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A discussion of theoretical and experimental work concerned with spin exchange effects in ferromagnetic 
resonance is given. Qualitative and quantitative results of the author's exchange theory are summarized 
together with work of Ament and Rado in the same field. An approximate solution of the exchange problem 
due to the latter authors is used to analyze the recent ferromagnetic resonance results of Hoskins and Wiener 
on permalloys. Such analysis indicates that some of the observed effects may have arisen from exchange but 
that it cannot explain the observed experimental g shifts from the free-spin value. 

INTEREST in the effects of exchange interactions in 
ferromagnetic resonance has been enhanced by 

experimental observations of Rado and Weertman1 

suggesting that such effects can be observed under the 
proper conditions at room temperature. Landau and 
Lifshitz2 first showed how the exchange effect might be 
included in the equation of motion of the magnetization, 
and the solution of this equation for rather general 
boundary conditions was the subject of a detailed 
investigation by the author.3,4 Kittel and Herring5 have 
also carried out a perturbation analysis of the problem. 
The conclusion was drawn from these treatments that 
at X-band or K-band exchange effects were most likely 
to be observable in metals at very low temperatures 
where exchange damping might be expected to dominate 
other damping mechanisms.* 

By carrying out resonance measurements on a 66% 
nickel, 34% iron permalloy of extremely low magneto-
crystalline anisotropy, Rado and Weertman hoped to 
achieve the foregoing condition at room temperature. 
Their conclusion that they have done so is based on 
their derivation from the data of a reasonable value of 
the exchange coupling constant A and on fairly good 
agreement between experimental and theoretical reso­
nance absorption curve shapes. Concomitant with this 
experimental work, Ament and Rado6 independently 
developed a mathematical machinery for the calcu­
lation of exchange effects. 

Although the RW data could be and was adequately 
analyzed by Rado and Weertman using a simplified 
approximate form of the AR solution of the equation of 
motion, cases of importance may arise where the con­
ditions necessary for such simplification are inappli-

1 G. T. Rado and J . R. Weertman, Phys. Rev. 94, 1386 (1954). 
(Referred to in the text as RW.) 

2 L. Landau and E. Lifshitz, Physik. Z. Sowjetunion 8, 153 
(1935). 

3 J. R. Macdonald, Ph.D. thesis, Oxford, 1950 (unpublished). 
4 J. R. Macdonald, Proc. Phys. Soc. (London) A64, 968 (1951). 

Some of the details of the work of reference 3 are given in this 
paper. 

5 C. Kittel and C. Herring, Phys. Rev. 77, 725 (1950). 
* Note added in proof .—K. H. Reich, Phys. Rev. 101, 1647 

(1956) has apparently succeeded in observing such predicted 
exchange anisotropy effects in nickel at 4°K for both K- and 
X-band wavelengths. 

6 W. S. Ament and G. T. Rado, Phys. Rev. 97, 1558 (1955). 
This work will be referred to by the designation AR. 

cable. Since the author's solution is more general 
than that of AR and has not been previously published, 
it has seemed worthwhile to summarize some of 
its results.7 In addition, a brief discussion of other 
resonance data which may indicate the presence of 
observable room-temperature exchange effects will be 
given. 

There are two principal differences between the two 
theories. First, the author treated the case of resonance 
in a plane-parallel metallic sheet of arbitrary thickness 
with material of arbitrary impedance abutting its rear 
surface, while AR considered a magnetic sample of 
infinite thickness. In the former case, reflection effects 
at the back surface must be taken into account. 
Because of triple dispersion arising from exchange 
damping, there are then six electromagnetic waves 
present, three going into the material from the front 
surface and three traveling in the opposite direction. 
There are twelve magnetic field components, six electric 
field components, and twelve magnetization com­
ponents present in the sample. Solution of the equations 
leads to a general expression for the surface impedance 
for arbitrary thickness and, in addition, to a formula 
for transmitted power through the sheet. If the sheet 
is sufficiently thin, of the order of a skin depth or two, 
enough power may be transmitted through it so that a 
transmission curve can be measured which has a 
minimum near (but not at) absorption resonance, 
where the effective loss factor \/IXR reaches a maximum. 

The second difference is in the methods of treating 
the complicated equations of the problem. Both treat­
ments use the same boundary conditions and lead to 
exact8 expressions for the surface impedance which 
differ in form but presumably not in content in the 
infinite thickness case where the solutions overlap.9 

Because of the considerable complexity of these results, 
their exact comparison, which would have to be done 

7 The pertinent mathematical results of reference 3 are sum­
marized in the Appendix. 

8 Exact except for the usual neglect of second and higher 
harmonics in the equations. 

9 There is, actually, a second-order difference in the treatment 
of phenomenological damping. This difference arises from the 
present author's inclusion of the spin-exchange contribution to 
the effective internal field in the phenomenological damping term 
of the equation of motion. 
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numerically, has not been carried out by either the 
author or by Ament and Rado. 

In spite of the complexity of the author's solution, 
sufficient numerical calculations were originally made 
using it to allow the following conclusions to be drawn.3 

(a) Exchange interaction leads to damping of the 
resonance absorption curves even in the absence of 
other types of damping. 

(b) Exchange leads to a shift in g-values in such a 
sense that values calculated without taking exchange 
into account are reduced when exchange is present and 
properly accounted for in calculating g. Thus, if ex­
change is present but not recognized in calculating g 
(giving the apparent g, ga), g« will be larger than the 
true g value of the material. 

(c) When exchange is sufficiently strong, the resonant 
frequency (or resonant magnetic field strength) and 
apparent g value depend on film thickness in thin films, 
with ga rising rapidly from the true value to a larger 
value in the neighborhood of a film thickness related 
to the skin depth. 

(d) Because of a difference in the weighting of ex­
change effects for absorption and transmission of 
electromagnetic power in a thin sheet, the maximum of 
transmitted power occurs at a greater magnetic field 
strength than does the maximum of absorbed power. 
I t is the latter field strength which is used to calculate 
g in usual resonance experiments. 

(e) With exchange damping only, one of the electro­
magnetic wave propagation factors goes to zero at 
antiresonance (the low-field minimum of the \/m 
curve,10 where bc^G), giving an undamped wave which 
can be reflected at the far side of a sample no matter 
how thick it is. Solutions of the infinite thickness case 
yield zero effective surface impedance for this field 
strength. The more complete thin-film solution shows, 
however, that the necessary nonzero value is obtained 
even in this case. The approximate Ament-Rado 
solution does not apply in those experimental cases 
where antiresonance is observable since it holds only 
when fc^l»G2. 

(f) When exchange is appreciable, it was found that 
plotting the real and imaginary parts,11 y W and 
A / I juL I of the theoretical normalized surface impedance 
against one another in the manner of a circle diagram 
gave an excellent circle in the infinite thickness case 
provided the region around antiresonance was calcu­
lated from the complete solution to avoid the behavior 
discussed in (e). As stated in the earlier work, such a 
result shows that the complicated exact formula for 
the surface impedance may often be well approximated 
by a far simpler formula which represents a bilinear 
transformation between the static magnetic field axis 
and the complex surface impedance plane. 

10 Normalized quantities such as b and G are denned near the 
beginning of the Appendix. 

11 The absolute value sign in VI ML I is required to keep this 
quantity real. \/\VL\ takes the sign of JUL. 
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Ament and Rado6 have presented a useful approxi­
mate form of their exact solution of the equation of 
motion which holds well when h, G2, \/ko, and Po are 
all negligible compared to unity. These quantities are 
defined in the Appendix. Since these conditions were 
satisfied for the RW experiments, the simpler approxi­
mate solution was used for their analysis. Since Ament 
and Rado did not consider the case of a ferromagnetic 
sheet of arbitrary thickness, it has seemed worthwhile 
to apply their approximations to the author's solution 
for such sheets. As shown in the second part of the 
Appendix, considerable simplification occurs, and easily 
applied formulas for effective surface impedance and 
the ratio of transmitted to absorbed power in the sheet 
are obtained. 

As a partial check between the Macdonald and 
Ament-Rado solutions, the possibility of reduction of 
the simplified arbitrary-thickness solution for the 
effective surface impedance to the AR approximate 
result12 was investigated by letting the thickness become 
infinite. This limit is carried out in the Appendix and 
does indeed yield the AAR solution. Such reduction was 
not carried out in the original work, however, because 
some of the above conditions were not satisfied in the 
author's experiments to which the theory was applied. 
In particular, the condition h<£A requires that the static 
magnetic field strength Ho be much smaller than 
4TMS in the region of interest around resonance. In the 
author's experiments and in most others except those 
of Rado and Weertman, this quantity has been of the 
order of unity near resonance. Rado and Weertman 
noted that the use of materials with extremely low 
magnetocrystalline anisotropy allows experiments to 
be made at sufficiently low frequencies that h is small 
near resonance but saturation is still achieved. Opera­
tion in the h<£\ region not only makes possible com­
parison of experimental results with the AAR solution 
but also increases any resonant field shift arising from 
exchange relative to the resonant field itself. Such an 
increase, of course, increases the probability of observa­
tion of exchange effects. Whereas earlier workers3,5 

pointed out that an increase in AH (exchange)/#o (resonance) 
could be achieved by increasing metal conductivity by 
going to low temperatures of measurement, Rado and 
Weertman1 noted that this quantity could also be 
increased at room temperature by using sufficiently 
low frequencies. 

I t is of interest to point out that the AAR solution 
is of almost the form required by the bilinear trans­
formation mentioned in (f). In addition, Rado and 
Weertman1 have noted that the AAR solution yields 
negative values of /12, the imaginary component of the 
equivalent permeability,13 M = M I - ^ 2 for low static 

12 The approximate Ament-Rado [their Equation (31)] result 
will hereafter be denoted by AAR. 

13 The equivalent permeability, determined from measurements 
of effective surface impedance, is not necessarily the intrinsic 
permeability of the material, but may include exchange and other 
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magnetic field strengths below resonance. Such a 
negative ju2 was observed experimentally by RW. As 
evidence that this negative JU2 is not an artifact intro­
duced by the approximations leading to the AAR 
solution, it may be mentioned that numerical calcu­
lations3 using the author's exact solution showed that 
exchange effects can lead to a region on the low-field 
side of resonance where |JUL ]>/*#. Since M2=[M# 
— | M L | ] / 2 , this condition implies a negative ^2. Unlike 
the AAR solution which predicts that /x2 will remain 
negative down to zero magnetic field strength once it 
goes negative, the above calculations show that /x2 

becomes positive again as it should for sufficiently low 
fields. This difference is probably not very significant 
since even low-anisotropy materials will not be satu­
rated at very low fields. 

Recently, Hoskins and Wiener14 have presented 
resonance data on a range of permalloys in the 36- to 
48-percent nickel range for wavelengths of 3.15, 1.2, 
and 0.6 cm. As in the RW experiments, very narrow 
resonance lines were obtained and both line width and 
apparent g values were found to be frequency dependent 
but little dependent on composition. I t is of interest to 
inquire whether some of these Permalloy results are 
explicable by exchange damping. 

The line widths quoted by Hoskins and Wiener were 
obtained by calculation from the derivative of the 
\/fxR absorption curve assuming Lorentzian line shape. 
The widths are, therefore, somewhat approximate and 
refer to the \/m curve, not to the ^2 curve. First, it is 
of interest to compare the line width obtained by Rado 
and Weertman at a 10-cm wavelength with that of 
Hoskins and Wiener. To do this, the RW data, given 
in terms of the derived permeability M? must be con­
verted back to give the corresponding y/fXR curve. We 
may carry out such conversion by first fitting the 
permeability curves theoretically by means of the 
approximate AR exchange result. Such a procedure 
yields more accurate \fi\ and /z2 values than can be 
obtained by reading directly off the /xx and /z2 curves 
presented by RW. Next, these values may be combined16 

to calculate JJLR and \/HR, and the widths then obtained 
by plotting the results. We find /z2 max =1330, AH»2 

= 28.5 oersteds; M& m a x=2670, AH»R = 36.3 oersteds; 
and vWnax=51.7 , AHx/f

iR — 61.2 oersteds. Since this 
conversion was based on the approximate theoretical 
formula, which does not fit the actual data very closely 
appreciably off resonance, the width of the measured 
\/IJLR curve may have been as large as 75 oersteds. On 
the other hand, Hoskins and Wiener found a width of 
90 oersteds on 44 and 4 8 % alloys at a 3-cm wavelength. 
Since the width apparently decreases with increasing 

contributions. The relation between yu and v W and VI ML I is 
(2ijj,) * = y/fiR+i\/1 JXL | . 

14 R. Hoskins and G. Wiener, Phys. Rev. 96, 1153 (1954). 
(Referred to as HW.) 

15 The usual relation M # = ( |M| +M2) is used. The corresponding 
relation for HL is JJLL = ± (| /* I — M2). 

wavelength, a larger value is indeed to be expected at 
3 cm as compared to a 10-cm wavelength. 

Next, we may investigate, in a preliminary fashion, 
to what extent the wavelength dependence of Hoskins 
and Wiener's line widths and apparent g values may 
arise from exchange effects. Because of the considerable 
complexity of the exact solutions, we shall make use of 
the AR approximate form even though the approxi­
mations on which it is based are not strictly valid over 
the whole wavelength range investigated by HW. A 
more exact analysis would require the use of an exact 
solution but is not warranted at this time because 
Hoskins and Wiener do not present entire resonance 
curves. 

A simple calculation shows that the AAR solution 
predicts that the widths at half-maximum of the /JLR, 
\ZfiR and JU2 resonance curves are proportional to 
(\/A)/Ms8 where A is a constant measuring the 
strength of exchange coupling,16 Ms is the saturation 
magnetization, and 8 is the skin depth for unity permea­
bility. Since 5 is proportional to of~% the width is there­
fore inversely proportional to the square root of the 
free-space wavelength. The widths given for 44 and 
48% nickel Permalloys are 90, 125, and 250 oersteds at 
3.15, 1.2, and 0.6 cm wavelengths, respectively. When 
these widths are multiplied by the square root of their 
corresponding wavelengths, a constant value should be 
obtained if the dependence is actually of the above form. 
Instead, we obtain 156, 137, and 193. Although these 
values differ, the original variation is somewhat reduced. 
In view of the approximation made in applying the 
above result for the width dependence to the HW width 
values, it seems possible that exchange effects were 
playing an appreciable role in these experiments even 
though other effects also involving the skin depth cannot 
be ruled out on the present evidence. 

Finally, it is pertinent to investigate quantitatively 
how exchange effects may affect g values. First, we 
define the apparent, uncorrected g value, ga, in terms 
of the usual resonance expression,16-17 such as 
co — y(BsHor)* for parallel field orientation, where 
y = gae/2mc) H0r is the static resonance field, and it 
and Bs are corrected for shape demagnetization effects.4 

Next, we can define a new exchange-corrected g value 
in terms of the new resonance condition which takes 
explicit account of exchange. This condition is con­
ventionally defined in terms of the field which makes 
\/y,R a maximum. This is not necessarily the field at 
which /z2 is maximum or that for which \IL and JJLI are 
zero, although the differences between the three possible 
field values will usually be small when the damping is 
small. As an illustration, these differences and the 
resulting values of JJLR, M2, and /xi for the different 
resonance conditions are summarized for the AAR solu-

16 C. Kittel, Revs. Modern Phys. 21, 541 (1949). See pp. 550-
552. 

17 C. Kittel, Phys. Rev. 73, 155 (1948). 
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tion at the end of the Appendix. Using these results, we 
may write the following relation for the exchange-
corrected g value in terms of the apparent g value 
without exchange correction: 

g-2-ga-2=3MXWnaM8o>KA/p)$, 

where p is the resistivity in ohm-centimeters. The 
constant a is 0.817, 0.785, and 0.704 for resonance 
defined by \/IXR a maximum, M2 a maximum, and 
Mi=0, respectively. Note that these results hold well 
only when the approximations of the AAR solution are 
valid. 

When the above formula is applied to the results of 
Rado and Weertman, it is found that the apparent g 
value without exchange correction, 2.87, is reduced by 
such correction to 2.42, the value quoted by these 
authors. Here, even though exchange produces a very 
significant change in g, the magnitude of the final 
corrected value indicates that other factors as well are 
influential in determining g.f 

The above formula is not applicable to the HW 
results except possibly at the longest wavelength, where 
the approximate solution may be reasonably applicable. 
I ts frequency dependence cannot explain the magnitude 
of the strong increase in ga with wavelength found by 
Hoskins and Wiener, although the above dependence 
is in the right direction to agree with experiment. If we 
use a value of A of 3X 10~5 ergs/cm, an order of magni­
tude or more larger than the value likely or that derived 
from the RW data, it is found that exchange reduces the 
value of ga of 2.3 found by Hoskins and Wiener at a 
3-cm wavelength by less than 1%, within the limits of 
applicability of the foregoing formula. I t therefore here 
again appears that although exchange may be able to 
explain some of the curve-shape features of these 
resonance experiments reasonably well, other processes 
may have to be invoked to explain the magnitude and 
dependence of their g values. Kittel and Mitchell18 have 
suggested, as one such process, exchange coupling 
between 3d electrons and 4s conduction electrons. If an 
explicit theoretical account of this process proves 
possible, it may perhaps explain the HW results and, 
in addition, be applicable as well to the Rado-Weertman 
results. 

The question of how well exchange effects alone are 
capable of explaining the precise shapes of experimental 
absorption and dispersion curves in pure metals and 
alloys is one of considerable interest. We have already 
seen that even in those cases where exchange is ap­
parently important, it is incapable of explaining the 
appreciable frequency-dependent deviation of g from 
the free-spin value. Judging from the RW results, the 

t Note added in proof.—Rado and Weertman (private communi­
cation) in work to be published show that more accurate correction 
for static demagnetization together with exchange-shift correction 
yields an 5-band g value in good accord with values obtained at 
X and K band. 

18 C. Kittel and A. H. Mitchell, Phys. Rev. 101, 1611 (1956). 
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s AAR solution does a reasonably good job of predicting 
resonance curve shapes where it is applicable. At any 

; rate, it yields closer agreement with the RW results 
than does a theory of simple phenomenological damping 
alone. 

Since the approximations leading to the AAR solution 
s are inapplicable to most previous resonance experiments 
» with metals and alloys, investigation of possible spin 
I exchange effects for these experiments must be made 
1 using either the exact AR solution or that of the author. 
; The choice, for either hand or machine calculation, can 

be made on the basis of relative ease of calculation. The 
[ author's solution is given as a function of the complex 
r roots of a cubic equation while the AR solution is a 
r function of two quantities which satisfy quartic equa-
; tions. In either case, the cubic roots or the roots of the 
r two quartics must be recalculated for each value of h 
1 considered. Although all these quantities are complex, 
j the cubic roots can be calculated directly from the exact 

root expressions given in the Appendix. On the other 
T hand, exact expressions for the quartic roots are likely 
i to be more complicated than those for the cubic roots. 

In practice, Ament and Rado have calculated the 
i quartic roots only by means of successive approxi-
T mations using a digital computer,6 while a number of 
i calculations have been made by hand using the author's 
* result.3 

We have thus far considered only resonance experi-
l ments with alloys having exceedingly low magneto-
\ crystalline anisotropy and little damping. For these 
t materials, it is possible that many of the observed 
f curve features may be explained by exchange. On the 
i other hand, materials such as supermalloy and es-
> pecially nickel19 show considerably greater damping 
i and larger half-power line widths when measured in the 
3 wavelength range of 1 to 3 cm. Further, these curve 
I shapes can be well fitted on the basis of ordinary 

phenomenological damping alone, whereas this is not 
; the case in the RW experiment. 
I A calculation has been made to see whether the earlier 
3 exact exchange formula can explain any of the resonance 
, curve shape features found for nickel at X= 1.25 cm. I t 
I was found that reasonable agreement between theory 

and experiment could be obtained using exchange 
i damping alone only if a value of the exchange constant 
1 A of about 6X10""4 ergs/cm were used. This value is at 
1 least two orders of magnitude larger than expected for 
T this material.16 In addition, transmitted-power reso­

nance curves obtained with thin sheets of nickel showed 
i no sign of exchange effects although a decrease of trans-
i mitted power by a factor of forty was observed at 
- resonance.3 I t is thus extremely unlikely that exchange 

effects play an appreciable role in nickel. Supermalloy 
- is an intermediate case, however, and it is possible that 
\ measurements on this material at relatively low fre-
t quencies and low resonance field strengths in the manner 

19 K. W, H, Stevens, Proc. Phys. Soc. (London) A65,149 (1952). 
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of Rado and Weertman might show the influence of 
exchange. 

In conclusion, we should like to suggest that whenever 
exchange effects are suspected in resonance experi­
ments, measurements over an appreciable range of 
temperatures might give an unequivocal test of their 
presence or absence. Variation of temperature will 
primarily affect the resistivity and so the skin depth 
and will thus strongly influence the region within the 
material in which exchange effects can be of importance. 
If exchange is indeed of importance, both the damping 
(as reflected in the maximum value of VMA) and the g 
value will depend appreciably on temperature. 
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APPENDIX 

I. Mathematical Results of the Author's Theory 

The mathematical results of the author's exchange 
theory3 are summarized in this section. We have 
designated the region in front of the plane metal surface 
by the superscript (1), that within the metal by (2), 
and that behind it as (3). A plane electromagnetic 
wave is assumed normally incident on the metal surface 
at the 1-2 interface. The effective surface impedance 
of the metal is then Z(2)(0). We also designate the ratio 
of power leaving the material at its rear surface, P(d), 
to that absorbed at the front surface of the metal, P(0), 
as F. The impedance of the material adjoining the metal 
at the 2-3 interface is defined as Z3. 

Since the ferromagnetic metal is triply refracting 
when exchange is present, the boundary-value problem 
for a sheet of arbitrary thickness d is complicated and its 
explicit solution correspondingly complex. To present 
it in a concise form, we use a large number of inter­
locking simplifying definitions. The solution is 

Z<2>(0) = 
• ( — ) ' — 

Xirako/ 6123— 

4>i 

i23~ (TTm/MmJ^m+^m 

\&r<r/ 
[(/**)*+*( I ML I)*], 

( 0) \ * 0123 
\ _ 

R e ( Z 3 ) | r | 2 

F — 
Re[Z<2>(0)]' 

r=[Z(2)(0)/Z3](7r123/12123). 

The quantities used in the above equations are defined 

as follows : 

</>123==</>l/r32+027*13+03'?*21, 4>j= l/(tj—iko), 

Uj =Ti—Tj, G=a>/ (4TTMS7) , h=H0/ (4TTMS) , 

iG—P<$\jj — iko(f)j — h~] iko-\- (tj—iko) (tj — h) 

b-tj [iG+Pv{b—t3)~Jtj-ih~] 

b = Bs/4wMs=l+h, k0=A/w52Ms
2. 

Po is a phenomenological damping constant. In the AR 
notation it is given by \/yM8. The three t/s are the 
roots of the cubic equation given later. Ho is the static 
magnetic field. 

All the above quantities with three subscripts are 
formed with the T*-/S in the same manner as 0m. 
Hence, it is only necessary to give the basic term of each. 
These are 

jj=Ms {2-irtj/A ) *, ?ry=0y cscfojy, fy = q/irj, 

Fj=Ey~ (Trm/fim) &, Qj == coshryy+''Z23 sinhi?y, 

£y=7ry<r% &=fy<r% r y = 1 - 'Z23, 

^23=7y/[47r<7Z3A]. 

The cubic equation having the three tj roots may be 
written 

where 

*3+Ci/2+cy+c3=:0, 

2P0G r / 2P0G\1 
Ci= — m+i\ M I , 

L V l+Po2 /J 
[r G2 2k0PoGl r 

= \\bh \+i\ 
IL 1+Po2 l + P o 2 J L 

1 C3 = iko\ 

2koPoG~\ 

1+Po' 

G2 

PotnG 

1+Po2 

1+P<f 

and m=h+b. 
The following approximate roots were given in the 

earlier work. 

- C 2 
h. [(ly-n* 2Ci 

/ 2 ^ ( < V C i ) - C i . 

From these approximate values, the AAR solution may 
be derived as shown by these authors when the usual 
approximations employed by AR are used to simplify 
the roots further. 

For completeness, and since they will be of especial 
use in digital computer calculations using the exact 
solution, the following exact expressions for the roots 
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may also be given. 

tj=Zj—Ci/3, 

Z i l 8 = - P H c o s ( 0 / 3 ) ± ^ s i n ( 0 / 3 ) } , 

Z 2 =2P*cos(0/3) , 

p=(c1/3)2-c2/sJ 

c o s 0 = - & y p % 

&3= (Ci /3) 3 -C!C2/3+C 3 /2 . 

II. Simplification of the Theory when the 
AR Approximations Apply 

In this section, we shall show how the result for the 
effective surface impedance Z(2)(0) of a ferromagnetic 
film of arbitrary thickness simplifies when the AR 
approximations apply and, from this simplified result, 
derive the AAR solution by going to the limit of infinite 
thickness. The Ament-Rado approximations require 
that the normalized quantities h, G2, \/ko, and PQ all be 
negligible compared to unity. For simplicity, we shall 
take the phenomenological damping constant Po zero 
so that only exchange damping is present. In addition, 
we shall take Z3 = 1, implying that the material at the 
rear of the ferromagnetic sheet is air or vacuum. This 
assumption is unnecessary, but it corresponds to most 
experimental situations and simplifies the results 
considerably. 

The AR approximations allow us to write the fol­
lowing approximate equations for the coefficients of 
the cubic equation. 

C x ^ - 1 , 

C2^(h-G2)+2ik0, 

The approximate cubic roots given in the last section 
then become 

quantities appearing in Z(2)(0), we find 

h-G2 

-db 
v\h-G2\2 f 

—i -* • 
/ 2 = 1 . 

In addition, it is readily shown that 

h+h^(h-G2)+2ih. 

The magnitude of the 2ikq term will generally be small 
compared to (h—G2) except when h^G2. I t has been 
neglected in the expression for t\t 3 and, as we shall see, 
may also be neglected in (h+tz) as well as far as any 
contribution to the final results is concerned. 

The condition Z 3 = l allows us to neglect JZ^z com­
pared to unity for physical cases of interest. Then, 
rj~l and q^coshrn. On evaluating some of the 

tmr1, r21^(iG)-\ 

T 3 2 ~ — (iG) X , T3I<<CT32, T21. 

When these results are used to calculate Z (2)(0), we 
find, after considerable cancellation and simplification 

Z ( 2 ) ( 0 ) ^ ( — — ) 

(tr1- h~l) fe~§ coth7?3- *r* cotton) 
X ^—7 . 

h~d—2/f f/3~f(cotto?i coth^+csctoji c s c h ^ + Z f 3 

We may write the decay factor y3- as 

r4vcwtj-\* r 2tj -j* 

L koC T-FT 
J Uo$2J 

where 8 = c/(27ro)aY2 is the skin depth for unity permea­
bility. Then 771 and 173 become 

A - G V d/2\Uh-G2 r/h~G2Y 1*1* 

This result, together with the earlier expression for ti, 3 
allows Z(2)(0) to be calculated for any experimental 
conditions for which the approximations used hold. 
Note than when Z(2)(0) is written as (O)/8T(T)1[\/HR 
+ £ \ / | M L | ! L the quantities \/^R and x / l ^ l a r e o n l y 
effective values for any d<<*> and are not the true 
values characteristic of the material itself. 

Next, a small amount of further calculation leads to 
the transmission factor T, which is found to be 

\4:wak(i/ 

X-
(tf~l—h~l)[h-* cscto?3—h~% csctou] 

"2^i~^3~Hc°thi7i cotto?3+cscto7i cschr;3)+^i"3 

For any specific choice of thickness d, this result 
together with that for Y in the last section allows the 
ratio of transmitted to absorbed power to be calculated. 

Next, we shall carry out the limit d—><*>. We then 
obtain 

co Z ( 2 ) ( 0 ) 

\47ro-&0/ 

\tf-l-h~1) 

0/ (tr*-tr*) 

/ co y{hh) 
\4irako/ t\-

°°F=0. 

Although the above expression for °°Z(2)(0) simplifies 

file:///tf-l-h~1
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to y/ka, this expression becomes 

^ (k-G*)+2(ik0)$ 

This is the AAR result for zero phenomenological 
damping expressed in terms of the present notation. 
The quantity ko equals 2e2 in the AR notation. 

Finally, using the above expression we may investi­
gate the various resonance conditions. Ament and Rado 
have already given the condition which makes MI = 0 ; 
in addition, the conditions for fxR and JU2 to reach their 
maximum values are of interest, together with the actual 
values of IJLR, JU2, and jx\ in the three cases. All these 
quantities may be expressed in terms of \/ko, and the 
desired results are summarized in Table I. In applying 
these results, it must be remembered that they are 
valid only when the AR approximations are well 
satisfied. Since one of these approximations requires 
that y '&o^l , the results in Table I may only be. used 
when fxR max and /x2 max are of the order of 102 or greater. 
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Trapped Flux in Impure Superconductive Tin*f 

J. I. BuDNiCK,t E. A. LYNTON, AND B. SERIN 

Rutgers University, New Brunswick, New Jersey 
(Received April 2, 1956) 

We have measured the percentage of trapped flux in cylindrical tin samples containing antimony, bismuth, 
or indium, with particular regard to the effect of annealing. The flux was trapped by the application and 
removal of a large transverse magnetic field. Our results do not confirm Pippard's conclusion that a marked 
change in flux trapping behavior occurs at a critical concentration of impurity. Instead we find that all 
samples, whether of high- or of low-impurity concentration, follow the same behavior, namely, that the 
percentage of trapped flux rises steeply near the transition temperature, and that this rise decreases mono-
tonically with annealing time. In all cases in which this rise is discernible its temperature dependence is 
linear with the function (1 — /4)~* up to t^ 0.98, where t= T/Tc. We believe that the binary specimens used 
by us as well as those used by Pippard have a substructure of filaments of different concentration, which 
trap flux when the sample is insufficiently annealed. In support of this view we cite extensive metallurgical 
evidence for the existence of such a substructure, and a crude measurement on two of our annealed specimens 
which showed that the magnetic field needed to restore resistance was much higher than the threshold 
field of the bulk material, and that this transition was quite broad. 

however, during the course of transition multiply-
connected parts within the specimen may develop which 
have the general form of closed superconducting regions 
surrounding cores of normal metal. Such cores will have 
magnetic flux running through them. The perfect 
conductivity of the enclosing superconducting regions 
now makes it impossible for this flux to change. Thus 
the specimen retains a small magnetic moment propor­
tional to the amount of flux trapped in this fashion 
even after the external field has been reduced to zero. 

Although the phenomenon of flux trapping has been 
known since the first discovery of the diamagnetic 
nature of superconductors, the few studies of this effect 

Resonance 
condition 

fJ>R max 
M2 max 
/ i i = 0 

TABLE I. Summary 

(h-G*)/'Vko (.\/ko)tiR 

-0.57771 6.31239 
-0.55490 6.30266 
-0.49809 6.19846 

of results. 

(V&O)M2 

3.13269 
3.13958 
3.09923 

(\/k(l)fJLl 

-0.54473 
-0.42136 

0 

somewhat when the earlier expressions for the roots are 
substituted, better simplification occurs when 

= (4xo-A'co)[Z^(0)]2 

is calculated instead. We find 

hhlh+2(hh)h+h1 
M^(^o)- 1 . 

On substituting the roots and neglecting ko compared 

I. INTRODUCTION 

WH E N a superconductive substance passes from 
the normal to the superconducting state in the 

presence of an external magnetic field, it becomes 
ideally a perfect diamagnetic, excluding the applied 
field entirely except in a thin surface layer. In practice, 

* This work has been partly supported by the Office of Naval 
Research and by the Rutgers University Research Council. 

f The measurements with annealing times up to about 30 days 
formed part of a dissertation submitted by one of us (J.I.B.) to 
the Graduate Faculty of Rutgers University in partial fulfillment 
of the requirements for the Ph.D. degree. 
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