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The numerical tables of Feshbach for the relativistic Coulomb scattering of electrons and positrons by a
nucleus of charge Z have been fitted with an analytic function. The accuracy of the analytic function is

equivalent to that of the tables.

HE relativistic pure Coulomb scattering of elec-

trons and positrons by a nucleus of charge Z

was solved exactly by Mott.! The result was expressed

in the form of a slowly convergent Legendre series.

This series was summed numerically by Bartlett and
Watson,? McKinley and Feshbach,? and Feshbach.

In the course of some work on electron scattering, we
have fitted the numerical tables of Feshbach, which are
valid for positron and electron energies above about 4
Mev, with an analytical function. Such an analytical
representation may be of some use, and we would like
to give our result in this note. The accuracy with which
our analytic function represents the numerical results
is very good. The accuracy of the analytic function is
as good as the accuracy of Feshbach’s tables, which is
about 0.1 percent except where the cross section gets
small.

The cross section o(6) for the scattering of particles
obeying the Dirac equation can be expressed in terms
of the two scattering amplitude functions' f3(f) and
f4(8) as

a@)=1fs|*+ | fal*. 1)

At high energies, f3 and f; are related and can be
expressed in terms of a single function, F(6) :

f3=3(1+cos6)F (9), (2
fa=1% sinfet¢F (9). 3)

This relationship is given by the Born approxima-
tion® and is also exact in the high-energy limit.® In the
Born approximation F(§) would be given by

F= (—2E/47r)-fdr exp(—ik-r)V(r) exp(iko-1), (4)

where ko and k are the incident and final momenta of
the particle, V(r) is the potential, and E is the incident
energy of the particle. (A=c=1 throughout.)

In terms of F, the cross section is given by

o=cos?30| F|2. (5)
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We have computed the exact values of F(6) from
Feshbach’s tables and have fitted F(f) with an analytic
function. In attempting to fit F(f) with an analytic
function, we have been guided by the fact that the form
of F(6) is known for small Z and for small scattering
angles.

For small Z, which means small o, a=Ze?/%ic and F (§)
is given by?®

(—Ze2) 1 { i X ]
F= expl7(2a In sin36+42y
2k /sin?30 P : )

sin}6 )
+3ro———+ia tan?30 In sinif}, (6)
1+4-sin3f

where exp(2in) =T (1—1a)/T (1+14a), and % is the in-
cident momentum of the particle.
For small scattering angles, F is given by?

—Ze 1

2k sin?l6

F:

exp[4(2a In sin}f+27)]
X (1+5ma sinjfe™), (7)

where exp(2ix) =T (3—i0)T (14ia)/T E+ia)T' (1—ic).
Here, as in all our results, Z is positive for electrons,
negative for positrons.

Our analytic expression for F(f) must reduce to
Eq. (6) for small Z and to Eq. (7) for small 4. A function
that will reduce to (6) and (7) in the small-Z and small-6
limits is the function defined by,

_ZeZ
Fgs= exp{i[ 2a:(1+3 tan?L0) In sinlf
2k sin?i6 ol : #) :
+2n+3ma(sing)y]+iralcosx)y}, (8)
Z2e4
|Fs|t=——

exp[ ma(cos ,
7 s pLma(cosx)y] . &)
where y=sinf/ (14sinif).

It turns out that Fg does represent F(§) fairly well
in the cases of positron scattering and small-Z (Z <30)
electron scattering. However, for large-Z electron scat-
tering, F(¢) departs considerably from F at the larger
angles. For the large-Z large-angle scattering, F(6) is
well represented by the function ' defined by

Fr=Fg-A exp(By+1d), (10)
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where 4, B, and é depend only on Z and are tabulated
below.

In the general case, F(f) can be accurately repre-
sented by a combination of the small-angle function
Fg and the large-angle function I, as

F=exp(—ay’)Fs+[1—exp(—by) 1y,

where ¢ and b depend only on Z.

In Tables I and II, the values of the various param-
eters are given as functions of Z. We found that to the
accuracy of Feshbach’s tables we could put 4=1,

(11)

TaBLE I. Table of x and 5 as functions of Z for electron scat-
tering. For positron scattering, the sign is changed. x and 5 were
computed with help of Tables of Coulomb Wave Functions, Na-
tional Bureau of Standards, Applied Mathematics Series (U. S.
golvernment Printing Office, Washington, D. C. 1952), No. 17,

ol. I.

z X ]

0 0.0000 0.0000
13 0.2590 0.0544
29 0.5459 0.1184
47 0.8011 0.1827
62 0.9585 0.2275
80 1.0938 0.2687

B=0 for all Z in positron scattering. () was rather
insensitive to the choice of the parameters ¢ and b,
particularly in the positron and small-Z electron cases.
Thus the values of ¢ and & can be varied by as much
as 10 percent in some cases and we will still get the
same F(f) to the accuracy of Feshbach’s tables.

Although Eq. (11) represents F(§) with considerable
accuracy, it is somewhat complicated mathematically.
There are some special cases where we can find mathe-
matically simpler expressions for F () which are still
fairly accurate.
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TaBLE II. The parameters A, B, 8, a, and b, as functions of
Z for electron and positron scattering. Z is positive for electron
scattering.

zZ A B B

a b
80 0.6172 2.352 0.218 21.1 24.0
62 0.7834 1.316 0.076 27.5 33.4
47 0.9154 0.625 0.019 45.6 49.2
29 0.9764 0.205 —0.009 37.6 38.0
13 0.9928 0.026 —0.0048 7.5 7.5
0 1.0000 0 0
—-13 1.0000 0.0000 —0.0062 10.5 10.5
-29 1.0000 0.0000 —0.030 8.3 8.3
—47 1.0000 0.0000 —0.045 13.8 13.8
—62 1.0000 0.0000 —0.058 13.2 13.2
—80 1.0000 0.0000 —0.062 149 14.9

POSITRON SCATTERING

In this case, F(6) is given to within a few percent by

F=F,s, (123.)
Fl=  eplmatcosdy. (120)
=— exp| ma(cosx)y . 12
4k sin*i

ELECTRON SCATTERING
For small-Z, that is, Z<30, F(6) is given to within
a few percent by
(13a)
264

|F|2=—r
4R sintlo

exp{ (ra cosx+2B)y}. (13b)

For the large-Z electron scattering Eq. (13) is valid
at the larger angles but is considerably in error at the
smaller angles, where FF=Fg. However, one can say
that for large Z, at angles larger than =60° F is
given by Eq. (13) to within a few percent.



