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is no marked tendency for the contributions of the
higher / values to decrease.
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Numerical results are obtained for electric dipole Coulomb excitation. Tables of the dimensionless excita-
tion function ao and the directional correlation parameter a, are presented over a very wide range of their
arguments. It is shown that the dipole bremsstrahlung cross section can be written in terms of the ay, so
that the tabulation also serves for the calculation of the bremsstrahlung differential cross section.

I. INTRODUCTION

HE formalism and mathematical techniques neces-
sary to an adequate quantum mechanical calcu-
lation for the general multipole in Coulomb excitation
have been presented earlier.! These techniques have
already been applied to the case of electric quadrupole
excitation.? In the present paper numerical results for
electric dipole excitation are given. Although at present
electric dipole excitation is not as important experi-
mentally as electric quadrupole excitation,® a few low-
lying (1—) states have been reported* and there is
reason to believe that low-lying states of odd parity
may exist in the fissionable elements.
Results are given for the dimensionless excitation
function @y and the correlation parameter a,, for values

* Work performed under the auspices of the U. S. Atomic
Energy Commission.

1 Biedenharn, McHale, and Thaler, Phys. Rev. 100, 376 (1955).
This reference is hereinafter designated in the text as I.

2 Goldstein, McHale, Thaler, and Biedenharn, Phys. Rev. 100,
436 (1955); and Biedenharn, Goldstein, McHale, and Thaler,
Phys. Rev. 101, 662 (1956). The latter reference is designated in
the text as IT. )

3 The absence of low-lying odd-parity states is accounted for by
the fact that for nuclei whose intrinsic shapes are symmetric with
respect to reflection, no states of parity opposite to that of the
ground state can appear in the rotational spectrum. This question
is discussed in detail by A. Bohr and his collaborators. For a
survey of this work and a complete set of references, see, e.g.,
A. Bohr, Rotational States of Atomic Nuclei (Einar Munksgaard,
Copenhagen, 1954). However, the theoretical interpretation of the
anisotropies in the fragment distribution for photofission and
fission produced by fast particles requires the abandonment of
the assumption of reflective symmetry, so that, for 4 2200, low-
lying (1—) states (capable of excitation by the Coulomb excitation
process) should appear. For a discussion of this question, see
A. Bohr, Proceedings of the International Conference on the Peaceful
Uslffs of lAtom'ic Energy, Geneva, 1955 (to be published), Paper
U.N. 911.

4 Stephens, Asaro, and Perlman, Phys. Rev. 96, 1568 (1954),
and 100, 1543 (1955).

of the arguments in the range 0.001<9<40, 1<p<1.8,
where n=Z1Z€*/#0initia1 and p = Rinitia1/ Raina. This range
includes all energies of experimental interest and covers
energy losses of up to 709, Numerical values for the
dimensionless excitation function e, and the particle
parameter a; are presented in Tables I and II, respec-
tively. These values are plotted in two different ways
in order to exhibit the general behavior of these func-
tions. The qualitative features of the present calculation
are very similar to those discussed in II.

The limitations of this work have been discussed in I.
In particular, center-of-mass corrections and retarda-
tion effects have been neglected in the calculation pre-
sented below. For the excitation of medium and heavy
nuclei, the error due to the assumption that the position
of the target nucleus defines the center of mass should
be small. Moreover, since it is expected that the present
results will be applied to the excitation of very heavy
nuclei, such corrections should be especially small. The
neglect of retardation is a more serious source of error
for electric dipole than for electric quadrupole excita-
tion. In the electric dipole case the retardation expan-
sion enters in lower order in (ka7:p)? than for quadru-
pole excitation. In addition the effect of the higher
angular momenta is more pronounced in the dipole case.
Nevertheless, the effect of retardation is expected to be
less than one percent over most of the experimental
region. Calculations to treat the exact dipole operator
are now in progress and a quantitative discussion of
retardation will appear later.

The relation between the calculations for electric
dipole excitation and dipole bremsstrahlung will be
discussed in Sec. III. It will be seen that the functions
a2 are likewise required in the calculation of dipole
bremsstrahlung.



AND BIEDENHARN

THALER, GOLDSTEIN, McHALE,

1568

DE 2 8 7 g 4 2= ¢ 2518 © SN
= .. . 2 o & £ g e . s &
£ & m ~ g oS .nl.ra .mm mlw ..W,.mm.m ﬂJE»H
2%z L o % E %liv % Eg = Re o EoS =~ 5 3%
< k= g ~ Ry = 3N = o0 = < g g 8. 0 P & ﬁ.m
= S N S o N | T v 28 < a” g XS E = — -~ 338
B ER>™ o s o = R § &g = ! s 8 § ©3 kH 4+ o ~ u e g
[Spal ~ < (=% N <] 3 5] .y = el @Q Do B = w2 5
= g o | IS b = sl 8 U o A = S e S B 5 © ] 4+ i+ L 8oy
non.mex FH = - kS \m.m,uehw ~—~~ = dm oo = g _ N =2y o Bel
29 n.w s ~ ~ = o o .”.Um A\l < Q e“.m R~ mC_ %\W - A lb%
o E® S X = ° =24 +|t 3 2T S gt 58 | =
o sva = % L Ee ~ HE Y °d SN o 28 F3lew |F = -~ 8§ - SEH
8 = e s.5 = H ~ — g ) S g .82 - o~ S =P
2o + £ <~ = 8 |- ~ o | = 8 + R= PR N | -~ gk
% 8.8 = = = &g = 2 3B N K4+ A F C o885y | L TS ey
X 3 f, N — .0 —~ & 3 .4 P < =8 Se 888 & ~ T|~ % -  u<S
I %3 ¥ T OIE S22 - S Ex0® ©|88¥% TEp88% S S S+ & X oEx5
g 2E = Ly _=8 FITE T E%s N T ss8 LEREEE L SR % 2 £E
5 &5 « e TS Jf.h..m quwh I X 8 4B O . 4+ 8 BET
B BE 4 s T £8 Qi 5 X o= 2L < eB888x oTS<A S = ) ok
ggg & Vs ys, X F w85t & 155E S8g032 L T Pi=r
Sasay LT o %Es Fig 2 mEgE M sEgs “2g=hE =S Z°%
cR < ESE S~~~ %, BE2 4 S858 SE3SE s i858
28 5 % ez 1 o8 $,3 3§ g2 2E¥Re2 o ek
= g < cEE L EYZ £2% b SEEE EIlg.E  F aisinby
£ E 5 3 £ £4 5 E BE ESEZR E 8 § 8
(8z—)oz1'9 (2z—)969'T (LI—)60L% (IT—)SIET (9—) TSt (€—)280C (Z—) 0%6'6  0OOF
<o (BT—) €8ST  (0t—)9tr'6  (ST—) 1LTS (01—) ¥90°¢ (S—) %281 (£—)¢€€9¥% (I—) 68T  0°Se
<o (sgm)1Tve (1T—) 660F  (LI—) 916  (€1—) 606'S  (6—) TSI'L (S—) €888 (Z—) €01 (I—)9%6'T  0°0F
e @Te)TILT (IT—) S9Ty  (L1—) €901 (BI—) Ts9T (IT—) L€99 (=) WL9T  (F—) £¥€V  (—) L1€T (I—)SPLT  0'SC
(zz—) 786’1 (61—)820'T (LT—)67€S (F1—)%9LT (I—=)SeHT  (6—) 08%L (9—)¥¢6'¢ (£—)Serz (z—)1€TS (I—)€06€ 00T
lewmg.m mwTWSG MMTW%.C amlwamg miw wow.“ Mwlw wmw.m Mwlw mmw MTW mwmé MTW S6T°T MTW Se9'S  0'ST
- (FI=)oore (zr1—)9zsT (Ir—) 11S2 (6—) 104 —) LT8'1 - ! - v (T~ T (1—) 6181 (I1—)Sz89 ¢TI
(Lv—=) £L8'9 (I1—)8.9'T (0T—)89L¢ (6—)S9F'8 (L—)F06'T (9—)¥6T% (S—)L8L'6 (£—)1£TT (T—)€98S (I—)e6LT (I1—)6£e8  00L
<o (€1—-)ssz8  (6—)SsTI'6 (8—)¥S€6 (L—) 9656 (9—) 6886  (B—)910T (=) ¥SOT (z—)OITT (I—)SzzT (I—)S¥ed  (0) €01 S
(I1—=)991c  (8—)SHOT (9—)910¢ (S—)6beT (F—) 10T (F—) €LTS (€—)OFFT (C—)09L'T (z—)SI9S (1—)198C (I1—)8269  (0) 80T 0
(9—)99%9 (3—)ose’T (¢—)zbsc (€—) 1609 (z—)80eT (2—)L18C (z—)€019 (r—)9ecT ~(1—)986C (I—)¢€L0L  (0)TLT'T (0) L¥L1 ST
(t=) 181 (T=)e6c1d  (1—)s8eeT  (1—) 1081 (1—)osvz (1—)¥6ze (1—)L6¥% (1—)L1T9 (1—)S08'8 (0) 9z¢'1 (0) 92T 0)oszz 01
(=) s¥sy  (1—)eor (—=)sysz  (1—)eire  (I—)996¢  (I—)€86F (I—) 609 (I—) €60'8 (0) ¥90'1 (0) 88%'T  (0) ¥88'T (0) LT SLO
(1—)s9S1T  (I—)orLc (I—)swLy (I—)6syS (I—) 189 (=) ¥shL (I—)68LS (0) ¥%0'T 0) 6421 (0) $99'1 (0)zeoz  (0) 66T SO
(1—)esgy  (1—)egc9 (1—)zoegs  (1—) 0968 (I=)¥IL6 (0) 0901 (0) 89T°1 (0) Sog'1 (0) 00S°1 (0) ££8°1 (0)991'c  (0)809°T STO
(I=)¥s¥8  (I—) L9¥'6 (0) 880°T (0) seT'1 (0) 061°T (0) 9ST'1 (0) 6££°1 (0) 0S¥°1 0) ¥19°1 0 zier  (0)¥zzz  (0)1S9C 10
(0) 660'T (0) I1ST'1 (0) 8€T'T (0) 1421 (0) 111 (0) 29’1 (0) 6271 (0) €281 0)699T  (0)s¥6'T (0 9%z  (0)199°T 100
(0) sTr'1 0) 14171 (0) gsT'1 (0) ¥82°1 (0) €71 (0) zLeT (0) 8¢%°1 (0) 0£8°1 0) $L9°1 ) sv61 (0 6vzz  (0) €¥9°CT 10070
U
81 91 31 Se'1 1 ST'1 1 ST'T T SO'T ST0'T 101 ,V/

‘ure}IaduUN ST oSy juedgIudis Ise[ oy, ‘woyy A[dunu yoIgm ud) jo siomod oy} Aq sasayjuared ur pamo[[of sIequINU
181p-1n0j s pajussaxd 918 SALIIUL Y], *SJUSUINSIE SIT JO SAN[BA dAT}LJUISaIdI 0] Paje[nqe) ST 07 JUSIOLFI0D YT, “L ‘d sz 09 UOOUN] UOHIBIIOXI SSA[UOISUSWIP SYT, '] ATAV,



ELECTRIC DIPOLE COULOMB EXCITATION

1569

TasLE II. The particle parameter a; vs p, 1. The parameter a. is tabulated for representative values of its arguments.
The last significant figure is uncertain.

s/
/'Q

1.01 1.025 1.05 1.1 1.15 1.2 1.25 1.3 1.35 1.4 1.6 1.8
0.001  0.4105 0.2601 009045  —0.1568 —0.3458 —0.5013 —0.6324 —0.7455 —0.8441 —0.9308 —1.193 —1.368
0.01 0.4142 0.2627 009134  —0.1561 —0.3456 —0.5010 —0.6323 —0.7454 —0.8440 —09306 —1.193  —1.367
0.1 0.4124 0.2614 008992  —0.1568 —0.3454 —0.4998 —0.6301 —0.7422 —0.8398 —0.9257 —1.185  —1.357
0.25 0.4066 0.2543 008284  —0.1610 —0.3451 —0.4947 —06201 —0.7275 —0.8206 —09022 —1.147  —1.309
0.5 0.3884 0.2316 005950 —0.1772 —0.3500 —0.4869 —05996 —0.6947 —0.7761 —0.8467 —1.055 —1.190
0.75 0.3642 0.2010 002661  —0.2043 —0.3664 —0.4912 —05917 —0.6750 —0.7453 —0.8055 —0.9794 —1.089
1.0 0.3389 0.1682 —0.009740 —02374 —03916 —0.5073 —0.5987 —0.6732 —0.7353 —0.7879 —09369 —1.020
25 0.2147 0.007991  —0.1875 —0.4074 —0.5386 —0.6288 —0.6955 —0.7473 —0.7888 —0.8228 —09141 —0.9670
5.0 0.08335  —0.1507 —0.3522 —0.5536 —0.6622 —0.7326 —0.7826 —0.8202 —0.8497 —0.8735 —0.9355 —0.9704
7.5 ~0.006246  —0.2521 —0.4493 —0.6326 —0.7262 —0.7851 —0.8261 —0.8566 —0.8802 —0.8992 —0.9479 o
10.0 —0.07426  —0.3253 —0.5155 —0.6836 —0.7665 —0.8176 —0.8528 —0.8788 —0.8989 —09148 —0.9558
12.5 —0.1296 —0.3818 —0.5643 —0.7198 —0.7945 —0.8400 —0.8712 —0.8941 —09116 —0.9256 o
15.0 —01762 —0.4272 —0.6022 —0.7470 —0.8154 —0.8566 —0.8847 —09052 —09210 —0.9334
20,0 —0.2511 —0.4963 —0.6577 —0.7858 —0.8447 —0.8797 —09035 —09207 —09339 —0.9444
25.0 —0.3093 —0.5474 —0.6971 —0.8126 —0.8645 —0.8954 —09162 —09312 —0.9426 oL
30,0 ~0.3569 —0.5867 —0.7266 —0.8320 —0.8791 —0.9068 —09253 —0.9387 .
35.0 —0.3960 —0.6180 —0.7499 —0.8473 —0.8903 —0.9154 —0.9323 .
10,0 —0.4300 —0.6445 —0.7689 —0.8594 —0.8993 —0.9224 —0.9380
and the o;=argl'(l4+1-+14n) are the Coulomb phase I(1—1)
shifts. Bo=—2_ | ——(1, —1;1-1)
. . . . . . 1=0
Since the excitation function b, has the dimensions 2l+1
of inverse length squared, it is convenient to tabulate +1)0+2)
. . . . . . 2
the dimensionless excitation function —(—1, —1;14+1)
(2i41)
ao= (k2)~2bo. ®) 1(+1)
. . . . . —6 COS(O‘H_l—O'l_l
The derivation of these formulas is discussed in 214+1)
general in I.
X(—1,—-1;1+1)(1, —1;1—-1) . (11

III. DIPOLE BREMSSTRAHLUNG

A completely quantum mechanical calculation of the
differential cross section for the dipole emission of radia-
tion of frequency w in bremsstrahlung has been carried
out by Sommerfeld.” Drell and Huang® have performed
an expansion in p (about p=1) of the Sommerfeld
formula, which enabled them to obtain good agreement
with the experimental bremsstrahlung cross section® for
2-Mev protons on tin (p=35.64, p=1.04). The present
calculations represent a somewhat different approach
and have the advantage that they need not be restricted
to values of p near p=1.

The result of Sommerfeld” was presented in terms of
the summed Coulomb field. In terms of the angular
momentum expansion, this result may equivalently be

written as
GGy

ZlA 2_ZzA1 2dw
x () et ianpieon)]
1+A 2 w

dSZ 6w

)
where

Bo=3" [I(1, —1; 1= 1) 1+ 1) (=1, —1; 1+ 1)7], (10)
=0

7A. J. F. Sommerfeld, Atombau und Spektrallinien (Ungar,
New York, 1953), Vol. 2, Chap 7, p- 527, Eq. (12).

8S. Drell and K. Huang Phys. Rev. 99 686 (1955). This type
of expansion is also discussed in I.

9 Mark, McClelland, and Goodman (to be published).

Since an elementary calculation yields immediately

the result that
AMZ+Z ¢
—Lh)=—————(
hZ(k22-—k12)2

it is evident that the 8, differ from the 5, only by a
factor independent of /. Therefore, the result for dipole
bremsstrahlung may be written as

w66 G
dQ 311’ 1k2 hC

1A2 Z2A1
X(___—) ——[bo+ b2P2(C050)]v
At+4, @

(1, 1,2, (12)

(13)

so that the functions ao= (bo/k2?) and a,= (by/bo) tabu-
lated below are of equal use for bremsstrahlung as for
Coulomb excitation.!

IV. METHOD OF CALCULATION
The calculation of the b, is greatly facilitated by the
fact that the radial matrix elements (4=1, 2;/) can be
reduced to a difference of two (0,1;1) functions [see I,
Eq. (64)], viz.,

(kR
(e, 20 =m) WP +nT0,15D

ky
-7[(1')2—#7112]%(0,1 siAm) ¢, (14)

10 This point has been given already in the paper of C. Mullin
and E. Guth, Phys. Rev. 68, 141 (1951).
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F1e. 1. The quantity logioae vs 7 on a semilog plot
for several values of constant p.

4 6 10 20 40

where ' =5(2l+m-+1), and m==1. The (0,1;7) func-
tion has been evaluated by Sommerfeld as an ordinary
hypergeometric function whose argument is a function
of p alone [see I, Eq. (28)7, wiz.,

0,150 =£[(~1jfp)2Jl+l eXP( —g—n]p— 1 l)

p—1|~2-2+in00) | D (141 in) I (14 14-4pm) |
p+1 T (204+2)

4p
XzFl(l—I—l—in, I4+-1—ipn, 2+2; ————). (15)
(p—1)?

The calculation of the required matrix elements is
therefore a relatively simple task. The well-known
transformation properties of the ordinary hyper-
geometric function! make it possible to find various
series for the (0,1;7), such that the calculation is easily
carried out for all values of p.

The summed field formula of Sommerfeld can be
used to calculate the excitation function . However,
it proved more convenient in this connection to sum
directly the series in angular momentum for b,.!2 This
sum can be performed by using the relation of Eq. (14)

1See, e.g., Erdelyi, Magnus, Oberhettinger, and Tricomi,
Higher Transcendental Functions (McGraw-Hill Book Company,
Inc., New York, 1953), Vol. 1.

121, C. Biedenharn, Phys. Rev. 102, 262 (1956).
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in Eq. (1). It is then easily shown by use of the recursion
relation, I, Eq. (63), that the expression so obtained
may be written as

bo=l§ [Qi1— Q1] (16)
where
1Qv="2k:ks[ (P+n:?) P+951(0,1;1)(0,1;1—1)
— [ (k24 k2)P+2k:2](0, 1;1—1)% (17)
This of course leads to the formula
bo=—01. (18)

Unfortunately, no such result was found for the function
by so that the summation over angular momenta had to

0.5 T T TTTTIT T T T T T 1T T

04

03

0.2

P14
-0 Lol Lt 1 I | 1 . !
ol 05 ol Q2 o4 0 2 46 10

n

F16. 2. The particle parameter as vs 9 on a semilog
plot for constant values of p.

be carried out explicitly for that function. For this
reason, both by and b, were computed by explicit sum-
mation over angular momenta. This summation pro-
ceeded until the b, were stable to one part in ten
thousand. Equation (18) was useful in providing a
check on the accuracy of the present work. Moreover,
if the sum is carried through /=L, then the function
Aby= —Qr41 determines the error in &, due to the use
of a finite number of terms in the summation. These
checks indicate that the numbers in Table I are every-
where accurate to at least three significant figures.
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V. RESULTS

Some of the numerical results are presented in the
accompanying tables. The coefficients ao= (bo/k2?) and
as= (by/bo) are given to four figures in Tables I and II,
respectively. The arguments p, 7 in these tables have
the ranges 1.01<p<1.8, and 0.001<9<40. It is be-
lieved that these numbers are accurate to within a few
units in the last place.

The tables are supplemented by the accompanying
graphs which display some of the qualitative features
of these results. In Fig. 1 the dimensionless excitation
function @, is given as a function of  for constant values
of p. Because of the rapid variation of a¢ as a function
of its arguments, logioao is plotted against  on a semilog

! LR IR 1T T T T vIrTn

£=001

£-ol =

é-0.2

- &o.oasJ

| &=005

£-03 B

§=04

€05 -

E £-06

LOG (Qg/P)

L &2 N

L &4 ~
-4 Lo L Loyl I B O W W W
0.01 o1 1O 10 100

7

Fic. 3. The quantity logio(ao/p) vs 7 on a semilog plot for con-
stant values of the classical variable £ In the curve for £=2, the
values of (ao/p) have been multiplied by 102 In the curves for
£=4, the values of (ao/p) have been multiplied by 107

plot. In Fig. 2 the particle parameter a, is plotted
against 5 for constant values of p on a semilog plot.

As n becomes large and p approaches unity with
£=n(p—1) finite, the function (a¢/p) = (bo/k1k2) and the
particle parameter a; become functions of the single
classical variable £. In the limit, (ao/p)=a,, of course,
but it is easily seen that (a¢/p) approaches this limit
far more rapidly than does a, itself. In Fig. 3, logio(as/p)
is plotted against 5, for constant values of £ on a
semilog plot. In Fig. 4 are shown curves of a, vs 5 for
constant values of £ These plots show the manner in
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Fic. 4. The particle parameter @, vs 7 on a semilog plot
for constant values of the classical variable £.

which these functions approach their classical limiting
values as 7 increases. The smaller the value of ¢ the
more rapidly is the limit approached as a function of 7,
since the classical limit implies both p—1 and p—.
The regions where a classical calculation determines the
functions (a¢/p) and @ to sufficient accuracy are clear
from these figures. The limiting values taken from this
quantum-mechanical calculation agree very well with
check values calculated classically.”® In the limit p=1,
n=finite, (§=0), the function @, becomes infinite and
a2=1. In the limit n=0, p—, {=1finite, the function
ao=2m|£| /(¥ —1) and a,=—2.

13 While the manuscript for this paper was in preparation, the
authors received a report (K. Alder and A. Winther, Cern/T/KA-
AW 4, unpublished) containing calculations in WKB approxima-
tion of the b, for n>1. These results are found to be in substantial
agreement with the present calculation. The authors would like

to express their gratitude for the receipt of this material in advance
of publication.



