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Klein and Meijer gave a proof of the minimum entropy production in the steady state based on the
principles of statistical mechanics, making use of a simple model of a nonequilibrium system. In the first part
of this paper it is shown how such a proof has to be modified in case we are dealing with particles that obey
Fermi-Dirac or Bose-Einstein statistics. It is found that the constraint that the total number of particles has
to be constant does not have to be made. The second part of the paper describes a different generalization,
ig. to systems in which the total number of particles is variable. Both results will serve as a description for
models less restrictive than that used in the paper mentioned above.

I. INTRODUCTION

STATE in which the entropy production is

smaller than in any other state that obeys the
same external contraints is identical with the steady
state. This minimum principle in irreversible thermo-
dynamics, originally formulated by Prigogine, has been
studied by several authors.!? A derivation by the
methods of classical statistical mechanics has been given
by Klein and Meijer® for the case of two containers
filled with an ideal gas which are connected through a
narrow capillary tube. Each container is kept in contact
with a heat bath. One has the temperature T and the
other the temperature 7.

Klein and Meijer showed that in case the relation
2(T1—Ty)/(T1+T9)K1 is fulfilled, the state steady is
identical with the state of minimum entropy production;
this condition is consistent with Prigogine’s results.?
Klein has applied similar considerations to the Over-
hauser effect.’

The criterion of minimum entropy production as ex-
pressed in terms of statistical mechanics is certainly less
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practical [compare Eq. (18) in reference 3] than ex-
pressing the condition for a steady state. The latter is
the statement that the time derivatives of the occupa-
tion probabilities of the different levels have to be
constants, excluding oscillatory systems for the time
being. However, the study of this relationship may
reveal possible generalizations of the minimum-entropy
principle. In order to formulate the proof for a more
general situation involving, for instance, radiation
quanta, lattice vibrations, or multicomponent systems,
two generalizations are necessary.

The modification for particles obeying Fermi-Dirac or
Bose-Einstein restrictions,® a situation commonly re-
ferred to as ““quantum statistics,” is given in Sec. IL. In
order to develop the expression for the entropy produc-
tion, the restriction that the total number of systems is
constant does not have to be used. One is free either to
impose or not to impose this condition, giving only a
slight modification in the later steps of the proof. The
second possibility is, of course, only realized in case we
deal with photons.

In order not to begin with too complicated formulas,
this section starts by considering a single isolated con-
tainer, a microcanonical ensemble, then describes a
single container connected with a heat bath, a micro-
canonical ensemble. For such a system, minimum
entropy (or free energy) production implies that the

¢ Compare, e.g., E. Schrodinger, Statistical Thermodynamics
(University Press, Cambridge, 1952), p. 44.
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system is in thermodynamic equilibrium.” Finally, the
case of two coupled containers is considered. As a
secondary result some attention is paid to the fact that
the hypothesis employed by Thomsen seems to be
inadequate in ‘“quantum statistics.” The much nar-
rower assumption of microscopic reversibility, or its
equivalent for a canonical ensemble, has to be used.

The next section, in which the proof of the minimum-
entropy theorem is developed for a grand canonical
ensemble, consists of two parts. The first deals again
with a single system. This means that the container
which we are considering is connected with a large
particle supply that tends to keep the number of
particles near a given equilibrium value. Both systems,
the container and its supply, are kept at a constant
temperature by a large heat bath. In the second part of
this section, two such systems with slightly different
temperatures and slightly different densities are con-
nected and the entropy production calculated.

II. “QUANTUM STATISTICS”
a. Single System

The usual derivation of the distribution functions in
“quantum statistics” starts out by granting Z; levels to
the energy eigenvalue ¢;. Z; can either be considered as
the degeneration of a discrete level or as the number of
levels between e; and e;+de; in case the levels are
continuously distributed. The latter, of course, is the
case in the statistical mechanics of a many-particle
system. In spite of this we will use the discrete concept
because of its simplicity, and assume as usual that the
results will hold in the other case too.®

Let us consider first a single isolated system. The
description of such a system is equivalent to Thomson’s
proof” of the second law, but now modified for “quantum
statistics.” The equation for the rate of change of the
occupation numbers, as well as the definition of the
entropy, have to be modified. The first can be written?

aN;
s =2[4iN{(ZiAaN)—AiNi(Zi+aNy)], (IL1)
1

where a=0, 1, —1 represents the Boltzmann, Bose-
Einstein, and Fermi-Dirac cases. In the first case, 4 ;:Z;
stands for the transition probability from the jth level
to all the 7 levels, 4 ;; being the transition probability to
one of them and Z; the number of them.

In the Fermi-Dirac case, the number of levels has to
be replaced by the number of empty levels Z;,— N ;. In
the Bose-Einstein case, it is difficult to give a short
argument that makes the factor Z,4N; plausible. We
postpone a rigorous analysis until the introduction of a
temperature bath.

7 Compare J. S. Thompson, Phys. Rev. 91, 1263 (1953),
theorems 1-3.

8 The matrix elements 4;; used here would have continuous

varying indices and the determination of the minimum would
need a functional derivative.
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The definition of the entropy can be written in the
following form®:

S/k=InW=3,[(Ni+aZ) In(a+Z:/N)

Differentiation with respect to the time gives the
entropy production

dS/kdt=Z¢N¢Dn(a+Z¢/Ni)
+(1=a’)/(1=aNi/Z)].

In the case of “quantum statistics” the last term is zero,
and the restriction that the total number of particles is
constant does not have to be made at this moment.
Substitution of (II.1) in (IL.3) expresses dS/dt as a
function of the N;’s. The minimum entropy production
is found if the derivatives of this function with respect
to the N’s are all equal to zero. If the total number of
particles is constant an additional term, x(N—2_; N )
should be added to the entropy production. In this case
all derivatives must equal the Lagrangian multiplier «.
The terms in the resulting expression will be written out
in two groups:

(8/8N)(S/R)=2"+%"=x,
S'=—%:In(a+Z:/N:)(3/dN,)N;
=3 [A4.:(Zi+aN;)—ad +N;]
| N(Z,+aN,)

(IL.3)

Xln—————— (I1.4a)
N (Z+aN )
S"=—3";Ni3/3N,) In(a+Z;/N,)
=>{As(N:/N)Z,
—A:iZ(Zi+aN3)/(Z,+aN,)}.  (114b)

Under the assumption of microscopic reversibility,

A ir= Am', (IIS)
Egs. (IL4) can be written in the following form:
Ni(ZT-i-aIV,)
Y=Y idyZiln——, (I1.4a")
N (Zi+aN ;)
Zi+aN; [Ni{(Z,4+aN,)
2= A Z,[ - 1]. (IL.4b")
Zr+aNr Nr(Zi+aNi)
This form enables us to show that
pi=N;/(Z:+aN;)=constant for all ¢ (IL6)

is the unique solution of (II.4).° This finally leads

9 D. ter Haar, Elements of Statistical Mechanics (Rinehart and
Company, New York, 1954), p. 77.

10 For practical reasons we repeat the arguments: Suppose the
p¢’s are unequal. Then there must be at least one which is the
biggest p»=P and at least one which is the smallest p,= . In case
we write down the Eq. (4') for =0, we find that x <0 because the
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through (IL.2) to the statement that all N, are zero
(steady state).

The somewhat broader ‘A hypothesis” which Thom-
son, Feller, and Frechet! used instead of Eq. (ILS5),
vig.,

2idy=2i4;, (IL.5")
does not seem to accomplish this result, as 4,; in Eq.
(I1.4b) is multiplied by Z;+aNN; inside the summation
sign. We do not see at present whether such a narrowing
has any implication as far as physical interpretation
goes. For Boltzmann statistics the A hypothesis can be
maintained by using >_; 4:;Z;=2_; A;:iZ; instead of
(I1.5").

For a system coupled to a temperature bath the
relationship

Aijexp(—pe)=A s exp(—pe;), (u=1/kT) (IL7)
for a macrocanonical ensemble has to be used.?? The
result is that (I1.4b) can be written

=S4 Zi+aN;
i ”Zr_.l_aNr

[N Z+aN,) exp(ue;)
v A(Z+aN ;) exp(ue,)

1]. (IL4b")

A second modification, which has to be made, is to take
into account the entropy exchange between the heat
bath and our system. The additional entropy produc-
tion, being

S/k=—(kT) Y ; eiNs,

sums contain only terms which are negative or zero. In case of
r=ys, however, we find x>0, which leads to a contradiction as « is
independent of 7. Because we assumed that the coefficients of the
logarithm and the square bracket are positive, the restriction
Z;>N; has to be made. This point is discussed later in the paper.

1 Reference 7, note 10.

12 To show the relationship (I1.7) as well as the factor Z+aN in
Eq. (IL.1), we take Eq. (A1.706) of ter Haar? and interpret the
states £ and / as applying to a reservoir with Boltzmann distribu-
tion (e=0) and the states < and j as applying to the system in
consideration, which is either Bose-Einstein or Fermi-Dirac de-
pending on a. Thus we obtain

dN;

= .“A kiti{ViN ;Zx(Z:+aN;) “N}cNiZl(Zi+aNi) }
1

Making the substitutions
N;=BZ; exp(—pue),
Ny=BZ} exp(—puer),
we find (IL.1), where

A;i=B 5 AritiZiZ1, exp(—per),
Aij=B EAkiliZkZl exp (—uex).

Under the assumption that energy is conserved in the transition
processes, e;— e,=€;—¢;, (I11.7) follows from this result.
I would like to thank Dr. Callen for this derivation.
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adds another term to 3/, giving
/==Y :In[(a+Zi/N,) exp(ue)](8/dN )N ;
=Y [4,:{(Z+aN)—adN;]
N (Z,+aN,) exp(ues)
"N Zal ) expluc)

(I1.42")

A different formulation of this step would be to say
that, for a macrocanonical ensemble, the free-energy
production has to be minimized. One starts out with the

equation

—',U,F=an'—/J. ZiNiei (118)

and goes through the same procedure. Either way the
minimum condition for the total (ie., internal plus
external) entropy or the free-energy production for a
macroscopic ensemble is expressed by the following set
of equations

e Z’. 4 irZi+aN«;ZT[Ni(Zr+aNf) exp(uei) _ ]
Z.+aN, LN, (Z+aN;) exp(ue,)
+>[4+(Zi+aN)—ad i:N,]
Ni(Z,+aN,) exp(ues)

n , (r=1,2,3---). (IL.9)
N.(Zi+aN ;) exp(ue,)
We introduce the quantity
pi=[N:/(Zi+aN )] exp(uey), (I1.10)

and we see that: p,=constant, say A (for all 7), is a
possible solution, making the right-hand side of the
equation equal to zero for every value of 7. The result

Ni/Zi=1/(\"erci—q) (11.11)

shows us that A, the so-called absolute activity, has to be
a positive quantity. We shall restrict ourselves to the
group of solutions for which $;>0, ie., Z,—N;>0 in
the Fermi-Dirac case. Actually this is nothing but the
convention that only those initial conditions shall be
given for which Z,> N ;. One sees that the “equations of
motion” (II.1) are unable to transfer distributions for
which N;(t)) <Z; into those for which N;(;)>Z; and
reverse.

We now want to show that our solution is unique. For
a=0or —1, we may go through the same type of argu-
ment that unequal p.’s lead to a contradiction. For
a=1, the proof has to be modified as follows. Equation
(I1.9) can be written as

k+2 i AN In(pi/pr)
Zi+ Ni 7

=ZiAir“‘“i‘—Zr ? 1)
Zy+aN, \p.

42 Ari(ZiA-aN ) In(pi/ps).
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For r=10, we have
K+Z,; A ib ln(pI/P) <0,

with the result that x <0 because the terms in the sum
on the left hand side are all negative or zero. In the
same way one can show x>0, and we see again that the
supposition of unequal p;’s leads to a contradiction.

We would like to make again a side remark on the
necessary condition (IL.7). In case of Boltzmann
statistics it can be shown that

25 AiZjexp(—pe) =242 exp(—ue;) (IL7)

is sufficient, but in F.D. and B.E. statistics this restric-
tion is too narrow. We did not investigate whether
(IL.7) is a sufficient condition.

We would like to remark that the quantum statistical
case is not a modification of the Boltzmann case in the
sense that the proof can be obtained by a simple trans-
formation of the proof already given. If one substitutes
pi instead of NV, with the help of (IL.6) or (II.10) into
the equations of motion (II.1) and the entropy defini-
tion (IL.2), the result is neither equal nor analogous to
the Boltzmann case.

b. Coupled Systems

The equations of motion for two coupled systems at
slightly different temperatures 7, and T’ are

dN ; (dN i)
dt dt / internal

=Bi{M(Zi+aN)—N (X +aM,))}
=Bi(MZ;—N.X,),
aM; ydM;
dat _( dat )intemal

=Bi{N:(XitaM)—M,(Z;+aN,)}
= Bii(N X o= MZ5).

(IL.1")

N ; is the number of particles in the ith energy level of
the first system, M ; the same of the second system, Z;
and X; the degeneracies of the levels in the first and
second systems, respectively. Minimizing the entropy
production under the condition that the total number of
particles is kept constant, leads to

Zi OlN,: .
K=ZiAr17—_+ Zr pz 1)

Z r+aN r ﬁr

F{A4:i(Zi+aN)—ad ) ln—?f
Z+aeN )M,
+Ber1' In———
(Xr'*‘aMr)Nr
Mr Xr+aMr

+BrrZr e B
Nr Z1+aNr

(11.12)
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and a second set of equations in which Z; is replaced by
Xi, N; by M; and 4;; by C;j, the internal transition
probabilities of the second system. The important
difference between 4 and C is that in the symmetry
relationship (7) the temperature T has the value T, in
the first case and T’ in the second case. We have intro-
duced as a shorthand

pi=N;exp(pe)/(Zi+alV ),
qi=M ; exp(uses)/ (X i+l ;).

In order to show the sufficiency of our theorem, we
first remark that in the steady state (dN,;/dt=dM ;/dt
=0) the first group of terms plus the last one equal zero.
This result is trivial as these terms originate from

> «(dN;/dt)(8/dN,) In(a+Z;/N,)
=Z,(dN./dt)/(Z,+aN,)N,.

We will show that the remaining terms are approxi-
mately equal to the ones just mentioned, and so their
sum is also equal to zero, at least in first approximation.
We make the assumptions that p;=p,+p:r (and a
similar equation for ¢: ¢;=¢,+0.,), where p and ¢ are
small compared to  and ¢. This is a consequence of our
considerations in Sec. IIa, in which we showed that the
equation ;= constant holds for thermodynamic equilib-
rium, and the fact that our coupled system is near
equilibrium: 2(7T1—7T,)/(T1+T5)K1. As a result, we
find for the second term

2 i(ZiAaN ) A {1—a(p,+pir) exp(—pier)}
Xln(l'l‘Pir/Pr)

Zi+alN;
ng———AnZi{(Pi/pr)—l}-

rT QLY

In order to make the last two terms of (12) equal to
each other, the assumptions Z,=X,. and N,=M 46,
have to be made. The result is that all the equations can
be satisfied with k=0.

The necessity part of the proof makes use of the same
considerations to show that (I1.12) can be written as

k(Zi+aN)N;/Z;=2(dN ;/dt),

(11.13)
K(Z4+C(M-;')M¢/Z,‘= 2 (dM.,/dt)

The sum of all these equations is
Z i{Ni+M¢+a(M¢2+N,-2)/Z;}K=0.

The coefficients of « could only be zero in the Fermi-
Dirac case, but our restriction to distributions with
Z > N ;prevents this. So k must be zero, and that implies
the steady state according to (I1.13).
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III. GRAND CANONICAL ENSEMBLE
A. Single Systems

In considering a variable number of particles, as for
instance the case in a thermal-diffusion process, we
encounter two complications. The first is the fact that a
state, which in the microcanonical case gets merely a
label, and which in the macrocanonical ensemble has a
label that characterizes the energy value, now has to be
described by at least two indices. One indicates the
energy value and a second, say a, represents the number
of particles V, in that state. So most of the sums will be
double sums, as for instance in the equations of motion,
which become in the Boltzmann case (dealing only with
one type of particles):

Apia/dt=3" (4, iapip— A 1a, i8Pic),
i

(IT1.1)

where p;. is the probability that the particle has the
energy ¢; and is part of a system containing N, particles
in total. A second point of consideration is the fact that
the entropy cannot be defined for an undetermined
number of particles. The number of particles is not,
however, completely arbitrary because there is a tend-
ency towards an equilibrium number of particles and
this tendency should be expressed in our formulas.

A macrocanonical grand ensemble can be looked upon
as a part of a bigger ensemble consisting of a large
number M of repetitions of the original one. The
(M —1) repetitions form the particle supply that tends
to keep the number of particles near a given equilibrium
value. The total number of particles of this large system
is constant and the probability for finding N, particles
in a subdivision is given by Wa= Ve which gives

InW o= N4 In\-+}const.

We will postulate now that the entropy contribution
is found by taking the weighted sum over all con-
figurations,

AS/k=3 0 pa MW a=3 0 palNoIn\, (1I1.2)
where po=32; pia is the probability for a particular
configuration. The quantity X is called the activity and
the symbol »=In\ will be introduced. The large supply
system, which tries to maintain the equilibrium concen-
tration has been called an activity bath'® in comparison
with a temperature bath. This analogy is quite close, as
kT is equal to the total energy of system plus bath
divided by the number of copies [ compare Appendix of
reference 3] and the activity is equal to the total
number of particles divided by the number of copies:
A=MN/M=N.

A different way to establish (II1.2) is to look for the
generalization of Eq. (IL.8). The quantity to minimize
for macrocanonical grand ensembles will be Kramers’

13 See reference 9, Chap. VI, Sec. 1.
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grand potential'4:

q=an—-p. Zi Niei-l- V’N. (1113)

The use of NV as a label and as the number of particles
may cause confusion later, and we change to the
probability notation used in reference 3:

InW=—=3ia NpiaIn(Npss)
=—N ¥ ia pia Inpiatconst,
Nie=Npia; N=X iapiaVa
Now we can rewrite (II1.3) as follows:

q= —N Zia p,-a(lnpm—}-ue,-— VNa) y V= VI/N. (III3’)

The g production or the total entropy production should
be minimized. The derivative of ¢, using (IIL.2) is

aq — Pia
‘—‘:N[Z ia(A Byt A rp, J’ﬂ)
9, rp

pia exp(uei—vN,)
+Zio¢ Arp, i ln

]. (I1L.4)
prp exp(ue,— vV )

We are able to prove the second law along the same
lines, if we use a relation similar to (I1.7),'8 viz.,

A i, jg €xp(—peitvNo)

=A s, ia exp(—pej+vNg), (IILS)
the minimum being obtained for a distribution
pia exp(ues—vNq)=C, (I11.6)

where C is a constant. If we impose the condition that
Pia, sSummed over all 7:

Yipia=pa=C2 ;e iexp(yNo)=CZ exp(vNa),
and over all configurations:
exp(vNVa)
N,!

Da
Zconf Pa=2——=CZ Z
Ng! N

=CZ exp(e’),

should be equal to one, the constant in (IIL.6) is
1/C=7Z exp(N)).

B. Coupled Systems

In order to prove the minimum entropy production in
the steady state for two coupled systems, we will
proceed along the same lines as in reference 3. The

¥ H. A. Kramers, Collected Scientific Papers (North Holland
Publishing Company, Amsterdam, 1956), p. 738 [Proc. Acad. Sci.
Amsterdam 41, 10 (1938)].

15 This relation has also been established by ter Haar, reference
9, Appendix II, Eq. (A2.113).
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equations of motion (III.1) are now

Apia/dt=2_is(4 js, iap jo— A ia, ipPia)

+Z7(Bi7. iaq‘i‘y_B'[ai'yPia), (11173,)
dqia/dt=2js(Cigiagis— Clia, ieQia)
421 (Biyiapiv— Biairqia), (IIL7b)

with the difference that the B’s are not entirely diagonal.
In case of the petit ensemble the &’s were chosen
diagonal, accounting for the fact that there would be no
energy loss or gain during transfer from one vessel to the
other. With regard to the second index, however, the
situation is such that the initial state in the other
container may have a different number of particles.
Also Biaiy=Biyia Will be assumed, which means that
there are no other “forces” besides temperature gradient
and activity difference.

The entropy production is, apart from the terms for
each separate system, mentioned in (IIL.3"):

A(S/k) = (S/k)— (S/k)system I— (S/k)system II
=2 [ 2 av(Inqiy—Inpia) Bia, ivpia

F2 ey (Inpiy—Ingia) Bia, irGia], (II1.8)

and extra terms in the derivative due to the coupling
are

d sA8 e
- ”"'")'_—Z'r Brwp( '"1)
prp\ k ry

qr
+2 v Brory ln—l,

Y

(IT1.9)

and the same type of expression for g.,,.

The assumptions that the temperatures and »; and v,
are nearly the same, and that both systems are nearly in
equilibrium, lead to the equations

Pia €xp(uiei—rilVa)

= 1+Pia, iBy (IIIlOa)

pis exp(uie;— 1N g)

Qia €Xp(uaei—v2N o)
Y Adoiss (ITLIOb)

¢ip €xp(usei— 2N p)
0o/ pr=1+15,. (IT1.10¢)

Under these restrictions, it is possible to rewrite the
equations of motion (II1.7) for the steady state (that is
the state in which all time derivatives are zero) in the
form

Pie exp(uie;—»1lVp) Qiv
28 Aiajs In

= —27 qu;,, ln
Pia exp(uie;tv1Na) Pia

PAUL H. E. MEIJER

Substituting this and (IIL.9) into the conditions for
minimum entropy production

38/0p,=x; 088/8¢:p=x,

we find that these are satisfied for all » and p with xk=0.

The proof of the reverse, ie., given the state of
minimum entropy production then the state will be
steady, can also be given along the same lines.

C. Entropy Production

Finally we will determine the amount of entropy
produced in this state. With the help of (I11.8) and the
time derivative of (IIL.3’), we find

S/k= -‘NEZia pia lnpia'!_q.ia lnqia
+ (1= vV o) (Pia)int
+ (l‘Zei— V2Na) (qm)iﬂt],

where (Pia)int is given by (IIL.1) and (§ia)int by an
equation similar to (III.1). Substituting the steady-
state conditions Ppie=0, ¢:a=0, gives with the help
of (I1L.7)

S/k=N Zia[(ﬂlei“‘ Vljva)z"/ Bivia(in_P'ia)
+ (#2€¢—V2Na)27 Biwa(?iy—q@'a)]- (HI.12)

An interpretation of this equation can be given, if we
make some restrictions on the B’s. It is clear that
(IT1.12) now is the generalization of a well-known
thermodynamical expression for the entropy pro-
duction'®:

S=W grad(1/T)—J grad(g/T)= 3 J:X..

i=1,2

(IIL.11)

(IT1.13)

Suppose Bia, iv=084,C, where C is independent of ¢ or «;
we find

S/k=BY ia(Nqiati—Npiaes) (u1—n2)
—B Y ia(qiaV a— pialN &) (v — vy)
=B[(8)1— (8)2](u1—p2)
—BL(V)1— (V)] (v —2).

In case we use the picture of two containers connected
with a narrow tube, B can be considered a transition
probability per unit area and B(e;—e2) can be inter-
preted as an energy current W (flux Ji). In the same
way the coefficient of »,'—».’ can be read as a particle
current J (flux Jo). The “forces” or affinities X1 and X,
are grad(1/7) and grad(g/T) after multiplication of
(II1.14) with the Boltzmann constant. (g=%T% is the
thermal potential.)

16 K. G. Denbigh, The Thermodynamics of the Steady State
(Methuen and Company, Ltd., London, 1951), p. 57,

(II1.14)



