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A method, based upon the results of Feshbach and Lomon, is
established by which a given potential may be simply tested for
its capability of providing an adequate charge-independent
description of nucleon-nucleon scattering to 300 Mev. The view
is taken that the scattering is better represented by replacing the
(in general) strongly energy-dependent scattering phase shifts
with a set of suitably defined logarithmic derivatives I'yz. These,
when evaluated at a “characteristic interaction distance” 7, will
depend at most weakly upon energy. The success of the Feshbach-
Lomon (FL) model in the interval O to 300 Mev is here regarded
more generally as establishing this view in the above energy
range. These ideas are given their mathematical formulation
through a generalization of effective-range methods familiar in
low-energy scattering. Here 7, which plays the role of an effective
range, is shown by means of stationary expressions for I'yz, to

attain a state-independent value equal to the FL “core” radius,
provided that I'yz has the desired weak energy dependence. It is
then only necessary to find the behavior with energy of the
parameters I'yz, as determined by a given potential, in order to
test whether or not the latter is capable of giving a charge-
independent description of the scattering. The method is illustrated
in singlet S-states with two-parameter monotonic static potentials.
It is found that Gaussian, exponential, and Yukawa poten-
tials are not consistent with the analysis unless these potentials
also contain a repulsive core whose radius is suitably restricted.
A rectangular potential is barely possible because of the uncer-
tainties in the FL fit arising from insufficient experimental data.
An Appendix is devoted to a discussion of the variational principle
used in the text.

I. INTRODUCTION

N the preceding paper,! an explicitly charge-inde-

pendent fit of the nucleon-nucleon bound state,
and scattering data has been obtained. A model was
used which confines the nuclear forces within a radius
7o which depends upon the state and which, for all but
one state, the 1Sy, was taken to be energy independent.
In this region the forces are assumed to be sufficiently
strong to be essentially independent of the relative
energy of the colliding particles, and may thus be
represented by an energy-independent boundary con-
dition applied to the set of logarithmic derivatives
fru(ro) of the interaction wave function. We wish to
point out that the success of this specific model may
be more generally regarded as establishing, within the
above energy range, an alternative and highly compact
representation of experimental results. This repre-
sentation embodies an extension to higher energies of
the effective-range methods? familiar in the analysis of
low-energy nucleon scattering. It will be shown in this
paper that such a viewpoint results in a simple pro-
cedure for determining whether a given potential is
capable of giving a charge-independent description of
the scattering.

The success of FL in fitting data in the range 0 to
300 Mev suggests that, from a formal standpoint, the
scattering may be more appropriately represented in
each state by two parameters, I'y.(7) and #, which
depend only weakly upon the energy, than by the

* A portion of this material may be found in the author’s thesis,
Harvard, 1954 (unpublished).

t This work was performed under the auspices of the U. S.
Atomic Energy Commission.

! H. Feshbach and E. Lomon, preceding paper [Phys. Rev.
102, 891 (1956)], referred to as FL.

2 J. Schwinger, lectures on nuclear physics, Harvard, 1947
(unpublished); Phys. Rev. 72, 724 (1947). J. M. Blatt, Phys.
Rev. 74, 92 (1948). J. M. Blatt and J. D. Jackson, Phys. Rev.
76, 18 (1949).

phase shift 67z, which is, in general, strongly energy
dependent.? (Tyr=f;r+1). In II, we shall make use
of a procedure due to Schwinger! to define an appro-
priate set of generalized logarithmic derivatives T' on
the surface of a sphere of radius 7, which we then show
to be Hermitian. A stationary expression for I' is then
invoked, by means of which 7 is so chosen that I' has
the desired weak energy dependence. The resulting
condition for 7 is manifestly a generalization of that
used to define the effective range in low-energy scat-
tering theory. This connection is made explicit by con-
sideration of the 1Sy and 3S:+3D; states of the two-
nucleon system. The “effective interaction distances”
7 in these states are shown to be equal to each other
within experimental error and to have the value 7o
found by FL to yield the best over-all agreement with
the scattering data. Thus, only a single range parameter
is needed to describe the low-energy scattering in
singlet and triplet states. In III, we investigate the
energy dependence of the logarithmic derivative in the
LS, state and compare with the FL fit. It is demon-
strated that with sufficiently complete and accurate
data for energies less than 50 Mev, it would be possible
to determine the character of the interaction potential.
For example, if it is assumed that T' does not vary more
than 20 percent in energy from 0 to 50 Mev, then the
rectangular, Gaussian, exponential, and Yukawa wells
would fail to fit the data. However, a potential con-
sisting of a repulsive core together with an exterior
well of rectangular or Yukawa shape could satisfy the
above criterion. In the former case a repulsive core
radius 7. less than 0.4X107% c¢m, and in the latter 7,
less than 0.7X107® cm would be required. A brief

3 G. Breit and W. G. Bouricius, Phys. Rev. 79, 1029 (1949)
have discussed this point of view most thoroughly for low-energy
S-wave scattering.

4J. Schwinger, lectures on nuclear physics, Harvard, 1955
(unpublished).
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discussion of the variational principle used in the text,
together with its explicit realization for higher angular
momenta and tensor forces, is included in the appendix.

II. THE EXTENDED EFFECTIVE-RANGE DESCRIPTION

Consider the Schrédinger equation for the interaction
of two nucleons,

(B*—H)y=0; ry=0 when r=0,

and its adjoint,

(1a)

Y —H)t=0, (1b)

where k2= ME/#, H=—V?+H’, and H' is the inter-
action Hamiltonian, which we shall assume to be
energy independent and of short range. Let us also
introduce a comparison wave function ¥, satisfying

(R+V)T=0. )

Inside the interaction volume, ¥ is then an extrapola-
tion of y. By elementary manipulation one obtains the
relations
v-[Ytvy— (v)ly]=0, ©)
V- [TVl — (V) ]=0. Y]

Let us integrate Eq. (3) over all space, but Eq. (4)
only outside a sphere of radius »=7. Then in view of
the identity of ¢, ¥ at large distances, we must have

f ds-[\lﬁv\If—(V\I/)T\If] =0. (5)
r=T

Observing that only the radial part of the gradient

operator contributes to this integral, we define a

generalized logarithmic derivative I' on the sphere r=7

by the expressions

[%(N)]m =T7¥(r),

7

(6)
2
[~(r\1/)*] = Ut (AT,
o7 r="r
Equation (5) thus expresses the hermiticity of I':
f dw[r\IfT (P—I‘T)r\If] —o0. ™
r="r
It is proven in the appendix that
f dwr¥Tr¥
r=F

- [ @by ey -]
all space

- @lr v (rO)"- v () —T1ET]  (8)

r27F
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is a stationary expression for I' under independent
variation of ¢, ¥ or their adjoints. It is convenient to
use Eq. (8) as a means of specifying the energy de-
pendence of I'. Under variation with respect to the
energy, the wave functions in their dependence on
energy do not contribute by virtue of the stationary
property, and one obtains the rigorous expression

f dar T (3T /0K
=t

= dr) ¥ — dr)yty. (9
‘[27"( )‘P\If Lllspace( r)¢¢ ()

Let us now view the wave functions ¢, ¥ as being de-
composed into mutually orthogonal parts, each part
corresponding to a constant of the motion. Equation
(9) is then to be regarded as a set of independent equa-
tions corresponding, for example, to possible values of
the total angular momentum J, spin .S, and charge state
7. Thus with central forces Eq. (9) assumes the form

0

UL2(’I7‘L)dI‘LL/dk2=f dTULz—f dM/th, (10)

TL 0

as shown in the appendix. Here %z, Uy are the radial
parts of ¢, ¥ corresponding to angular momentum L.
The orthogonality of these partial waves requires T
to be a diagonal matrix, whose elements are I'zz. For
the coupled waves present in triplet scattering with
tensor forces, we find in the appendix that

]7’=7"J

_ f SLU L) +W 2]

U,

J
+W 2(r)

aFWJ
ok?

[U I,
(4
T ow

——fw dru2()+wi()]. (A1)

Here %, w; are the radial wave functions for L=J—1,
J+1, respectively, and Uy, W are the corresponding
comparison functions. These wave functions, together
with 77 and the logarithmic derivatives, may refer to
either of the mutually orthogonal eigenwave mixtures
which, in virtue of the tensor coupling, remain un-
changed during the scattering process.

In each scattering state & we now require 7; to be
energy independent, and of value such that the left-
hand side of Eq. (9) vanishes when evaluated at some
specified energy E,

T
2.
k2 lr= ¥

The logarithmic derivatives T, which in the vicinity of
E depend at most weakly upon energy, together with

E=E. (12)
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the (by choice) energy-independent characteristic
distances 7, completely specify the scattering. Indeed
the IVs are formally identical with the logarithmic
derivatives f4-1, assumed energy independent by FL in
their fit of the scattering data. However, while the
latter incorporate the effect of a very strong nuclear
force confined within a region 7 < 7o, the former embody
no assumptions whatever about the force except its
static nature and short range. The increased generality
of description is reflected in the correspondingly weaker
statement that I'; is no more than locally energy-
independent.

The form of Eq. (9) suggests that the foregoing de-
scription is closely analogous to the effective-range
representation of low-energy scattering. In the 1Sy state,
Eq. (8) reduces to

U2(70)To(F) = f dr (dw/dry— =\ f(r) 1)
- f " W[@U -], (13)

where #, U satisfy the equations
L(@/dr")+E—X\f(r) Ju=0, (14)
[(&*/dr")+k*]U=0, (15)

in which A=MV/%#? and Vof(r) is the 1S, potential.
Let us set fo=0 momentarily, and follow Schwinger®
in introducing energy expansions:

u(r)=wuo(r)+Eum(r)+---, (0)=0, (16)
Ul)=Uo(r)+RU(r)+---, U1(0)=0,
and
Po(O) =k coto= ao_l+%feok2—Preo3k4+ cee, (17)

Equation (13) then yields the customary definitions of
the singlet scattering length aq, effective range 7., and
shape-dependent parameter P:

ag1=U¢2(0) { j; i C(duo/dr)2—N\f(r)ue*1dr
- f i dr(dUo/dr)zj, (18)

Lr0=Ui2(0) f (Ud—ug)dr, (19)
0

Preo3= UO_Z(O)f (UoUl—Mou1)d1’. (20)
0

It is thus appropriate to apply Eq. (12) at E=0, which
then gives the definnig equation for 7g:

fdonz—f uotdr=0.
7o 0

& J. Schwinger, Phys. Rev. 78, 135 (1950).

21
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Using Eq. (19) and the zero-energy solution of Eq. (15),
Uo(ry=14+a¢ Y7, (22)

we obtain an expression for 7o independent of the details
of the force,

37e0="Totai o> +Fai 2. (23)
From the experimental values®
7e0=(2.5240.23) X107 cm,
. a0'=(0.422£0.009) X 10* cm ™,
we have
fo=(1.2020.11) X107 cm. (24)

This value is in good agreement with the “core” radius
ro~1.32X107%® cm found empirically by FL to yield
the best over-all fit of nucleon-nucleon scattering data;
and of course also agrees with the boundary radius of
0.47 ¢?/mc® found by Breit,® using the same criterion
(i.e., weak energy dependence) but rather different
methods.

Turning now to the coupled 3S;43D; mixture, we
apply condition (12) to Eq. (11) at E= —¢, the binding
energy of the deuteron. By virtue of the normalization

f dr(u12+w12) = 1, (25)
0

‘we have

f UL+ W =1, F=—e, (26)
71

in which the™S, D comparison functions U;, W; refer
to the S-dominant eigenwave mixture. Equation (26)
is now to be compared with the “bound state” definition
of the effective range,

T2(0) (brar) = f drU—1 @)
0
where U, () is the solution of (15) at E=—¢,
Ui(")=U1(0) exp(—mr), n=(Me/7?)},  (28)

and thus corresponds to neglect of the small D-state
admixture in U;(r). The latter and Wy(r) are the
solutions of the radial equations, uncoupled in the
absence of interaction,

L(@/dr")—n*JU1(r) =0, (29)
L(@/dr")— (6/r")— 4 ]W1(r)=0, (30)

which we write as
U1(r)=U1(0) (1—3) exp(—mr), (31)
Wi(r)=U1(0)¢[1+3(nr) 3 ()2 exp(—nr).  (32)

In this way U1(0) measures the total amplitude at large

6 Recent data summarized by H. S. W. Massey, Proceedings of
the International Conference on Nuclear and Meson Physics, Glas-
gow, 1954 (Pergamon Press, London, 1955).
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Fic. 1. The variation of the triplet characteristic interaction
distance # with the admixture parameter ¢ [Eq. (37)]. The ver-
tical lines indicate the error associated with the triplet effective
range 7¢. The shaded region indicates possible values of the corre-
sponding singlet quantity 7. The distances 71, o may, consistently
with experiment, be taken as equal.

distances,

Lim[ U 2+W 2 i~ U1(0) exp(—nr), (33)
while ¢ similarly measures the relative amplitude of D
state,

Lim W1/ (Ug+W2)i~¢. (34)

The quantity U;(0) is determined from Eq. (27) to be
U1(0)=2n/ (1=nra)?, (35)

while ¢ is fixed by reference to the quadrupole moment,
\/2 0
Q=— f drr*(wyw;— 2 3w 2)>~2.77X 102" cm?.  (36)
10 J,

The error incurred in Eq. (36) by replacing the inter-
action wave functions by their corresponding com-
parison functions is small, by virtue of the insensitivity
of Q to changes in the former at small distances. The
quantity ¢ thus determined is ~0.02, although this
value could fluctuate by perhaps 509, without de-
stroying agreement with the observed value of Q and
the asymmetry of the low-energy »-p angular dis-
tribution.

The condition (26) then yields the following expres-
sion for 74:

1—nra=[146¢*(n71) > (14n71)*] exp(—2971). (37)

In Fig. 1 we have plotted 7, in its dependence upon the
admixture {, using the experimental values’

e= (2.226--0.003) Mev,
re1= (1.7200.035)10% cm,

7 For 7,1, see Hughes, Burgy, and Ringo, Phys. Rev. 79, 227
(1950); for €, see E. Melkonian, Phys. Rev. 76, 1744 (1949).
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and have also indicated the permitted range of values
of 7o. We may evidently consider the characteristic
distances 7y, 7o to be the same within experimental
uncertainties. Thus even at low energies the compact-
ness of this “extended effective range” description is
manifest, in that only one characteristic distance need
be used to describe the ground states of the two-
nucleon system, as opposed to the two range corrections
700, 7e1 I the usual treatment.

It is clear from the above development that 7 has no
more significance than the effective range itself. In the
1Sy state, it is closely equal to half the effective range,
and therefore may be thought of as a mean interaction
distance. In general, however, it is simply to be viewed
as one of two parameters that have been chosen to
represent a single strongly energy-dependent quantity,
the phase shift, in such a way as to make it an explicit
function of energy, rather than an implicit one, over a
certain energy range. To the extent that an energy-
independent core region is actually a true representation
of the nuclear force, these parameters have physical
significance.

III. IMPLICATIONS FOR THE NUCLEAR FORCE

Since the value of 7 agrees well with the core radius
of the preceding paper, we may apply the results of FL
directly to our own work. Regarding the logarithmic
derivative I' as energy independent results in a quan-
titative fit of all nucleon scattering data to 200 Mev.
In virtue of our more general description, this fit is no
longer to be regarded solely as a consequence of a
specific model of nuclear forces, but rather as consti-
tuting a strong condition which any proposed nuclear
potential must satisfy if it is to yield a charge-inde-
pendent representation of the data. More specifically,
the energy-independent character of T' in S-states is
maintained only within an energy region corresponding
to the shape-independent approximation, where all
short-range potentials are equivalent; i.e., 0 to 15 Mev.
The further energy independence required by the FL fit
must therefore be determined by the details of the
potential. Thus what has been established in the above
simple fashion is a means of testing potentials for their
agreement with experiment without recourse to a
phase-shift analysis. One need only determine the
behavior with energy of the T corresponding to the
potential in question.

In order to illustrate this procedure, we turn our
attention to 1S scattering from a number of potentials
in the limit of zero binding (infinite scattering length).
Let us first consider the rectangular well, for which an
exact expression for I' can be obtained.? The functions
u, U are given by

x<1,
u=U~sinkx cotd+coskx,

u~sinax,
x21, (38)

8 Henceforth, all quantities refer to the 1S, state.



NUCLEON SCATTERING AND FESHBACH-LOMON MODEL

where we now use the dimensionless notation x=7/R,
k=kR, i®?=12+n2/4, and R is the range of the force.
Matching logarithmic derivatives at x=1 yields the
desired expression for T'(k),

(e cotar) cotx(T—1)—«

I' (k) =k cot (kB+0) =« (39)

a cota+« cotx (T—1) ’

where according to Eq. (23) Z=7/R=41.

An estimate of the energy dependence of I'(k) is to
be made by comparing its value at a given energy with
its correct zero-energy value,’

T'(0)=0a"R/(14a¢7)=0.096520.0077 (rect.).
The expression
e(x)= (T'() —T(0))/T(0)

is shown in Fig. 2.

It is nevertheless of interest to use the rectangular
well as a means of testing the accuracy of results
obtained through the use of variational principle, Eq.
(13). Consider the expression

I" (K) = P0+I‘1K2+P2K4. (42)

The coefficient T'; is required to vanish by our choice
of 7; then Ty is primarily responsible for the energy
dependence of T' over an interval whose extent we now
determine. By differentiating Eq. (13) twice with

(40)

(41)

10,

T T

L T T TTTT ] T T T T Ij
C /
- -
I.O: 1
€’ X :
o -
Ol —
L -

0l
1.0 10, 100.

F16. 2. The dependence of the 1S, logarithmic derivative on
energy, as measured approximately by the parameter ¢ [Eq.
(45)7, for four well shapes. The accuracy of this measure is
indicated for the rectangular well by plotting the exact dependence
¢ [Eq. (41)] using Eq. (39).

9 FL obtain 0.08 for this quantity by analysis of low-energy
n-p data. A similar analysis by G. Breit and W. G. Bouricius
(reference 3) gives the same value.
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respect to energy, making use of its stationary character
in the manner already described, and evaluating the
result at E=0, we obtain

= Uﬁ(a‘c)[ f dxUgU1— f dxuoul], (43)
T 0

which may be re-expressed in terms of the shape-
dependent parameter P, using Eq. (20):

Ty=—2(8P+3). (44)

A simple calculation yields the wvalue Ta(rect.)
= —0.0096, consistent with P(rect.)=—0.032 as given
in Blatt-Jackson.? The expression

€ (k) =TT, (45)

where Ty is given by Eq. (40), is seen from Fig. 2 to be
accurate within 109, for energies less than 50 Mev.

We assume that Eq. (42) gives an equally adequate
representation of the Gaussian, exponential,and Yukawa
potentials. The corresponding €'(x) are also plotted
in Fig. 2. We now compare this energy dependence
with that determined by the FL fit for the 1S, state,
restricting our discussion to energies below 50 Mev.
In this energy region p-p scattering is determined
mostly by the 1S state, although at the higher energies
there is a small contribution coming from the 3P,
state. The uncertainty in the change in I' over this
range, AT, arises mostly from the incomplete deter-
mination of the contribution of the latter state. From
the FL analysis, it is reasonable to assume that AT’
varies between zero and the change which FL obtain
in their fit B. (Fit A seems to be eliminated by recent
experimental data.) The corresponding condition on P
is

—0.0416<P<—0.0367. (46)

This condition clearly eliminates the Yukawa, expon-
ential, and Gaussian potentials.® The square-well
potential is still possible but only barely so. It is clear
that it would be worthwhile to make a more thorough
experimental investigation of this energy region.

To demonstrate what information such research
might yield, suppose that T' only changes by 209, in
going from 0 to 50 Mev. Then

—0.0416< P < —0.0402. (47)

We shall now show that such a limitation on the per-
mitted values of P would require the use of core-type
potentials, as is already indicated by intermediate
energy scattering experiments. We shall also see that
the FL fit as given by Eq. (46) if applied rigorously
would also require a core. As a first orientation, it may
be noted that as P changes from positive to negative

10 The restriction (46) on P is of course much more severe than
that imposed on the basis of low-energy (<10 Mev) measurements
alone, since the low-energy cross sections depend only weakly on

this quantity. See J. M. Blatt and J. D. Jackson, Revs. Modern
Phys. 22, 77 (1950).



910

1,000

800

600

Xc=0.3

v (Mev)

400

200

I 1
-04 -.06 -08

Fic. 3. The dependence of the core height V; on the shape
dependent parameter P for various core radii 7., using an exterior
rectangular well [Eq. (47)] to achieve proper (zero) binding.
Permissible core parameters must yield a value of P in the
neighborhood of P=—0.04 (constant logarithmic derivative).

values, the potential becomes progressively shorter
tailed and less attractive at the origin. Since P for a
rectangular well is —0.032, the requirement (47) as
well as (46) of the FL fit suggests a core without
adducing further evidence.

Consider then the potential

Vi, x<ux,
Vx)=< —Vo, x<x<1 (48)
0, «>1,

for which exact solutions may be obtained. The cal-
culation, which is perfectly straightforward, will not be
discussed except to observe that I' in its dependence on
energy is most easily found by using an obvious modi-
fication of Eq. (13):

V(BT (Z) — 1w (%6) Ve
-[ A G) 5 wrvoe]
[ ()5

where v.=[%"'du/dx]; -, and the other symbols have
their usual significance. In the limit of zero binding, V1
is shown in Fig. 3 as a function of P for several values

of «,. The value of the core radius 7, changes by no more
than =+0.03 7 for a given value of x,=7./R, so that each
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of the curves in Fig. 3 also represents a characteristic
core size. The matching conditions at x=x. cannot be
maintained for V;<~25 Mev; for large V; the curves
approach asymptotic values of P. In the limit of small
7. and large V,, this asymptotic value approaches
P=—0.032, i.e.,, a pure rectangular well. The effect
upon the scattering of an increase in core size is evi-
dently just the reverse of that produced by going to
longer-tailed attractive wells, which implies the
existence of many tail-core combinations for a given
value of P. We note that, in order for Eq. (47) to hold
7. is confined to the approximate region

0.1X10 2 cm<7,<0.4X 1078 cm, (49)

for reasonably hard cores.* This is to be compared
with 7,=0.5—0.6X10™ cm, the value used by
Jastrow!? in his phenomenological fit of p-p scattering,
as well as by Lévy® in conjunction with a meson-
theoretical potential. The small discrepancy is due to
their use of a fairly long-tailed attractive well, which
in our calculations has the effect of increasing somewhat
the permissible core size. A numerical analysis making
use of an exterior Yukawa well yields the approximate
limiting value

7.<0.7X107 8 cm, Yukawa. (50)

In summary, we have seen that the local energy
independence of T in S-states is valid over an energy
range corresponding to the shape-independent approxi-
mation. The additional energy independence required
by the FL analysis prohibits the use of simple two-
parameter potentials except possibly the rectangular
well, but does permit core-type configurations. Such
potentials will yield the correct 1S, phase shift up to
energies of at least 50 to 60 Mev. It has been noted
that there is still considerable freedom in the choice of
potential. 1S, scattering to 50 Mev implies no restriction
on the form of the attractive well, although once a well
shape is chosen the core size is limited.* A further
(weak) restriction may be obtained by invoking charge
independence in S-states,® which tends to exclude cores
greater than ~0.3X107%# cm.!® Such small cores are
not necessarily in conflict with meson theory.!

While all our examples have been concerned with
static potentials, the methods may be easily extended
to treat velocity-dependent forces. These can be recon-
ciled with the FL analysis provided they are at most
weakly energy dependent. Calculations, to be reported

rect.

11 A pathological case not included in this range consists of an
infinitely strong repulsive core surrounded by a &-function
attractive shell.

12 R, Jastrow, Phys. Rev. 81, 165 (1951).

13 M. Lévy, Phys. Rev. 88, 725 (1952).

4Tt proves possible to establish the necessity of a core-type
potential in S-states under some fairly general assumptions. The
force characteristics thus deduced accurately confirm those ob-
tained here. For a preliminary report, see R. B. Raphael, Phys.
Rev. 99, 619(A) (1955).

15 E. Salpeter, Phys. Rev. 91, 994 (1953).

( 16 K) A. Brueckner and K. M. Watson, Phys. Rev. 92, 1023
1953).
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more fully at a later date, reveal that such forces are
capable of reducing e [Eq. (41)] in S-states considerably
below its corresponding static force value. We point
out that the virtual excitation, in close collisions, of
nucleonic isobaric states produces an S-state force
having this behavior in the energy range considered
above.!”

The fit of the two-nucleon scattering data obtained
from the constancy of I' in all states is quantitative to
energies as high as 200 Mev, so that the testing pro-
cedures may be extended. Uncertainties in the FL
analysis due to causes already mentioned will of course
increase, so that limitations on the energy variation of
TI" will become less severe.

The methods we have presented are of course not
restricted to S-states. The forces obtaining in higher
angular momentum states with tensor interactions may
be analyzed with the aid of the development in the
Appendix. It is hoped that these methods may be of
use in treating the consequences of specific models of
the two-body force without the necessity of direct com-
parison with experiment at a variety of energies.
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APPENDIX

We shall verify that Eq. (8) in the text is a stationary
expression for the generalized logarithmic derivative
I'(#) with respect to independent variations of ¢, ¥
or their adjoints, subject only to the restriction

() (0)=0; Y()—=¥(r), (A1)

The stationary value is attained for functions y, ¥
satisfying Eqgs. (1) and (2) in the text. Variation with
respect to ¢!, ¥t for example gives

s [ yon] = fuoelen] |

(dn)og* (B — H)y

all space

r—> 0,

+ | (dr)o¥t (B24-v2) ¥ —
r2F

= f dw[r&‘l"'I‘r\I/—{—r\I/T&I‘r‘I/] (A2)

r=r

7R, B. Raphael and J. Schwinger, Phys. Rev. 90, 373(A)
(1953).
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By virtue of the condition in Eq. (A1), the surface
integrals on the left-hand side become

Julm =]

hence the condition that I' be stationary under this
type of variation is expressed by the differential Eqs.
(1) and (2) of the text and the requirement of Eq. (6).

By insertion of the appropriate partial-wave expan-
sions into the stationary expression Eq. (8), we may
easily obtain the variational principles appropriate to
the different scattering states, together with the dif-
ferential equations obeyed by the radial functions in
these states. For example, let us assume

H'=—=\F(»)++vG(r)S12], (A3)
where Sy is the tensor operator
512= (3/7’2) (0‘1'1’) (02' I')‘—O'l'(rg, (A4)

A=MV/#?% and v is the ratio of the tensor strength V;
to the central strength V. We make use of

r\I,singIet = ZL cLpL (COSG) UL (7’) . (AS)

with a similar expression for Ygnget; and, after per-
forming the angular integrations, obtain the form of
Eq. (8) appropriate to singlet states of scattering:

UL2(7')PLL<7‘)

=f0w

_ f i dr’ (dUL/dr)Z—[kZ—E(Lj_l)]Uﬁ}. (A6)

L 7

drl (duL/dr)ﬁ—[kur)\F(r)—L—(Lr—ji)]uﬁ}

Equation (A6) is a stationary expression for I'yr(F)
when the radial functions %y, Uy, satisfy

{(&/dr)+[B4NF (r)— L(L+1)/r" Jyus(r) =0,

(@/ar)+ =LA DY U0 =0, O
and provided we make the identification
FLL(T‘L)= UL—I(TL)[dUL/dr]r=7"L. (AS)

Thus, in singlet states, T' is a diagonal matrix with
elements I'yz. In virtue of the stationary property of
Eq. (A6), expansion of the radial functions %z, Uy, in
the manner of Eq. (16) of the text gives rise to the
rigorous expression Eq. (10).

Turning now to triplet states, we note that I'yjpet
is in general not diagonal, owing to mixing of states
induced by the tensor coupling. We may, however, go
to a representation in which Tyt is diagonal by taking
linear combinations of states with the same parity. In
this “eigenstate representation” the scattering matrix
is diagonal. We follow Rohrlich and Eisenstein'® in

18 F. Rohrlich and J. Eisenstein, Phys. Rev. 75, 705 (1949),
referred to as RE.
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introducing the partial wave expansion

qj‘triplet = Z CJm[sz‘paJ ’m+ Cﬁ‘lr.BJ e CVW’YJ 'm:]; (A9)
J,m

where

1 =@ U ;@O — Dw ;W @,

1wl m=@y;V ;0 (AlO)

r\I"ﬂ""= Dy ;U0 +<I)WJVVJ(7),

are a set of mutually orthogonal “parity” wave func-
tions, the eigenfunctions of the tensor Hamiltonian.
Here the @’s are the orthonormal spin-angle vectors
introduced by Corben and Schwinger,”® while U, V3,
W s represent the comparison radial functions for the
states L=J—1, J, J4+1, respectively. An analogous
expansion is introduced for the interaction wave
function Yyipler. The effect of Si2 operating on @, as
given in RE, is

J—1 [JU+D]
Sp®vyj=—2—®u;+6—D@wy,
2741 2741
U+n1 J+2
S10®wy=6—-"—Du;—2 Dy, (Al1)
2J4+1 2741

Slgq)VJ: Z(I)VJ.

We are now in a position to carry out the angular inte-
grations in Eq. (8). The orthogonality of the wave
functions, Eq. (A10), results in three separate ex-
pressions corresponding to the eigenstates® (e, 8, v):

LU2AFNT s (70) @V +[W A (Fo)Tws (7)) @

- fo i dr{ [(duJ/dr)2— (k2+)\ ho-T9" 1))u,2]

72

+1)(T+2) )W}

7

+[(dw1/dr)2— (k2+>\hJ(r)—

(e, )
—~2>\g1(1’)MJwJ] "f
7

J(J—-1)
_(kz__

72

0

dr‘ [(d U,/dry

J(a.v)

) UJZ]—}—[(dWJ/dr)?

()

¥ H, C. Corben and J. Schwinger, Phys. Rev. 58, 953 (1940).

2 In these expressions the superscripts designating the parity
eigenstates are meant to apply to all the wave functions, loga-
rithmic derivatives, and characteristic distances # occurring
within the brackets.

ROBERT B.

RAPHAEL

LVAFE)Tvy (7)) ]®

* J(JT+1 ®
—f—f dr[(dv,;/dr)z— (k2~ ( j_ >+>\lj(7'))‘UJ2]
0 7

. TU+1 ®
— LJ(B)dr[(dVJ/drP—(k?— . ))Vﬂ] .

(A13)
Here we use the notation of RE,
J—1
fi1()=F(@)—2—-G(),
2J7+1
V+1D]
gr (1) =6————G(),
2741 (A14)

J+2
hy(r)=F(r)—2——G(),
2741

Iy(r)=F(r)+2vG(r).

Again we obtain the differential equations satisfied by
the various radial functions in the form of conditions
such that Eqgs. (A12) and (A13) are stationary expres-
sions for the I”s. They are

(—di+k2—w_l))w(r)

dr? 72

=ASfr(us()+grPws(r)],

@  J+)U+2)
()0

=}\[gJ (r)u,[ (7)+hJ(7’)wJ(7)])
&2 o J(J+1

dr?

(A15)

))w(r) =N (")vs(r).

The corresponding comparison functions satisfy the
set of Egs. (A15) with A=0. Then by virtue of Eq.
(A1), a variation of this type applied to Eq. (A12)
results in
U12<7'J)5FUJ(77‘J)+WJ2(7_'J)5FWJ(7—'J)
= 2[(dUJ/d1’)- UJI‘U,}']?"J&UJ(?"J)
+2[(dWJ/d7')—‘WJFWJ]?"‘JBWJ(TJ) (A16)
for either of the mixtures (a,y). The variations of U,

W at r=7; are unrelated, and hence Eq. (A12) is
indeed stationary provided we define

Tuy(77)= Ur‘(h)[(%) U J(r)]m ;

(A17)
oot (L)oo

[
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The stationary nature of Eq. (A13) follows analogously.

It is a consequence of describing the scattering in
terms of the eigenstates of the tensor Hamiltonian that
the variations 86Uy, 6, are asymptotically related.
Thus asymptotically, Uy, W are given by

Usen~A e {sin[kr— (r/2)(J—1)

+dus @] /cosdu (@M},
(A18)
W sl ~C e {sin[kr— (x/2) (J+1)

48w (@] /cosdw (@},

We must choose dvs @M =06w;@" in order to
uniquely fix the pairs of linearly independent radial
functions (#s,ws)%, (#s,0s)7 so that the coupled wave
mixture remains unchanged before and after the scat-
tering. We may then define admixture parameters
nr@V=—(Cy/A;)@" giving the asymptotic mixing
of the L=J=41 waves. Thus we have at large distances
the relation

SW s (r)=qs@MU ;@Y (r), r—w,

(A19)

The reciprocal relationship between #s%, 7s7, which
follows from the unitarity of the S-matrix and the
reciprocity of scattering, may also be obtained from
the variational principle of Eq. (A12) in a particularly
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simple fashion. We introduce the scale transformation

Wy — g @y ey

W s@m) — g @ ;@) (A20)
Equation (A12) may then be written as
LU us+07W P Twsly =iy =as—2bms+cms. (A21)

Variation with respect to ns yields, by virtue of the
stationary property,

nr= bJ/[CJ—'WJ2(fJ)I‘WJ(r]):|. (A22)

Introducing Eq. (A22) into Eq. (A21), one obtains a
quadratic equation in W /T'w,, whose solutions are the
eigensolutions of the scattering problem. The well-
known relation
nsmsT=—1 (A23)

then follows immediately from Eq. (A22).

Finally, it may be noted that the D-wave admixture
for the deuteron ground state may be written

n?=¢/ (14-¢%)
 [UR/0B)T,
- [W12(a/aE)I’W1

as follows from the stationary character of Eq. (A21).
This then implies the more explicit expression (37) of
the text.

] , E=—¢ (A24)
r=rF
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The Yang-Feldman formalism is applied to the derivation of the transition amplitude for boson-fermion
scattering in a form which makes evident its connection with a method of derivation suggested by Wick.

OW! has proposed a form of scattering theory which

has proved extremely useful in the discussion of
the consequences of causality for scattering.? Alter-
native derivations have been given by Goldberger,?
Nambu,* Schweber,® and Wick,® the last of these only
for the case of a fixed source. In this note we propose
a concise derivation based upon the Yang-Feldman
formalism? which makes evident the relationship to
the method of Wick and shows that the latter is
applicable to the relativistic case.

1F. E. Low, Phys. Rev. 97, 1392 (1955).

2 See, for example, R. Oehme Phys. Rev. 100, 1503 (1955),
and M. L. Goldberger, Phys. Rev. 99, 979 (1955), from which the
previous literature may be traced.

3 M. L. Goldberger, Phys. Rev. 97, 508 (1955).

4Y. Nambu, Phys. Rev. 98, 803 (1955)

5S. S. Schweber Nuovo cimento 2, 397 (1955).

6 G. C. Wick, Revs. Modern Phys. 24 339 (1955).

7C. N. Yang and D. Feldman, Phys Rev. 79, 972 (1950);
G. Killén, Arkiv Fysik 2, 371 (1951).

We consider a system described by a Hamiltonian
H=Ho+H, ¢

where H, is a sum of Hamiltonians for noninteracting
fields describing particles with their experimental
masses and H; is their mutual interaction. We merely
assume that H is expressed in terms of sets of canonical
variables, which in the absence of interaction are the
usual particle creation and annihilation operators,

H=H[a"(1),a(t); 0" (),6()); - --]. @

Here, the set a'(¢), a(t) refer to the mesons, b'(¢), b(¢),

to the nucleons, etc., and we have suppressed the

dependence on spatial or three-momentum coordinates.

For simplicity of notation we work with neutral mesons.
The field equations for the meson operators are

ia(t)="[a(t),H]=06H/bat ()
=wa(t)+6H,/6at (1), 3)



