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Inertial parameters for nuclear rotation and quadrupole shape 
oscillation are known to be several times as large as the values 
assuming irrotational flow. These parameters may be calculated 
by using a method due to Inglis and applied in recent work by 
Bohr and Mottelson. The nucleus is assumed to be mainly in the 
lowest possible intrinsic state, but slightly perturbed by the time-
dependence of the nuclear shape. It is convenient to separate the 
nuclear Hamiltonian into interactions of the individual nucleons 
with an average potential of the anisotropic harmonic oscillator 
type and residual interactions independent of deformation. Then 
the intrinsic motions of the nucleons must satisfy, at least approxi­
mately, self-consistency conditions between the potential and 
nuclear density. The nucleons outside closed shells are seen to 
contribute about half of the nuclear deformation. The excess of 
the inertial parameters over the irrotational values is related 
directly to the spread in energy of admixed excited states of the 

intrinsic motion, an essential consequence of the approximately 
independent motions of the nucleons. 

The inertial parameters are determined mainly by excitation of 
nucleons outside closed shells and they are inversely proportional 
to the square of the average excitation energy within a major 
shell. In summary, the nuclear collective motion appears to 
resemble the shell model situation more than was thought pre­
viously, especially as regards the dominant role of the nucleons 
outside filled shells. 

Empirical values of the inertial parameters are discussed in the 
light of these results, and a comparison is made with the recent 
analysis of Bohr and Mottelson. Anomalies in the empirical gyro-
magnetic ratios of rotational motion for odd-^4 nuclei result from 
the important role of the unpaired nucleon. With the aid of a 
simplified model in which the unfilled shell is assumed to be a 
p shell, it is possible to account qualitatively for a number of the 
observed features. 

I. INTRODUCTION 

IN the last few years much progress, both experimental 
and theoretical, has been made in the interpretation 

of nuclear states. Thus for a large number of heavy 
nuclei far removed from closed shells, the level schemes 
are characterized by very striking rotational bands.1-3 

Detailed evidence for the rotational nature of such 
states is provided by the empirical ratios of excitation 
energies and by the branching ratios for transitions 
leading to several states of a band.4-6 In even-even 
nuclei the energies are, apart from small corrections, 
given by 

£ = ( * V 2 3 ) / ( / + l ) , 1=0,2,4, (1) 

where 31 is the rotational moment of inertia. The 
intrinsic quadrupole moments of these nuclei, as 
deduced from electromagnetic transition rates, are an 
order of magnitude larger than the values expected on 
basis of a single-particle model.7-9 Also, even before the 
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discovery of rotational states, the large values of spec­
troscopic quadrupole moments10 for nearby odd-A 
nuclei as well as evidence from isotope shifts11,12 sug­
gested considerable deviations of the nuclear shape from 
spherical.13 Now the nuclear deformation must represent 
the collective effect of many nucleons. The rotation of 
such nuclei, i.e., the precession of the nuclear sym­
metry axis about the angular momentum vector, is 
therefore a collective motion.1 The excitation energies 
within a rotational band are, at least for even-even 
nuclei, quite small compared to the energies for other 
forms of excitation, in particular, excitation of nucleons 
to higher intrinsic quantum states.2'3 In other words, 
the nuclear shape rotates slowly compared to the char­
acteristic periods of the nucleonic orbits. The motion 
of nucleons can then be separated into intrinsic motion 
(i.e., for a static shape) and collective motion induced 
by the time-variation of the shape. Thus the total 
nuclear energy can be written approximately as a sum 
of an intrinsic energy (i.e., energy for a static field) 
and a collective kinetic energy, the total kinetic energy 
of the mass transport induced by the changing nuclear 
shape. 

In early studies of the collective motion it was 
assumed that as the nucleus rotates, the induced 
velocity field of the nucleons is irrotational.1'14-16 This 
assumption was partially motivated by its inherent 
simplicity and by the previous success of the semi-

10Townes, Foley, and Low, Phys. Rev. 76, 1415 (1949). 
11 P. Brix and H. Kopferman, Z. Physik 126, 344 (1949); Phys. 
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empirical liquid-drop model in accounting for many 
gross features of nuclear structure. According to this 
viscosity-free hydrodynamical model, the rotation takes 
place mainly at the nuclear surface. The resulting 
moment of inertia is only a small fraction of the moment 
for rigid rotation of the entire nucleus. It was, however, 
recognized quite early that the empirical moments of 
inertia, as deduced from the positions of rotational 
energy levels, are several times as large as the irrota-
tional values, and appreciable fractions of the rigid 
values.7~9-17,18 As a typical example, for the nucleus 
Yb170, we have18: 

-Oemp 3"5-0 irrot ^.40-^) r i g . {*•) 

The failure of the hydrodynamical model in predicting 
details of the collective motion should, however, not be 
surprising. One of the essential features of a hydro­
dynamical situation is that the mean free path of the 
particles involved is small compared to the dimensions 
of the system itself. Thus in a changing field, the induced 
current at each point is quickly shared among many 
particles, and the resulting kinetic energy is small. On 
the other hand, the striking success of the shell model 
in accounting for many nuclear properties19-21 indicates 
that the nucleons move approximately independently 
in the average binding potential; i.e., a nucleon spends 
several periods in a given orbit.22 Thus some of the 
nucleons will be able to respond strongly to the time-
variations of the potential throughout the entire nucleus. 
The induced current will be shared with relatively few 
other nucleons and a large kinetic energy results. 

These features may be studied quantitatively by 
using a method due to Inglis23 and applied in a recent 
paper by Bohr and Mottelson.18 The nucleus is assumed 
to be essentially in its lowest intrinsic state. However, 
any time-variation (e.g., rotation) of the potential 
makes it impossible for the nucleus to be entirely in any 
stationary state; thus some admixtures of higher in­
trinsic states are required. The extra energy due to this 
admixture is just the kinetic energy of the collective 
motion. For rotation of frequency co slow compared to 
nucleonic frequencies, the collective kinetic energy is 
given by 

rcon=MV, (3) 
where the moment of inertia may be expressed in 
terms of the intrinsic energies and wave functions as 
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19 M. G. Mayer, Phys. Rev. 78, 16 (1950). 
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follows18,23: 

$ = 2WY:K{&EKL)-l\{K\d/de\L)\\ (4) 

The letters L and K denote lowest and excited intrinsic 
states, respectively. AEKL is the excitation energy of 
state K, and the Dirac notation is used for the matrix 
elements. For a nucleus possessing axial symmetry, the 
axis of rotation (angle of rotation about this axis=0) 
is, for the lowest rotational band, perpendicular to the 
axis of symmetry. 

In this method, the nuclear rotation is, in a sense, 
treated semiclassically, that is, we calculate the moment 
of inertia for rotation about a prescribed rotation axis 
with fixed frequency. The same value should, of course, 
result from a proper quantum-mechanical treatment 
of the rotation.24-26 

In their recent paper, Bohr and Mottelson find for 
several limiting cases, that if the nucleons are assumed 
to move independently in the average potential, the 
moment of inertia has the solid-body value. They 
point out, however, that the expected value will be 
somewhat less (but still greatly exceed the irrotational 
value) because of correlations between the motion of 
individual nucleons induced by the inter-nucleon inter­
actions. 

In the present paper the collective motion is discussed 
further, with the aim of understanding somewhat more 
fully the origin of the large inertial parameters in the 
approximately independent motions of the nucleons. 
Both rotations and vibrations are studied; however, we 
restrict ourselves to quadrupole oscillations. It is 
assumed that the nuclear potential energy is made up 
of two parts: (a) the interaction of each nucleon with 
an average binding potential of the anisotropic har­
monic oscillator type, and (b) residual interactions of 
various kinds18: 

F = E E F H . o > „ r ; ) + E E Fres.(r;,rfc). (5) 
H i i-Ck 

The harmonic oscillator (H.O.) is a particularly con­
venient form of potential to use for calculational 
reasons. Thus, energy levels, wave functions, and 
matrix elements are readily obtained in closed form.27 

Yet, the results obtained with this potential should not 
differ very strikingly from those of a more realistic (but 
much less tractable) rounded well potential.28 

The residual interactions include, in principle, all 
interactions which are not taken into account in the 

24 F. Coester, Phys. Rev. 99, 170 (1955); Bull. Am. Phys. Soc. 
Ser. II, 1, 194 (1956). 

25Lipkin, de-Shalit, and Talmi, Nuovo cimento 2, 773 (1955). 
26 F. Villars (unpublished). 
27 S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 

Medd. 29, No. 16 (1955). 
28 The effect of deviations from an H.O. potential and of the 

spin-orbit coupling on the motions of individual nucleons has 
been considered by Nilsson.27 Thus the difference between the 
"false" magic numbers23 (2, 8, 20, 40, 70, 112) of the pure H.O. 
potential and the empirical magic numbers (2, 8, 20, 28, 50, 82, 
126) can be accounted for. 
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H.O.Tpotential, i.e., both one-body andT[two-body 
terms; however they are here assumed to be inde­
pendent of the deformation parameters, i.e., parts of 
the spin-orbit coupling, Coulomb effect, surface effect, 
as well as the correlations due to internucleon interac­
tions can be included here. Consequently Eq. (5) 
represents a good approximation to the nuclear poten­
tial energy. Now, certain properties of the nuclear 
structure (e.g., equilibrium deformations and ground 
state spin29-30) depend sensitively on the detailed 
character of the residual interactions. On the other 
hand, some very essential aspects of the intrinsic and 
collective motions depend only on certain general 
characteristics of the residual interactions, such as the 
over-all correlations between the motions of individual 
nucleons. It is these properties which are treated in 
the present paper. 

As is particularly evident for an isotropic H.O. 
potential, the motion of nucleons in filled and in 
unfilled major shells are very different. While most of 
the nucleons in a heavy nucleus are inside filled shells, 
the Pauli principle restricts their motion drastically 
(i.e., no transitions to other states in this shell can 
occur). On the other hand, the nucleons in unfilled 
shells constitute a small fraction of the total; yet the 
Pauli principle is much less effective in restricting their 
motion because of the availability of low-lying unoc­
cupied excited states in this shell. As will be seen below, 
it follows from this that a considerable fraction of the 
quadrupole moment and almost all of the collective 
kinetic energy is due to the nucleons in unfilled shells. 
These results suggest that the collective model resem­
bles the shell model more than had been previously 
thought. 

In Sec. II of this paper we discuss certain essential 
aspects of the intrinsic motion, such as the requirement 
of self-consistency. In Sec. Ill , the collective motion is 
related to the intrinsic motion, in a way independent 
of details regarding nuclear wave functions and essen­
tially dependent only on the energies of the excited 
intrinsic states admixed by the time variation of the 
nuclear shape. 

In Sees. IV and V we apply the above results to an 
analysis of the empirical data on collective excitations. 
A comparison is made with the recent analysis of Bohr 
and Mottelson18 on the rotational moments of inertia. 

II. INTRINSIC MOTION 

We consider first some general aspects of the motion 
of nucleons when the potential energy is given by Eq. 
(5). The H.O. part of the interaction for each particle 
may be written as follows: 

F(a,r) = F(r') = \m^rf\ (6) 
29 B. R. Mottelson and S. G. Nilsson, Z. Physik. 141,217 (1955); 

Phys. Rev. 99, 1615 (1955). 
30 Kurt Gottfried, Ph.D. dissertation, Massachusetts Institute 

of Technology, June, 1955 (unpublished); Bull. Am. Phys. Soc. 
Ser. II, 1, 194 (1956); Phys. Rev. 103, 1017 (1956). 

where r' is defined in terms of r by the volume pre­
serving transformation: 

r '= [exp(- «)] • r= [ 1 - a+Ja- a ] • r. (7) 

The symmetric spurless tensor a is defined in terms of 
the five well-known deformation coordinates2 aM by 

r-a-r=X)M^2^2/iO:M. (8) 

The following approximate equality can be easily veri­
fied: 

r-a-a-r=(5/87r>2/32, (9) 
where 

/32= E kl2- (io) 

For small a we have, approximately: 

FH.O. (cfcr<) = J W { [1 + (5/4*) W 
- 2 [ Z ^ F 2 „ ( W ] } , (ii) 

for particle i. The symbol Q,i denotes angle coordinates. 
Now the interaction of individual nucleons with this 
average potential represents the major part of the 
nuclear potential energy, and almost all of the deviation 
from sphericity. Yet any deformation is not imposed 
from the outside, but is due to the nucleons themselves. 
It is then reasonable to expect that there is a close 
relation between the deformation coordinates of the 
potential and the coordinates of the nucleons. Let us 
first assume that the density distribution follows the 
potential; e.g., as in the Thomas-Fermi statistical limit 
of many particles moving independently in the nuclear 
field. The density is then a function of V and thus of rr 

alone. For this case it is easy to show that (to first 
orderjn aM) 

<V=— J pir'YY^xl J p(r'ydr, (12) 

regardless of how the density depends on rf. 
Now the expression on the right hand side of Eq. (12) 

is just the quadrupole parameter, even if the density 
does not depend solely on the magnitude / . A general 
definition of the quadrupole parameter is2 

47r<L|£m2F2/*|£> 

where 

Hr?={L\Y,ir?\L). (14) 

By means of the relations 

<L|3/dofM|L> = 0, (15) 

dE / \dH\ v / I d I v 
~ = ( I - L ) = ( l E - F H . o . ( o , r i ) i y (16) 
dan * l&fyl f ^ I « dap \ / 
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it is then readily shown that 

4TT dEL 
« / = « M , (17) 

5wcoo2 5Z r% d®n* 

regardless of the nature of the residual interactions 
(except that they must be independent of the aM). As 
a special but important case, for any configuration at 
equilibrium, we have simply 

a/=o!M (18) 

for all five pairs of parameters, even though in general 
the density is not a function of rf alone. Equation (18) 
expresses the approximate self-consistency of the in­
trinsic motion. (In the statistical limit it is, of course, 
satisfied automatically.) This equality appears indeed 
reasonable since the nuclear potential is expected to 
follow the density quite closely31 (apart from the effect 
of the finite range of the nuclear forces). 

Let us now consider the way in which the ground 
state nucleonic wave function adjusts adiabatically 
to a change in the deformation. In this section we 
neglect any effect of the finite rate of change in the 
shape. The response of the nucleons to the changing 
potential is twofold: First, the wave function of each 
nucleon undergoes a simple distortion so as partially 
adjust to the changed potential. However, in addition 
more complicated changes in the wave functions occur. 
These can be described as mixing with close-lying 
states. We study these two effects in turn. 

For a potential of the H.O. type, the quadrupole 
parameters a/ change upon distortion, but only half 
as fast as the corresponding deformation parameters a p. 
To show this more explicitly, we define a double primed 
coordinate system as follows: 

r ' / = [ e x p ( - i a ) ] . r = [ e x p ( J a ) ] . r ' . (19) 

A configuration is here specified by ^ ( r " ) . Distortion 
may then be defined as a change of the wave function 
^(r) without a change in the configuration. In particu­
lar, we have 

(5a/)dist=§&v (20) 

The configurations are often conveniently characterized 
by one of the following sets of quantum numbers (for 
each nucleon): rectangular: tii, n^ n%\ cylindrical: 
N, tiz, A; spherical: N, I, A, where 1, 2, 3, denote prin­
cipal axes, N=ni+fi2-{-nz. Here m is the number of 
nodes along axis i, I is the orbital angular momentum, 
and A is the component of orbital angular momentum 
along the symmetry axis. 

For each configuration, there exists a unique set of 
equilibrium deformation parameters aM(eq). Further-

31 It is emphasized that his self-consistency refers only to the 
angular shape and not to the radial shape. In fact, it appears very 
strongly that the radius of the density distribution is about 10~13 

cm smaller than the radius of the potential. [For a summary of 
these results see, for example, the review article by K. Ford 
and D. Hill, Annual Review of Nuclear Science (Annual Reviews, 
Inc., Stanford, 1955), Vol. 5, p. 25.] 

more, it is easily seen from Eqs. (18) and (19) that 

« / = i [ « M + % ( e q ) ] (21) 

for any given configuration and deformation. We also 
note that 

a / (eq)=a / z (eq) = 2a / (0 ) , (22) 

where a / ( 0 ) refers to the value of the corresponding 
quadrupole parameter when the potential is spherically 
symmetric. As a simple example, a closed-shell con­
figuration has zero equilibrium deformation. For any 
configuration, in the H.O. model fully half of the 
quadrupole moment at equilibrium deformation is due 
due to the intrinsic density anisotropy of the nucleons 
in unfilled shells, and only half is due to distortion, 
mainly of the core of filled shells.32 

I t is also of interest to write down the expression for 
the total intrinsic energy for a given configuration and 
deformation. This is readily done with the aid of Eqs. 
(17) and (21) and the assumption that X) r? does not 
depend on the a„ to first order. The result is 

EL(afl) = EL(eq)+(5/167r)mcc0
2 E n2|«M—«M(eq) |2. (23) 

We now assume, and justify later, that the parameters 
ccp and aM

p are equal not only at equilibrium, but at 
least approximately so for the lowest intrinsic state at 
any deformation. Thus it is required that 

fo/^&v (24) 

On the other hand, from Eq. (17) we find immediately 
that 

da/ 4TT d2EL 
= 1 . (25) 

dap 5mo)o2 X) r% da^da/ 

In view of the results contained in these equations, we 
see that the rigidity of the nucleus with respect to 
deformation, defined by 

C=d2E/da,da*, (26) 

must be small compared to the value Co which would 
result if only distortion were allowed.33 

C«Co, (27) 

C0= (5/Sw)mm2 Z r*. (28) 

The validity of Eq. (24) requires that as the deforma­
tion changes not only distortion occurs, but also another 
kind of adjustment which involves a change in the con­
figuration. This adjustment consists of mixing between 
close-lying intrinsic states, and for small deformations 
only nucleons outside closed shells can participate in it. 

32 It is expected that regardless of the detailed form of the 
average potential (as long as it resembles the nuclear potential), 
the outer particles contribute significantly to the quadrupole 
moment. The fraction contributed may differ somewhat from the 
H.O. value f, though probably not by very much. 

23 This is evidently realized in both the statistical limit and the 
liquid drop model. For both cases, whatever small rigidity there 
is arises from the surface energy and is partially canceled by the 
Coulomb energy. 
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FIG. 1. Ground state energies vs deformation for various 
strengths of the residual interactions. This diagram is illustrative 
only. It is assumed that ao is positive and that the other four 
quadrupole deformation coordinates vanish. The curve labeled 
"With Resid. Int." indicates qualitatively the expected behavior 
of the ground state energy as function of deformation in nuclei. 
The equilibrium deformation giving minimum energy is shown. 
In this example, it has practically the same value for the two 
upper curves. 

If there are no residual interactions, the change of 
configuration associated with a changing shape can 
occur in jumps. Thus, as is seen in Fig. 1, the curve 
representing the lowest energy as function of deforma­
tion (for a spheroidal deformation characterized by ao) 
is the envelope of a number of intersecting parabolas, 
each one corresponding to a different configuration. 
While the local curvature of the envelope varies 
between Co (the average curvature of each parabola) 
and — oo (at the jumps), the average curvature of the 
envelope is only a small fraction of Co. For this case 
the quantity a / fluctuates rather strongly about a p. 
Similarly, the slope of the dashed curve shown in Fig. 2 
is \ (pure distortion) between crossover points, and oo 
at jumps, since the configuration and a/ change dis-
continuously at these points. For this case the self-
consistency condition is satisfied only on the average. 

On the other hand, for pure rotation without change 
of shape, the energy is independent of orientation and 
Eq. (24) must be satisfied even without residual inter­
actions, provided that the nucleus is at equilibrium 
deformation. For this case the mixing proceeds con­
tinuously rather than in jumps. In any case, the presence 
of residual interactions, especially those representing 
internucleon couplings, smooth out considerably any 
local deviations from self-consistency. Thus even for 
rather weak residual internucleon interactions, such as 
expected in nuclei, the minima in Fig. 1 are much 
shallower than without such interactions. Note that the 
residual interactions are expected to have an especially 
large effect near spherical shapes.18 

The role of residual interactions near a crossover 
point is illustrated in more detail in Fig. 3. In the 
absence of residual interactions, the energy levels cor­
responding to configurations 1 and 2 (each of which 
is assumed to have one node) cross at (c). For deforma­
tions between (a) and (c), the system will be in con­
figuration 1. As the deformation changes, say from (a) 
to (b), the wave function, and thus the node, is distorted 
without change of configuration. When the deformation 
crosses the value (c), the nucleus suddenly jumps into 
configuration 2 with a quite different wave function. 
The presence of residual interactions prevents the two 
energy levels from crossing and the configuration 
changes gradually from 1 to 2, a process of mixing. The 
range of deformations over which this change occurs is 
essentially proportional to the strength of the inter­
action. 

It is seen that the velocity of the node when mixing 
occurs is much larger than it is for pure distortion. In 
the absence of residual interactions, the velocity would 
in fact, be infinite at the crossover point. The presence 
of residual interactions, by virtue of spreading out the 
region of the crossover, decreases the nodal velocity. 
In anticipation of the results in the next section, the 
collective motion corresponding to distortion is irrota-
tional. The motion representing mixing involves large 
nodal velocities, and also large kinetic energy of the 
transported matter. It is motions of this kind which 
result in the large values of the inertial parameters for 
collective oscillations. 

s 1 
S V 
< 
Q. 

<XJ(EQ) 
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< 
3 
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__ 
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WITH RESID. INT. c J 

A HYDRODYN. LIMIT f / ^ 

t.p 
X y f 

'•? <r 
i / 

i J^ 
* / ' 

-SPHERICAL | PROLATE \ 
o^EQ) 

DEFORMATION 

FIG. 2. Variation of quadrupole parameter as function of defor­
mation for various strengths of the residual interactions. In this 
figure the quadrupole parameter a0

p [defined by Eq. (13) of the 
text] is plotted against deformation for the same ground state 
configuration as in Fig. 1. We illustrate here the fact that of the 
quadrupole parameter at equilibrium, fully half is due to the 
intrinsic anisotropy of the density distribution in unfilled shells 
[denoted by a[i

p(0)'} and only half is due to core distortion. 
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I t is seen from detailed work,1,15 and illustrated in 
Fig. 1, that there are, as a rule, several equilibrium 
deformations corresponding to different configurations. 
Now, for any given configuration, the deformation 
giving the lowest energy is uniquely defined. [Equation 
(22) must be satisfied at equilibrium.] Conversely, for 
any particular deformation, the configuration which 
gives minimum energy is also, in principle, uniquely 
determined.34 On the other hand, the value of the defor­
mation (and associated configuration) giving the abso­
lute minimum energy depends on the details of the 
intrinsic motion. The strong sensitivity of the absolute 
equilibrium deformation may be seen in Fig. 1. Thus a 
slight "tilting" of the energy curve could throw the 
absolute minimum from configuration 3 to configuration 
2. An effect of this type has been postulated to be the 
cause of the striking difference between the empirical 
deformations of Eu151 and Eu153.29'30 Further, even when 
it is known which of the several minima is the absolute 
one, the value of the equilibrium deformation still 
depends somewhat on the detailed structure. Thus it is, 
in general, expected to decrease with increasing strength 
of the internucleon coupling. If this interaction were 
strong enough, the shell structure would be erased, 
and we would have the hydrodynamical limit for which 
the energy has the characteristic liquid-drop behavior 

E l i q . d r o p =E L (0) [ l+C 2 /3 2 - |C 3 /3 3 cos3T], (29) 

where C2 and Cz are positive constants. The fractional 
elongations along the three principal axes are given 
b y14,15 

(ARn/Ro)= (5/4ir)*/3 cos ( 7 - !7m) . (30) 

This curve is very shallow, gives a minimum for 
spherical shape, and discriminates less against prolate 
shapes (7 = 0, 27r/3, 47r/3) than against oblate shapes 
(7 = 71-/3, 7T, Sir/3) of the same 0. As far as is known, 
all strongly deformed nuclei have axial symmetry3 and 
positive quadrupole moments,35 i.e., essentially prolate 
spheroidal shapes, apart from the influence of higher 
multipoles. The quadrupole moments are known to 
reach maximum values approximately midway between 
closed major shells. To calculates these equilibrium 
deformations from first principles, it would seem 
necessary to correct for the effect of deformation on 
the Coulomb and surface energies [e.g., as in Eq. (29)]. 

We note again that the large empirical equilibrium 
deformations imply that the configurations have strong 
intrinsic anisotropy. The values of empirical quadrupole 
moments require about ten unpaired nucleons add their 
intrinsic quadrupole moments. In a spheroidal field, 
neither the angular momentum of each nucleon, nor 
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34 There may be some ambiguity because of uncertainty regard­
ing the residual interactions. However, Mottelson and Nilsson,29 

and independently Gottfried,30 have been able to give a classifi­
cation of nucleonic states in strongly deformed nuclei which agrees 
very well with experimental evidence. 

35 S. A. Moszkowski and C. H. Townes, Phys. Rev. 93, 306 
(1954). 

FIG. 3. Effect of residual interactions on the behavior of energy 
levels, configurations and nodes near a crossover point. As the 
deformation of the nucleus goes through the crossover point (c), 
the configuration is assumed to change from " 1 , " a wave function 
with one radial node, to "2," a wave function with one angular 
node. For each configuration we indicate its node and the coef­
ficients ci, C2, the approximate amplitudes of the two limiting 
configurations. 

the total intrinsic angular momentum are good quantum 
numbers (only their components along the axis of sym­
metry are), since the coupling of the nucleons to the 
deformed nuclear shape dominates their direct coupling 
to each other.1-36 In terms of an independent-particle 
description we must have, for these cases, strong con­
figuration interaction. 

I t may be instructive to compare the conclusions of 
the present work with those of Rainwater.13 In Rain­
water's paper, it was assumed that only a few unpaired 
nucleons provide the centrifugal force which causes 
the deformation, and that the rigidity of the nucleus 
against deformation has essentially the liquid-drop 
value. On the other hand, the configuration is not 
assumed to change with deformation. Thus on this 
model the outer nucleons determine the value of the 
quadrupole moment by virtue of their deforming 
influence, but most of this quadrupole moment arises 
from distortion of the core of filled shells. However, as 

36 For configurations in which the direct coupling of the nucleons 
to each other dominates over the effect of deformation (e.g., L-S 
and j-j coupling) it seems difficult to obtain quadrupole moments 
larger than the single-particle values. 



1334 S T E V E N A. M O S Z K O W S K I 

is emphasized in the present paper, large deformations 
can result only from the combined action of many 
nucleons. A small average rigidity results only if we 
permit the configuration to change with deformation.37 

Such changes of configuration are necessary anyway 
to maintain self-consistency. As will be seen in the next 
section, these changes are also at the root of the large 
inertial parameters. 

Finally, it may be of interest to look more closely at 
the dependence of the nuclear density on the deforma­
tion. Since the deformation is assumed to be volume-
preserving, no over-all change of the density should 
occur. Now, for a system of uniform density confined 
within an ellipsoid of arbitrary shape but fixed volume, 
it is readily shown that 

E tf(«,) = E ^ ( 0 ) [ l + ( 5 / 4 x ) i ; „ k ' l 2 ] . (31) 

For an arbitrary density distribution, it follows from 
the virial theorem that 

E ^ f e H t W ) - 1 ^ - ^ ) . (32) 

Thus from Eqs. (21) and (23) we find, for any given 
configuration: 

E ^ ( « , ) = C(mcoo2)-1EL(eq)] 

+ [ ( 5 / 4 i r ) ( « M 0 2 E ^ ( 0 ) ] . (33) 

Making the plausible assumption (less restrictive than 
the self-consistency requirement) that Z£z,(eq) depends 
only weakly on aM, we see that (31) is valid for an arbi­
trary density distribution. 

III. COLLECTIVE MOTION 

In this section we study the effect of a slow time 
variation of the potential on the nuclear wave functions 
and energies. Such effects (i.e., the collective motions) 
depend very strongly on certain properties of the intrinsic 
states and especially on the behavior of the nuclear 
ground state as function of deformation, which was 
treated in the previous section. 

To begin with, in view of the time-dependence of the 
potential, the nuclear system cannot be in any sta­
tionary state. The wave function corresponding to 
lowest mean energy is readily shown to be23,38 

t=uL+hia ZKI(AEKL)-\K I d/da | L)UK], (34) 

to first order in a. Here a refers to any deformation 
coordinate (e.g., a,, 0, or /3). For simplicity, we restrict 
ourselves to a consideration of a single deformation 
parameter, but the results may be easily generalized to 
take into account all five quadrupole deformation 
parameters. Associated with the complex wave function 
^ is a current 

j = (h*/m)& TKI^EKLYKK I d/da | L) 

X(uLvuK—uKvuL)~], (35) 
37 This was previously pointed out by S. Gallone and C. Salvetti, 

Nuovo cimento 10, 145 (1953), and by Hill and Wheeler.15 

38 Apart from a time-dependent phase factor of modulus unity. 

and an extra energy (above EL), the kinetic energy of 
collective motion18'23 

TCon = hB&\ (36) 
where 

B= 2¥ Y,K(AEKL)-I j (K | d/da | L) 12> ( 3 7 ) 

The quantity B is designated as the inertial parameter 
corresponding to the deformation variable a. If a is 
one of the quantities a„ then B is described more 
specifically as the mass parameter.1'14 The density (and 
a / ) adjusts itself adiabatically to the changing defor­
mation, apart from terms of order a2. 

I t is convenient to relate changes in the a / to 
changes in the potential with the following expression: 

V = « M C E K ^ ] , (38) 

where WK is defined to be the "weight" of an admixed 
excited intrinsic state. 

With aid of definition (13) and of the™ following 
equation: 

(K | d/da,| L) = (AE*L)-1 W < # | E* r?Y2* \ L), (39) 

it is readily verified that 

™k= [ ( V ( 5 W E r?)1/±EKL|(K| d/da,\L)\\ (40) 

The self-consistency condition Eq. (24) requires that 

E K ^ = 1 . (41) 

I t proves very convenient to express the mass parameter 
in terms of the weight of each admixed state, rather 
than in terms of the matrix elements as in Eq. (37). 
Then we obtain the simple result 

B/BT= 2 ZK(^O/AEKL)2WK, (42) 

where Bi refers to the value assuming irrotational flow, 
with maintainance of self-consistency (as for a hydro-
dynamical model). 

BT= (5/Sw)m E r*. (43) 

The equation for the mass parameter may also be 
written in more symmetrical form 

(B/B^^IZ^AEKLYWKTE^AEKL^WKI, (44) 

as is verified by use of the sum rule 

E x ( A & L ) 2 % = 2 ( f o 0 ) 2 . (45) 

Equation (43) holds provided only the potential energy 
is of the form (5) and independently of any details of 
the residual interactions. 

I t is seen immediately that the mass parameter can 
never be smaller than Bj if it is required that self-con­
sistency be satisfied. The irrotational value is attained 
only if all admixed excited states are degenerate. This 
is indeed the case for a strict hydrodynamical model, 
where no distinction between the particles can be 
made. The excess of the mass parameter over the irrota-
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tional value is a consequence of the spread of the 
excitation energies. This feature is a necessary con­
sequence of the approximately independent motions 
of the nucleons. Thus the average excitation energy as 
defined by Eq. (43) is of order fuao, but for independent 
particle motion there are some excited states at much 
lower energies. 

Let us now consider the nature of the collective oscil­
lations allowing only distortion to occur. Of course, the 
resulting imperfect adjustment of the nucleonic density 
to the changing deformation expressed by (20) and by 

CLKWK)diSt=h (46) 

violates the self-consistency condition. However, this 
case, which has been considered by Inglis,23 is quite 
instructive. 

For pure distortion, the collective current is given by 

( j )d i S t=P«^r=pEMi« /V( r 2 F 2 M ) , (47) 

where p denotes the density, and the tensor o^ is 
defined as in (8). Equation (47) may be readily verified 
by making a transformation to the double-primed 
coordinate system. In this system the wave functions 
are static, apart from a harmonic time factor. Thus the 
collective motion resulting from pure distortion is 
irrotational. Note that all nucleons (and thus mainly 
those in filled shells because of their greater number) 
participate in the flow. The mass parameter is given by 

Bdiat=lBr. (48) 

The occurrence of the factor J in this equation is a 
result of the breakdown of self-consistency. Thus the 
collective kinetic energy for this case is given by 

rc o l l= \BT EM I«/12= iBdist E„ I «* 12. (49) 

In terms of Eq. (37), in the limit of small deformation, 
the nucleonic states admixed by the distortion are at 
an excitation energy 2&a>o, i.e., in the next major shell 
of the same parity. 

The rigidity of the nucleus with respect to deforma­
tion (allowing only distortion) is given as follows [see 
Eqs. (28) and (43)]: 

Co=£r<*)2. (50) 

Thus the characteristic vibrational quantum energy is 

(fevib)dist=2feoo, (51) 

clearly violating the original assumption that the col­
lective kinetic energy is small compared to the spacing 
of nucleonic energy levels.23 Thus collective motion 
which consists entirely of distortion, e.g., oscillations 
of a closed shell configuration, cannot be adiabatic. 
Nonadiabatic oscillations of this type seem, however, 
to occur, and they result in enhanced probabilities for 
E2 transitions, even for light nuclei near magic 
numbers.3-8 

Let us now consider the role of mixing. Clearly, 
specific effects of mixing depend on the details of the 
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FIG. 4. The role of nucleons in filled and unfilled shells for 
various collective properties. 

nucleonic level scheme. However, a general property of 
mixing must be that when it occurs simultaneously 
with distortion, the changing nuclear^density satisfies 
the self-consistency condition. In view of Eqs. (41) and 
(46) it is then seen that 

CLKWK)mix=h (52) 

Thus the rigidity of the nucleus is reduced to a small 
fraction of Co, as was indicated in Eq. (27). Perhaps an 
even more important effect of mixing is its dominant 
contribution to the mass parameter. This results from 
the fact, expressed by Eq. (42), that the contribution 
of an excited state to the mass parameter varies inversely 
as the square of its excitation energy. More specifically, 
the mass parameter is given, approximately, by the 
simple expression 

{B/Bi)=&*, (53) 

where 8 is an appropriately defined average excitation 
energy [Eq. (42)] in fiooo units, of admixed states with 
nucleons in the same major shells as the ground state. 
Thus we see that the dominant role of the few nucleons 
in unfilled shells on the collective motion results from 
the small excitation energies of some of the admixed 
states.39 The large mass parameter and small rigidity 
resulting from mixing combine to give vibrational 
energies smaller than nucleonic excitation energies. 
Thus the adiabatic condition is usually satisfied.40 

The role of distortion and mixing for the various 
collective properties of interest is shown in Fig. 4. Also 
in this figure, these results are compared with those 
based on a model assuming irrotational flow but self-
consistency, e.g., the hydrodynamic limit. 

The inertial parameters depend considerably on the 
strength of the internucleon interactions. As was pointed 

39 It is emphasized again that the simple numerical factors 
which appear in the present treatment result from the use of the 
H.O. potential. However, it is expected that regardless of the form 
of the average binding potential, the nucleons outside closed shells 
contribute (by virtue of mixing) the major share of the inertial 
parameters, and much more than the irrotational values. 

40 Unless, as occurs for some odd-A nuclei, there exists a nu­
cleonic excited state of very low energy, much smaller than JUOQ 8. 
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out by Bohr and Mottelson,18 the correlations induced 
by these slow down the collective flow below the values 
for independent particle motion and thus decrease the 
inertial parameters. In the language of Eqs. (42) and 
(43), the residual interactions increase the average 
energy denominator. If the residual interactions are 
strong enough to destroy the shell structure (i.e., if the 
mean free path for nucleons is small compared to the 
nuclear diameter), then we have essentially the hydro-
dynamical situation with irrotational flow. 

The inertial parameters may also be expressed in a 
slightly different form. From Eq. (25) we see that the 
admixture of an excited nucleonic state decreases the 
rigidity of the nucleus against deformation by an 
amount proportional to its weight. Thus we obtain 

C=2CQ-XKACK, (54) 
where 

ACK=2COWK. (55) 

The magnitude of the inertial parameter is simply 
related to the rigidity as shown by the following 
equation: 

( - ) = E ( ) (56) 
\Bi/ K\AEKL/ Co 

To obtain further insight into the role of energy 
differences for determining the essential features of the 
collective motion, we consider the simple case that the 
excited states admixed by a time-dependence of the 
potential are at only two different energies relative to 
the ground state. The energies are denoted by 8M and 
&D (in units of Acoo) for mixing and distortion, respec­
tively. The weights of all states at each of these two 
energies are assumed to total \. We now define a new 
variable f as follows: 

t a n | f = ( ( W & ) . (57) 

I t is then seen from Eq. (45) that 

5 j f=2s in | f , (58) 

&>=2cosir . (59) 

The mass parameter is given by 

( £ / £ r ) = csc2f. (60) 

The parameter f is evidently related to the strength of 
the residual interactions. If f is small, so is the energy 
of some of the admixed states, i.e., the spread of excited 
state energies is large. This situation, resulting from 
independent particle motion, leads to a large value of 
the mass parameter. 

As f increases, the excitation energies move close 
together, and the inertial parameter decreases. When 
f reaches the limiting value ^7r, the excited states are 
degenerate, and the inertial parameter has the irrota­
tional value, just as for the hydrodynamical model. 

I t is also of interest to study the behavior of the 
induced collective current for this case. Equation (35) 

may, after some manipulation, be rewritten (apart from 
sums over particles) as 

j = w L
2 £ d d — — v ( - — — 1 
V- L0M&D \ UL S 

+ V( ) . (61) 
(8M&D)> \ UL / A 

The terms inside the sum are the components of the 
collective velocity; only the first of these is irrotational. 
The function Qy.UL is denned as follows: 

QfiUL=c1(duL/dafi)+C2(r2Y2vLUL), (ci>0), (62) 

where the coefficients are chosen so that Q^L has the 
same normalization as TW^UL and is orthogonal to it. 
If the two levels are degenerate, the flow is evidently 
irrotational. As the two levels separate, the irrotational 
part of the flow increases in magnitude. However, 
another kind of flow now appears and in fact dominates 
for &M<£&D, i.e., in the independent-particle limit. 

The difference between these two motions can be 
understood as follows: Both flows are irrotational away 
from the nodes of the wave function.41 Also whenever 
UL vanishes, so does T^Y^UL] on the other hand, since 
Q^ is a differential operator Q».UL remains finite. Thus 
at the nodes, the velocity of the irrotational flow remains 
finite, but the velocity for the other kind of flow di­
verges, giving rise to vorticity of the collective flow. 

IV. INTERPRETATION OF THE INERTIAL 
PARAMETERS 

To make rough estimates for the magnitudes of the 
inertial parameters, we may apply Eq. (53). Consider 
first the rotational moments of inertia, about which the 
most is known. The nucleus is assumed to have prolate 
spheroidal shape and to be rotating slowly about an 
axis perpendicular to the symmetry axis. If the nucleons 
are assumed to move independently in the harmonic 
oscillator potential (i.e., if no residual interactions of 
any kind are present), then the moment of inertia has 
the rigid value provided we are at an equilibrium 
deformation.18,42 The rigid moment is also attained in 
the statistical limit of independent particle motion; i.e., 
if the nucleus is a rotating Fermi-Thomas gas of arbi­
trary shape.18'42 In fact, for this limiting case, there is 
no current at all with respect to the rotating system— 
the collective motion is simply rigid rotation. 

For a nucleus of the shape considered here, the rigid 
and irrotational moments are related by the well-
known equation 

O i r r o t = &iBe2, (63) 

41 As was previously pointed out by G. C. Wick, Phys. Rev. 
73, 51 (1948), the induced flow is rigorously irrotational for a single 
particle in the (nodeless) ground state of an arbitrary potential. 

42 V. F. Weisskopf, Reported at Ottawa Conference on Theo­
retical Physics, June, 1955 (unpublished). 
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where e is defined in terms of the shape parameters p 
by14 

e= [45/(16ir)]*j8~0.95ft (64) 

and for small deformations 

€ = (i^maj — Rmm)/Ro, (65) 

the fractional difference between major and minor axes. 
Thus, in the language of Eq. (53), the average excita­
tion energy of states in the same major shell admixed by 
the rotation is given by 

« = € . (66) 

The nucleonic ground state has ft (the component of 
intrinsic angular momentum about the symmetry axis) 
equal to zero.1 The rotation, by virtue of the Coriolis 
force, induces a small admixture of excited states with 
12= ± 1 . Mixing represents coupling to close-lying states 
of this type. It is easily seen that whenever all unpaired 
nucleons are in the same major shell, then the close-
lying excited 12 = ± 1 states are also in the same major 
shell as the ground state. Further, these states are all 
degenerate, at an excitation energy given, for small 
deformations, by fko0e. For this case, Eq. (53) is then 
true exactly, rather than in an "average" sense. 

The use of an average excitation energy is useful for 
estimating the effect of residual interactions on the 
inertial parameters. The most important residual inter­
action is the pairing effect18 resulting in a lowering of 
the ground state (all nucleons in paired orbits) relative 
to other states (e.g., 12==bl) in which at least two 
nucleons are not paired. Let us say that the average 
excitation energy is thus increased by an amount fioiop. 
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Then the moment of inertia is given as follows: 

> J = v ) r i g l I = x 5 i r r o t l I • 

\€+p/ \e+p/ 
(67) 

For weak residual interactions, such as expected in 
nuclei, the resulting moment of inertia is smaller than 
the rigid value but larger than the irrotational value. 

Empirical moments of inertia for strongly deformed 
nuclei with mass numbers between 150 and 190 are 
compared with the rigid values in Fig. 5. For even-even 
nuclei, the empirical moments are given in terms of 
the position of the first excited state by1 

£o-^2+=3ft2/3. (68) 

For odd-̂ 4 nuclei (except when 70=db|), they are 
given by 

(Jo+l)*23f. (69) 

The rigid moment of inertia is calculated on the assump­
tion that the nucleus is of uniform density. Then18 

3f.i«=w E<(tf+tf) = iMAR^+h* • 0, (70) 

where Ro is the nuclear radius averaged over directions. 
In Fig. 6, it is shown that the empirical moments for 

even-̂ 4 nuclei can be fitted quite well by Eq. (67) with 
values of p ranging from 0.15 for the most strongly 
deformed nuclei (e^0.4) to 0.2 for the least deformed 
ones (but still exhibiting rotational spectra, e^0.2). 
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I t is also interesting to note that !$ seems to be 
approximately proportional to the deformation. Thus 
we have shown, for the even-even nuclei, 

3 /3r i*~1.3e . (71) 

This feature can be interpreted as resulting from a 
semirigid rotation of the nucleus43; i.e., rigid rotation of 
the outer nucleons and slow (irrotational) motion of 
the core. On the basis of such a model, the moment is 
easily shown to be given by 

m i g = ( G / < ) + 0 ( a 2 ) , (72) 

where G is a geometrical factor which depends only on 
the angular shape of the outer particle density dis­
tribution. For the reasonable distribution 

Pouter = P(>) COS20, ( 73 ) 

we have G—2. The symbol / denotes the fraction of 
the quadrupole moment due to the outer particles; on 
basis of the H.O. model it is J. The coefficient of e in 
Eq. (72) is then calculated to be unity, in good agree­
ment with the experimental value 1.3, considering the 
crudity of the model. 

Elements with mass numbers above 225, mainly of 
the actinide series, also exhibit striking rotational 
spectra.6,44 For the even-even nuclei in this group, two 
features stand out. First, the rotational excitation 
energies and thus the moments of inertia, are roughly 
constant, and are about half the rigid values between 
mass numbers 234 and 250. The energy of the first 
excited state is close to 44 kev for all these nuclei.6,44-45 

As Blin-Stoyle recently pointed out,46 this may indicate 
that while correlations are important for the nucleonic 
motions, these motions can in these limiting cases be 
described as approximately independent, but with an 
effective nucleon mass only about half of the value for 
a free nucleon.47-48 This "saturation limit" is apparently 
reached more readily in the actinide series than for the 
rare earth elements. Another feature of interest concerns 
the relation of moments of inertia to deformation. Only 
for two nuclei, Th232 and U238, are the intrinsic quad­
rupole moments known.8 In both of these cases the 
moments of inertia are about 50% larger than the 
values calculated using Eq. (67) and with ^>~0.15-0.20. 
This large difference suggests the existence of higher 
multipoles, e.g., £ 4 moments, which are expected to 
become significant only for the heaviest elements. In 
fact, it is difficult to explain detailed features of the 
a-decay fine structure, e.g., the branching ratios for 
the Z = 4 mode as function of nucleon number, without 

43 K. Ford and D. L. Hill, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Stanford, 1955), Vol. 5, p. 25. 

4 4 1 . PerJman and F. Asaro, Annual Review of Nuclear Science 
(Annual Reviews, Inc., Stanford, 1954), Vol. 4, p. 157. 

45 J. M. Hollander (to be published). 
46 R. J. Blin-Stoyle (to be published). 
47 K. A. Brueckner, Phys. Rev. 97, 1353 (1955). 
48 M. H. Johnson and E. Teller, Phys. Rev. 98, 783 (1955). 

invoking an £ 4 moment.49,50 In other words, one may 
assume that the nuclear radius varies somewhat more 
with angle in the region of the least bound nucleon 
than would be the case for a spheroidal potential. No 
change in the intrinsic quadrupole moment results. On 
the other hand, the average excitation energy is 
increased, and consequently the residual interactions 
will be relatively less effective and a moment closer to 
the rigid value than for a spheroidal shape is expected. 
In addition to this, the parameter p is expected to be 
slightly smaller for the actinides than for the rare earths 
because of the larger nuclear size.18 

Moments of inertia for odd-^4 nuclei are in general 
somewhat (10-40%) larger than those for neighboring 
even-even nuclei,3'18 as is also shown in Fig. 5. In some 
cases (e.g., W183,51 Np237 52), part of this difference can 
be attributed to the existence of a low-lying nucleonic 
state of the same parity as the ground state and with 12 
differing from the ground state value by 1. While such 
states may have a small weight [Eq. (40)] because of 
their small excitation energy, so that they do not greatly 
affect the contribution of the other states, they may 
nevertheless contribute significantly to the inertial 
parameters. In addition, it is expected (see next 
section) that the effect of residual interactions is some­
what less for odd-^4 nuclei than for even-even nuclei. 
Both of these effects will enable the moments for odd-^4 
nuclei to attain values closer to the rigid values than 
is the case for even-^4 nuclei. This is also seen especially 
for the actinide elements where the quantity h2/2$ is 
roughly constant at 6.2 kev for odd-^4 nuclei as com­
pared to 7.3 for even-even nuclei. In any case, the 
larger moments of inertia for odd-^4 nuclei can be 
attributed to a comparatively large contribution of the 
unpaired nucleon to the collective motion. 

Thus in a typical heavy nucleus, perhaps 10 to 
20% of the nucleons are outside rilled major shells. 
Yet these few nucleons are expected to contribute half 
of the quadrupole moment and fully 80 to 90% of 
the collective kinetic energy. Furthermore, for an 
odd-A nucleus, the unpaired nucleon contributes 
perhaps about 10 to 20 percent to the collective kinetic 
energy, as much as the entire core of filled shells! 

The important role of the unpaired nucleon in odd-^4 
nuclei is expected to show up in the empirical values of 
gR, the gyromagnetic ratio of the collective motion. 
Thus it is easily shown that 

gR~(Z/A)+lg0-(Z/A)-](A3/3), (74) 

where go is the intrinsic gyromagnetic ratio of the 
unpaired nucleon, and A-3 is the contribution of this 

49 R. F. Christy, Phys. Rev. 98, 1205(A) (1955), and private 
communication. 

60 J. O. Rasmussen and B. Segall, University of California 
Radiation Laboratory Report UCRL-3040 (unpublished). 

51 A. Kerman, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 30, No. 15 (1956). 

62 Hollander, Smith, and Rasmussen, University of California 
Radiation Laboratory Report UCRL-3239 (unpublished). 
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nucleon to the moment of inertia (i.e., the difference 
between $ for the nucleus under consideration and the 
average value of -3? for the neighboring even-even 
nuclei). The gyromagnetic ratio of the paired nucleons 
outside filled shells is usually close to Z/A .18 While the 
value of go depends on the state of the unpaired nucleon, 
this quantity is, in general, expected to be larger than 
Z/A for protons and smaller than Z/A for neutrons. 
A recent analysis of empirical Ml transition prob­
abilities in odd-proton nuclei indicates that gR exceeds 
Z/AC^LOA in four out of five cases,53 averaging about 
0.55. This result is consistent with the value expected 
from Eq. (74) if go^l , a reasonable average value for 
an odd proton and if A^^O.25^. For Np237, the 
quantity gR seems to be significently larger than Z/A.h2\ 

While much is known about rotational moments of 
inertia, information regarding inertial parameters for 
shape oscillations is much more limited. Some con­
clusions can, however, be drawn from a study of the 
excitation spectra. Thus for even-even nuclei with mass 
numbers between 66 and 150 but away from magic 
numbers, both the first and second excited state have 
spin 2 and a ratio of excitation energies between 1.8 
and 2.5.54,65 This behavior has been qualitatively 
explained on the basis of the following assumptions56: 

(1) The energy of the intrinsic ground state is taken 
for these nuclei, independent not only of the nuclear 
orientation, but also of the shape parameter14 y. 

(2) The mass parameter has essentially the same 
values for oscillations in y as for rotations.^ 

Some information is also available regarding the 
characteristic of shape oscillations about a stable 
equilibrium shape, both from a study of vibrational 
excitation spectra and from a careful analysis of the 
very small deviations of the rotational spectra from 
the .7(7+1) law.3,14 Both of these features involve the 
quantum frequencies for vibrations, which in turn 
depend not only on the values of the inertial parameters, 
but also on the average rigidity of the nucleus against 
changes in the shape. Thus, it is likely that the rigidity 
of the nucleus against changes in 0 is, in general, larger 

63 G. M. Temmer and N. P. Heydenburg, Bull. Am. Phys. Soc. 
Ser. II, 1,43 (1956). 

t Note added in proof.—A forthcoming review article4 lists 
13 odd-A nuclei for which information on the gyromagnetic ratios 
is available. For at least 9 of these, gR appears to deviate signifi­
cantly from Z/A in the expected direction. It is emphasized, 
however, that this trend is expected only on the average, and the 
fact that there are exceptions to it (e.g., the well-explored case of 
Ta181) should not be surprising. 

54 G. ScharfT-Goldhaber and J. Weneser, Phys. Rev. 98, 212 
(1955). 

55 M. Nagasaki and T. Tamura, Progr. Theoret. Phys. (Japan) 
12, 248 (1954). 

56 L. Wilets and M. Jean, Phys. Rev. 102, 788 (1956). 
J Note added in proof.—More detailed analysis of the empirical 

data4 suggests that the effective mass parameters for shape 
oscillations (assuming they are adiabatic) are somewhat larger 
than for rotations. The ratio B/Bi seems to be largest for nuclei 
near closed shells. On the other hand, nonadiabatic effects are 
expected to be of considerable importance here and they tend to 
increase the inertial parameters above the value calculated by 
time-dependent perturbation theory. 

than its irigidity against changes in y. This conclusion 
is suggested empirically by the appearance of the 
7-oscillation spectra, and by the fact that the lowest 
known nonrotational excited even-parity states in even-
even nuclei (Gd154,57 W182,58 Pu238 59) have spins 2. It is 
suggested theoretically by the hydrodynamic result, 
and by more detailed calculations of nucleonic energies 
as function of p and y.lb>60 It is also expected and con­
sistent with the data that the rigidity against fi defor­
mations is much smaller than the value Co [Eq. (28)] 
which would result from pure distortion, but somewhat 
larger than the hydrodynamic value.§ 

V. j)-SHELL NUCLEON MODEL 

To interpret some of the features discussed in the last 
section, it is useful to consider a highly simplified model 
of the intrinsic nuclear motion. In this paper we assume 
that the nucleus contains only one partially filled 
shell; a p shell.61 The deforming force and the main 
features of the intrinsic and collective motion are then 
determined by the motion of the small number of 
nucleons of one kind in this shell. Also, we consider 
only nucleons, e.g., neutrons; thus it requires but 6 
nucleons to fill the p shell. Further, we neglect any 
spin-orbit coupling. The resulting nuclear Hamiltonian 
consists of the following four terms: (a) The energy of 
all nucleons (core and p shell) moving independently 
in a spherical well; this energy is normalized to zero. 
(b) The interaction of each ^-shell nucleon with the 
nonspherical part of the potential; this term is propor­
tional to the deformation, (c) The interaction of the 
^-shell nucleons with each other; the internucleon force 
is taken to be a two-body attractive 5-function inter­
action. (d) The effect of deformation on the core of 
filled shells; this gives a restoring term proportional to 
the square of the deformation. 

Let us first consider the level schemes for the con­
figurations pm, with n taking all possible values from 
0 to 6. These are shown in Fig. 7. Only the interactions 
of particles in the p shell (b) and (c) are considered here, 
the restoring term (d) is not shown; for a given defor­
mation it shifts all energies upward by the same amount. 
The deformation, taken to be prolate spheroidal, is 
denoted by e [Eq. (64)], and the strength of the 
residual interactions is measured by v, the splitting 

57 F. S. Stephens, Jr, University of California Radiation 
Laboratory Report UCRL-2970 (unpublished). 

58 Murray, Boehm, Marmier, and Du Mond, Phys. Rev. 97, 
1007 (1955). 

59 Rasmussen, Stephens, Strominger, and Astrom, Phys. Rev. 
99, 47 (1955). 

60 M. Gursky, Phys. Rev. 98, 1205(A) (1955). 
§ Note added in proof.—Recent investigations of Pu238 [discussed 

in T. Perlman and J. O. Rasmussen, "Alpha radioactivity," 
S. Fliigge, editor, Handbuch der Physik (Springer-Verlag, Berlin, 
1956), Vol. 42] show that there is a 0"*" state slightly below the 
nonrotational 2+ state. This suggests that for heavy nuclei the 
surface rigidity with respect to jS oscillations drops since we are 
approaching the saddle point for fission. 

61 Such a model has been employed by Bohr and Mottelson1 who 
treated the p2 configuration. 
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FIG. 7. Energy levels (in units of haio) as function of deformation 
for configurations of interacting ^-shell nucleons. Spin-orbit 
coupling is neglected. The component of orbital angular momenta 
about the symmetry axis is denoted by A, and its value indicated 
for each configuration. In this figure, the energy does not include 
any restoring terms. 

between 25 and lD states for p2 and p4 configurations at 
zero deformation.18 

Only configurations of the lowest possible intrinsic 
spin (0 for even n and \ for odd n) are considered. 
States of higher spin are at considerable higher energy. 
For the spheroidal potential, the intrinsic orbital 
angular momentum is no longer a good quantum 
number, but its component A along the symmetry axis 
is. For the pz configuration, the ground state is 4-fold 
degenerate. This degeneracy is partially lifted when a 
spin-orbit coupling term is introduced, resulting in a 
low-lying nucleonic excited state. On the other hand, 
for all even-^ configurations, the A = 0 ground state is 
nondegenerate and is well separated from all excited 
states. 

Note that as a result of the residual interparticle 
interactions, the level scheme for the pz configuration 
differs considerably from the schemes for p1 and pb. We 
may consider the pz configuration as a very highly 
simplified model of a deformed odd-^4 nucleus. I t is 
also seen from Fig. 7 that the schemes for the con­

figurations p? and p* are quite similar. For calculational 
reasons, it is useful to take, as typical for an even-even 
nucleus, essentially the average of the p2 and pA level 
schemes. 

In Fig. 8 we compare the energies of the nucleonic 
ground state as function of deformation for the cases 
"even-,4" (the average of p2 and pA), "odd-,4" 0 3 ) , 
and "indep. par t . / ' the scheme which would be obtained 
for either of the above cases in the absence of residual 
interactions. A restoring term given by %e2/eo has been 
included so as to give a value €0, for the equilibrium 
deformation in absence of residual interactions. The 
progression of deformations in heavy nuclei as function 
of degree of shell filling can be simulated by an appro­
priate variation of this coefficient.18 In Fig. 9 we 
compare the intrinsic level scheme for these independ­
ent-particle, odd-^4, and even-^4 configurations. As in 
Fig. 7, the restoring term is not included. Since the 
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FIG. 9. Intrinsic energy levels as function of deformation for 
"typical" configurations of interacting ^-shell nucleons. No re­
storing term has been included in the energy. Dashed arrows 
indicate average excitation energies of intrinsic states admixed by 
the particular kind of quadrupole oscillation (0,y,e) indicated. 
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FIG. 8. Ground state energies as function of deformation for 
"typical" configurations of interacting ^-shell nucleons. The 
energy includes a restoring term given by Je2/eo. For the lower two 
curves, the strength of the residual interactions is taken to be 
z> = 0.3. Values of the equilibrium deformation eeq (for which 
di2z,/de=0) are indicated for all three cases. The inflection point 
cinfi (here d2EL/de2=0) is indicated for the even-^4 .case. 

intrinsic spin is not coupled to the deformation in 
absence of spin-orbit coupling, it will not follow the 
nuclear rotation or any other change of the nuclear 
shape. On the other hand, the orbital angular mo­
mentum is strongly coupled to the nuclear shape and 
follows a slow rotation adiabatically. Thus for the 
present model, the Coriolis interaction, given in general 
by ifooo(d/ddx), is proportional to L±y rather than to Jx 

(where the _1_ indicates either direction perpendicular 
to the nuclear symmetry axis). 

For the odd-A configuration, the energy of the 
A = ± l ground state is given by 

£ L = - ( e+&2)* •(4/3),, 

and its wave function is 

where 

$L = cos<£ (2P) - sin<£ (2D), 

cot20=fl/3e. 

(75) 

(76) 

(77) 
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The Coriolis interaction couples the ground state to 
the 2 P(A=0) states at - (5/3) w and to the 2D(A=0, ± 2 ) 
states at — v. The appropriately weighted average 
energy difference S is e-f- (2/9)A for large deformations. 

The even-^4 level scheme is essentially the average 
of the rather similar schemes corresponding to p2 and 
p* configurations shown in Fig. 7. The energy of the 
A = 0 ground state is 

£ i = - ( e 2 + l ^ ) * - 2 w , (78) 

and its wave function is 

^L=cos0(15)-si i^(1Z>), (79) 
where now 

cot2<t> = v/2e. (80) 

The A = 0 excited state (coupled to the ground state by 
oscillations in e) is at energy (e2+Jz>2)*— 2v. Rotations 
and 7 oscillations couple the ground state to states of 
A==bl and A = ± 2 , respectively. Note that all states 
with A =^0 are pure lD regardless of deformation and 
have energy — §s>. Thus the average excitation energy 
for the even-^4 case is given by 

S= ( € 2 + l , 2 ) H _ I ^ ( 8 1 ) 

Let us now compare the predictions of this simple 
model with the empirical results. First, consider 
moments of inertia of even-^4 nuclei with mass numbers 
between 150 and 190. These can be fitted quite well 
by Eq. (67) where, using Eq. (81), we have 

^ = ( e 2 + i * 2 ) H - ^ - 6 , (82) 

and the value of v is taken as 0.3. (See Fig. 6.) 
According to this model and also empirically, note 

that p decreases slightly with increasing deformation. 
Thus we have, for large deformations 

P->&+[?/&)!. (83) 
Turning our attention now to the differences between 

odd-^4 and even-^4 nuclei, we note first of all (Figs. 8 
and 9) that according to the ^-shell model, the odd-v4 
nuclei are expected to have properties intermediate 
between those for independent particle motion and for 
even-^4 nuclei. Indeed moments of inertia for odd-^4 
nuclei are somewhat larger (5 to 40%) than for even-
even nuclei, as was mentioned in Sec. IV, but not by 
as much (50 to 100%) as expected on the simple 
model given here. 

The simple ^-shell model also relates the strength of 
the residual interactions to the average binding energy 
difference between ground states of odd-^4 and even-^4 
nuclei. According to this model, the difference should 
amount to about ffeo^; i.e., ~ 1 to 1.5 Mev for nuclei 
of mass numbers considered here,62 and somewhat 
larger than the empirical values. The fact that these 
features are qualitatively but not quantitatively repro­
duced with the ^-shell model suggests that this model 

62 Assuming ko)Q=4lA~l/s as was done by Nilsson.27 

exaggerates somewhat (but not very much) the role of 
each individual nucleon. This behavior is not unex­
pected as it requires only 6 nucleons to fill the p shell 
but 76 nucleons to fill the last proton and neutron major 
shells before 82Pbi26

208.63 

I t is also instructive to compare the strength of the 
pairing forces deduced from moments of inertia on 
basis of the ^-shell model with the empirical values for 
nearly spherical nuclei. Thus for Pb206, lacking just 
two neutrons from being doubly magic, the energy of 
the first excited state is 803 kev, and the detailed 
analysis of the level scheme suggests a pairing energy 
(lowering of the ground state) of 0.77 Mev for this 
case.64 According to the ^-shell model, however, we 
should have found for both quantities a value fiooov 
c^.2 Mev. 

I t may be of interest to remark on the possible 
even-odd staggering of equilibrium deformations. 
According to the ^-shell model (Fig. 8) the odd-^4 
nuclei are expected to be very slightly (5%) more 
deformed than neighboring even-^4 nuclei; i.e., the 
residual interaction decreases the equilibrium deforma­
tion. In general, the equilibrium deformation will be 
increased or decreased depending on whether the states 
admixed to the ground state by the residual interaction 
have larger or smaller quadrupole parameters than the 
ground state. For the p shell the admixed states are 
spherically symmetrical so that the deformation is 
always decreased; it is however, far from clear that 
this occurs also for heavy nuclei. At present, intrinsic 
quadrupole moments are not known accurately enough 
to draw reliable conslusions.65 

Finally, let us briefly consider the inertial parameters 
for shape-oscillations in even-^4 nuclei according to the 
^-shell model. For the even-^4 configuration (but not 
for p2 or p4) the level scheme is easily shown to be 
independent of the shape parameter y. Thus there is 
no rigidity with respect to y oscillations, and the self-
consistency condition [Eq. (24)] is satisfied. Such 
rigidity is expected to be comparatively small for most 
nuclei. As indicated in Fig. 9, the average energy 
denominators for y oscillations ( A A = ± 2 ) and for 
rotations (AA==fcl) are equal and given by Eq. (81). 

On the other hand, at equilibrium deformation, the 
ground state energy has an appreciable rigidity with 
respect to e; [and from Eq. (25) we see that 8aop <&X(T], 
while in an actual nucleus it is expected that this 
rigidity will be much less. Now the inertial parameters 
are very essentially related to the decrease in the surface 
rigidity resulting from admixture of higher nucleonic 
states. I t is, therefore, perhaps more appropriate to 

63 Somewhat better agreement with experimental results could 
presumably be obtained by use of a model in which the unfilled 
nucleons are in the 2s~ld major shell of the harmonic oscillator 
potential. 

64 M. H. L. Pryce, Proc. Phys. Soc. (London) A65, 773 (1952). 
65 However, an analysis of isotope shifts in optical spectra 

[Wilets, Hill, and Ford, Phys. Rev. 91, 1488 (1953)] suggests 
that odd-^4 nuclei have appreciably smaller deformations than 
neighboring even-even nuclei. 
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evaluate the average energy difference for e at the point 
of inflection of the ground state energy shown in Fig. 8. 
Although this deformation does not represent an 
equilibrium state, at least the quadrupole parameter 
and deformation change at the same rate, i.e., Eq. (24) 
is satisfied. The energy difference for oscillations in 
€(AA=0) is now nearly equal to the value for rotations 
and 7 oscillations. 

From the above arguments it is therefore plausible, 
and in agreement with experimental evidence (Sec. IV) 
that the mass parameter has approximately the same 
value for the various modes of quadrupole oscillations. 

VI. CONCLUSIONS 

The main conclusion of this paper is that the nucleons 
outside filled shells appear, in spite of their relatively 
small numbers, to be of greater significance in con­
tributing to collective properties than was sometimes 
believed. According to the oscillator model used here, 
the outer particles contribute fully half of the static 

I. INTRODUCTION 

IN spite of the great importance of the low-energy 
neutron cross section of U235 for the design of various 

types of reactors, the data available in 1953 were still 
incomplete. Although it had been established that sharp 
resonances were present and that the ratio of capture 
to fission varied from resonance to resonance, the 
cross-section data were not accurate enough to give 
parameters of many resonances. Since an active program 
of the measurement of the parameters of resonances in 
nonfissionable nuclei was in progress with the Brook-
haven fast chopper, it was decided to include U235 

because of its fundamental nuclear physics interest 
and the value of the results for reactor design. 

f Work performed under contract with U. S. Atomic Energy 
Commission. 

*Now at Oak Ridge National Laboratory, Oak Ridge, 
Tennessee. 

quadrupole moment; thus core distortion is important 
here but not dominant. Even more strikingly, the outer 
particles contribute the major share of the collective 
motion so that the nucleons inside filled shells play 
only a minor role for the dynamic properties. 

This behavior resembles the situation in the usual 
shell model where the nucleons in filled shells do not, 
in general, enter in the properties of the low-lying 
states. The evident similarity of the shell model and 
collective model in this important respect is very en­
couraging for the prospect of constructing a unified 
model of nuclear structure. 
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I t is of interest to review the results that were 
available at the time the present work was begun. 
Very early measurements in 1939 by the Columbia 
group under Fermi,1 using cadmium and boron filters, 
showed that the number of fission bursts in a fission 
counter approximately followed a 1/v law. In a theoret­
ical paper in 1939 on the mechanism of nuclear fission, 
Bohr and Wheeler2 concluded that fission widths of 
the resonances in U235 must be greater than 10 ev. 
Since radiation widths were estimated to be ^ 0 . 1 ev, 
it was believed that the absorption of neutrons in U236 

almost always led to fission, and that, since the level 
spacing was expected to be less than 10 ev, it was not 
expected that any sharp resonances would be found. 

1 Anderson, Booth, Dunning, Fermi, Glasoe, and Slack, Phys. 
Rev. 55, 511 (1939). 

2 N. Bohr and J. A. Wheeler, Phys. Rev. 56, 426 (1939). 
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Neutron Resonance Parameters of U235f 
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The neutron total cross section of 92U235 has been studied for neutron energies between 1.5 and 60 ev 
by using the Brookhaven fast chopper. The transmission data were analyzed by the "area" method and 
the Breit-Wigner parameters obtained for the resonances up to 35 ev. The observed level spacing of 0.65 ev 
is the smallest yet reported for any isotope. The best available fission data have been combined with total 
cross-section data to obtain rT . The values of Ty are approximately constant and are consistent with those 
of neighboring heavy nuclei, whereas the IV's have a very broad distribution similar to that observed in 
a number of other elements. The distribution of T /s is also rather broad and resembles the neutron widths 
much more than the radiation widths in this respect. Average values of these parameters are presented, 
together with a discussion of the implications of these findings for current theories of fission. 


