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The Schwinger variational principle in differential form for the 5-wave phase shift has been generalized 
so as to be applicable to the entire scattering amplitude. 

VARIATIONAL principles for the calculation of 
phase shifts in nuclear scattering problems were 

first introduced by Schwinger1 and Hulthen2 and have 
by now been given numerous other formulations.3"6 All 
these depend upon Schrodinger's equation in its 
differential form. Schwinger7 has also provided varia­
tional principles for both the phase shifts and the scat­
tering amplitude which are based on the integral 
equation formulation of Schrodinger's equation, but 
sometimes the use of a varaitional principle involving 
the differential formulation is more feasible for nu­
merical calculations. The generalization of Hulthen's 
method for the phase shift to the entire scattering 
amplitude has been given by Kohn.8 In the present note 
it will be shown that a similar generalization exists for 
the corresponding Schwinger differential formulation.1 

This permits the use of trial functions involving the 
"inside" wave function6 representing the difference 
between the wave function and its asymptotic form. 

Let Schrodinger's equation be written as 

Af+ky-V(r)f = 0, (1) 

and let the subscripts 1, 2 denote two particular solu­
tions of Eq. (1) having the asymptotic form 

l i m ^ = 6 * * ' r + / ( k i , k ) - i = l , 2 . (2) 

This represents an incident plane wave in the direction 
hi and a scattered wave in the direction k with ampli­
tude /(kt-,k). For simplicity, let ^•=e*k i , r+r"10,-, and 
form the expression 

I drl eik2'r+-cj>2 JI A—\-k2— 

•7(f ) , h-'+r])-0. (3) 
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By the use of Green's theorem, 

\ dre^'4 A—+k2— J 

dSl eik*-T—( — ) e*>" ) , (4) 
V dn\ r / r dn / 

where the surface integral extends over an infinitely 
large sphere. Consequently, the function <£i may be 
replaced by its asymptotic form xiz=zf(hi,h)eiJcr. The 
resulting expression is readily evaluated9 and is equal 
to — 47r/(ki, — k2). The terms in Eq. (3) involving <£2 

and A<f>i may be integrated by parts, yielding the 
symmetric form 

4r / (k i , - k 2 . 

1 

>-/*•?{-
dcj)i d(f>2 1 d<j>i d(f>2 

dr dr r2 dd dd 

d(j>i 6V>2 

r2 sin20 d<p d<p 

X[re*»-r+02] \+jM <t>2~ (5) 

Following Schwinger's analysis, the divergent con­
tribution arising from the evaluation at infinity of the 
last term above is eliminated by subtracting an exactly 
similar contribution from the equation for the asymp­
totic function. Thus, the function xi satisfies the equa­
tion 

1 / d2 

- ( Xi+&2Xi 
r\dr2 ) • 

:0. (6) 

After multiplying by r~"1%2 and integrating over all 
space, one obtains 

f 1 / te dX2 \ r f dxij^ 
dr-l +k2

XiX2 )+ M X2 = 0 . 
J r2\ dr dr / J L dr J r = 0 

(7) 

Subtracting (7) from (5), one obtains the following 

9 P. A. M. Dirac, Principles of Quantum Mechanics (Clarendon 
Press, Oxford, 1947), third edition, Sec. 50. 
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Equation (8) may now be written as 

1 ( dYldY2 

variational principle for/(ki , — k2) 

1 ( d(/>i d$2 1 d<pi d$2 J l f a</>i a02 1 d0id(/>2 r 1 ( d] 

dr dr 

1 d<j>\ d</>2 

r2sin20 d<p d<p 
-kfyifc- F(f) [ re i k l ' r+(Ji ] 

) J r2i dr dr J 

+ikfdtif(khk)f(k2,k), (8) 

the last term above being contributed by the last term 
in Eq. (7). This expression is stationary with respect to 
arbitrary variations in the functions </>i,Xi provided that 
these have the correct radial dependence at infinity, 
e.8f. 

\ira8cj>i=8xi=Sf(ki,k)ei>"-. (9) 

+kW1Y, (xi- F i )—(x»- Yt) 
r2 dd dd 

1 d d 
. ( X l _ 7 0 — ( X 2 - F2) 

r2 sin20 d<p dtp 

~V(r)lrei^(x2-Y2)+rei^(xi-Y1)-]\ 

-tftJdn/(M0/(k2>k), (12) 

where/js(ki, — k2) is just the Born approximation 

47r/B(ki, - k 2 ) = - fdreik^V(r)eik2'T. (13) One can now introduce the "inside" wave function 
defined by 

Yi=Xi—<t>i, (10) Equation (12) is stationary with respect to variations 

which satisfies the boundary conditions m Y%-
I am indebted to Herman Feshbach for several 

* i(Uj=/(Ki,k;, illuminating conversations out of which this work 
F»(oo) = 0. developed. 


