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A study is made of the effect of space-dependent electric fields upon the complex conductivity of a low-
pressure ionized gas. The case of a standing wave is considered first and it is found that the diffusion constant
for the electrons becomes space dependent. Finally the case of a traveling wave in an infinite ionized
medium is studied. For the latter situation, the spatial variation of the field has no effect on the conductivity.

A. STANDING WAVE

T has been customary in the literature’? to calculate
the complex conductivity of a low-pressure ionized
gas at high frequency by using the formula
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Here w is angular frequency of the field, » is the collision
frequency of electrons with gas molecules and #(r) is
the number of electrons per unit volume at position r.
Formula (1) assumes » to be constant; it is based on the
work of Margenau,® whose explitic formula refers to a
constant mean free path. The procedure that has been
used to calculate 7 (r)"? is to solve the diffusion equation
using the ambipolar diffusion coefficient. The physical
process involved is simply a balance between diffusion
of electrons and ions to the walls and the generation of
the electrons and ions in the gas. More recently Allis
and Rose! have considered the diffusion problem in a
more general manner. They take the diffusivities and
mobilities of the electrons and ions to be constant and
obtain differential equations for the current densities
and the electric field due to space charge under condi-
tions of equal positive and negative current densities.
The question we wish to raise is the following.
Formula (1) is based on a derivation in which it was
assumed that both # and the microwave electric field
were not dependent on position. Also the method for
calculating #(r) involves using constant diffusivities
and mobilities. How valid are the preceding methods
when both # and the microwave field vary with position?
In order to answer the foregoing question, we consider
a simple model of a microwave standing wave of the
form E,= E, cosBz coswt between infinite parallel plates
at z=0 and z=L. We take the ionization to be main-
tained by radiation such that the rate of generation of
electrons per unit volume is uniform and equal to Q.
We consider with Margenau® only elastic encounters
of electrons with molecules. We neglect encounters of
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electrons with electrons, assuming® that the ratio of
electrons to molecules is less than 10~3. For the electrons
we must solve the Boltzmann transport equation for
the distribution function f(z,v,?)
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where E’(z) is the unknown space charge field and
(8f/6t), is the rate of change of f due to encounters.
Since the ionization is caused by radiation we can
assume that the ionization electrons have a distribution
of velocities which is almost isotropic. Thus

(6f/6t)e= (af/at)elastic‘i‘ U('U),

where
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In Eq. (3), NV is the number density of molecules;
o(v,x) is the differential scattering cross section for
elastic scattering through angle x; v, 8, ¢ are spherical
coordinates in velocity space (cosf=1v,/v, tanp=1,/7,);
and M is the mass of a molecule.

Van Zandt® has shown that if the distribution func-
tion is expanded in the Fourier spherical harmonic
series:

coslwt

f= T furnntod)] 7.0
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(f—1, m »(v,2) going with sinlwt), and if the external force
is invariant under the product of transformations
x——x and i—t+ (p+3) (2w/w) (p integral), then the
Boltzmann transport equation is invariant and the
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only terms in the above infinite series which do not
vanish are those for which I4+m-+# is even.

Still following reference 3 we will consider terms for
which /<1, <1 and we obtain

= fo00(2,2)+ fo11(2,2) sinf cose
“+ [ f101(v,2) coswi~+g101(v,2) sinwt] cosd.  (4)

No term in Y171(6,¢) appears since f must be invariant
to the transformation y——y. Using Eq. (4) (8//6f)elastic
becomes® -
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where v is the collision frequency
+1
y= 27rN7)f o (v,x) (1—cosx)d(cosy).
—1

We are now prepared to solve the Boltzmann trans-
port equation by insertion of Eqgs. (4) and (5) into Eq.
(2). We are thus led to the following set of equations,
using the method of Margenau and Hartman?®
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We first consider the pair of equations, (8) and (9),
and obtain from these
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Since the microwave current density 7. is
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we find that
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For constant collision frequency we thus obtain Eq.
(1). We notice that this result is unaffected by the
spatial variation of the microwave field. However if the
microwave field were responsible for inelastic collisions
the collision term (6//8f). might have a contribution
in Egs. (8) and (9) and Eq. (1) would be modified.

Let us now consider the equation that determines
fooo which in turn determines

n= 47rf f0007)2d‘2).
0

We find that fooo satisfies
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If Eq. (12) is multiplied by 4x* and integrated over

all velocities the result is
@ ridr e d[4me ® 98 (9f000
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dz?L 3V, v dgl3m Jo v v
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Now the diffusion current is
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Because of Eq. (9), we have
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If we consider the number current density T',=7j,/e,
we find the following from Eq. (13):

dr,/dz=0,

where
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We now can define a space-dependent electron diffu-
sivity and a mobility by the relations
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Thus the effect of spatial variation in the microwave
field and of diffusion to the walls under conditions of
varying space charge fields is to make fooo [see Eq. (12)]
as well as the electron diffusivity and mobility depend
on z. Under conditions of constant collision frequency,
pe=constant=|e|/mv. However, D, is still a function
of z. For simplicity, we consider the case of constant
collision frequency and we have

d
I,= —d—De(Z)n(Z)—uen(Z)E’ (2). (15)
z

If foo is Maxwellian, then the only condition which
leads to constant D, is that the average energy ex-
tracted from microwave and space-charge field between
collisions shall be small compared with 27. We return
later to an approximate solution of Eq. (12) so that we
may calculate D.(z).

Let us consider the companion equation to Eq. (15)
for the positive ions. Since the ions have much greater
masses than the electrons, we make little error in
taking I',,=1on number current density= —D,(d/dz)P
+u,PE', where P is the density of positive ions. It is
a good approximation to assume that u, and D, are
constant unless the space charge fields are very large.
Theoretical formulas for the mobility for the ions are
given by Kihara® and Maxfield and Benedict.!® For the
diffusivity we can use the well-known relation!!:

Dy/up=kT/|e].

We must therefore solve the following set of equations
in a manner similar to the work of Allis and Rose

T.,= —D,dP/dzs+u,PE,
T.,=—d[nD.(2)]/dz—upnE,

(16a)
(16b)
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ROSEN
I'.=T,, in steady state, (16¢)
dr,/dz=0, (16d)
dE'/dz=|e| (P—n)/ec (Poisson’s equation). (16e)

The boundary conditions are #=0, P=0, and dE'/dz=0
at z=0and L. For I', we have
r.=Q@—-L"),

where L’ is the distance at which I, is zero. Because of
the space-dependent D., there is no symmetry and L'
is not L/2. The distance L’ must be determined by
solution of the problem. It is easily seen that the set
of equations (16) leads to

Dpé() dE/J MPGQI:E,Z—EO,zj
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When Eq. (17a) is combined with Eq. (16b) it is
apparent that we must solve a nonlinear eigenvalue
equation in E’ for which the fields at the boundaries
Ey, E; are the eigenvalues.

Because of the difficulty of solving the general
problem we confine ourselves here to the free-diffusion
case, ini which the space-charge field can be neglected.
It is then convenient to start with Egs. (16b) and
(16d) with E’'=0. This yields

&nD,/dz?=—Q,
whose solution is

n=—(Lz—2%).

e
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One can estimate the magnitude of the electron
density for free diffusion by taking the Debye shielding
distance for the electron? to be greater than the length
L. Thus, for free diffusion,

e,

> I2, (19)

nlelﬂe
where we take # and D, to have an average value.
We now wish to calculate D, when E’ is neglected.
Under the latter condition, for constant » Eq. (12)
becomes
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We consider the solution of Eq. (20) when the first
two terms are much larger than the last two. In other
words, we consider the Maxwellian distribution

fooo= exp[—v*/a(3)], (21)

[ra(z)]t

where

m

2 eEg\?
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This result is Margenau’s formula® for constant » and .

for field amplitude of Eq cosBz. Following Brown and
MacDonald? we take the effective dc field E;= Eov/
[2(»*+w?) 4, so that the diffusivity, D,, for the preced-
ing distribution is

D,,=a—(-zl=—1—[kr+

2v  my

MeEEp?

coszﬂz]. (22)

3vPm

We will now determine the conditions under which
the distribution (21) is valid. We note that the neglect
of the last two terms of Eq. (20) means that the effects
of diffusion on the distribution are small. If the number
of electrons created in one collision time in a unit
volume is small compared with the number of electrons
present then diffusional effects will be small. Thus we
require

Q 1 d*(D.n)
—Ln or - <<Ln.
v v dg?

Using Egs. (18) and (22), we have

2T  2Mé
-+ E, cos%z((—-*( )
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If we consider those points for which (z/L)— (z/L)?
>1072, and take cos’Bz=21, the requirement is

28T 2 Me* Ef?
+-— —<K1072,
my2L?
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Let us now assume that the microwave field is the
main factor controlling diffusion. Thus
M & Ep
D ~— — — cos?Bs,
3m m? v®
and

N Q(La—2)
T [2(M/m) (&/m?) (E2/¥)] cos’Bz

For this case the electron density will have strong
maxima approximately when cosBz=0 or when Bz

(24)
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=m/2, 3n/2, 57/2, , depending on the mode BL
=m/2, 3r/2, 57/2, - --. For the fundamental there are
no such maxima between the plates. For the second
mode, however, a maximum exists at z=L/3.

The solution, Eq. (24), is valid when

2M & Epf
- —<K1077 (25)
3m mr? vt
and also when [see Eq. (19)]
n<eMEg2/(3m*L*?). (26)

For hydrogen, »v=26X10% (mm of Hg). If we take
L=10"% meter, we obtain, for the foregoing inequalities,

E;(volt/meter)
—<K5X 105,
#*(mm Hg)*
electrons ) 6E 2 (volt/m)?
n| ——— e,
m? $?(mm Hg)?

B. TRAVELING WAVE

We shall now consider the case of the traveling wave
of the form E,=E, cos(8z—wt) in an ionized gas of
infinite extent. In this case we need not concern our-
selves with the balance of electron-ion production and
diffusion. We therefore must solve the equation

a a )
—f—l—v,—{r—l———— cos(Bz— wi)——~— (8—;—’) K 27

97,
It is easily seen that the force ieE,cos(Bz—wi) is
invariant to the product of transformations x——x and
t—t+ (p+3)(27/w). Thus the same considerations
which led to Eq. (4) apply and the form of the distri-
bution function is given by that equation. Following
the same procedure that led to Egs. (6)-(9), we obtain
the following pertinent equations:
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From Egs. (29) and (30), we find
ey f w sinfBz—v cosPz\ 9 fooo
fin= *—‘( ) X (32)
m 2+w? 9
and
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To find the spherically symmetric foo0, we must solve
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Y e
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Now because the force on the electrons is invariant to
the transformation z—z- (27/3), the distribution func-
tion must also be. Since 8 does not appear in Eq. (34),

it follows that if fgo is invariant to the above transfor-
mation it must be independent of z. We are thus led

ROSEN

to the familiar result?
3md(27)

»2
logf 000= — f
o BT-+M(eEo/m)*/6(»*+u?)
Finally we use Egs. (11a), (32), and (33) to obtain

(35)

—+const.

41!'62E0 foog 7}31/
Jo=— [cos(ﬁz wh) f dv
3 e
dfon  v'w
—sin(8z— wt)f dv|. (36)
0o 0y P+t
Since j,=Re{o.Eoe~ ¥} we obtain the familiar

result given by Eq. (11b) for ¢,. We thus see that the
conductivity is independent of position.
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Lead targets have been bombarded with protons of several
energies between 0.6 and 3.0 Bev and formation cross sections
have been determined for about 30 nuclides of 4 <140 produced in
these bombardments. The excitation functions, both for the light-
est products studied (4 <35) and for neutron-deficient barium
isotopes, rise steeply with increasing energy. For intermediate-
mass products (50<4 <120), the changes in formation cross
sections with increasing energy are much smaller and may largely
be interpreted as a shift towards more neutron-deficient products
and as a broadening of the yield-mass distribution. At 3 Bev the
spallation and fission product regions have merged, and the cross
sections for forming all mass numbers below the target mass are
equal within an order of magnitude. The changes in yield pattern
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above about 0.4 Bev are shown to be associated with increasing
probabilities of very large energy transfers (of the order of 1 Bev)
from the incident proton to the struck nucleus, and this trend is
explained in terms of an energy transfer mechanism involving the
production, scattering, and reabsorption of pions. Besides the
well-known modes of de-excitation—particle evaporation (spalla-
tion) and fission—a new mode termed fragmentation is postulated
to account for some of the observed products, especially the light
fragments. Fragmentation is thought to be associated with the
short mean free paths of pions in nuclear matter which cause
local heating and can thus lead to dissociation of the nucleus into
fragments in a time short compared to that required for equiparti-
tion of energy.

tons have been reported from other laboratories. At
these energies the products fall quite distinctly into two
mass regions, generally referred to as the spallation and
fission regions, respectively. The so-called spallation
products comprise nuclides within 30 or 40 units of 4 of
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