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Starting from the Boltzmann transport equation, a formula is derived for the rate of change of electron
density in a gas plasma. With its aid a study is made of the oscillations of electron density (about the
steady state value) in a discharge confined between parallel plates. The oscillations are described in terms
of a set of normal modes characteristic of the plasma under study. An expression is obtained for the im-
pedance of the discharge as a function of frequency: for the one case calculated in detail, this formula gives
a resonance in power absorption at a frequency of 0.7 of the plasma resonance frequency corresponding

to the central electron density.

L

ECENTLY several papers' have been published

dealing with the electrical properties of gas plasmas.
In all cases, however, important assumptions (such as
neglect of diffusion or assumption of ambipolar condi-
tions) were made in order to treat the behavior of the
discharge. The necessity for such simplifications comes
about because of the complexity of the basic plasma
equations, which are highly nonlinear and hard to
solve under even the best of circumstances. In the
present work a different point of view will be adopted:
It will be assumed from the start that the fields which
are used to probe the plasma are small and that, in
consequence, any fluctuations induced in the plasma
density or other properties of the plasma will also be
small. The equations of motion then become linear
and, in this limit, can be solved exactly. Thus, this
approach permits one to take account of effects that
have been neglected in previous treatments. In addition,
this point of view has an important conceptual advan-
tage. It turns out that the solutions of the linearized
equations can conveniently be expressed in terms of a
set of normal modes that are characteristic of the
discharge in question. These normal modes are anal-
ogous to those of a mechanical system so that, in the
small-signal limit at least, the behavior of the discharge
can be thought of in terms which are familiar from other
branches of physics.

In performing actual calculations of the properties
of a plasma, attention will be restricted to the case of a
discharge between parallel plates. This geometry,
which is about the simplest realizable experimentally,
has the great advantage over others that the plasma
density, space charge, etc., within it vary in only one
dimension. Furthermore, in certain cases, at least, its
steady state properties are well understood. In par-
ticular, Allis and Rose? have made a thorough investi-
gation of the behavior of a discharge between parallel
plates in an atmosphere of hydrogen gas. Their work
includes detailed calculations of the ion and electron

1 E. Everhart and S. C. Brown, Phys. Rev. 76, 839 (1949). W.
O. Schumann, Z. Naturforsch. 4a, 486 (1949); 5a, 181 (1950).
2W. P. Allis and D. J. Rose, Phys. Rev. 93, 84 (1954).

densities and space-charge fields within such a plasma.
Extensive use of these results will be made in the suc-
ceeding development; the computations for the one
case to be worked out in detail will be directly based
upon the Allis-Rose work. The numerical results of this
paper will thus only be applicable to a hydrogen plasma
such as they studied. However, the problem will be
formulated and solved in a general enough way to
provide considerable qualitative insight into the be-
havior of gas plasmas in general.

The first step in the treatment of the plasma reso-
nance problem is the derivation of equations of motion
describing the dynamics of an ionized gas. This develop-
ment, which proceeds from the fundamental transport
equation, will be presented and discussed in the follow-
ing section. Succeeding sections of the paper will then
be concerned with the solution and application of these
basic formulas. The latter, as was mentioned earlier,
will be treated by assuming that any disturbances of the
plasma are small fluctuations about the steady-state
densities and fields (these are the quantities calculated
by Allis and Rose for the case of Hj). The equations of
motion then become linear and can be solved by
standard techniques. In this way one arrives at a small-
signal theory of plasma resonance, valid when the
perturbing fields giving rise to the excitation are small
compared to those normally present in the plasma.

In the final section of the paper a particular dis-
charge, which is among those investigated by Allis and
Rose, is studied in detail. This application is made with
an experiment in mind and includes a calculation of the
impedance of the discharge. The frequency variation
of this quantity reveals possible oscillatory modes of
the plasma: in the example treated, there is a resonance
in power absorption whose width and frequency are
determined in terms of the steady state properties of
the discharge.

IL

The transport equation? from which equations
describing the plasma oscillations of an ionized gas
will be derived, is

dF/3t=C—V, vF+V,- (¢E/m)F. 1)

3D. J. Rose and S. C. Brown, Phys. Rev. 98, 310 (1955).
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Here F is the distribution function of electrons in
velocity and configuration space, C represents the
effects of collisions on F, V, and V, are the gradient
operators in configuration and velocity space, and
9, m, and e are the velocity, mass, and charge of the
electron. Besides this equation there should also, in
principle, be a similar one describing the motion of
positive ions. However, for perturbing fields of high
enough frequency the large inertia (compared to
electrons) of the ions prevents them from moving
appreciably, and the major part of any disturbance in
charge distribution is due to electron motion. It will be
assumed in subsequent work that all perturbing fields
are of this high-frequency type so that the positive-ion
distribution, although not constant in space, is station-
ary in time. For frequencies of interest as far as plasma
resonance is concerned, this approximation is quite
accurate. :

The first step in the treatment of Eq. (1) is the ex-
pansion of the distribution function, F, into spherical
harmonics in velocity space

F=Fotv-Fyfot . )

Higher harmonics in this series can safely be neglected
under a fairly wide range of conditions.* Within these
limitations, the equations determining F, and F, are

6F0 v
—+ (stvi—@)Fo=—-v. F;
at 3

2 EE F1 1 eE 6F1
"2 e, @)
3m v 3m 9v
and
(")F1 GE aFO
—‘+U0F1= _'UVTF0+— - (4’)
at m 0v

Here v, v, and v; are the collision frequencies of an
electron for momentum transfer, excitation, and ioniza-
tion, respectively. C, represents the effect of elastic
collisions on Fo,® and the quantity ¢F, is the rate of
appearance of new electrons at low energies as a result
of excitation and ionization. As Rose and Brown?® point
out, these equations may be integrated over velocity
space to yield formulas which determine the spatial
variation of electron density. The result of performing
this operation on Eq. (3) is

N * 4qro?
—— ()= —f —v - Fidv. ©)
ot ¢ 3

where N is the electron density and (v;)/V, the total
ionization rate, is defined in reference 3. The latter,
however, is usually small and will be dropped from

( 4S. C. Brown and A. D. MacDonald, Phys. Rev. 76, 1629
1949).

5 An explicit form for Co is given in the paper of Rose and
Brown (reference 3).
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subsequent equations. Differentiating Eq. (5) gives
BN  4dx po oF,
—= ———*f VY, —d. (6)
ot 3V ot

Substituting for 0F,/d¢ from Eq. (4), one obtains the
result

PN dr po

4
20,5 Fad-p— f WV 2Fodo
a3 J, 3J,

47r o eE aFo
- PV, (—— ———)dv. @)

3 J, m 0v
For hydrogen v, is approximately constant so
Y

4mv, p*
— vschT~F1dv= f ‘Uavr'Fld?}
3 Jy 3 Jy

=—y,dN/0L. (8)

Using this expression in Eq. (12) and integrating the
last term by parts yields

9N  ON © 4ar eEN
———+vc—-—=f —'V 2 Fydv+v (——») ©)
o a! 0o 3 m

Finally, if one assumes that the average energy of
the electrons is constant throughout the plasma the
term fo® (4/3)7v*V,2Fodv may be written in the form
%(»?)V2N. This condition is substantially satisfied in the
types of plasma of interest for the present work.
Equation (9) then takes the form

#N  IN ()

— v —=—V2

eEN
+ N+ Ve ('_"_"') .
14 a3 m

(10)

This formula is the one which will be used to discuss
the dynamics of electron motion in the plasma.®

III.

The exact solution of Eq. (10) is made exceedingly
difficult by the fact that its last term is nonlinear. For
this reason, a perturbation theory approach will be
adopted and N and E will be expanded in the form

N=NO4NO4...

(11)
E=EO4+EO ...,

with the basic assumption that N® and E® are

6 The author is grateful to D. J. Rose for suggesting the method
used to derive Eq. (10). A formula similar to (10), but without
the diffusion term, %(22)V2N, may be derived in a very simple
way by eliminating the current, J, between Newton’s law,
m(dv/di+v.v) = (m/eN) (d)/dt+v.J)=¢eE, and the continuity
equation, V-J49(Ne)/dt=0. It has been used to discuss the
reflection of radio waves from meteor trails [T. R. Kaiser and
R. L. Closs, Phil. Mag. 43, 1 (1952); R. E. B. Makinson and
D. M. Slade, Australian J. Phys. 7, 268 (1954)]. For the types of
plasmas investigated by Allis and Rose, however, the diffusion
term is comparable in size to others appearing in the equation
and cannot be neglected.
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small. The functions N©® and E® are the steady-
state electron density and field in the plasma. They are
known, for the case of the hydrogen discharge, through
the work of Allis and Rose. N® and E®, on the other
hand, represent small amplitude fluctuations about
the steady values caused by small external fields applied
across the plates which confine the plasma. The first-
order equation relating N® and E® may be obtained
in a straightforward way from Eq. (10). For the
particular geometry under consideration here the func-
tions N, EO@ N® and E® depend only upon a
single variable, x, which is the distance coordinate
measured normal to the parallel plates. Because of
this fact Eq. (10) reduces, for a harmonic applied field
of frequency, w, to the ordinary differential equation

2\ 7227 (1)
(—w2-|-iwvc)N(1)=@ il
3 da?
d [eEON©® ¢EONO®
T i

Since it has been assumed that the perturbing fields
vary too rapidly to alter the positive ion distribution,
the only fluctuation in charge density is that due to
changes in electron density. Thus, E® and N® are
also related through Poisson’s equation,

dE® [dx= —4meND. (13)

The boundary conditions which apply to this density
fluctuation are the same as those which hold for N@;
namely, that N® should vanish on the walls of the
tube containing the plasma.

Equation (12), as it stands, is an integro-differential
equation for N® since E®, which appears in the last
term of the formula, is related to N® through Eq. (13).
However, by integrating the whole equation (the
integral being from % to 4 minus that from —d to x)
and making use of the boundary conditions on N
and N®, one arrives at a simple differential equation
for EW;

(1?) PE®  ¢E©® JE®
P[EV—-G]=— +
3 da? m dx

AN O E® (v2>[d2E(” (@) @EV(—d)
— . — !

I ] (14)
dx? dx?

m 6

Here Q? is used as an abbreviation for the quantity
w?—iwv, and G=4no is the field due to the surface
charge, o, on the plates that confine the discharge.

To solve Eq. (14), consider first the eigenvalue
problem

() #E; ¢E® dE; 4neN©
- 1 J—
3 dx? ]

Ei+wlfE;=0,
m  dx m

(15)
dE;
—(==d)=0.
dx
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The functions, E;, that satisfy these equations form
a complete, orthonormal set on the interval (—d, d);
consequently, the solution of Eq. (15) can be written

as a sum of the form
E®=3%"8,E;. (16)
Letting

(")
sy 2 BiLE/ (d)+E/ (-d)]

Bjwi
=2 5 LE/(D+E;(—d)]=K, (17)

one obtains
2 i(wP—Q)B;E;=K—QG. (18)

From this equation, a formula for 8; may be obtained
in the usual way by multiplying by WE; (W is the
weighting function for the eigenfunctions, E;) and
integrating from = —d to x=-d. The result is

aj
Bi=————(K—2G), 19
e K0 (19)

where .
= f W s, (20)

—d

and

2 Ei=1 (21)

for —d <x<d. Combining these equations, one obtains
finally the result

E(l)=GZ[ o;E; ]/Z[aJ[EJ(d)+EJ( d)]] 22)
i Lw2—Q2 i 2(w2—2)
This formula represents the solution of the plasma
oscillation problem for a harmonic exciting field; its
implications will be discussed in connection with an
example to be treated in the next section.

Iv.

In the preceding section, a formal solution was ob-
tained to the plasma oscillation problem for the par-
ticular geometry of a discharge confined between
parallel plates. Unfortunately, however, the result
[Eq. (22)] is rather complicated in nature and does not
lend itself readily to physical intuition. The present
section, therefore, will be devoted to a detailed examina-
tion of this solution for a particular discharge. The
results of this investigation will, it is hoped, illustrate
the nature of the formulas and give some feeling for the
behavior of the sort of plasma being studied here.

The first step in the evaluation of Eq. (22) is the
calculation of the eigenfunctions, E;, from Eq. (15).
For this purpose one must know E® and N© which
are the space-charge field and electron density in the
unperturbed plasma. In the example to be considered
here, these quantities were taken from the work of
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Fic. 1. Electron density () and field (&) as functions of position
for the steady-state hydrogen plasma.

Allis and Rose. Curves of H and 5 (these are dimen-
sionless variables, proportional to E©® and N©,
defined by Allis and Rose) are illustrated in Fig. 1.
For a tube with plate separation of 1 cm and D_/u_=2
volts, the value of # at =0 corresponds to an electron
density of ~5X107 cm™®. Having chosen the various
coefficients which appear in Eq. (15), one is then in a
position to compute the E;’s. This was done with the aid
of a differential analyzer. Since only even eigen-
functions (with respect to the transformation x——x)
play a role in determining E®, the differential equation
(15) was integrated from x=0 to x=d with the bound-
ary conditions

i dEi(d) 0 (23)

dx © dx
Figure 2 illustrates the first few eigenfunctions obtained
in this way. The corresponding eigenvalues, w;, and
expansion coefficients, a;, are listed below, values of
w7 being given in terms of the plasma frequency

w2=4re®N © (0)/m,

which is the natural unit of frequency appearing in
the problem.

Eigenfunction wifw? aj
1 0.056 213
2 0.91 0.441
3 1.47 0.085
4 2.58 0.0066

As this table shows, the values of «; fall off rapidly
with increasing j—so rapidly, as a matter of fact, that
only the first two of them are large enough to make an
appreciable contribution to E®. This situation, which
arises from the oscillatory nature of the eigenfunctions
for large j values, has here been shown to occur for a
particular discharge. Other plasmas will, undoubtedly,
behave somewhat differently but one would anticipate
that for them, as for the present case, the expansion
coefficients, a;, would fall off with increasing j. These
facts suggest that the field, E®, can often be repre-
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sented by the formula

Ea)za[alEl(x) 'ra2E2(x)] /[alEl(d)+a2E2(d)].

wl2_92 w22_92 w12_92 (.022—92

For frequencies low compared to w, (or w;) the terms in
this formula involving E, are small and E® goes to
the limit

EW~GE(%)/E1(d). (25)

Thus, as can be seen from the graph of E; in Fig. 2, the
main effect of the plasma at these low frequencies is to
screen out the external electric field and prevent it
from penetrating into the center of the tube. Qualita-
tively speaking, one would expect the depth of penetra-
tion to be of the order of the Debye length which, in
our example, is about % the tube size if one uses for
the electron density the value of N® at x=0. This
figure is in approximate agreement with the value one
would deduce from the shape of E.

In the high-frequency limit (w>w,), the formula for
E® takes the form

EO~ (a1E1 (x) +0[2E2 (x) ) ’
a1FE1(d)+asEy(d)

which, because of Eq. (21), reduces to E®=G. At high
frequencies, therefore, an external field penetrates into
the plasma without loss of intensity.

The intermediate region where w~ws is more com-
plicated and will now be considered in detail. For this
purpose it is useful to have a formula expressing the
impedance of the plasma (with its associated capacity
due to the parallel plates) in terms of the ;’s and E;’s.
This quantity is also of particular interest from the
experimental point of view, since it could well be
measured for the sort of plasma under consideration
here and thus afford an experimental check of the
theory. The impedance of the plasma is given by the
ratio

(26)

Z=V/j,

27

X=0 x=d

Fic. 2. Eigenfunctions of hydrogen plasma.
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where V is the voltage across the plates and j the
current in the external circuit. The current j is made
up of two parts; a current due to motion of electrons in
the gas, and a second part representing charge piling
up on the surfaces of the plates. Thus, one may write

j= jplasma (d) +0’

(28)
= jplasma (d) + (1wG/41re) .

The quantity jpiasma, Which is the current carried by
electrons moving in the gas, may be evaluated by
multiplying Eq. (4) by 4r*/3 and integrating over
velocity space. The result (for harmonic time de-
pendence) is

o 47r? jplasma
(iw+vc)f —TFdv=— (iw+tv)
0 3 €
@) ¢eEN
=——VW,N——- (29)
3 m

The first-order terms from this equation are

jplasmn(l) -1 1 <'Z)2> d*E®
e 41re (1w+ve) da?
eE® dEM®  AxeNOEW®
). (30)
m  dx m

Therefore, from Eq. (15),

jplasma(l) -1
—_ __Q?(E(l)_G)
e drre (iw4ve)
(v*) EV (d)
! —»——) (31)
3 dx?
At the wall,
pl :sma(l> —1 1 U d2E(1)(d)
Jrlasma® ) 32)
e 41re (tw4v,) 3 d«?
1 G a;E;(d)
e /20
41re (tw+tve)
(33)
and the total current therefore is
1 G a;E;(d)
- / ¥ . (34)
dr (iw+tve) i (02—
The voltage, on the other hand, is given by
d
y=2 f E® (2)da
a;E; (d)
s () /52, o
wp—Q2
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Fic. 3. Real part of admittance vs frequency.

d
'y,=2a,-f E;(x)dx.
0

The final result for the impedance per unit plate area
is the rather simple relation

where

(36)

(37)

In the high-frequency limit, this formula approaches
the value

4 8rd
Zo=""2 =",
w 1 1w

(38)

which is the impedance, per unit area, of a parallel
plate condenser with plate separation of 2d. This, of
course, is just the result one would expect from the
earlier discussion of the behavior of the plasma for
WDws.

For the particular example discussed earlier in this
section, only the first two terms in the sum in Eq. (37)
are of importance. The vy; values upon which this
conclusion is based are

v1=0.48, v,=0.38, v3;=0.01.

The impedance of this plasma, as well as that of others
whose v values fall off sufficiently rapidly with increas-
ing 7, can therefore be expressed in the form

Ve
w 2—92) ’
Values of the real and complex parts of the admittance
(Y=1/Z) calculated from this formula, using the
v; and w;* values tabulated above, are plotted in Figs.
3 and 4 for two values of v,/w, The most striking
feature of these graphs is the resonance in the real part
of ¥ (which measures power adsorption) at a frequency
of about 0.7w,. This is an effect which should be
measurable, and whose observation would provide
strong confirmation of the theory developed here. The

Z=A4r (w—}—vc)( (39)

wy —'92
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F16. 4. Imaginary part of admittance vs frequency.

presence of this resonance can be fairly well understood
from the physical point of view. In the present example
(where s, v4, etc., are negligible) the behavior of the
plasma is characterized by the degree of excitation of
the two modes, E; and E,. In particular, for values of
«?® between w;? and ws? the two modes are excited 180°
out of phase with respect to one another. Under these
circumstances, the voltage across the tube is low since
the field E, is opposed to E,; for the appropriate choice
of w? the potentials due to the two modes can be made
to almost cancel. Thus there is a certain frequency at
which, to achieve a given degree of excitation of the
plasma, only a small voltage is required across the tube.
At this point, the impedance of the discharge is low and
the power adsorption goes through a maximum as
shown in Figs. 3 and 4.

In addition to the total power absorption, whose
variation with frequency is illustrated in Fig. 3, it is
also of interest to investigate where in the plasma the
absorption takes place. The power absorbed per unit
volume is given by the formula

P(x)=1 Re[j® () ED (x)], (40)

which may be evaluated by substituting for j® and
E® the expressions given in Egs. (22) and (30). In
the low- and high-frequency limits, P(x) assumes simple
forms which are of particular interest. For «—0 the
current density is constant [this statement, which is
evident from the continuity equation, may also be
verified by substituting Eq. (22) into (30)] and P(x)
is proportional to E®, which equals E; at low fre-
quencies. Thus, for small w, power is absorbed near the
walls of the tube in a layer of plasma whose thickness
is about equal to the Debye length. For high frequencies
(w>w,), on the other hand, the field E® is constant
throughout the tube and the current density, j® (x),
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as may be seen from Eq. (30), varies proportional to
N®©(x). In this case, therefore, the major part of the
power absorption occurs near the center of the tube
where the steady-state electron density has its largest
value. These results are quite general in nature and
should apply to a wide variety of plasmas. For inter-
mediate frequencies, however, the power absorption
distribution depends upon the details of the plasma
density and could vary considerably from case to case.
In the particular discharge under consideration here,
P(x) changes smoothly, as one increases the frequency,
from a function peaked at the walls, through a distribu-
tion which is approximately constant across the tube
to the high-frequency limit in which it is proportional
to NO(x).

V.

The previous discussion of the properties of gas
plasmas has laid emphasis on a particular example
whose characteristics were investigated in detail. It is
clear, however, that the sort of analysis presented there
could be applied, almost without change, to other
plasmas of that type. In particular, the notion that a
confined discharge has a set of normal modes, such as
the E;’s discussed in Secs. IIT and IV, seems a fairly
general one. It might be expected, therefore, that the
electrical behavior of a plasma could usually be repre-
sented by a formula of the general type of Eq. (37).
Furthermore, whenever the excitation is caused by a
constant electric field, as in the example discussed
above, the v; values should fall off quite quickly with
increasing j. The impedance would then be given by
a formula like Eq. (39) and the frequency dependence
of the admittance would be like that shown in Figs. 3
and 4. On the other hand, if excitation of the plasma
were carried out in some other way (such, for example,
as by electron bombardment), one might excite higher
modes of the plasma and thus observe characteristic
frequencies quite different from those that manifest
themselves in the sort of experiments discussed above.
The plasma problem for the case of particle bombard-
ment is, however, much more difficult than for field
excitation, and its solution will not be attempted here.

In conclusion, the author would like to express his
thanks to D. J. Rose, who, by discussion and suggestion,
has contributed greatly to the solution of the problems
treated in this paper. Thanks are also due R. W.
Hamming who assisted with the machine computations
to determine the E’s.



