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The contributions of the electrons in the H2-molecule to the moment of inertia is calculated by assuming 
irrotational flow for the motion of the electrons. Approximate expressions for the flow are obtained by 
means of a variational principle. It is found that the model accounts for at least 90% of the observed moment 
of inertia. Also the dependence of the moment of inertia on the internuclear spacing and the magnetic field 
of the electrons acting on the nuclei are calculated and found to be in rather good agreement with the 
experimental values. 

INTRODUCTION 

RECENT high-precision measurements of the radio-
frequency spectra of H2, HD, and D 2 have led to 

an accurate determination of certain molecular pa­
rameters associated with the effect of the rotation on 
the motion of the electrons.1-3 Thus the so-called high-
frequency term in the molecular magnetic susceptibility, 
which is directly related to the contribution of the 
electrons to the rotational moment of inertia, has been 
determined for zeroth vibrational, first and second 
rotational states. The magnetic field which acts on the 
nuclei as a consequence of the rotation of the electrons, 
has also been measured. 

The rotational motion is close to that corresponding 
to the model of irrotational flow,4 for which the moment 
of inertia is strongly dependent on the eccentricity of 
the electron density and vanishes for spherical sym­
metry. The irrotational flow model is exactly valid for 
a single electron in the lowest binding states in a 
rotating potential.4 For the two electrons in the hydro­
gen molecule, the model remains valid in the approxi­
mation in which the electrons may be considered as 
moving independently in an average potential. We 
shall here attempt to calculate the molecular parameters 
on the basis of this approximation. 

EXPERIMENTAL RESULTS 

The high-frequency term in the diamagnetic suscepti­
bility £hf is related to the rotational magnetic moment,5 

and is therefore a measurable quantity. I t is assumed 
by Ramsey5 that £hf varies with the internuclear 
spacing R as R\ that is 

&t=Fe(R/R,)1, (1) 

where Reis the internuclear spacing for a nonvibrating 
and nonrotating molecule. From measurements of the 
rotational magnetic moment in the first rotational 
states in H2 and D2 , or first and second rotational states 

1 Barnes, Bray, and Ramsey, Phys. Rev. 94, 893 (1954). 
2 Harriet, Barnes, Bray, and Ramsey, Phys. Rev. 90, 260 

(1953). 
3Kolsky, Phipps, Ramsey, and Silsbee, Phys. Rev. 87, 395 

(1952). 
4 G. C. Wick, Phys. Rev. 73, 51 (1948). 
6 N . F. Ramsey, Phys. Rev. 87, 1075 (1952). 

in H2, Ramsey et ah found1 

o<£hf)i= (1.719±0.009)X10-31 erg gauss-2/molecule, 

Z=3.76±0.10. 
(2) 

By using formulas given by Ramsey,5 one finds, with 
this value of I: 

o < ( £ / W i = 1.224d=0.009. (3) 

Thus from (1) one obtains: 

Hhi(R=Re) = Fe= (l.m±0.010) 

X 10~31 erg gauss~2/molecule. (4) 

The moment of inertia, $, is related to £hf by 

S = U2mc/enhU (5) 

and from (4) one then finds: 

^exp = (0.2703±0.0020) X 10~44 erg sec2/molecule. (6) 
The magnetic field HN produced by the electrons at 

the position of one of the nuclei, is also measured in 
first rotational states in both H2 and D2. Assuming 

HN=QGe(R/Re)m, (7) 

where 12 is the angular velocity, Ramsey et ah find2 

( — > = (11.25=1=0.05) gauss, 
o > 2 / / i (8) 

0.8<m<2.4 , or - 2 . 4 < w < - 0 . 8 , 

where / is the rotational angular momentum. This gives 

1 

21 
-HN(R=Re)= (11M±0.28) gauss. (9) 

THEORETICAL EXPRESSIONS 

Since the molecule rotates very slowly compared 
with the motion of the electrons, the effect of rotation 
can be obtained by perturbation theory. 

In a rotating coordinate system, we have 

{H-QLZ}*=E&, (10) 

where Lz is the component along the axis of the rotation 
of the total orbital angular momentum of all the 
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electrons. Spin terms are not included since it is assumed where \po and \f/n are assumed to be real. Since the 
that the spin orbit coupling may be neglected. To first ground state wave function \pQ has no nodes, we may-
order in Q, we then have introduce4 the velocity field 

*=*o+E*'<*»*«, (11) V=j/p, (22) 
where 

an=tt{0\Lz\n)/(En-E0). (12) w h e r e P i s t h e d e n s i t y (l6)- A s i s e a s i ly seen> V satisfies 
both Eqs. (17) and (18). Moreover, if we use this 

fo and ypn represent ground and excited states of the expression for V in (19) and (20) and compare the 
nonrotating molecule. r e s u l t with (14) and (15), the result will be 

The increase in energy caused by the rotation is 
AE=ETOt=hSW, (13) _ ° W ™ 

with In this case, therefore, the potential flow model has 
| (01 Lz | n) 12 exact validity.4 

CZ = 2Y'-— — - (14:) 
^ » En-EQ * (b) Two Electrons 

For the magnetic field HN produced by the rotating . F o r a s ^ m °f *"? fctrons i n t h e S r o u n d s t a te> 
, . , z-u i if ° it is possible to show that 

electrons at the nucleus, we have r 

j x j _ 3>3,». (23) 
HN—- I —dr Xo see this, we introduce 

cJ r3 

til 
_ ^ _ <° 1 LM I n)(n 1 Lz/r* \ 0)+(01 V r » [ w)(w \LM\0) ^(rhr2)=— {^*(ri,r2)V1^(r1,r2)-^(ri>r2)Vi**(ri>r2)} 

(15) a 
, +, . . , . , . , , + , . , <_, =— D ' ^n{^o(ri,r2)Vi^(ri,r2) 

where the origin of r is the nucleus at which the mag- m » 
netic field is determined, and j is the electron current 
density. rn (ri,r2)Vi*0(ri,r2)>. (24) 

POTENTIAL FLOW APPROXIMATION Since ̂ 0 is always different from zero, we may also define 

We introduce a density distribution Vi(ri,r2)=ji/p/, 
where 

P/(r1,r2) = f#0
2(ri,r2). 

By comparing the result with (19), one sees that 
p(r) = i»JVo2 £ 5(r-r<)rfr (16) 

xui ULJLC gxuund state, and a velocity field given by the ~ r Ji* 
equations ^0 2 = I p'Vi2dridT2= I dridr2. (25) 
for the ground state, and a velocity field given by the ~ « v: 

3fa2=|p ,Vi2driir2= I — 
vPv-fiap/a^=o, (17) J - J #o ! 

VX V=0. (18) Using Schwarz's inequality, we find 

For this potential flow, the energy of rotation is given by : 2 „ , x 2 

J ~ ^ T 2 J ̂ T2^ ( M^T 2) > (26) 
£ r o t = * f p W r = = § 3 i r r 0 2 , ( 1 9 ) ' ^ 

and from (25) it thus follows that 

where 3irr is defined by the last equation. / . 2 

Moreover, for the magnetic field HN produced by / I jidr2 ) 
this flow, one obtains r \J / rj2(ri) 

e rtXpV 3 ^ dn = dTl (27) 
(HN)iTT=— dr. (20) J r J P(n) 

mc^ rz m \ \po2dr2 

(a) One Electron 

Suppose for a moment that there is only one electron. 
The current density, to first order in 0, is then given by 

j = {ih/mTZn On{Wlfrn-f»VfQ}, (21) 

where p is defined by (16), and where 

j(ri) = jj i(r1 ,r2)dr, (28) 
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is the usual current density. If we write 

V ' H / P , (29) 

we get from (27) 

$ 0 2 ^ fpV'2dT. (30) 

It is easy to see that V' satisfies (17), but that 

VXV'=a. 

We may divide V in two parts, V and V", where V is 
the potential flow satisfying (17) and (18) and where 

VPV"=Q, VXV"=a. 

Substituting this into (30), we get 

3f f f£ f p ( V + V / / ) W r = f p\2dr+ f pY"2dr> f p\2dr, 

and thus 
3 > 3 i r 

If the electrons can be considered as moving inde­
pendently, so that yp is a product wave function, one 
gets the exact result 

3 !=3irr and a=0. 

The magnetic field HN is that produced by the total 
velocity field V [see (29)], and (HN)iTT represents the 
part which is caused by the irrotational part of this field. 

In the case of more than two electrons, the ground 
state wave function possesses nodes, and the rotational 
motion is then in general essentially different from that 
of the potential flow model. In the limit of many 
particles moving independently in a rotating field, it 
may be shown that for the ground state the moment of 
inertia approaches that corresponding to rigid rotation.6 

VARIATIONAL PRINCIPLE 

If, in accordance with (18), we put V=— V<£, the 
velocity potential <t> is given as a solution of the equation 

V(pVcf>)+Qdp/d<p=0. (3D 

TABLE I. Calculation of 3i rr using Nordsieck's wave function. 
The trial function has the form Atrial=Cixy-JrC2Xys-j~Czx3y+Cixyb. 
The table shows the result obtained by including one, two, three, 
and four terms in this trial function. R^lAan. 

Ci/Q 

0.1513 
0.1815 
0.1955 
0.2097 

Ct/StR-* 

-0.01646 
-0.01493 
-0.02851 

Cz/SIR-* 

-0.01126 
-0.01094 

C4/QR-* 

0.001504 

3irr 
atomic 
units 

0.07963 
0.08534 
0.08750 
0.08930 

erg sec2 

molecule 

0.2088X10-44 
0.2174X10-44 
0.2228X10-44 
0.2274X10-4 

In order to find an approximate solution of (31), we 
introduce a variational principle.7 

Defining 

/= J jfip^-0+ip(V0)2jjr, (32) 

we get by partial integration and use of (31) 

3 i r r 0 2 = - 2 / . (33) 

As is easily seen, 63irr=0 for first-order variations of <j> 
around a solution to (31). If we put Atrial=0+0', 
where 0 is an exact solution of (31), we get from (32) 

\f> / t r i a l = / e x a c t + - | p ( V 0 ' ) 2 ^ T . 
2* 

It thus follows that the moment of inertia obtained 
from (32) and (33) by using a trial velocity potential, 
is always smaller than the exact irrotational value, 

TABLE II. Calculation of $ i r r using Nordsieck's wave function 
and the trial function: Atrial= Cixy-\-C2xy3-\-CsZ2xy. R=lAaH.. 

Ci/a 

0.1867 

Ci/QR-* 

-0.01591 

Ca/SiR-2 

-0.01246 

• O i r r 
atomic 
units 

0.08613 

erg sec2 

molecule 

0.2193 X10-44 

that is, 
Q<. t r i a l s CV. exact 
•Oirr ^ - O i r r 

8 A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab, 
Mat.-fys. Medd. 30, No. 1 (1955). 

NUMERICAL RESULTS 

As trial function we have chosen 

Atrial=Cixy+C&f+Cti&y+CixyH , (34) 

which satisfies the symmetry properties required by 
(31). To obtain the electron density distribution, we 
first employ the wave function suggested by Nordsieck.8 

The result of the calculation is shown in Table I, for 
an internuclear spacing R, equal to the equilibrium 
value 1.4aH where #H is Bohr's radius. 

As is seen from (34), we have omitted all terms 
containing z. To justify this, we have also performed 
the calculation using 

Atrial=Cixy+C2xyz+C5z
2xy. 

The result is given in Table II, and it is seen that the 
contribution from this new term is small compared 
with the contributions from x3y and xyh. 

We have also carried out the calculations using a 
ground state wave function introduced by Newell.9 The 
result is given in Table III. 

7 This variational principle was suggested to us by Professor 
F. J. Dyson. 

8 A. Nordsieck, Phys. Rev. 58, 310 (1940). 
8 G. F. Newell, Phys. Rev. 78, 711 (1950). 
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Of the two wave functions used, NewelPs seems to 
be the better one, first, because it gives a better 
dissociation energy (Nordsieck: 4.0 ev; Newell 4.5 ev; 
Exp.: 4.72 ev), secondly, because it gives a better value 
of the quadrupole moment Qe of the electron distri­
bution. For this quantity, Nordsieck's and NewelPs 
wave functions give the values 1.057#H

2 and 1.082aH
2, 

respectively, while the very accurate wave function of 
James and Coolidge10 leads to the value <2e=1.076aH

2, 
which is in good agreement with the experimental value. 

The importance of Q6 for the present purpose is seen 
from the fact that if we use only the first term of the 
trial function (34), we get 

3 i r 
t r ia l -

1 QJ 

4 (x?+yi) 
(35) 

Thus the best value of îrr*1"1*11 is that obtained from 
NewelPs wave function, which gives (see Table III). 

3 irr
tr ial=0.2422X10-44 erg secz 

molecule 
(36) 

Since 3irr t r ia l represents a lower limit of 3»irr, we 
conclude that the potential flow approximation accounts 
for at least 90% of the actual moment of inertia $ , 
given by (6). 

As seen from Table III, we have performed the 
calculation of 3irr for three values of R (J£=1.3aH, 
1.4aH, and 1.5#H), using NewelPs wave function. From 
these results we obtain for the exponent in (1) 

J=3.40, (37) 

which is to be compared with the experimental value 
1=3,76. 

It is instructive to consider the behavior of $ in the 
two limits of -R<3CaH and R2>a&. In the latter limit, 
the potential flow model gives the rigid moment of 
inertia, and thus $~R2. For R<£an, the molecule 
resembles a He atom with a nuclear quadrupole mo­
ment. Considering the combined effect of the quadru­
pole field and the rotational perturbation Q,LZ, one 
finds from a fourth-order perturbation calculation 
3^jR4. A quantitative calculation of 3 in this region 
is made difficult by the necessity to take into account 
the mutual screening effect of the electrons. 

The fact that the observed value of I is rather close 
to the value for R<^an, is consistent with the fact that 

and is connected with the small eccentricity 
of the electron density distribution in the hydrogen 
molecule. 

TABLE III. Calculation of 3»irr using NewelPs wave function 
and the trial function: Atrial~C\xy-\-C2%yiJrCzXzy-\~CAxyh. The 
calculations are performed for three values of the internuclear 
spacing. 

Ci/O 

0.1472 
0.1781 
0.1937 
0.2006 

Ci/Q 

0.1560 
0.1880 
0.2039 
0.2172 

C i / n 

0.1734 
0.2092 
0.2250 
0.2396 

CVfljR-2 

-0 .01487 
-0 .01322 
- 0 . 0 1 9 9 6 

d/QR-* 

-0 .01701 
-0 .01536 
-0 .02777 

c2/fi#-2 

- 0 . 0 2 0 7 5 
-0 .01879 
- 0 . 0 3 3 7 5 

R-. 

-0 .01102 
- 0 . 0 1 0 7 0 

R-

Cs/QR-z 

- 0 . 0 1 2 4 3 
- 0 . 0 1 2 2 1 

R-

Ci/QR-* 

- 0 . 0 1 4 0 5 
- 0 . 0 1 3 6 3 

= 1.3aH 

Ci/QR-* 

0.0007112 

= 1,4flH 

Ci/QR-* 

0.001353 

= 1.5aH 

Ci/QR-* 

0.001791 

•O irr 
atomic 
un i t s 

0.07028 
0.07619 
0.07892 
0.07966 

•Oirr 
atomic 
un i t s 

0.08443 
0.09071 
0.09348 
0.09511 

3 i r r 
a tomic 
uni t s 

0.1105 
0.1187 
0.1218 
0.1238 

3 i r r 
erg sec2 

molecule 

0.1790 X 1 0 - " 
0.1941 X 1 0 - « 
0.2010X10-44 
0.2029X10-44 

3 i r r 
erg sec2 

molecule 

0.2150X10-44 
0.2310X10-4* 
0.2381 X10-44 
0.2422 X10-44 

•Oirr 

erg sec2 

molecule 

0.2814X10-44 
0.3023X10-44 
0.3103X10-44 
0.3155X10-44 

10 H. M. James and A. S. Coolidge, Astrophys. J. 87,447 (1938). 

As to (£?#)irr, we have performed the calculation by 
employing Nordsieck's wave function and including 
only the first term in the trial function (34). The result 
is 

(F iSr/2/) irr
tr ial=9.8 gauss, (38) 

which is to be compared with the experimental value 
HN/2I'= 11.34 gauss given by (9). The agreement must 
be considered as rather satisfactory since HN is not 
calculated by a variational principle. 

As seen from (8), the experimental value of m is 
rather uncertain. It is also here instructive to consider 
the behavior of HN in the limits R<^au and iO#H-
In the latter HN~£lRrl. In the limit . # « # H , one can 
obtain some information by using perturbation calcu­
lation on the helium atom. Since second-order terms 
will give a contribution because of the factor r3, which 
appears in the formulas for HN [see (15)J, one gets 
HN~&R2; that is, m=2. One would expect, therefore, 
an experimental value of m between —1 and 2, and 
rather close to 2, which is consistent with the experi­
mental results. 
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