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Three general theorems of statistical mechanics are used to calculate the differences, between the normal
and superconducting states of a metal in (i) the mean kinetic energy of the electrons, (iz) the mean kinetic
energy of the lattice, and (474) the mean potential energy of the entire system. The word “mean” implies
thermal average at a given temperature and pressure. The formal properties of these differences are estab-
lished and a numerical calculation is carried out in the case of tin. The most important results of this inves-
tigation are that (a) all three differences are of the same order of magnitude (~1073 cal/mole for a typical
superconductor) at all temperatures, (b) they all vanish at the transition temperature, (c) the mean kinetic
energy of the electrons is greater in the superconducting state than in the normal state and depends strongly
on the isotopic mass, (d) the mean kinetic energy of the lattice is less in the superconducting state than
in the normal state and depends equally strongly on the electron mass, and (e) the mean potential energy
of the entire system is also less in the superconducting state than in the normal state. In the final section
these results are discussed from a physical point of view.

1. INTRODUCTION

N this paper we shall use some general theorems of
statistical mechanics to study the difference between
the normal and superconducting states of a metal.
We believe that the results we shall obtain are quite
rigorous and general. However, in order to apply them
to any given superconductor, we must know the de-
pendence of the critical field H, on the isotopic mass M.
At present this dependence is known with any certainty
only for a small number of superconductors.
Let us consider the well-known thermodynamic
relationship,}

G,—G,=VH?/8x; (1.1)
here G, and G, are the Gibbs free energies in the
normal and superconducting states, respectively, V is
the volume of the specimen, and H, is the magnetic
field required to destroy the superconducting state.
We shall always calculate all extensive quantities for
one mole, so in Eq. (1.1) G,, Gs, and V refer to one
mole. It will be convenient to denote by AX the
difference in X between the normal and supercon-
ducting states. We shall refer to AX simply as the
difference in X. Equation (1.1) can be used to calculate
the difference in quantities such as G, S, and V (S is the
entropy per mole and V the molar volume) from a
knowledge of H. as a function of temperature and
pressure. The results of these calculations have always
agreed with the direct experimental determinations of
the quantities involved,? thereby confirming the validity
of the thermodynamic arguments which led to Egq.
(1.1).

Recently, however, a very important new item of
experimental data has become available. This new
piece of information is the dependence of H, on the
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isotopic mass of the superconductor. It is available
for the four superconductors tin,® mercury,? thallium?®
and lead.® Now if we know the dependence of H. on M,
we can immediately calculate, with the help of Eq.
(1.1), the dependence of AG on M. We shall show that
this additional information enables us to calculate the
differences, between the normal and superconducting
states, in the mean kinetic energy of the electrons,
the mean kinetic energy of the ions in the lattice, and
the mean potential energy of the entire system. The
word “mean” in the last sentence is to be interpreted
as “thermal average at a given temperature and
pressure.” We shall denote these differences by AK,,,,
AKy, and A®, respectively. It will become clear that
the accuracy with which we can calculate any of
these quantities is limited only by the accuracy of the
experiments that determine the dependence of H, on
T, P,and M.

In the next section we shall use three theorems in
statistical mechanics to calculate these three differences.
Section 3 is devoted to a discussion of the formal
properties of the results of Sec. 2. At the end of this
section we calculate, for tin, the temperature depend-
ence of AK,,, AK ;s and A®. The results of these calcu-
lations are shown in Fig. 1. In Sec. 4 we shall use
the formal properties we derived in Sec. 3 to gain
some insight into the probable nature of the super-
conducting transition.

Finally we should like to emphasize two features
of the calculations presented in this paper. Firstly,
the results we obtain are completely independent of
any theoretical picture or ‘“model” of the superconduct-
ing state. They are based entirely on the general
principles of statistical mechanics, although to apply
them to any given superconductor we require a knowl-
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edge of the dependence of H, on T, P, and M. This
information is to be found from experiment. Secondly,
we wish to point out that in this type of approach,
which is by no means unknown in dealing with other
physical phenomena, we reverse the usual order of
procedure. Here we start from the experimental data,
apply the general principles of statistical mechanics,
and deduce some general results about the microscopic
nature of the phenomenon. This is the reverse of the
more usual procedure in which we start with some
specific assumptions about the microscopic state,
usually chosen so as to make the problem tractable,
and then deduce with the aid of statistical mechanics
some statements about the macroscopic behavior of
the system.

2. CALCULATION OF THE DIFFERENCES
AK,, AKy AND A®

Consider the Hamiltonian, H, for one mole of a pure
isotope of any superconducting element. This can be
written as

H=Ky+K,+, (2.1)
where
ZN pi
Km=z ) (22)
i=1 2m
N P2
Ky=3" , (2.3)
i=12M
and
ZNZ VA % 221:V VA
b= ————— [ —
i<i |Ri—R;| ==t [Ry—1y
ZN &2
+X X (2.4)
i<i |r—ry]

In these equations, M and Z are the mass and atomic
number of the isotope of the element concerned; m
and e are the mass and charge of the electron. The
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momentum and coordinate of the ith nucleus are
denoted by P; and R;, while those of the ith electron
are denoted by p; and r;. The operators Ky, K, and
® are the kinetic energy of electrons, kinetic energy
of the nuclei and potential energy of the entire system.
In writing down this Hamiltonian, we have assumed
that the metal can be thought of as being composed of
N nuclei of charge Ze and ZN electrons of charge e.
This assumption seems to us to be perfectly sound.

Next we state the three general theorems of statistical
mechanics that we require. First the internal energy,
U, of the system is given by,

U=H=Ry+R.+8, (2.5)

where T is the thermal average of the Hamiltonian
H. The second theorem we shall need is the virial
theorem.”'8 This states that the product of the pressure,
p, and volume, V, is given by

pV=2(Ku+K,)+1E, (2.6)

where % is the average of the virial of the interparticle
forces and is given by

B N
E=—> > (R;;- Vri;Z%*/ | Ri—R;| ) n
i<J
N ZN

+2 ZAR—1) - VRi—pZe*/ | Ri—1;| )a

i=1 j=1

=20 2 {rij Vet [ti— 1 Y. (2.7)

i<q

Now since the only interparticle forces present are
Coulomb forces, it is easily seen that Z=&. When this
result is substituted into Eq. (2.6), we find that

2pV=Ku+K,+18. (2.8)

Equations (2.5) and (2.8) are well-known results in
statistical mechanics. Finally we shall use the following
equation,

—M(0G/OM)p, v=Ks. (2.9)

This equation, which is quite general, appears to be
new and is derived in the appendix. A similar equation
holds for the mean kinetic energy of the electrons, but
we shall not require it. If we now express U and V in
terms of the derivatives of G, we find that Egs. (2.5),
(2.8), and (2.9) can be written in the form

oG a(G/T) o
——P[—] —T2[ ] =RKy+R.+®, (2.10)
T, M P,M

P oT

G _ _ —

%P[——~] =Ky+K.+3i®, (2.11)
OP dp ar

and

oG _

—-M[——] =Ky. (2.12)
oM 1z, p

7E. A. Milne, Phil. Mag. 50, 409 (1925).
8 J. de Boer, Repts. Progr. Phys. 12, 305 (1948-1949).
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Now we do not know the dependence of either G, or G,
on P and M, so the above equations are of no use as
they stand. However, we do know the dependence of
AG on P and M. We therefore apply the operator A,
where AX=X,—X,, to both sides of the above equa-
tions and, noting that A can be interchanged with the
operator of differentiation, we find that

AAG NG/ T
A5
P T,M oT P,M

=AKy+AK,,+AD, (2.13)
0AG _ _ _
%P[——] =AKy+AK,+35409, (2.14)
0P lr
and
0AG _
—M[——J =AKyy. (2.15)
6M T P

The left-hand sides of these equations can be expressed
in terms of the derivatives of H, with respect to T, P,
and M, and we regard these derivatives as known
quantities. We therefore have three linear equations
for three unknown quantities AK,, AKy, and AP.
Solving for these quantities, we find

_ AG dAG/T
AR .= M[—«] + T2[ J
aM T,P aT P, M

OAG
+4P[————] , (2.16)
0P lrum

_ IAG
AKM=—M[———] , (2.17)
oM lr p
and
— IAG/T IAG
AP= —ZTZI:——J —SP[—J . (2.18)
or P, M P T, M

To calculate AK,,, AKy, and A® in terms of the
derivatives of H, we merely have to substitute AG
=VH2?/8r. It is convenient at this stage to make some
simplifications. First, all the terms that arise from the
derivatives of V with respect to T, P, and . M are
extremely small (~10~% cal/mole at most) compared
with the other terms (~1073 cal/mole). Consequently
we can neglect these terms. For similar reasons we can
also neglect the terms that arise from the derivatives
dH,/dP. When we make these simplifications, we
find that

_  VH, 0H, 0H, H,
AK = [M( ) +T( ) ——~——], (2.19)
4o oM/ 7 p T/ p 2

VH,f 0H,
2
4ar oM Iz, p,

M=

(2.20)
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and

AD = — (2.21)

VH, 0H,
[2T( ) —Hc].
4 T / p.u

Finally we express AK,,, AKy;, and A® in terms of
the distribution functions® in momentum and con-
figuration space. We have that

2

_ P

Ro,= f ., (2.22)
P2

Rar—= f —on(P)dP, (2.23)
2M

and

£= ffVge(rl,rz)pe(h,l‘z)dl'ldrg

+ffVNN(RI,RZ)pN(R1,R2)dR1dR2
+ f f Vo (Ruro)pwo(Rors)dRudrs.  (2.24)

Here o.(p) and ox(P) are the momentum distribution
functions for the electrons and nuclei, respectively.
The functions p., px, and py. are the pair correlation
functions for two electrons, two nuclei, and one electron
and one nucleus, respectively. From these equations,
we have at once that

2
AR = f iAae(p)dp, (2.25)
2m

PZ
AR y= f Z Aoy(P)dP, (2.26)
2M

and

AB= f f Voo dradeat- f f V wnApydRydRs

+ffVNeApNedR1drz, (227)

where, for example, Ac,=(c.)n—(ce)s, and is the
difference between the momentum distributions for
the electrons in the normal and superconducting states.
Similar definitions hold for the other functions appear-
ing in the above equations. We shall make use of these
formal equations in Sec. 4.

3. PROPERTIES OF AK,, AKy, AND A®

To make use of Egs. (2.19)-(2.21), we must calculate
M (0H,/dM)p,r from the experimental data. The most
convenient way to do this is as follows. The dependence
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of H,on T and M has been found experimentally? to be
given by the equation

H,=Hh(t), 3.1)

where H, is the critical field at absolute zero, t=T/T,,
T, is the transition temperature, 4(¢) is a function that
depends only on ¢ and %(0)=1. The function A(f) is
moreover identical for all the isotopes of any one super-
conductor.®!! The exact form of this function does not
concern us at the moment. (In fact it can be rather
accurately represented by the simple expression 1—#2.)
Equation (3.1) expresses the well-known law of simi-
larity for the isotopes of any one superconductor. The
different isotopes have, of course, different values of
Hy and T. and the equation states that H,/H, is a
universal function of 7/T . This law was first discovered
by Lock, Pippard, and Shoenberg® who worked with
the isotopes of tin. It is also likely that it is obeyed by
the isotopes of mercury* and thallium.? In addition it is
well established that for these three substance, T,
and H, both vary as M2, where a=3, within a few
percent. In the case of lead, M. Olsen-Bir® found that
H, and T, varied as M—% approximately. This result
has, however, never been confirmed. It is worth re-
marking at this point that it would be of great theo-
retical interest to have considerably more data on the
dependence of Ho and T, on M, particularly for the
lighter superconductors. In our theoretical calculations
we shall assume that the critical fields of the isotopes
of a given superconductor can be expressed in the
form given by Eq. (3.1); but we shall assume, for the
sake of generality, that Hooc M~ and T, < M—4.

With this assumption we can easily calculate AK,,
AKy and A® in terms of the function A(f). We have
that

AR = — AU (1420)h—2(1+B)th'], (3.2)
AR = 2AU h[ah—Bth' ], (3.3)

and
AD=2AU h[ h—2th']. (3.4)

Here i’ =dh/dt, and AU (= H2V /8~) is the difference in
energy between the normal and superconducting states
at absolute zero.

From these equations we can draw the following
conclusions:

(i) Since 9H./dT <0 (which of course implies that
AS20) at all temperatures below T it follows that
B (£ <0 for t<1. When this inequality is combined

? Recent experiments!®!! on tin, vanadium, and aluminum indi-
cate that %#(¢) may in fact be a universal function for all super-
conductors.

1 Corak, Goodman, Satterthwaite and Wexler, Report on
International Conference on Low Temperature Physics (National
Center of Scientific Research and UNESCO, Paris, 1956), p. 503.

11 B. B. Goodman, Report on International Conference on Low
Temperature Physics (National Center of Scientific Research, and
UNESCO, Paris, 1956), p. 506.
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with Egs. (3.2)-(3.4), we find that
AK >0

AKx<0

A®L0

for all temperatures. 3.5)

We can therefore conclude that (a) the mean kinetic
energy of the electrons is greater in the superconducting
state than in the normal state, (b) the mean kinetic
energy of the ions or nuclei is less in the superconducting
state in the normal state, and (c) the mean potential
energy of the entire system is also less in the super-
conducting state than in the normal state. We shall
attempt to interpret these conclusions in more detail
in the next section.

(ii) Next we notice that because the superconducting
transition is a second-order transition at T, 4(f) must
tend to zero and /' (f) must remain finite, as {—1. This
implies that AK,,, AKy, and A® all tend to zero as
T—T,. In particular the mean kinetic energy of the
electrons is the same in both states at the transition
temperature.

(iii) As 7—0, AS—0. This follows from the third law
of thermodynamics. Consequently #'—0 and #—1, as
t—0. This enables us to write the three differences in
a very simple form at 7=0. Namely,

AR = — (142a)AU,,
AR y=20AU,,
AD=2AU,.

(3.6)

Since « is approximately equal to 3, these equations tell
us that all three differences are of the same order of
magnitude at absolute zero. We can easily generalize
this conclusion as follows.

(iv) It is known from experiment! that %(f) varies
smoothly between 1 and O as ¢ varies O to 1; as we
have remarked, it can be accurately represented by
the expression (1—#). If we bear in mind the fact that
Egs. (3.2)-(3.4) involve only the first derivative of #,
we can easily see that the three differences must be of
the same order of magnitude at all temperatures,
except perhaps for temperatures very close to 7.

(v) We also notice that the derivatives of all three
quantities with respect to temperature tend to zero
as t—0, and tend to finite limits as i—1.

(vi) Finally we have used Eqgs. (3.2)-(3.4) to com-
pute AK ., AKy, and A® as functions of # in the case of
tin. It is known that the law of similarity is extremely
accurately obeyed by this substance® and also that
a=B=%, within a few percent. To simplify the calcula-
tion we have assumed that %(f) can be sufficiently
well represented by the parabola 1—#. This is known
to be inaccurate!® but the inaccuracy is slight and will
have little effect on the results.

The results of the calculations are shown in Fig. 1,
where we have plotted AK,,, AKy and A®, in units of
AU,, as functions of the reduced temperature ¢ For
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purposes of comparison we have also plotted AU (in
units of AU,), where AU is the difference in internal
energy between the normal and superconducting states.
We see from the figure that while AK,, and A® behave
is a very similar fashion—apart from sign—AKy
behaves slightly differently. The main differences are
that AKy does not rise to a maximum value at an
intermediate temperature and that it approaches T,
with a very much smaller slope. The fact that AK,,
and AP show maxima, at T./2 and T,./V3, respectively,
follows directly from the fact that the superconducting
transition is a second order transition at 7. For this
implies that AS vanishes at both 7’=0 and T=T,,
since it is a continuous function of 7' it must rise to a
maximum value at some intermediate temperature
and this maximum is reflected in the behavior of AK,,
and A®. It may be significant that AK,s does not show
this type of behavior. It is also worth noting that both
AK, and A% have very large gradients at T'=T,; in
the reduced units of Fig. 1 these slopes are ~15. The
slope of AKjs on the other hand is only 4 in the same
reduced units.

In this section we have calculated what seems to us
to be the most important properties of the three
functions AK,,, AKyr and A®. In the next section we
shall attempt to interpret these properties physically
and thus gain some insight into the nature of the
superconducting transition.

4. PHYSICAL INTERPRETATION

In the last section we derived the formal properties
of AK,,, ARy, and A®. We shall now attempt to in-
terpret these results physically. First however, we
must make some remarks about the definitions of
K., Ky, and ®. These three quantities are essentially
defined by Egs. (2.2), (2.3), and (2.4). From these
definitions we see that both K, and & contain parts
which cannot possibly be involved in the supercon-
ducting transition. These parts are as follows: for
K., the kinetic energy of the electrons which form the
cores of the ions in the metallic lattice, and for & the
potential energy of these electrons and the static
potential energy of the nuclei themselves. We say that
these contributions to K, and & cannot be involved in
the superconducting transition simply because we have
every reason to believe that the motions of the electrons
in the ion cores and the static interaction energy of
the nuclei are not influenced significantly by the super-
conducting transition. Consequently we need only
consider the contribution to K,, and & from those elec-
trons that cannot be considered as being tightly bound
to the nuclei. In addition to this contribution, there
will of course be contributions to & (and Kj) from the
vibrations of the ions in the lattice. We can therefore
divide the electrons into two classes: (a) those which
are so tightly bound to the nuclei that they cannot
possibly be influenced by the small energy change!
(~107% cal/mole) involved in the supeconducting
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transition and (b) the remainder, some or all of which
may be influenced by the transition. We believe this
division to be well justified.

Next we give a simple qualitative analysis of the .
normal state of a superconductor. In this state the
specific heat, C,, can be written in the form

Co=vT+a(T/0)}, (4.1)

where v, ¢, and 6 are constants, independent of the
temperature. The first term 7 has the form one
would expect!? if there are electrons in the lattice which
are very nearly free from the influence of any potential
fields. Furthermore v is known,? from measurements of
the dependence of H, on M, to be independent of M.
Consequently we can interpret this term as arising
from the motions of nearly free electrons moving in a
static lattice. It should be pointed out, however, that
for most superconductors vy departs fairly markedly
from its “free electron” wvalue and hence we cannot
suppose that the electrons are completely free. The
remaining term ¢(7/6)? also has a very natural inter-
pretation for it is of the well-known Debye 7® form and
can at once be interpreted as arising from the low-
frequency vibrations of the ions in the lattice. This
interpretation is confirmed by the fact that provided
T<6/50, 8 is a true constant; as would be predicted
from the theory of lattice vibrations. On the basis of
this analysis, we conclude that the thermal properties
of a superconductor in its zormal state can be accurately
accounted for on the assumption that there are two
independent assemblies contributing—an assembly of
nearly free electrons moving in a static lattice and an
assembly of low-frequency lattice vibrations. We
should perhaps emphasize that from the experimental
data on the specific heat in the normal state there is no
evidence for any coupling between these assemblies.

Let us now use this qualitative description to esti-
mate the order of magnitude of K,,, Ky, and & in the
normal state. It will become clear that quite rough
estimates will suffice for our purpose. Firstly K,,; this
quantity is clearly of the same order of magnitude as
the Fermi energy of the metal in the normal state.
(It is not of course equal to it because the Fermi energy
contains contributions from the potential energy of
interaction with the static lattice.) It will therefore
be of the order of 10* cal/mole.”? Next Ky ; this will
simply be one-half the zero point energy of the lattice
vibrations and will be of the order $R@; that is, about
102 cal/mole.® Finally &; this quantity is the sum of
three different contributions, as shown by Eq. (2.4).
It will, however, be of the order of E,, the energy at
the bottom of the conduction band, that is, it will be
of the order of —10* cal/mole, or rather less.

We are now ready to examine the magnitudes of

12R. H. Fowler, Statistical Mechanics (Cambridge University
Press, Cambridge 1950), second edition, Chap. XI.

BF. Seitz, Modern Theory of Solids (McGraw-Hill Book
Company, Inc., New York, 1940), Chap. III and Chap. X.
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AR ., AKyy, and A®, and for simplicity we shall confine
ourselves to the absolute zero. This involves no loss
of generality because we have seen that these quantities
vary quite slowly with temperature. From Eq. (3.6),
we see that they are all roughly equal to AU,, and a
typical value for this quantity is 10 cal/mole. We
therefore see that all these differences are extremely
small compared to the values of the quantities in the
normal state. In other words, K., Ky, and & only
change by very small amounts in the superconducting
transition. There is an obvious and natural explanation
of this fact in the case of the kinetic energy of the
electrons, namely that only a small number of electrons
in the immediate neighborhood of the Fermi surface
are influenced by the transition. It is tempting to try
to make the conclusion more quantitative, but any
attempt of this nature must overcome the fundamental
difficulty that we have a given quantity of kinetic
energy (~AUy~10"* cal/mole) to share among an un-
known number of electrons each of which changes
its energy by an uncertain amount in the course of the
transition. Clearly it is impossible to resolve this
difficulty without further information. In view of this
the best one can do is to try to guess what natural
quantities of energy might be involved in the transition.
The most obvious natural quantity would appear to
be kT., and we do in fact find that if we suppose that
the electrons in a layer at the top of the Fermi surface
of depth kT. increase their kinetic energy by an
amount %7, then the total change in the kinetic energy
of the system is just of the order AU,. However, even if
we cannot resolve this question in a rigourous manner,
we can at least assert that if we assume the existence
in the normal state of a Fermi-like distribution in
momentum space, then we have a natural mechanism
present to reduce AK,, to roughly the right order of
magnitude.

It is clear that since the energy of the electrons in
the Fermi distribution is partly kinetic and partly
potential energy, the general argument we have just
presented will also suffice to explain the very small
value of A® as compared with ®.

We next turn to AKj. Here no such simple and
natural explanation of the magnitude of AKj appears
to be possible. One might suppose, for instance, that
only a comparatively narrow band of vibration fre-
quencies are involved or that all the vibration fre-
quencies are altered slightly in some simple fashion.
Neither of these arguments is, however, at all con-
vincing at the moment. It is worth noting that the
temperature dependence of AK s significantly different
from that of AK,, and A® and that the ratio AKy/Kuy
is many times larger than either AK,/K.,, or A®/®.
This latter fact clearly indicates that at least part of the
lattice assembly is relatively strongly influenced by
the transition.

It is interesting to look a little more closely at the
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ratios AK,/K,, AKy/Ky, and A®/®. These ratios
have magnitudes of about 1078, 10~5, and 108, whereas
AK ., ARy, and A® are all of the same order of magni-
tude. In other words, the change in any one of these
quantities seems to be unrelated to the magnitude of
the quantity in the normal state. The inequality of
K., Ky, and & in the normal state is of course, easily
understood because K,, and & are quantxtles relating
to the electron assembly whereas K is related to the
lattice assembly, and these two assemblies are supposed
to be essentially independent. On the other hand, the
equality in magnitude of AK,,, AKy, and A® strongly
suggests that those parts of the two assemblies that
are involved in the transition must be very intimately
linked together. This suggestion receives support from
the fact that AK,, depends very strongly, through a
factor M, on the mass of the ions in the lattice, while
AR depends equally strongly, through v on the mass
of the electrons. This dependence is completely different
from the dependence of K,, and K in the normal state.

We can summarize our conclusions by saying that
we believe that only very small parts of the electron
and lattice assemblies are involved in the supercon-
ducting transition but that the parts which are involved
are linked together in a very intimate fashion. This last
statement is in agreement with the theoretical ideas put
forward by Frohlich! and Bardeen.!® Indeed our calcu-
lation of the magnitude, and dependence on m, of
AR shows that the lattice vibrations are apprec1ably
influenced by the superconducting transition. The fact
that we have shown that AK,,2>0 at all temperatures
lends considerable support to the energy gap “models”
that have been put forward!® as a basis for understand-
ing the superconducting state. However, we should
point out that it would be equally consistent with our
calculations to suppose that the available momentum
states just above the Fermi surface are merely more
widely separated in the superconducting state.

Finally we examine the formal equations (2.25),
(2.26), and (2.27). The immediate interpretation of
these equations is that the distribution functions o,,
oN, Pey PN, and py. are all distorted by the supercon-
ducting transition. We think it is important to make
this rather formal, but rather general statement, be-
cause it may be possible to design experiments to try
to study this distortion. From the discussion given
above, the average distortion of any one of these func-
tions will be extremely small. However, some or all of
them may be very markedly distorted, for particular
values of their arguments. For instance, we might
suspect that ¢, will be quite different in the neighbor-
hood of the Fermi surface in the superconducting state.
Indeed we would suspect that it may be nonzero, at
absolute zero, even for values of p which correspond to

4 H. Frohlich, Phys. Rev. 79, 845 (1950).

15 J, Bardeen, Phys. Rev. 80, 567 (1950).
16 J, Bardeen, Phys. Rev. 97, 1724 (1955).
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energy states above the Fermi surface in the normal
metal. If this type of behavior is typical of the distortion
to be expected in the other distribution functions, then
it may be possible to examine their behavior experi-
mentally.

5. CONCLUSIONS

In conclusion, we would like to make two remarks
about the methods used in this paper.

First it should be noticed that we have used, in Eqs.
(2.10) to (2.12), all the available information on the
dependence of AG on T, P, and M. Moreover it is very
hard to see how the dependence of AG on any other
microscopic variables can be found experimentally.
Consequently we do not see any direct or obvious
extensions of the techniques we have used.

Secondly we wish to discuss the difference A®. This
difference is the sum of three terms; namely the differ-
ence in the potential energy of the nuclei, the potential
energy of the electrons, and the interaction potential
energy between the electron and nuclei. It is therefore
tempting to try to split it up into these three constituent
parts in order to study them separately. Unfortunately
the present techniques do not enable us to do this.
These techniques rest, essentially, on differentiating AG
with respect to various variables (e.g., T, P, and M).
Consequently we can split up AP only if we can find
three variables that are characteristic of each of the
three parts. This is clearly impossible because the only
characteristic variable these potential energies depend
on is (Ze)?, and they all depend on this variable in
essentially the same way. It may, however, be possible
to find some other method to split up A®.
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APPENDIX

In this appendix we derive Eq. (2.9) of the text. We
start from the well-known equations,!?

Q=§ }l: exp[—BLEV)+PV]], (A1)

G(T,P)=—kT log0. (A.2)

Here E;(V) is the Ith energy level of the system for a
volume V, P is the pressure, 3=1/kT, and k is Boltz-
mann’s constant. The summations in Eq. (A.1) are
over all accessible energy states and over all volumes V.
The energy levels, E;(V), are the eigenvalues of the
Hamiltonian given by Eq. (2.1); if ¢,;(R,) are the
eigenfunctions of this Hamiltonian, then

HY=E; (A.3)

If we differentiate Eq. (A.3) with respect to the mass
M, multiply both sides of the resulting equation by
¥r* and integrate, we get

¥ =0 on the surface of V.

OE;/ oM = f Y (OH/OM)Y,dV. (A.4)

Consequently,

—MOE/OM = (Ku)u, (A.5)

where Kj is the kinetic energy operator defined by
Eq. (2.3). Combining Egs. (A.5), (A.2), and (A.1), we
have at once that

oG
~M(~) —5 S (Kau
oM TP v o1

Xexp[—B(E~+PV)1/Q,
=K, (A.6)
and this is the desired result.

17R. H. Fowler and E. A. Guggenheim, Statistical T hermo-
dynamics (Cambridge University Press, Cambridge, 1939),
Chap. VI.



