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In an attempt to understand why approximations of the van der Waals type can yield semiquantitative
results in spite of being qualitatively wrong, we have assumed that the partition function for submacroscopic
volumes, as a function of the number of particles, is of the van der Waals type. We have considered, as a
model of a real fluid, a cubic array of submacroscopic cells with variable numbers of particles and have
assumed an interaction energy between adjacent cells only. Since the van der Waals equation predicts two
sharp peaks in the probability function for the occupation numbers, one has then essentially a three-dimen-
sional Ising model. Using some of the known properties of the Ising model (and some which can be safely
anticipated), we find that with plausible assumptions about the interaction energy between cells this model
exhibits condensation, and that its condensation pressure, its isotherm in the stable states, and its critical
temperature, are still essentially determined by those of the individual cell.

I

PPROXIMATION formulas for the partition
function Qn(V) of a system of NV interacting
particles enclosed in a volume ¥V are qualitatively
wrong for macroscopic systems if they predict (like
the van der Waals equation) a violation of the stability
condition. It has been shown by van Hove! that, with
any realistic assumptions concerning the intermolecular
forces, 9 InQx(V)/dV is a nonincreasing function of
V/N in the limit N—o, V—oo, N/V finite. In spite of
this fact, approximations of this type, when re-inter-
preted by means of the Maxwell construction, yield a
variety of at least semiquantitative results for equi-
librium states, and parts of the discarded region of the
isotherm can be realized as metastable states. It seems,
therefore, reasonable to believe that such expressions of
the van der Waals type are approximations to some
legitimate physical quantity rather than extrapolations
without physical meaning and of merely historical in-
terest. It seems natural to conjecture that they are
approximations to the partition function of systems
which are very small compared to macroscopic systems,
Such a conjecture is not in contradiction with van
Hove’s theorem. We do not fail to realize that it would
probably be very difficult to prove this conjecture

* Guggenheim Fellow, on leave from Northwestern University.
1 L. van Hove, Physica 15, 951 (1949).

directly from assumptions concerning the intermolecu-
lar forces, and we have not attempted to do this. The
purpose of the calculations presented here is to carry
further the investigation of the consequences of this
conjecture and to see what other information would be
needed to predict the behavior of a macroscopic system
built up of submacroscopic systems, if the partition
function of the subsystems were given, e.g.,, by a
machine calculation, and if it turned out to be of van
der Waals type.

An earlier attempt in this direction was made by
Katsura and Fujita.? They consider the total volume
V of the system as divided into small cubical cells of
volume 2, and make the conjecture of a van der Waals
type partition function for the cells in the form of the
assumption that the probability of having # particles
in a cell, as function of %, has two sharp maxima, at »,
and 7, (n1<n,), respectively, over a range of values of
the temperature and Gibbs free energy. They studied
the behavior of the total system, neglecting interaction
between particles in different cells, and found that it is
similar to that of a real system. The density of the total
system is a single-valued function of the pressure and
of the Gibbs free energy and shows a rapid rise over a
very small range of pressures, at the pressure and Gibbs
free energy which would have been obtained by the

2§, Katsura and H. Fujita, Progr. Theoret. Phys. (Japan) 5,
997 (1950).
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Maxwell construction. Because of the neglect of inter-
action, however, the density and pressure which
Katsura and Fujita obtain are simply those of the
single cell in the grand canonical ensemble. They are
analytic functions and thus do not satisfy the accepted
definition of phase transitions.?

We have kept the basic conjecture for the partition
function of the single cells, but have introduced, as a
next step, an interaction energy between each pair of
adjacent cells, which is a function of their occupation
numbers, and which we assume to be small of the order
of a surface energy as compared with the product of
pressure and volume of the individual cells. We thus
have a system of objects (cells) capable of two states
(n close to 71 or ns) with nearest-enighbor interaction,
ie., a “binary alloy” of cells which is known* to be
mathematically equivalent to the Ising model of a
ferromagnet. Since the three-dimensional Ising model
has not yet been treated rigorously it is fortunate that
we need only the existence of a phase transition, a rough
estimate of its Curie temperature, and some estimates
of orders of magnitude of its thermodynamic functions
which can be obtained from the series expansions (see
reference 4, pp. 379-380). The interesting terms in the
pressure and density are the free energy and magnetiza-
tion, respectively, of the Ising model. The quantity
which plays the role of the energy uH of a spin in the
magnetic field turns out to be (ps—p1)v (except for
correction terms), where p; and p, are the pressures
formally computed® for cells with #; and #, particles.
Except for a small range close to the double point in
the graph® of the formally computed pressure vs Gibbs
free energy, the system therefore corresponds to a
magnet in the range |uH | >kT. (The system of Katsura
and Fujita corresponds, of course, to the paramagnet,
and the steep rise of the density which they considered
to be condensation corresponds to the change of mag-
netization of a paramagnet, when the field passes
through zero.) The interaction energy e of a pair of
opposite spins is found to correspond to a linear com-
bination of the interaction energies E,,» of a pair of
cells with #, and %, particles, and it is plausible that
the dominant term in € is —3E, so that e is positive
(and thus favors parallel spins) if the interaction be-
tween ‘“liquid” cells decreases the energy of the pair.
The Curie temperature of the model is 7 22¢/k
| Byl /.

The interaction energy required to cause condensa-
tion is thus very small compared with values which
one would consider plausible. This implies that the
critical temperature of the system is the critical tem-

3B. Kahn and G. E. Uhlenbeck, Physica 5, 399 (1938).

4G. F. Newell and E. W. Montroll, Revs. Modern Phys. 25,
353 (1953); p. 382 ff. and literature quoted there.

5 These are defined by Eq. (2.4) and must not be confused with
the ensemble pressure [ Eq. (2.5)].

8 See J. C. Slater, Introduction to Chemical Physics (McGraw-
Hill Book Company, Inc., New York and London, 1939), p. 188,

Fig. XII-4. The third (short) branch corresponds to a probability
minimum.
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perature determined by the van der Waals type parti-
tion function of the cell, not the Curie temperature of
the Ising model. We find, furthermore, that already
for €2 kT quantitative details of the thermodynamic
functions of the Ising model become irrelevant, it
provides merely the mechanism by which the thermo-
dynamic functions of the total system change from one
branch of the thermodynamic functions of the single
cell to the other. (There are three branches, but only
two correspond to probability maxima.) There are, of
course, correction terms to the pressure and density of
the individual cell which are of first order in the inter-
action energies, if pressure and density are written as
functions of the Gibbs free energy. In the expression
for the pressure as function of the density, however, the
first-order correction term appears in the form (0E,,/9n,
—E,,/n,) which reduces it appreciably if the inter-
action energy between cells in the same state is approxi-
mately proportional to the number of particles.

In Sec. 3 we have presented some properties of the
hypothetical van der Waals type gas, since the state-
ments found in the literature are often not quite correct.

II

The total volume V of the gas is divided into 9t equal
cubical cells of volume v. The partition function for the
7th cell containing #; particles is written as

1 nj
Qn]'('l))EﬁLe_ﬁUIII di, (21)

where U denotes the potential energy of the »; particles
only and dry is the volume element of the kth particle,
and B=1/kT. We accept as a conjecture the assumption
of Katsura and Fujita’ that the relative probability
y"Q,(v) of finding » particles in a cell at fugacity y
has two sharp maxima, at #; and #, (r>>n>1), in
some region of fugacity values and for some volume v
which is large compared to atomic dimensions, but
small compared to macroscopic dimensions. The num-
bers 7, and 7, are roots of the equation

Iny+9 InQ,(v)/dn=0; 2.2)

the maxima are furthermore specified by the additional
assumption that

o*(n)=—[0" InQ,.(v)/0n* ] (2.3)

is of order n; and n, at n; and #,, respectively, and
changes only negligibly over a region 4/7; and 4/, at
ny and #n,, respectively. The inequality 7,>#n, is to be
interpreted as ne—7,>max[ o (n1),0 (n2) ].

The intent of these assumptions is to describe a gas
of van der Waals type at temperatures below its critical
temperature.

Neglecting interaction between particles in different

7 The proof given by Katsura and Fujita (reference 2) is at
best a plausibility argument.
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cells, Katsura and Fujita then obtain the density p°
and pressure P° of the total system, which of course
are simply the expectation value of the density in the
cells in the grand canonical ensemble and its integral
with respect to Iny, respectively. With the notation

o= (kT/v) (n, Iny+InQn,) (0=1,2), (24)

for the pressure formally computed for cells with #»,
and #n, particles, these are

P'=3(p1+p2)+vkT In cosh[30(p1—po)/RT],  (2.5)
P =v"{3(m+ns)
+3% (n1—ns) tanh[ Jv(p1—po)/kT ]}, (2.6)

where, because of the assumed sharpness of the maxima
in the sequence of terms in the grand partition function,
the summation has been carried only over the numbers
71 and #. in each cell.

The functions P° and p° are indeed similar to those
of a condensing system. They are single-valued mono-
tonically increasing functions of Iny and of each other,
and the density increases from #; to #s over a very
small region of pressures at that value of y for which
p1=p2. However, since the density of the total system
is the expectation value of the density for the single
cell, the density and, a fortiori, the pressure are inde-
pendent of the number of cells and are analytic func-
tions of y, and thus do not fulfill the specifications of
the accepted definition of phase transitions.® In terms
of the Yang-Lee theory® the grand partition function
of the 9T cells is simply the 9tth power of the grand
partition function of the individual cell if interaction
is neglected;? its roots, therefore, cannot approach the
real axis, but remain fixed; only the multiplicity of
the roots increases by a factor .

In view of the fact that the increase of p° would be
experimentally indistinguishable from a discontinuity,
one might consider the insistence on the rigorous defini-
tion somewhat dogmatic. However, its physical sig-
nificance is that the neglected interaction could de-
crease the steepness of the rise of p° at the transition
point. Even if, therefore, the partition function of the
individual subsystem (cell) were known (e.g., from a
machine calculation) to be of the type specified by the
conjecture, some information concerning the inter-
action between the subsystem would be required to
predict the thermodynamic behavior of the total
system.

We will, therefore, try to improve on the ensemble
model by taking into account the interaction between

8 C. N. Yang and T. D. Lee, Phys. Rev. 87, 404 (1952).

? Even if the cells are chosen of macroscopic dimensions, as
long as they are of fixed and finite volume, interaction between
cells is required for a phase transition in the rigorous sense. Since
in that case the probability for the occupation numbers must be
already almost flat over a finite interval and practically zero
outside this interval, the corresponding ferromagnet consists of
classical magnetic dipoles.
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adjacent cells (i.e., cells having a surface in common).
Instead of the partition function Qx @ (V),

Ox© (V)= TI 01i(0), (@.7)

we then have

On(V)=2"I1 Qn;(v) le’ q(njme), (2.8)

where the sum extends over the values »; of all cells
and the prime denotes the restriction N=3_,z; and
the prime at the product denotes restriction to adjacent
cells. The grand partition function then becomes

Qv (y)=2 y*"i ]I On;(v) le' q(njymr)

=2 exp{2[#; Iny+1InQn;]
+2_" Ing(n;,ni)}.

i#k

(2.9

Using the conjecture that y»Q,(») has two sharp
maxima, at #; and #s, respectively, we obtain for the
pressure

P=kTV ' In9y(y)=kTV1In Y expB[ip1v

FHapav— M1 Er— s Era— NasEaa ], (2. 10)

where the sum now extends only over the two values
ny and n, for the occupation number of each cell,’ and
where 97, denotes the number of cells with #, particles,
N, the number of adjacent pairs of cells with #, and
1y particles, and where E,,- is defined by

E,.o=—2kT Ing(nsn.), (2.11)

and p, by Eq. (2.4). This is the partition function of a
binary alloy, which is known! to be mathematically
equivalent to the three-dimensional Ising model. Since

9111=35')11—%E)’612=%i)1+%(911——312)—%9112, (212)
3‘622=33lg--§-91m——l-%91—-%(3’61—3h —%fﬂ,m, (213)
one can write
P=EkTV" In{expap Y exp(—BLH (91— I,) ,
+ Mo ])}, (2.14)
where
a=3{(pw—3Ex»)+ (prv—3En)}, (2.15)
H=3{(pv—3Es0)— (p1v—3Ew)}, (2.16)
€=E12—%(E11+E22), (2.17)

and the sum again extends over the two states of each
cell. We will denote this sum which is the partition
function of the three-dimensional Ising model by Zi,
and write F(H,e) for the free energy,

F(H,e)=—9'%T InZr, (2.18)

10 The error incurred in this step is estimated in Appendix I.
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I for the normalized magnetization,

IEE)“L“(SM—S)“L])AV: —aF/aH, (219)
and define X by
A= 3‘6‘1(3112>,\v=617/66. (2.20)
We then have
P=vYa—F(H,e)}. (2.21)
The density is then
p=B34P/d Iny. (2.22)

With dots indicating differentiation with respect to.

Iny, and using Egs. (2.2) and (2.4) to obtain

BPv=1,, (2.23)
we get
p=v"18{a+ITH—\é)
+(n—3BE)5(1—1)—pBre}.  (2.24)

P=py—[3Es+F(0,6) ]!
p=1"ny—3B8Es—B\é]
P=p—[B3En+F(0,6) !
p=v"1n—38E;,—BAE]

The interaction energy required to change the continu-
ous increase of the density obtained in the grand
ensemble into an actual discontinuity is thus extremely
small.l!

It is plausible that Ex>>E;;, E1p and that eX—1FE,,
is of order av*-nm.u (where a is the range of the at-
tractive force and # is an average potential energy of
attraction) and thus of order av—3n.kT.

The Curie temperature of the Ising model is, there-
fore, so high that it has no bearing on the critical
temperature of the gas. The latter is given by the
critical temperature of the individual cell, ie., the
temperature at which the two roots #; and #, coalesce,
in distinction to the case of the lattice gas, where it is,
of course, the same as the Curie temperature.”? This
agrees well with the fact that the van der Waals equa-
tion yields PV/kT at the critical point in rough agree-
ment with experiment.

To estimate the correction terms which are to be
applied to the thermodynamic functions of the cell in
order to obtain the thermodynamic functions of the
total system, we note first that the terms containing
F(0,e) and N are irrelevant. The leading term in the
expansion of F(0,¢) is —kT exp[— (9/2)B¢] [reference
4, p. 380, Eq. (7.5)7]. The factor A can be most readily

1 This fact and the fast convergence of the low-temperature
series suggest an attempt to approximate the partition function
with cells of very small size, capable of containing only a few par-
ticles, provided that there is a possibility of extending the ex-
pansions to more complicated Ising models (with more than two

states and less restricted interaction).
2T. D. Lee and C. N. Yang, Phys. Rev. 87, 410 (1952).
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The free energy and magnetization of the paramagnet,
In cosh and tanh in Egs. (2.5) and (2.6), have thus
been replaced by the free energy and the magnetization
of the Ising model.

Although the three-dimensional Ising model has not
yet been treated exactly it seems safe to anticipate the
following properties on the basis of approximative
calculations (reference 4, p. 379). The model will have
a ferromagnetic phase transition at H=0, if ¢>0, with
a Curie temperature T,=22¢/k. At temperatures T<e/k
the spontaneous magnetization will be unity, with an
error of 4 percent [ 2¢%%¢ according to the low tempera-
ture expansion (see reference 4, p. 380)7]. This implies
that A1 for T'<e/k.

If € kT, we have, therefore,

I==41 for HZ0, and F(H,)=—|H|+F(0,e),
and thus
(2.25)
} for po—3Eev > p—3E v,
(2.26)
] (2.27)
for pa—3Esv ! <p1—3Ev.
(2.28)
estimated from the identities
9112=6911—23111=6312—25122, (229)
which yield
A= 9T Iag)a < 69T min ((Ty)a,(M2)a),  (2.30)
or
A <6 min[}(147)]=26¢ %8¢, (2.31)

The thermodynamic functions of the Ising model thus
disappear, as they should, from the pressure and density
of the total system above and below the transition
pressure.

The surface energy terms Es, and Ej;, of course,
remain, since they express the fact that each cell is
surrounded by cells which have (except for the fluctua-
tions specified in the basic conjecture) the same number
of particles. (The factor 3 instead of 6 comes from the
definition of E,, as the interaction energy per pair of
cells.) The effect of these terms on the isotherm is
smaller than would appear on first sight from Egs.
(2.25)-(2.28) because the represent primarily an adjust-
ment of the Gibbs potential for the individual cell.
Neglecting terms of second order in the interaction
terms one has, in fact, above and below the transition
point (c=1,2),

P(p)=po(ns/v)—3E v
=?¢(p+3BEavv_l)—3an‘v—l
=Pa(P)+35va_lpv(”vv—l)/ﬁv(nvrl)

—3Eqv!
=p,(0)+ 31,5 0Ess/0ns— Eso/ns ).

(2.32)
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The first-order correction to the isotherm is thus caused
only by the deviations from linearity of the interaction
energy E,, as a function of #,.

III

In this section we will state some properties of a
hypothetical gas of van der Waals type, which is
essentially equivalent to the subsystems defined in the
basic conjecture of Sec. 2, simplifying and extending the
calculations made in an earlier paper.’* We have chosen
the volume-pressure representation because the prop-
erties are easier to visualize in this case than in the
density-fugacity representation, which we had to use
in Sec. 2 in order to have a fixed cell division.

We shall investigate the consequences of the following
assumptions: For a certain finife range of the number
of particles NV, the partition function Q of a substance
has qualitatively the form of the partition function of
a van der Waals gas. More precisely, it is analytic and,
for a certain finite interval of temperatures 7 and
volumes V, 82 InQ/dV? is positive. In the regions of V
which in the conventional reinterpretation of the van
der Waals isotherm are assigned to gas, liquid, under-
cooled vapor and superheated liquid, we assume
[—V?%?1nQ/8V?] to be of order N. Denoting by P,
the condensation pressure and by AV the difference
between the volumes of liquid and gas which would be
obtained from our hypothetical partition function by
the conventional construction, we assume P,AV to be
of order NkT.

We shall now consider such a substance, together
with a mechanical system whose potential energy is
®(V,Vo) (where Vo is a parameter of the mechanical
system) as being in thermodynamic equilibrium with a
heat bath.!* The probability that the substance occupies

a volume between V and V+4dV is then
W (V)dV=C"1 exp{ —pd+InQ}dV. 3.1)

The function W (V) is stationary at volumes V, which
are the roots of the equation

d®/9V =719 InQ/3V. 3.2)
A stationary value is a maximum if
[—Bo*®/aV2492 InQ/aV?],<0. 3.3

Since Eq. (3.2) yields

d 0B\ [0%®] aV, 9 InQ
EERRES
ave\av/ 1, Lozl av, av?

this inequality (3.3) is equivalent to the inequality

[ 0 /0D vV,
G/l
LaVO aV s aVO
18 A, J. F. Siegert, Phys. Rev. 90, 97 (1953).

14 Arbitrarily large positive values of 9% InQ/dV? in this region
would not essentially affect our conclusions.

av,
s aVO’

(3.4)

(3.5)
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The two cases,
®=PV (I)
and ‘
P=3a(V—Vo), (I1)

are of interest since case (I) represents a system under
a well-determined force per unit area and case (II)
a system for which the relative magnitude of the un-
certainty of force and volume can be chosen by an
appropriate choice of a.

In the first case Eq. (3.2) becomes

P=8-19 InQ/aV. (321

While this equation is formally the same as the usual
equation for the pressure, its derivation shows its cor-
rect interpretation as an equation whose roots are the
stationary points of W (V). The inequality (3.3) shows
that only those roots V¥, correspond to maxima for
which

[9% InQ/9V?*],<0, (331

or—by identification of the parameter V, with P
according to (3.5)—

aV./aP<0. (341
The magnitude of the maxima is obtained from (3.1) as
W (V) =C-lebo, (3.6)

where g, is defined by
¢ =PV~ In[Q], 3.7)

and is thus the Gibbs potential, formally computed at
V.. Under the assumptions stated above, there are two
maxima of W (V), at V; and V.. If P, denotes the value
of P for which g;=g,, the ratio of the two maxima of
W (V), considered as a function of P, becomes, in the
neighborhood of P,

W(Vy)/W (V)

) =exp{—/3(P—Pc)|:V1(Pc)_Vz(Pc)]}, (38)
since '
gS(P)ggs(Pc)_*_(P_Pc)[ags(}))/ap:lpcy (39)
and
8g,/dP=V,+[P—B-19 InQ/dV ],V ./oP
=V.. (3.10)

Defining P; and P, such that W(V.)/W (V,) equals
7 for P=P; and 7! for P= P, one gets

Pi—P,=2kT[Vs(P)—Vi(P) T Inr.  (3.11)

The range of pressures over which the change from one
branch to the other occurs is thus of order N71P..

The two maxima of W (V) are sharp under the as-
sumptions made, since, in the neighborhood of either
Vs, W(V) is of the form

exp[—3(V—V)*(—9*1nQ/aV?),]
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in the region of interest. The expectation value ¥ of V
can thus be written as

V=3 Vebis/ S e bos,

8=1,2 s=1,2

(3.12)

The graph of P vs V thus follows the curve 819 InQ/d V-
practically to Vi(P.), and is practically horizontal
between V(P. and Va(P.), where P changes with
increasing ¥ only by a quantity of order P;—P, given
by Eq. (3.11), and follows again 8710 InQ/8V for V
> V2(P). The almost horizontal isotherm must not be
ascribed to the individual van der Waals gas, but to
the ensemble only.

Under the conditions of case II, the behavior of the
van der Waals gas differs even more from the behavior
of a macroscopic system. Equation (3.3) becomes

a(V=Vo)=B"191nQ/dV. (3.2 I0)

If o is chosen to be larger than max[8-19% InQ/aV¥] Eq’
(3.21I1) has only one root, and, according to (3.3),
W(V,) is a maximum. In this case, there is thus no
phenomenon resembling a phase transition. By an
appropriate choice of «, the “phase transition” can be
made to occur between values V; and V, other than
Vi(P,) and V.(P.) and any pair of points on the
descending branches of d InQ/dV can thus be reached.
Points on the ascending branch can, however, be
reached only if « is chosen large enough so that Eq.
(3.2II) has only one root. The thermodynamic be-
havior of a van der Waals gas depends thus on the
mechanical system with which it is coupled, which
means that it is not a thermodynamic system.

By means of a similar argument one can show that
the logarithm of the energy level density p(E) as func-
tion of the energy E cannot, for a macroscopic system,
have the shape shown as ‘“Actual Curve” in Fig. 16,
p. 486, F. Seitz, The Modern Theory of Solids (McGraw-
Hill Book Company, Inc., New York and London,
1940). The analog of van Hove’s theorem for this case,
that is the theorem that 0 Inp(E)/9E is a nonincreasing
function of E in the usual limit, has not yet been proven
directly.

If a macroscopic system is considered as an ensemble
of a large number # of systems with van der Waals
type partition function, the behavior of the macroscopic
system becomes unique, however, and its isotherm—
although still analytic—has almost the shape which
one attempts to prove for the limit N— o, V—o , N/V
fixed. The probability function W,.x (V) for the volume
of the ensemble of systems under fixed force is

W (Vi) =Cu(P)e BEVmQpn (V2),  (3.13)

where mN and V,, are, respectively, the number of
particles and the volume of the whole ensemble, and
Omn (V) is its partition function. For sufficiently large
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m, the maximum of Wy (V) is located at Vim=mV (P)
where V (P) is the expected value of the volume of the
subsystem discussed above [Eq. (3.12)7]. We thus have

3 W /V = —BP+3 InQyur/0V =0,
at (3.14)

Va=mV(P).

The isotherm of the ensemble is thus the curve of P
vs mV (P).

In the volume-pressure description, the Laplace
transform of Qn(V),

C(s)= f eV Ox(V)dV, (3.15)

plays a role similar to that of the grand canonical parti-
tion function in the paper of Yang and Lee® in the
density-fugacity representation. The expected value of
the volume, Vy(s) at a pressure P=8"%s, is given by

Vn(s)=—a InCy(s)/0s. (3.16)

We denote the expected volume per mole by oy
=N,Vx/N, where N, is Avogadro’s number. Since
Cy(s) is regular in the open right half-plane Re(s)>0,
the only singularities of #x(s) which can occur in that
region are poles of first order. If we think for a moment
of Re oy(s) as an electrostatic potential, any poles of
Ux(s) are to be interpreted as infinite dipole lines per-
pendicular to the s plane. A steep decrease of the volume
over a small range of pressure at P, corresponds to a
steep potential drop on the real axis, which occurs if
and only if a grating of dipole lines closes in on the real
axis at s=BP.."® In order to obtain a finite saltus A7
of 7y in the limit N— o, the dipole grating must, in
this limit, become a dipole layer of dipole strength A#.

The assumption of a van der Waals type partition
function for a finite IV yields a dipole grating. We have,
writing s={-414¢, with ¢ and ¢ real, and using the fact
that e ®"Qx(V) has one or two sharp peaks as de-
scribed above,

x@= [ e p0s-10)
° OV} dV

= p1()e=PV1i4py(F)e V2, (3.17)
The roots of Cx(s) are thus roots of
COTOTO = —p )/ pa(0),  (3.18)

15 In order to obtain the theorems of the Yang-Lee theory rigor-
ously one would have to prove the existence of the Gibbs free
energy per atom, limn,.[N7!InCy(s)], for real values of the
pressure only, since the extension into the complex plane is pro-
vided by some trivial properties of Laplace transforms and
Vitali’s theorem [see E. C. Titchmarch, The Theory of Functions
(Oxford University Press, London, 1939), second edition, p. 168,
Sec. 531].



ON THE THEORY OF CONDENSATION

and, since ¢ was to be real, the roots of Cx(s) are simple
roots located at the points defined by

p1(t)=2p2(?) (3.19)

and
Qi+
d=d— " (1=0,1,2---).  (3.20)
Vo(t)—V1(8)

Our assumptions thus yield a grating of dipole lines on
the line /=Re s=BP,, spaced with separation 2m/
(V2—V1). The roots of Cx(s) are of first order and each
pole of V (s) is, therefore, of the form — (s—s;)~%, which
corresponds to a dipole of moment 27 ; the dipole grating
has thus a dipole moment per unit length of [V,(z)
-Vi()]

In the ensemble the position of the roots remains
unchanged. In order to consider interaction we used
the density-fugacity representation in Sec. 2 since
there is no equivalent to the Ising model available for
the irregular array of cells of variable volume which
one would have to deal with in the volume-pressure
representation.
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APPENDIX I

In order to estimate the effect of fluctuations in the
occupation numbers around their most probable values
we write the (unnormalized) probability function for
the occupation numbers in the form

exp(nj Iny+InQnj)= X

Nje=n1,n2

— (n—n;30)/20*(n)0) ],

exp[#;, Iny+1nQnj,

(A1)
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where ¢%(n) is defined by Eq. (2.3), and expand the
interaction terms to first order in the fluctuations:

> Ing(nj,ni) =32" Ing(nje,m10)
77k 77k

9 Ing(nj,ymx0)

+2 5 (=ns) (A2)

Njo
Instead of Eq. (2.10) we then have
() =L exp{E 150 Iny-+InQns,]
A I +)), (A9

where the sum extends again over n;,=#;, 72 only, for
each cell. The correction term J is defined as

J=f . f exp; {—- (’}’Lj—nja-)2/20'2(nja)
+2(%j_”iv)2,:, 9 IHQ(”jv,"kv)/Mf“}H dnj,  (Ad)

where the summation over % extends only over nearest
neighbors of 7. The integration yields
InJ=1 3 In(2wo*(n;s))

i

+2 2 () [Z Ing(niom)/dmi . (AS)

The logarithmic terms are irrelevant and we thus have
InJ=23% o7 2%(n;,)
i
X[ 0*(nj0)d Ing(njeynrs)/0nse . (A6)
k
Since ¢*(n) was assumed to be of order #, the terms
02(n)d Inq/dn are of the order of the surface terms Ing,

and the terms of Y_; become of lower order than the
surface terms Ing.



