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The exact expression for the transition rate for quantum-mechanical scattering problems is derived
formally without recourse to adiabatically switching on the interaction or averaging the initial state in
time. The equivalence is shown of the stationary definition of the .S matrix and an appropriate definition

by the time-dependent method.

INTRODUCTION

N the derivation of the expression for the transition
rate in the formal theory of scattering, a certain
difficulty arises in connection with oscillatory terms in
the time development of the state vector, which is due
to the assumption of an initial “plane wave state” for
the incident system, and which has sometimes been
circumvented by a mathematical device usually de-
scribed as “‘adiabatically switching on the interaction.”
This has been avoided in a recent treatment by Gell-
Mann and Goldberger,! in which they introduced in-
stead an averaging of the initial state in time. This has
the effect of removing the oscillatory terms, which arise
from the presence of bound states (if any) of the total
Hamiltonian. In the following formal derivation of the
expression for the transition rate, neither of the above
devices, which are artificial from the standpoint of their
physical interpretation in terms of the principles of
quantum mechanics, is employed.
We assume that the total Hamiltonian H is the sum
of two parts,

H=K+V, ¢y

where K, the “noninteracting part,”” and V, the “inter-
acting part” of the total Hamiltonian are Hermitian
time-independent operators in the Schroedinger repre-
sentation. We will denote by ¢, a continuum eigen-
function of K of energy E,,

Koo=E.p.. (2)
H is assumed to have the same continuous spectrum as
K; and y,* and ¥.~, the outgoing and incoming wave

eigenfunctions of H corresponding to ¢, satisfy the
Lippmann-Schwinger equations®

Vo= patlim —————Vy,*, )
0+ F,—K4-ie
and
Hlpad: = Ea‘l/aﬂ:- (4')
I may have in addition discrete eigenstates y;,
Hy=Ew,, )
1 M. Gell-Mann and M. L. Goldberger, Phys. Rev. 91, 398

(1953).
2 B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950).

where the ¥; will be assumed not to overlap the con-
tinuous spectrum.

THE TRANSITION RATE

We start from the general relation (in units z=1),
U (to,h1) = eiK t2g— il (t—t) g—iKt1 ©)

where U (t2,t1) is the operator that generates the wave
function at time ¢, from the wave function at time ¢, in
the interaction representation,? and are interested in
the convergence as {—— o of

U(0,8) pa=¢Hte~iEat .

Expanding* ¢, in the complete set of eigenfunctions
of H,

- f doét (st 0a) + T, 00),

we obtain
U(O;t) Pa= 7a(t)+3u(t):
Ba(t) =21 eXF 1 E b, (Y, 0,) (N

1
Va(t) = fdc( ¢C+—‘——‘V‘pc+, ?a)¢c+3i(EG_Eu) t7
Etie—K

where in the last line we have substituted from (3)
and the limit as e—0+ is understood. By the ortho-
normality of the ¢.’s, we have

Ya(B) =¥at+pa" ®, (8)

1
pat ()= f ded f QB
E.—ie—E,

X (VYst, ) stedEtat ()

where, following Watson,® we have explicitly separated
out the integration over the energy in the integration
over all physical quantities needed to specify the states

3 See, e.g., reference 1, Sec. III.

4 The expansion coefficients (Y.*,¢q) are singular. However, see
below where a wave packet is taken for initial state; this intro-
duces an integration over these quantities.

5 K. M. Watson and K. A. Brueckner, U. S. Atomic Energy
Commission Document AECU-2765 (unpublished).
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¥.F. We put (suppressing the dependence on ¢):

(VYeh 0a¥et= f(c%Eo),

x=(E,—E)t.

and

Using the limit-integration theorem denoted symboli-
cally by :

1 1
lim = P(—) +1imd (x),
0+ x4y X

where P denotes principal-value integration, we have
for fixed ¢<0:

0 e—z':c x
pa"'(t):fchPf dx——f(c“, Ea—~)
Eat X ¢
@ ) x
—{—iﬂ-fdc"f dxa(x)e“”f(c", Ea~—).
Eqt ¢

The second integral is immediately

(10)

+ir f dc®f (% Eq).

(We have assumed E, definitely greater than the lower
limit of the continuous spectrum, which we have taken,
without loss of generality, equal to zero.) The principal
value term is, in the limit /—— o0,

—ir f dc®f(c*Eq).

Thus
tlir_nwp,ﬁ(t) =0. 11
It remains to look at the contribution (7) from the
bound states. This oscillates as #—— «, unless all the
(¥1,¢4) vanish. Thus in the case where the total Hamil-
tonian H admits bound states, the limit of U (0,f) ¢, as
t—— o does not exist in general.®
Suppose, however, we take as initial state a wave
packet @; which being normalizable can therefore be
expanded in the ¢,’s. We shall assume that this expan-
sion contains a superposition of ¢,’s over a small range

6 In their treatment of this problem, Gell-Mann and Goldberger
(see reference 1) introduced an averaging of the initial state in
time. They were led to define

. 0
U@, — °°)¢a=el_l’roxi_ef_w dtestU (0,) .

The fact that the contribution from the continuum has a limit
by the ordinary definition implies that the limit exists and has
the same value (Y,*) by this generalized definition. However,
it is clear from (7) that with this generalized limit, the contribution
from the bound states vanishes.
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of energies. We have
UO) 7= [ dalondlbit+as () +6(0]
=g+t (O)+B:(0), (12)

where the last equality defines the barred quantities.
Now

El (‘l’l; ¢E) = (H\[/ly §0a> = ('l,bl,H(ﬂa) = Ea(‘//l, ‘Pa)"" (‘#l: V¢a) )
so that, by (12) and (7),

e E1—Ea)t

Bi)=2 | doa——41¥1,V ¢a) (00, 3:)-
i E,—E,

Since we assume that the bound states do not overlap
the continuous spectrum, the denominator never
vanishes. By our assumption that @; involves a super-
position of ¢.’s over a range of energies, we therefore
obtain, because of the rapidly varying exponential,

tlim Bi(t)=0. (13)
Also .
lim 5:+() =0, (14)
so that -
tlile U@0,) =it (15)

By the definition (12) of ¢:t,

(‘Pb,eiKte_iHc‘l_/i+) = ( ¢byeiEMfda’(‘pay ﬂ—oi)wa—*«e*iEat)

= f da(eo¥a*) (@a, @i)e" PrEat,  (16)
(b, Kt Ve iH D F)
:fda((ob’VIPG'*')(wa’ ¢i)ei(Eb—-E’a)t_ (17)
By (6) and (12),
d
—| (s, U (t,t0) 23) | *
dt

=2 Re{ —i(en,e X Ve B Pit+ pit(to)+PB:(to) 1)
><(%,eiK‘e*im[;/?ﬁ{-pi+(to)-|—p§i(to)])*}. (18)
We now obtain, from (13), (14), (16), (17), and (18),
and the orthonormality of the ¢,’s,

d
wpe=_lim lim —|(es,U(tt0) &) |2

¢i—¢a to—2 (it

=2 Re{—i(es, V¥a") (en¥a")*},


file://-/-iir
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independent of {. By (3) and (10), we have’

(enat) =0(b—a)

+[P(EaiEb)—ivra<Ea—Eb>]<m,v¢a+>.

Noting that the principal value term does not con-
tribute to the real part, and defining

Toa= (o3, V¥a"),
we finally get

Wha=26(b— @) ImTpo+ 218 (By— Eo) | Tha]?,  (19)

which is the well-known exact expression for the
transition rate.

EQUIVALENCE OF THE STATIONARY AND THE
TIME-DEPENDENT DEFINITIONS OF THE S MATRIX

Snyder® has pointed out the necessity for a demon-
stration of the equivalence of the stationary and time-
dependent definitions of the S matrix. This can be
achieved by the methods of the preceding section.’ In
case we had expanded in terms of the y~’s instead of
the ¥*’s, we would have obtained, instead of (8) and

),
'Ya(t) =g +ps” (t):

1
o= [[de———(Vr e e
Ectie—E,

Proceeding as in the derivation of (11), we find that
the principal value term and delta function term no
longer cancel, but have the same sign, and we get

lim pi=(§) = — 2 f OV (E) o (0Ea). (20)

Taking the limit as {—— o of
'Ya(t) =y +pa (t) =y +ps (t)

7 There is still an integration over final states to be performed
eventually. In fact, inserting (19) into the relation expressing
conservation of probability,

f dbwsa=0

provides, as Snyder has noted (see reference 8), an immediate
proof of the well-known “optical theorem” [reference 8, Eq. (45)].

8 H. S. Snyder, Phys. Rev. 83, 1154 (1951).

9S. T. Ma [Phys. Rev. 87, 652 (1952)7, has considered this
problem from a different point of view, making use of a concept
of “conditional equality.” Necessary integrations required for the
validity of “conditional equalities” arise naturally when a wave
packet is taken for the initial state. (See, e.g., Eq. (36a) of ref-
erence 8, and note that an integration over E, is required there.)

10T owe this suggestion to Professor Goldberger. It is assumed
here that the s and ¢ ’s span the same space.
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thus provides, by (11) and (20), the relation
Vo=t 2mi [ A (2,00 (0.

Because the inner product occurs between states of
the same energy, we can apply the reciprocity theorem,?

(VY (% Ea)ypa) = (0(c* Ea), Vibat),
so that

Yot =y —2mi f ded(Eo—Ea) (0o, V¥ )We.

Making use of the orthonormality of the y~’s, we
obtain from the stationary definition of the .S matrix
introduced by Gell-Mann and Goldberger,

Sta= Y5 Wa") =8(0b—a)— 27i6 (Fy— Ey) Tpa.

In the treatment of the S matrix by the time-
dependent method the same difficulty arises that was
discussed in the preceding section. It is now clear that
we should take a wave packet for the initial state and
at the end of the calculation let the wave packet
approach a plane wave. Thus we define

Spe= lim lim lim (qob,U(t,tg) ?:). (21)

@i ¢a 0 Lg——o0

By (6), (15), and (16),
Jim. (e, U(t,to) @)= (n,c’ e~ "4y 1)

ei(Eb-—Eu)t
= (§0b7 ¢1)+ fda—'—‘—‘“(ﬁobyv‘l/a+) (‘oay Qz);
Ea+le~Eb
where the last line follows from substituting (3) into
(16), and the limit as e—0+ is understood. Thus,
making use again of (10),

Iim lim (es,U (¢ t0) 3:)
t—00 {g—r—o0
= (@0, @5) — Zﬂ'ifddﬁ (Ev— Ea) (00, V¥a") (00, 23),

and we therefore again obtain
Sta=08(b—0a)—2mid (Ey— E) Tre. (22)

Thus the definition (21) of the .S matrix by the time-
dependent method also leads to (22), whether or not
there are bound states of H, provided these do not
overlap the continuous spectrum.
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Note added in proof —After completing this work, I received
unpublished notes of Professor F. Low in which Eq. (15) and Eq.
(22) are derived by the same method as used here. I have also
been informed that similar methods have been employed in un-
published work of Professor J. Ashkin.



