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We perform numerical simulations of conductance and conductivity for magnetic multilayers and magnetic
granular films which show giant magnetoresistance �GMR�. The system size to which the recursive Green’s
function method is applied is sufficiently large to eliminate incidental effects caused by the system boundary
reported previously. It is shown that the resistivity change in the magnetic granular films is proportional to the
inverse of the grain size.
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In the two decades after the discovery of giant magnetore-
sistance �GMR�,1,2 the field of spintronics has matured, pro-
ducing applications such as magnetoresistive sensors and
memories. The basic physics of GMR is now well under-
stood, thanks to the enormous number of experimental and
theoretical studies conducted thus far. Spin dependent scat-
tering is the most crucial concept to understand GMR
effects.3–9 GMR has been observed not only in magnetic
multilayers �MMLs� but also in magnetic granular films
�MGFs�.10–15

Among the many theoretical studies in this arena, a Bolt-
zmann type semiclassical approach16 and a quantum ap-
proach are the main frameworks to study GMR. The latter
theory of transport has been found to be extremely useful
and has been frequently applied to MMLs.17–24 There have
been only a few cases of application of this theory to MGFs,
however, since the translational invariance is completely lost
in MGFs, and a real space calculation with a large system
size is required. In the early stages of such real space quan-
tum simulations of the conductance, the system size is too
small to eliminate incidental effects caused by the boundaries
of the system.19,20 An additional resistance produced at the
contact between the GMR system �sample� and a lead may
obscure the numerical results caused by the true GMR effect.
Furthermore, the sizes of the magnetic grains in MGFs are
not sufficiently large to reproduce the experimental tendency.
In spite of these shortcomings, the quantum simulation has
been able to grasp the essential features of GMR, for ex-
ample, it adequately reproduces the difference between
CIP�current in plane�-GMR and CPP�current perpendicular
to plane�-GMR.19,20 Nevertheless, quantitative numerical
simulations of GMR for larger system sizes are desirable to
eliminate these shortcomings and ensure the derived results.

In this paper, we present results of numerical simulations
of the conductance and magnetoresistance �MR� for MMLs
and MGFs with a sufficiently large system size. The results
of MR for MGFs is examined in detail and compared with
experimental results which show a well-defined GMR
effect.11,13,14

We adopted a single orbital tight-binding �TB� model with
a nearest neighbor hopping integral −t, and applied the re-
cursive Green’s function method to calculate the conduc-
tance � for finite size MMLs and MGFs. The system consists

of a sample region, which is either a MML or MGF with two
�left and right� leads attached to the sample. Figure 1 shows
the structures of the samples for which � and MR were cal-
culated; MMLs for CIP- and CPP-geometries, as well as
MGFs. The lattice structure is a simple cubic lattice with
lattice constant a. The cross section and sample length are
S=40�40 and L=400�3000 in units of a, respectively. The
sample size used in this work is much larger than that
�12�12�12� used in our previous study.19,20

In experiments, the samples used to measure the CIP-
GMR and granular type GMR were sufficiently large, and
the electrical resistivity � instead of resistance �1 /�� was
measured. In order to estimate � from the calculations of �,
we used a scaling relation,
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where 1 /�C is contact resistance. The resistivity was esti-
mated from the �−L relation for sufficiently large values of
L. In the case of CPP-GMR, since the samples used in ex-
periments were rather small, we calculated the conductance
itself.
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FIG. 1. �Color online� Structures used in the numerical simula-
tions. �a� CIP-GMR system, �b� CPP-GMR system, �c� granular
film, and �d� types of grains embedded in �c�. The cross section is
40�40 in units of the lattice constant. An asterisk in �d� indicates
that the edges of a cluster are truncated.
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The sample consists of two elements, magnetic �M� and
nonmagnetic �NM� metals. We assume that the leads are
made of the NM metal. We further assume that the electrical
resistivity of the system is given by parallel circuits of up �↑ �
and down �↓ � spin channels �the two-current model�. The
electronic structure of the ↑ and ↓ spin states of the M metal
are given by shifting the paramagnetic band of the NM
metal. The relative position of the bands of M and NM met-
als is shown in Fig. 2�a�. We assume that the band center of
the ↑�↓ � spin state of the M metal is 2.0t lower �higher� than
the Fermi energy EF, and the band center of the NM metal is
1.0t higher than EF. These values correspond to the atomic
potentials VMs and VNM of the M and NM elements, respec-
tively, where s=↑ or ↓. As can be seen in Fig. 2�a�, the band
matching between M and NM metals is better in the minority
spin state than that in the majority one. We chose this relative
position of the bands taking into consideration the electronic
structure of the Fe/Cr multilayers. For Co/Cu and Co/Ag
multilayers, on the other hand, band matching is better in the
majority spin state than that in the minority one. Note, how-
ever, that GMR will not depend on whether band matching
occurs in the majority or minority spin state. We also use the
same parameter values for the MGFs.

Since the interfacial roughness is crucial to GMR, we
introduce roughness in such a way that the M and NM atoms
at the interfaces are interchanged with a weight �, as shown
in Fig. 2�b�.19,20 In MGFs, the grains are the source of rough-
ness, and therefore no further roughness is introduced. The
shape of the grains used in the simulation is shown in Fig.
1�d�. The grains are randomly distributed in the sample.
Since the system size is sufficiently large, and self-averaging
occurs, we did not prepare many samples with different grain
distributions.

Figure 3 shows the calculated results of the MR ratios for
MMLs with CIP- and CPP-geometries as functions of �. The

MR ratio for CIP-GMR is defined as MR= ��AP−�P� /�AP
using the resistivity, and that for CPP-GMR is defined as
MR= ��P−�AP� /�P using the conductance �, where P and
AP are parallel and antiparallel alignments of the layer mag-
netization. The resistivity is evaluated using the relation �1�.
The thickness of the M and NM layers in the CPP-geometry
is fixed to be 8a. The total number of M and NM layers is
shown in the figure. In the CIP-geometry, the cross section S
is fixed to be 40�40, and the thickness of the M and NM
layers is either 5a or 8a.

The CIP-MR increases with increasing �. Since band
matching of ↓ spin is good, the ↓ spin resistivity �P↓ in P
alignment is hardly affected by the replacement of atoms at
interfaces. In contrast, the ↑ spin resistivity �P↑ is strongly
affected by the replacement. Therefore, �P↑ /�P↓ increases
with increasing �, resulting in an increase in MR. The
CIP-MR for �=0 is obtained from the calculation of the
conductance. This value is nonzero, as shown in Figure 3.
This is because the change in the magnetization alignment
causes a change in the electronic structure of the multilayers,
and produces a resistance change.

In contrast to the CIP-GMR, the CPP-MR decreases with
increasing �. Since the MR is caused by band mismatch in
the majority spin band, and �P↓��P↑, MR is high even at
�=0 when the sample contains many M and NM layers.
Although �P↓ decreases with �, as in CIP-GMR, �P↑ in-
creases with �. These results can be explained as follows.
When there is no roughness, momentum conservation along
layer planes should be satisfied. The restriction is removed
by introducing interface roughness, and the conducting paths
increase. Since in the ↑ spin state, the effect is stronger than
the roughness which reduces the conductance, �P↑ increases
with increasing �. The results shown in Fig. 3 are essentially
the same as those reported previously.19,21

The calculated results of MR and resistivity for MGFs are
shown in Figs. 4–6. The MR ratio is defined as MR= ���0�
−��H�� /��0�, where ��H� is the resistivity under an external
magnetic field H. It has been assumed that the magnetization
direction of grains in the MGFs are distributed randomly at
H=0, and align in parallel under a sufficiently high H. The
resistivity at a high H will be denoted �P as in GMR in
MMLs. The shape of the grains is cubic with a volume r3 as
shown in Fig. 1�d�. The parameter values are VM↓
=2.0t , VNM=1.0t and VM↑=−2.0t with 20% concentration
of magnetic atoms.

The closed squares in Fig. 4 show the calculated results of
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FIG. 2. �a� Densities of states of magnetic and nonmagnetic
metals which constitute the magnetic multilayers and granular
films. �b� Schematic figures for randomness at the interfaces of
magnetic multilayers.
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FIG. 3. Calculated results of MR ratios for CIP- and CPP-GMR
in magnetic multilayers with different number of layers.
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the MR ratio as a function of the grain size r. The MR is
nearly independent of the grain size except for the smallest
one. The results may be understood by considering the r
dependence of ��0� and ��H����P� shown in Fig. 5�a�. We
see that the linearity of ��0� and ��H� on 1 /r holds quite
well except for r=1. Therefore, MR is nearly independent of
r except for small values of r. The dependence of � on r can
be interpreted as follows.20 Electrons are presumably scat-
tered by surface atoms of magnetic grains. Since the ratio of
the number of surface and volume atoms is r2 /r3, the resis-
tivity is proportional to 1 /r for fixed concentration of mag-
netic atoms.

The results shown by closed squares in Fig. 4 indicate a
different tendency from that reported previously.20 The dif-
ference may be attributed to parameter values different from

those used in the previous simulations. The open squares in
Fig. 4 are results using the previous parameter values VM↓
=VNM=0 and VM↑=−2.0t. The concentration of magnetic at-
oms is fixed to be 20%. The results show that MR increases
with deceasing grain size, showing the same tendency ob-
tained before.20 The MR ratio in this case, however, was
estimated from the conductance for a finite system size, since
the conductivity diverges for this choice of the parameter
values in the ↓ spin state. When the MR ratio is calculated
from the resistivity, the value should be 1 independent of r.
This means that the decrease in MR with increasing r shown
by the open squares is caused by a finite size effect; the mean
free path for ↓ spin electrons is much longer than the system
width.

We now compare these results to experimental results.13,14

Figure 5�b� shows the resistivity change ��=��0�−�P as a
function of 1 /r. Both the calculated and experimental results
show good linearity except for the smallest grain. The inset
shows the resistivity change as a function of ��0�. We find
that the calculated results reproduce the experimental ten-
dency satisfactorily, though the magnitude is smaller in the
calculated results than in the experimental results.

We have shown that �� in granular systems is well cor-
related with 1 /r, but the MR itself is not. Experiments, how-
ever, have reported that the MR is well scaled with 1 /r.13–15

The discrepancy may be explained by introducing a resistiv-
ity of host matrix which is independent of the grain size.
Subject to existence of the resistivity, �� decreases, while
the total resistivity tends to a constant value with increasing
grain size,13,14 resulting in the decrease of the MR ratio with
increasing grain size. The MR ratio calculated is rather inde-
pendent of the concentration of magnetic atoms. A quantita-
tive disagreement of the concentration and grain size depen-
dence of MR ratio between the calculated and experimental
results might be attributed our neglect of the change in the
distribution of magnetic atoms/grains in the annealing pro-
cess.

It has been reported that the resistivity change as a func-
tion of H is well-scaled by �cos ��2,11,20 where � is an angle
between the directions of magnetization and H, and �¯ �
indicates an average over �. The result is also well repro-
duced in the present simulations, as shown in Fig. 6, and can
be explained as follows. Let �+�−� be the resistivity of the
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FIG. 4. Calculated results ��� of MR ratios for granular films as
functions of grain size r. Results shown by � are obtained using a
different parameter set �see text�.
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FIG. 5. �a� Calculated results of the resistivity with and without
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majority �minority� spin electrons scattered at the interface of
a grain. When the magnetic moment of the grain makes an
angle � with the external magnetic field H, the up �down�
spin resistivity in the global spin axis parallel to H is

�↑�↓��H� = 	�+ + �− + �− �cos ���+ − �−�
/2. �2�

Since the direction of the local magnetic moments of the
grains is random, we average cos � over the distribution of �
and denote it as �cos ��. The total resistivity is

��H� =
1

4
��+ + �− − �cos ��2 ��+ − �−�2

�+ + �−
� , �3�

and the MR ratio is proportional to �cos ��2.
We have performed numerical simulations with a few spe-

cific parameter values of the random potential. The depen-
dence of the MR ratio on the random potential have exten-
sively been studied previously, and interpreted in terms of
the so-called 	 parameter.2,3,9,25 Combining the results on the
present geometrical effects on the GMR and dependence of
the MR ratio on the parameter values studied previously, one
may obtain a clear picture of the GMR in multilayers and
granular systems.

We have neglected the effects of spin-flip scattering in
this analysis. The spin-flip scattering may be strong in MGFs
with low annealing temperature, in which isolated magnetic
impurities remain. In these samples, the MR effect would not
saturate with increasing H, and the simple two-current model
fails to explain the GMR. We compared our results with
experimental results wherein the GMR effect is clearly iden-
tified, as in magnetic multilayers. We expect that the spin-
mixing conductance in such MGFs may be the same order of

magnitude as that in magnetic multilayers,26 and will not
alter the results at least qualitatively. The good linearity in
both the calculated and experimental MRs shown in Fig. 6
indicates that the two-current model is a reasonable approxi-
mation for transport properties in magnetic multilayers and
MGFs, including the anomalous Hall effect.27

In conclusion, we have performed numerical simulations
for the magnetoresistance of magnetic multilayers and granu-
lar films using a simple model, but with a larger system size
than used before. The present results eliminate the incidental
results caused by boundaries of the system and account for
the experimental results. The present work showed that the
resistivity change is proportional to the inverse of the grain
size, in agreement with the experimental results. The de-
crease in MR ratio with increasing grain size could be ex-
plained by introducing a resistivity of the host matrix inde-
pendent of the grain size. It is worth noting that the
sufficiently large system size used in this work has made it
possible to compare the calculated results with experimental
ones. Since the simulation method used includes effects be-
yond the Born or mean field approximations, the present
method may be useful to include realistic electronic struc-
tures when a high performance supercomputer is available.
Some attempts along this line have already reported for mul-
tilayers and tunnel junctions.28–30
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