��� is c-electron density of states

while nf���k��= 1
e���k�+1

and nb��0�= 1
e��0−1

are the Fermi func-
tion and Bose-Einstein distribution, respectively. Hence, at a
given iteration step at which Nc��� is known, we compute
with the above equation the self-energy on the real frequency
axis �i�m→�+ i�� and thereby recompute the single-particle
Green’s function and corresponding Nc��� until convergence
of �cc�i�m� is reached. This in turn allows one to determine
the local Green’s functions which satisfy the usual Dyson
Eq. �A10�. Explicitly one finds
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Gcc�k,i�m� =
1

i�m − ��k� − �cc
ef f�i�m�

,

Gf f�k,i�m� =
1

i�m − �̃ f − � f f
ef f�k,i�m�

,

Gcf�k,i�m� =
zV

�zV�2 − �cf
ef f�k,i�m�

, �A13�

where we have defined the effective self-energies,

�cc
ef f�i�m� = �cc�i�m� +

�zV�2

i�m − �̃ f

,

� f f
ef f�k,i�m� =

�zV�2

i�m − ��k� − �cc�i�m�
,

�cf
ef f�k,i�m� = �i�m − ��k� − �cc�i�m���i�m − �̃ f� .

�A14�

Finally, the expectation values ��†�� entering the SB saddle-
point equations are obtained by performing the Fourier
transformations,

��†����� = −
1

�N
�

k,�m

e−i�m�G���k,i�m� �A15�

and the whole process is iterated until the SB mean-field Eq.
�A8� are fulfilled.
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