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It is worthwhile to comment that the agreement of 
measurements of B(E2) between different laboratories 
and from conversion electron or gamma-ray obser­
vations is still no better than a factor of 2. It is noted 
that results for Ta differ from those of Stelson and 
McGowan1 by about 20%, while the results on Re and 
Ir are in fair agreement with those of Huus1 but vary 
as much as 50% from those of Bernstein and Lewis28 

and Fagg et al.29 The Hg results are consistently lower 
than those of the Saclay group.34 Some of the dis­
crepancy can be traced to choice of conversion co­
efficients, but there appears to be a need for more 

I. INTRODUCTION 

AT high energies, when the directions of the 
particles participating in pair production and 

bremsstrahlung almost coincide, large longitudinal dis­
tances begin to play an important role. Thus, if a 
photon of wavelength X is emitted during brems­
strahlung, a certain length l~X/{\ — v/c) is found to be 
essential, v being the electron velocity. Landau and 
Pomeranchuk1,2 have shown that multiple scattering 
over this length leads to a significant decrease of the 
probability of the aforementioned processes. An esti­
mate of the cross sections for bremsstrahlung and pair 
production in the limiting case of ultra-high energies 
(JKMO13 ev) is given in reference 2. 

The intensity of emission of soft photons by electrons 
of arbitrary energy has been computed previously.3 In 
that paper the classical formula for intensity of emission 
by an electron moving along a given trajectory was 
averaged over all possible trajectories. This procedure 
was carried out by means of the distribution function 
which was averaged over the positions of the atoms of 
the scattering medium and which satisfies the usual 
kinetic equation. 

*L. Landau and I. Pomeranchuk, Doklady Akad. Nauk 
S.S.S.R. 92, No. 3, 535 (1953). 

2 L. Landau and I. Pomeranchuk, Doklady Akad. Nauk 
S.S.S.R. 92, No. 4, 735 (1953). 

3 A. Migdal, Doklady Akad! Nauk S.S.S.R. 96, No. 1,49 (1954). 

accurate measurements, especially when one attempts 
to determine mixing ratios from the intensity ratio of 
crossover to cascade radiations.] 
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The aim of the present paper is the deduction of 
formulas for the probability of bremsstrahlung (formula 
61) and pair production (formula 63) per unit path in 
a condensed medium for arbitrary photon and electron 
energies. This is done by connecting the transition 
probability with the density matrix and then using the 
equation for the density matrix averaged over the 
scattering atom coordinates deduced previously.4,6 At 
low energies formulas (61) and (63) transform into the 
Bethe-Heitler formula6; in the limiting case of ultra-high 
energies the formulas confirm the estimation obtained 
in reference 2. At photon energies much lower than 
that of the electron, formula (61) changes into the 
expression obtained in reference 3. Finally, for very 
soft photons, when the deviation of the dielectric 
constant from unity is important, formula (56) of the 
present paper yields in the limiting case the same 
results as those of Ter-Mikaelyan.7 

Formulas (61) and (63) can be used to construct a 
theory of shower production in condensed materials at 
energies exceeding 1013 ev. 

4 A. Migdal, Doklady Akad. Nauk S.S.S.R. 105, No. 1, 77 
(1955). 

5 A. Migdal and N. Polievktov-Nikoladze, Doklady Akad, 
Nauk S.S.S.R. 105, No. 2, 233 (1955). 

6 B. Rossi and K. Greisen, Revs. Modern Phys. 13, 240 (1941). 
7 M. L. Ter-Mikaelyan, Doklady Akad. Nauk S.S.S.R. 94, 

No. 6, 1033 (1954). 
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The effect of multiple scattering on bremsstrahlung and pair production is considered. The probability 
of these processes decreases considerably at energies > 1013 ev. 

The calculations are carried out with the aid of the density matrix. The formulas thus obtained yield the 
probability of pair production and bremsstrahlung for arbitrary electron and photon energies. 
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II. RELATION BETWEEN TRANSITION PROBABILITY 
AND AVERAGED DENSITY MATRIX 

The probabilities for bremsstrahlung and pair pro­
duction must be averaged over all possible distributions 
of the atoms of the scattering material. We first express 
the radiation transition rate through the density matrix 
and then make use of the equation for the averaged 
density matrix obtained in references 4 and 5. 

Restricting our treatment to the first approximation 
with respect to the electron-radiation field interaction 
and denoting the electron proper functions in the 
scattering medium by \f/8 and the initial electron wave 
function by ^o, we get 

icP = E tys | eiHtA e
ikte~iHt | i/v)<V0 

where A is the radiative transition operator 

A = oL'Zve-i^xe{2Tr/kY\ 

tv is the polarization vector, k the photon wave vector, 
H the electron Hamiltonian which includes the po­
tential of all the scatterers 

ff=Ho+E»F(r-rm); Hf,=E#.. 

The system of units in which m—fi=c=l has been 
chosen. The electron and photon $ functions have been 
normalized per unit volume. 

The radiative transition rate is then given by 

d cl 

Q , = — | c . | 2 = 2 R e c . * * . = 2 R e I (*01e iHt*At*-«»i|*.) 
dt Jo 

Xtt8\e
iHtAe-iHt\fo)eik«-^dh. (1) 

We now determine the rate of transition to all final 
states of the electron. For bremsstrahlung, which we 
first consider, one must sum over all values of s corre­
sponding to positive electron energies. Introducing an 
energy sign operator (projection operator) K=[H 
+ | E(p) | ]/21 E(p) | , where p is the electron momentum 
operator, and applying the relation 

we obtain 

Q= E <?.=2Re [ {^\eim^KeiH^-^Ae-iHt\^) 
Es>0 J0 

Xe^-^dh. (2) 

At high energies the operator K in (2) is essentially 
the same as the free-electron operator K0= (Ho 
+ \EP°\ )/21 jBp° |. Replacing K by K0, we see that the 
coordinates of the scattering centers enter (2) only 
through factors of the form e±iHt. 

We shall now show that it is possible to average 
independently over the scatterer coordinates entering 
through the factors e±iHtl and e±iH(t-ll). Indeed, the 
nuclear coordinates in the first expression correspond 
to collisions which take place in a time interval 0—h, 
whereas in the second expression the coordinates corre­
spond to scatterers which undergo collisions at a later 
period h—L 

Suppose that a large number of collisions takes place 
during a time t\\ in this case, after one averages over 
the first collisions, the factors of the type e±iHtl will 
practically cease to be dependent on the collisions 
taking place at times close to h, and this is just why 
independent averaging was found to be possible. 

We now write the integrand of (2) as the matrix 
element of the product of the operators in the represen­
tation of the free-electron wave functions 

Assuming ^o=^p0
X o (where po is the initial electron 

momentum) and designating the average by the sign 
( ), we obtain from (2) 

( 0 = 2 Re f dreikTI, (3) 
•Jo 

where 

/=<(^01 eiHtxA iKoeiH*Ae-iHre-iHti \ *0)> 

= E ( ( P o X o | ^ f i | p i X i ) ( P i X i M t ^ 0 ^ M e - ^ r | P 2 X 2 ) 

piXlp2X2 

XCPJXJI^'MPOXO)), 

and T=t—h. As the factors e±iHtl and e±iHr are sta­
tistically independent, we find 

i= E (^le-^lMoXMok^lMi)) 
PlXlP2X2 

X((piXi\A^KoeiHTAe-iHr\p2k2)). 

I t should be noted that at high energies, where small 
relative changes of the electron momentum are im­
portant, scattering does not change the spinor state, i.e., 

(pX |e ± ^ |p , X , ) = 5x ,x ' (pX|e±^|p ,X), 

with an error of the order | pr— p\/p; and in this case 

/ = E <(P2X01 e~iHii | poXo) (poXo | e*** \ PiX0)> 
P1P2 

X (pi\o\A^KQeiH^Ae-iHr\ p2X0). (4) 

The first factor in (4), considered as a function of the 
variables pi, p2, and h, satisfies the same equation as 
the averaged density matrix 

((piXo | p | p2X0)> = ((piXo | *"** W * ' 1 1 P2Xo)>. 

I t follows from this equation4,5 that the difference 
p2~ Pi remains constant during scattering (this is a 
result of the uniformity of the scattering medium). As 
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the first factor in (4) equals 

5PI,PO5P2,PO for £i = 0, 

it may be written as follows: 

1813 

satisfies the equation dp/dr— —i[H,p], Moreover, 

Spp= Z (giMi|p|giMi) 

<(P2X01 e-iHt* I poXo) (poXo I eiHt* | pi\0)> 

= /OXOX-°(PI^I)«P2.PI. (5) 

The second factor in (4) may be written as the sum 
of the operator products in the momentum represen­
tation. Using (5) and the expression for the operator A, 
we obtain 

((piXoMtiToe^M^-^-lpxXo)) 

lire2 

= ( Z (p iXo|a-£ , |p i -kXi) 
k pXi 

£ X l > 0 

X ( p i - k X i | e ^ | p - | k X i ) 

X (p—|k Xi| cr e„| p + J k X0) 

XCp+lkXole-^lpxXo)) . (6) 

(giMi I a ' «F I &M2) = («giM1,a • £^g2/x2), 

pXi 

= 1 , 

i.e., p is an element of the density matrix in the mo­
mentum representation. We shall call the quantity 
/k(p,T) the averaged density matrix. 

The problem of averaging the transition rate reduces 
to determination of the averaged density matrix and 
to evaluation of the sum (8) and the integral (7). 

III. EQUATION FOR AVERAGED DENSITY MATRIX 

As was shown in4 the averaged density matrix 
satisfies the equation 

d/kXoXl(P,0 

dr 

-flT 

Here 

where wgi,2M1,8 are spinor functions. 
Let 

< ( p + l k X 0 | e r ^ | P l X o ) ( p i - k X i | e ^ | p - i k X O > 
^/kX o X l(P,r) . 

The equation coefficients and initial conditions (10) 
and (12) for /kXo*Xl(p>r) a n (* /oXoX°(pi^i) are independent 
on the spin orientation and therefore, on summing over 
Xo and Xi for a fixed energy sign, one may drop the 
spinor indices in these functions. 

Inserting (5) and (6) in (4), summing over the 
photon polarization, and averaging over the initial 
state spins, we get 

HCEp+}k*o-£p_JkM)/kX»Xl(p,T) 

• I — - F p , _ p
 2 {5(£ p < + i k ^-£ p + J k V) 

J (2TT)3 

+ 5 ( £ p . _ i k ^ - £ p _ i k
x 0 } 

X[ / k
X o X l (p ' , r ) - / k

x « X l (P , r ) ] , (9) 

together with the initial condition which follows from 
the definition of /k (p , r ) : 

/ k X ° X l (p^ ) | r=0 = 5p,pi -k/2 . (10) 

Xo, v 
£ X o >0 

we2 

where 

ire" r dp] 
= I £ (p i ,p ) /o (p i ,0 /k (p , r )—; 

k J (2ir 

dpi dp 

(2TT) 3 (2TT) 3 
(7) 

£(p i ,p )= E * (piX 0 | a -£v |pi -kXi) 
XoXiv 

jR;Xof £ X i > 0 

X ( p - 4 k X i | a - e , | p + | k X o ) . (8) 

I t may be noted that the quantity 

( p + i k X 0 | p | p - 4 k X i ) 

= ( P + J k X o k - i H T | p i X o ) ( p i - k X 1 | e ^ | p - | k X i ) 
= ( p + i k X o | e - i H - p o 6 ^ | p - i k X i ) 

This equation differs from the classical kinetic 
equation in that the difference jEp+ik

Xo—Ep_ik
Xl enters 

the left-hand side instead of (dE/dp) • k and the collision 
term is the half-sum of the usual collision terms for the 
momentum p + J k and energy £p_|_ik

Xo and for the 
momentum p—Jk and energy Ep_ik

Xl. For k<£p, (9) 
changes into the classical kinetic equation for the kth 
Fourier component of the distribution function. The 
function fo(pi,h) satisfies the equation 

d/oXoXo(pi,*i) r dQ' , 
= 2nr I Fp ' -p i 2 6 ( E p i x ° - £ p > ) 

dh J (2TT)3 

X C / O ^ C P V O - Z O ^ C P I ^ I ) ] , - (11) 

and initial condition 

/OXOXO(PI^I)UI=O==6PX,PO. (12) 

From (11) and (12), we find 

/ 

dpi 
/0XoXo(pl)<1) — — = 1 . 

(2x)3 
(13) 

I t follows from (11) and (12) that /0
X°X° differs from 

zero only for pi=po, and therefore a function »o(<Mi) 
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can be introduced, in accord with the formula The difference jEp+ik
Xo—-EP-|kXl in (9) takes the form 

dpi £p+ikX o-£P-ikX l 

/oXoXo(Pi^i) =Kpi-po)vo(Q,h)dpidQ, 
(2TT)* (14) ~il + (P6n+gr,yy-ll+l(Po-k)n+gr,yy 

vo(e,*Oln-o=a(e), r 1 g2 i 
= k\ 1 - rj2 V (20) 

where 0 = (pi— po)/po is a vector in the direction of the I 2p0(po—k) 2p0(po~k) J 
difference between p0 and pi. From (13), we obtain . 

Using (16) and integrating (9) over p, we get 

fv0(*,tdd*=l. (140 dv(*l,T) 

dr 
I t is easy to see that /k(p,r) differs from zero only 

for values of p which are close to g=po—\k. For r = 0 , w ^ f i T 7 / / / wiar / / \ < \ w / ^ \ 
it follows from (10) that = 7 ^ J I V ^ ~ ^ \ 2 ^ , T ) - * ( I , , T ) > A , , (21) 

J = = . , , / = _ . ( 2 1 / ) 
2 ^ ' / 1 \ g2£ p.,.' 

V 2pQ(Po-k)/ 

AnZ2eA
 r diq' 

k2 / pok \ where 

M+M(i-cos(Pi,k))=W i + — V ) , 
4 V 2g2 / , 

# = & ( .. . , „ 
where 771 is a small angle between pi and k. \ 2po(p0—k)/ po(po-k) 

We now introduce vectors corresponding to the 
angles between p and k and between p ' and k : For 7(f) we adopt the expression 

*i=vJg;'*i'=vx/g; g=Po-hk. (is) ^Ze2 1 
7(f)— ? K~~, (22) 

Here p x and p x ' designate the projections of p and p ' / 2 + K 2 ' a 
on the plane perpendicular to k. The 5 functions in the 
right-hand part of (9) may be rewritten as follows where a is the Thomas-Fermi radius o~137/Z*. 

Inserting this in (21), we get 

( gk(rjf2-r}2)\ 
P'-P±— — )^b{pf-p). dv 

4(g± i* ) / — + i ( a - W ) v 
dr 

Thus during collisions the modulus of p remains 
approximately constant, with an accuracy hp/p^tf. 
One may use the approximate constancy of p to 
determine the function v(y\^r) from the formula 

0i=jc/g. 
dp 

/k(p,r) =8(p—g)v(ri,T)dpdri. (16) Expanding V(YI\T) into a power series of rj;—rjy we 
(2*7 obtain from (23) the Fokker-Planck differential 

From condition (10), we obtain equation: 

( P i - i k ) , p u - + < ( a - i V ) ^ ? A f V , 
v(i|,r).|r-o = 5( i | - i |o ) ; 170== = , (17) /24x 

g g 2 imZV / 0 2 \ 5 

where 170 is the vector of the angle between pi—Jk ^ „2 XB )~~Q2 

and k. Vector 170 is related to vector 0 introduced in the 
foregoing by the relation The quantity 62 may be determined from the condi­

tion of applicability of the Fokker-Planck expansion. 
A P1 P° P1 , Po P u g The first term of the series expansion is 
8 = = n + n =-—h^=—Vo+&- (18) 

po po po po po po rH0d6 

/w-^tw
>y,,)""'-,)1 (23) 

— d 2 i A v v = i \ n ( - ) A v v . 
$i 6* Xdi/ The vector of the angle between n=k /& and the 

initial direction of the electron has been denoted by # . 
From definition (15), we obtain T h e n e x t t e r m is of the order 

p = ( p n ) n + p ^ n + g n ; . r«*6dBd*v r 
(19) I 0 ~0—A v v . 

P+ih^pon+gV, p-%te*(po-k)n+gi,. s Jtl 6* dr,* rf 
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From (29) we then get 

1815 

The quantities 

I veikTdr — I v'dr and v' = eikTv 
Jo *̂ o 

will be needed in further calculations. The equation 
for z/ can be obtained from Eq. 1(24) by replacing a by 
a'=a—k. 

The significant values of T?2 are determined by the 
relation 

(a'-ibfW~bfrf~q*J; rf~(q/i>)*. (25) 
This estimation will be confirmed below. 

Thus, the condition for expansion of v into a series 
has the form 

6f(b/q)*~hi(fld0i)i 0»~(?/J)*L*; L=ln(e2/6l). (26) 

At sufficiently high energies, 02 may be of the same 
order of magnitude as the angle of diffraction by the 
nucleus which is equal to 1/gR, and in this case the 
upper limit of integration with respect to |i | ,-" |?l l$ 
determined by the quantity 1/gR. Putting R=0.5roZ$, 
we obtain, for 02> l/gRr 

Z=ln(1372/0.5Z*) = 2 ln(190/Z»). (27) 

IV. SUMMATION OVER ELECTRON SPIN AND PHOTON 
POLARIZATION 

I t is not possible to carry out the summation over Xo 
and Xi in expression (8) in the usual manner since the 
momentum subscripts in the spinor functions are 
different. 

The summation in (8) can be reduced to the determi­
nation of the trace of two-row matrices. The spinor 
functions are taken in the form 

ua^= 

v2= 

|>S/(E.+1)>„ 
N0 Vl = 

(28) 

N<?= 
l+EgV(£.+l)f] 2 

where <ri, o-2, and 0-3 are the Pauli matrices. The " 3 " 
axis is oriented along n. 

Substitution in (8) gives 

£ ( p i , p ) = i £ S P |[ -1 
1J 

X 

o"i^(pi~ k) <rpicr 

•+—-
E p i - k + 1 E p i + 1 

cria(p+ik) <r(p-Jk)cri" 
J5p+Jk+1 £ p _ | k + l 

]! (29) 

We introduce the notation 

Pi 

B= 

Evi+1 

P i - k 

jEpi— k-{"l 

C= 

D -

P+|k 

J W + I ' 

p-ik 
(30) 

E p-§k + 1 

£(pi,p) = l 12 Sp(aiB(T+Xaai)((7tiTC+1Da<Ti) 
i«l,2 

= B D + A C - ( B n ) ( C n ) - ( A n ) ( D n ) . (31) 

Each of the terms in (31) is close to unity. However, 
as further calculations show, the complete expression 
is of order if. We now express (31) as a sum of small 
terms, in each of which only the first term of the 
expansion in powers of 1/po is retained. 

Each of the vectors A, B, C, and D can be expressed 
as the sum of two terms, one of these being parallel and 
the other perpendicular to n : A = Ai+A 2 ; Ai||n; A2J_n 
and similarly for B, C, and D. 

From (31), we then obtain 

i = (D1-C1)(B1-A1)+B2D2+A2C2. (32) 

The magnitude of each term in (32) is of order 

~l/po2 or T?2. 

Using (17), (19), and (30), we find with the required 
accuracy 

1 1 
4 i = C i = l ; S i = Z > i = l ; 

po po—k 
(S3) 

A2= 
g*?o 

B2= gno C2= 
po 

D2= 
po po—k 

Insertion in (32) gives 

£ = Ki+K&irio, 

gn 
po—k 

Kr-
po2(po-k)2 z2=-

g2tpo2+(po-kn (34) 

po2(po-k)2 

V. PROBABILITY OF BREMSSTRAHLUNG 

Let Wr(po,k)dk designate the probability of emission 
per unit length of a photon having an energy lying 
between k and k+dk. The initial electron \f/ function is 
normalized per unit volume or, for c—1, per unit flux; 
thus from formulas (3) and (7), we obtain 

r k2 

jjXo>o 

-2 Re f dreikT [hdto. (35) 

Inserting into (7) the expressions for w0, fl, and <£ 
defined by formulas (14), (16), and (34), we obtain 

f / i ^ = — r ^ o ( e , ^ i ) ^ ( i y , T ) [ X i + ^ 2 » ? * ? o ] ^ e ^ # . 
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Expressing 6 through rjo and & by formula (18), we get 

\hdft=— [v0(—yo+ft, / A ( n , T ) 
P° i 

X (K1+K2rirjo) driodridft. 
po2 

Using the normalization condition (14') for v0, we obtain 

Xv(Yi,T)dr)dYio. (36) 

Wr~- Re 
(2TT)^O2 - o 

f dreihr fiKx 

We denote the significant value of r in this integral by 
TO. From (24) and (25), we obtain the estimates 

rf~q/b, ro~l/br]2~l/ (bq)*, r]2~qTo. (37) 

If the time of motion of the electron in the medium* 
/, is much greater than r0, the upper limit of the integral 
in (35) with respect to r can be replaced by infinity 
and Wr ceases to depend on L 

Only the case £>>r0 or /» / f c will be considered below; 
I is the thickness of the scattering material and h = CT0. 

For a condensed medium (n=SX!022 cm - 3), one 
obtains from (37): 

po 1 
lk~- X l0~ 5 cm. (38) 

VkZ 

For Z= 10, £ o = 1010 ev (p0= 1010/5X 10 5 =2X 1010), and 
k=\p§, one obtains h~0.2 cm. 

For / » r o , the angular distribution of the photons 
can easily be found. The width of the angular distri­
bution defined by the function v0(to,h) is of the order 
(S2)to~qh' However, ri2~r]Q2~qT; therefore the function 
v0(gr)o/po+ft, h) can be replaced by vo(ftyt) and the 
photon angular distribution is given by the expression 

Wr'(pQA*)dfi=Vo(*,t)Wr(pO,k)<to. (39) 

ao ai 02 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 1.1 1.2 s 
FIG. 1. Values of the functions $($) and G(s) of Eq. (47). 

Thus, the photon angular distribution is the same as 
that for multiple scattered electrons with an energy po. 

Let 

I H ^ T ; W d i ? o ^ i ( i ? , r ) ; I v(rj,r; 170)170^0^R(*7, •)• 

Since the coefficients in Eq. (24) do not contain 170, 
the equations for hi and R will coincide with (24) and 
the initial conditions ^i(i7,r) |T = = 0=l; R(*? ,T) | T=O=*7 
follow directly from (17). 

The coefficients in Eq. (24) contain only T?2, and 
the solution can therefore be written in the form 
hi(ri,r)~h(z^)\ R(i7,r)=ijg(2;,T), where z=|??2; h and 
g satisfy the equations 

dh 

d 

h /d*h 1 dh\ 
-+i(a-bz)h=2zql 1 I, 
r Yds2 z dz/ 

dg 
(40) 

—+i(a-bz)g=2zql — + - — I. 
dr \dz2 z dz/ 

We introduce the functions 

*>i(z)= I eikTh(z,r)dr, 

^2(z) = z | eikTg(z,r)dT. 

Then, according to (36), 

^ j i T i l <pidz+2K2t <p2dz 

(41) 

Wr= Re{ 
2irpff 

(42) 

The equations for <pi and <p2 can be obtained by 
integrating (40) over r and using the initial conditions 
for h and g: 

*Vi"+Vi'+i(a+Pz)vi=-l/2q, (43) 

z<p2"+i(a+l3z)<p2=-z/2qy (44) 

TABLE I. Values of the functions <f)(s) and G(s) of Eq. (47). 

s 

0 
0.05 
0.1 
0.2 
0.3 
0.4 
0.5 
0.6 
0.7 
0.8 
0.9 
1.0 
1.5 
2.0 

*(*) 

0 
0.258 
0.446 
0.686 
0.805 
0.880 
0.931 
0.954 
0.965 
0.975 
0.985 
0.990 
0.998 
0.999 

G(s) 

0 
0.094 
0.206 
0.475 
0.695 
0.800 
0.875 
0.917 
0.945 

- 0.963 
0.975 
0.985 
0.994 
0.998 
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where 

k—a 

2q 4po(po-k)q 
->0; 0=-

kg2 

2po(po-k)q 
> 0 . (45) 

The solution of Eqs. (43) and (44) and the compu­
tation of the integrals in (42) are carried out in the 
Appendix. The following results are obtained: 

/•" 1 /•" 1 
R e I <pidz= G(s); R e I p2dz= 4>(s), 

J0 12qa2 J0 6a/3q 

( v 1 /•" sins/ \ 
I e~st dtY 

4 2J0 sinh(*/2) / 

coth-e~8* sin,s#d#—67r^2, 
o 2 

.Jf_i_Y. 

(46) 

(47) 

The estimate (26) for 02 can be expressed in a more 
convenient form: 

0t~(g/i)*£*= (l/2j8)*L*~£VgA (5°) 

Put 5> 1; then 

2e2 

Wr=- -£{£2+2[£0
2+(^-&)2]}. 

3irpQ2k 

This expression differs from the familiar formula (see, 
for example reference 6) only by a factor of the order 
of unity under the logarithm sign. The uncertainty of 
the factor under the logarithm sign is a result of 
application of the Fokker-Planck method. Solution of 
the integral equation (23), a difficult task, should yield 
more precise formulas. 

Since the functions </> and G are close to unity for 
s— 1, a convenient formula can be obtained by denning 
the numerical factor under the logarithm sign in the 
following manner: 

The function <t>(s) was introduced in reference 3. The 
values of <j)(s) and G(s) are presented in Table I, and 
are plotted in Fig. 1. 

The asymptotic behavior of <j> and G is given by the 
formulas 

L=In ($2/60 = In (190/ZM). (51) 

In this case, Wr is defined for ^ ^ 1 , and for s—1 it 
coincides with the usual expression. 

For K<1, Eqs. (48) and (49) yield 

0s^or->6s; <£*-+oo—*1 — 
0.012 Wr = -

TpQ2k 
-Bs£p<?+(po-kyi 

Q-^12ws2: G 
0.022 

(48) e2 / B \ * 

TTpo^kpoiPo-k)/ 
(52) 

For s< 1, one obtains 

°/ 

In this case, the emission probability is proportional 
to the square root of the density. 

For k<&po, one obtains from (49) (see reference 3) 

Re j (pzdz 

r}o2~rf'^-

• / 
Re I <p\dz 

a 1 j/2q\ 

8s -v/fl > V f t / ' 

8<? 
Wr= B<t>(s). 

3irk 
(53) 

which confirms the estimate of the significant values of 
rj2, rjo2 given above. 

Substitution of (24), (34), (45), and (46) into (42) 
yields 

Wr= 
<?kg2 

2irpd 

G <t> 
Kt -+2K2-

\2qa2 6aj3q 

At very small photon energies the deviation of the 
dielectric constant from unity must be taken into 
account. The dielectric constant e enters the initial 
formulas through normalization of operator A and also 
enters the integral over r in (3), where eikr should be 
replaced by ei(*T; o)=k/\/e. 

By considering the frequencies o£>>w0= (iwtiZe*)*, 
one obtains 

2e2 (49) 
B{k2G(s)+2tpo2+(Po-k)2-]<l>(s)}; 

0)a 

CO2 

co= ^k 
/ 1 co a

2 \ 

( 1 + — ) . 
V 2 co2 / 

(54) 

3irpi?k 

B=2TZ2e*nln(p2/61) 

Taking account of e in the normalization factor of A is 
equivalent to multiplication of Wr by a factor which is 
close to unity and which can therefore be dropped. 
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Thus, the effect of the dielectric constant on the 
calculations is equivalent to substitution of the quantity 
a defined in (45) by a': 

2q 2q 
,(l+*£). (55) 

Using (49) and (47) one obtains for small k instead 
of (53) a more general formula 

8e2 1 o>a
2 

Wr=—B'4>(sy)-, y=l+po2—, (56) 
3irk y w2 

where B' differs from B in that under the logarithm 
sign 5 is replaced by sy. At sy>\, y~2>\ one finds 

4 k 
Wr^—Ze'L—, 

3 x p<? 
(57) 

which is in agreement with the result obtained in 
reference 7 for this limiting case. Thus, radiation in a 
medium is not attended by any infrared catastrophe 
difficulties. 

In order to introduce the shower unit of length, it 
will be convenient to define a function %(s) which takes 
into account the variation of L with energy: 

• £(*) = l+(ln*/l iwi) , l^s^si 
= 1, J>1 
= 2, S<S! 

Sl*=Z*/190. 

(58) 

Here, si is the value of s for which L—2 ln(190/Z*). 
Formulas (51) and (58) yield 

B=limeWZis) ln(190/Z») = |TTX 137?(*)//,', 

1 4«e4Z2 /190 \ 
—= ln( I: 
h' 137 V Z* / ' 

h'=t0(mc/fi) = 2.59XlO1%, 

(59) 

where k is the shower unit expressed in centimeters. 
From expression (47) for s, one finds 

U ™ V 

= 1.37X108 

\po(Po-k)/ * <po(po—k) 

The probability of emission per shower unit length is 

(60) 

Wrt0' 
3p<?k 

-{«? (5 )+2[> t f«+(#o-* ) a >W}- (61) 

In lead (/o=0.5 cm), for k=ip0, we obtain for s=l 
the values £ 0 = 2 X 1 0 % , E 0 = 5 X l 0 n ev; for s=0.2 
which corresponds to a 30% deviation of (67) from the 
Bethe-Heitler formula, we obtain E0=1.25X101 3 ev; 
the value s==si corresponds to an energy E0~2X 1018 ev. 

VI. PROBABILITY FOR PAIR PRODUCTION 

Let Wp(kypo) denote the probability per unit length 
of production of a pair, the electron of which possesses 
an energy lying between p0 and po+dp0 (Wp is summed 
over all possible positron states). 

The probability for the inverse process Wr may be 
found by summing over negative-energy states in (8) 
and by changing the sign of JSXl in (9). The final 
formulas are obtained from those given above by 
replacing po—k with k—p0. For example, the quantity 
g=2(po+po~k) changes into g=i(po-po+k) = ik. 
Thus, the probability Wr, which differs from Wp only 
in statistical weight, can be obtained from (49) by 
replacing p0—k by k—p0. 

Po2 „ 2e2 

Wp=—Wr= B(s)\G(s) 

+2[¥+('-i)'H-<62) 

Here s differs from s only in that po—k has been 
replaced by k—po. The probability of pair production 
per shower unit of length is 

Wpt0' = 
m 
3k "MirK'-iyM-(63) 

At 5 = 1 this expression transforms into the familiar 
formula for pair production,6 For 5<K1, we get 

WPW-
4{(3) 

^('"l)> (64) 

Formulas (61) and (63) are solutions of the brems-
strahlung and pair production problem for high energies 
in condensed media. 
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APPENDIX Separating from integral (2A) the divergence a t 

Equations (43) and (44) can be solved by the £ = 0 > w e o b t a i n 

1 1 [ rM dtr 1 
Re «(X) = Re I — 

X-+0, argX=0 X-*0, argX =0 2q Xi [ JX J L(Xi 2— £2)* 

Laplace method. Assuming 

one obtains from (43) 

X—ia 1 

/ X i - f \ M 11 1 Xi 
X ( — ) + - l n -

VXi+^7 XiJ Xi X 

as 

Hence 
Re u(\) 

X-K), argX=0 
l l / X i + x y 

*M=— -I 1 ?r l ^ ^ r i / i - a ;v i 
2g (Xi»-X«)»\Xi-X/ = I m l - ( 1 - 1 . 

Spq 2qp J0 x \ (l-x2)Al+x/ I 

X I 1 I , (2A) Inserting #=tanh(2/2) and separating the imaginary 
part, we find 

where 

a 

2fi 

/•" 1 
I Re ̂ i^s= G (^); 

J« 12ao? 12qa2 

1 r°° sins/ (1 l r sm« \ 
I e~st— dt 1; (3A) 

txuii u i JuxxxM.iiv.oo m cm. i u n v , u u n y / 1 W ci . * - ~ . x ^ x ^ ^ O S i n h ( / / 2 ) / 

this it is necessary that the function u(X) does not x 

possess any singularities in the right semiplane, i.e., s——-—= 1 1 
Ji=Xi. 2(20)* Sg\po(po-k)qJ ' 

Expression (42) contains 

Re I <p(z)dz—Re\-+ou(\). 

2(2)8)* 8g\po(po-k)qJ 

In order to solve Eq. (44), it will be convenient to 
introduce / = <p2— (i/2qp), 

zf"+i(a+pz)f=a/2qp. (4A) 

At X = 0, u (X) has a logarithmic singularity and therefore Inserting v(X) = fe~*zfdz, we obtain 
limx->o^(X) depends on how X approaches zero. I t 
follows from the expression , , 2 X - i a j f (0 ) - (a/2qPK) 

* v'-\ v= . (5A) 
\2+ip \2+if3 

Re**(X) = J exp(-XO*)(Re w cosX'«-Im^sinX'«)&; ^ ( 0 ) = = 0 a n d t h e r e f o r e / ( o ) — ^ . The solution of 

° Eq. (5A) is 

X=X°+»X/, i 1 /Xi+X 
v(\) = 

that it is sufficient for X to approach zero along the 2qfi X 
real axis in order that the equality 

* X l / a \ / X i — £ 

1 / X i + x y 

i 2 -X 2 VXi-X/ 

f Re„*-E»(0) J" V « / U ' + £ / 

Rev(O) is calculated in exactly the same manner as 
be satisfied. Re^(O). 
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obtain 
cos5/+sins£ 

-dt+24:s2 sins/ 

Performing once again the substitution %/\i—x and where 
separating the divergent part from the integral, we 

! ( r i / l - n , J ° cosh^/2) Jo sinh/ 
Re vQi)= Re |Xi I ( ) dx 

->0, argX =0 2<7/32X->0, argX =01 V o \l+X/ 

f dt—dirs2 

2#x->o,argx=ol V 0 \l+x/ = 12s2 f coth(t/2)e-stsmstdt-6ws\ (7A) 
4/0 

—*a J — ( ) — 1-fcxmf — H . The functions <£(s) and G(s) can be expressed through 
0 x L ^ 1 + * ' J V X / J t h e i0garithmic derivatives of the V function.8 

Inserting a;=tanh(//2) and separating the real part, <£(s) = 12.?2{ — Im[^(s—is)+SF(H-1—^)]—&} 
we get 

Re V(X)= 
X-0,argX=0 2 $ 3 2 

7TQ! / • ' 

+a 
4 Jn 

00 sins/ 
/>— S<„ -J/ 

+• 

o sinh/ 

* z*00 cossZ+sins/ 

•my sinh(//2) 
-dt 

= 6s-67rs2+24s3E - , 

G(5) = 48s 2[ i7r+Im^(s+|-w)] 

1 
= 12TTS2-48S3E 

(8A) 

Thus, 

f Re**fe= f Re/&= 4>(s), (6A) a n d G(*}* 
J n Jo 6afl<7 8Relatioi 

These formulas are useful for the tabulations of <t>(s) 

Relations (8A) were obtained by S. A. Heifetz. 
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Time Variation of Primary Heavy Nuclei in Cosmic Radiation* 

MASATOSHI KOSHIBA AND MARCEL SCHEIN 
Department of Physics, University of Chicago, Chicago, Illinois 

(Received June 13, 1956) 

The time variation of heavy nuclei in the primary cosmic radiation was investigated by using the method 
of a moving-plate mechanism which was flown to an altitude of 100 000 feet by a Skyhook balloon. The 
results obtained clearly indicate a time variation of primary heavy nuclei Z> 10. The variation is charac­
terized by its maximum at around 9:00 A.M., having an amplitude of 3 4 ±7 % at the maximum. Comparisons 
are made with other experimental data on the same subject and also with the neutron intensity variation 
on the same day at Climax, Colorado. Possible consequences of this rather large fluctuation of the primary 
heavy nuclei are discussed. 

I. INTRODUCTION 

THE primary cosmic radiation has long been 
studied as to the intensity, the energy spectrum, 

the chemical or isotopical composition.1 The investiga­
tion of the intensity variation with time, among others, 
is of importance in order to understand the problem of 
where and how the primary cosmic radiation is ac­
celerated or modulated. Some information on.this sub­
ject has been obtained from the observations at sea 
level or at mountain altitudes using counters, ioniza-

* Supported in part by a joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

1 Summaries on these subjects are given, for example, in J. G. 
Wilson, Progress in Cosmic-Ray Physics (North-Holland Publish­
ing Company, Amsterdam, 1952); W. Heisenberg, Kosmische 
StraUung (Springer-Verlag, Berlin, 1953). 

tion-chambers, and neutron detectors. For example, 
from these observations we know approximately the 
type of intensity variations that exist in the cosmic 
radiation, the energy dependence of the intensity 
variation of a certain type, etc.1 

These investigations, however, are based on the ob­
servations of secondary effects which were generated in 
the atmosphere by the interactions of the primary 
radiation; thus implying, among others: (1) that it is, 
in general, impossible to detect the intensity fluctua­
tions of very low-energy primary particles which do not 
give rise to observable effects in detectors deep in the 
atmosphere, and (2) that at the present time the 
variations of heavy nuclei which constitute only a 
small fraction of the primary cosmic radiation cannot 


