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In order to determine the measurements necessary to characterize the anisotropic energy and the satura-
tion magnetostriction in hexagonal cobalt, a phenomenological derivation has been given for the equations
which characterize the effects. Out to fourth rank tensors, the results are the same as those for circular
symmetry and it requires two constants to specify the anisotropic energy and four to specify the magneto-
striction. When sixth rank tensors are evaluated, a characteristic hexagonal symmetry appears. It requires
four constants to characterize the anisotropic energy and nine to characterize the magnetostriction. These
constants can be measured by using two oriented slabs. Four of the constants can be determined by measure-
ments parallel to the saturation magnetization, four when the magnetostriction is perpendicular to the

magnetization and one when they are 45° apart.

In the Appendix the first approximations for the magnetostrictive and anisotropy energies are derived

for tetragonal and orthorhombic crystals.

I. INTRODUCTION

N order to determine what measurements have to
be taken to characterize the saturation magneto-
striction and the magnetic anisotropic energy of a
hexagonal cobalt crystal (class 6/m, 2/m, 2/m), which
are discussed in an accompanying paper by R. M.
Bozorth, a phenomenological derivation has been given
for the equations which describe these effects. These
equations can be derived from a general thermodynamic
function of which there are several depending on which
variables are considered the fundamental ones. In
order to give directly the measured magnetostriction
constants and the magnetic anisotropic energy at con-
stant stress (the ordinarily measured values), it is
better to use the stresses, intensities of magnetization,
and entropy as the fundamental variables. Furthermore,
since we are not interested in temperature effects, we
can assume the entropy constant and introduce only
the stresses and intensity of magnetization as the
fundamental variables.
A general expression has been derived in a previous
paper! for a crystal with a center of symmetry. Since
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Frc. 1. Relation between z, y, and z rectangular axes
and the crystallographic axes.

I W. P. Mason, Phys. Rev. 82, 715 (1951).

cobalt belongs to the crystal class 6/m, 2/m, 2/m
(Herman-Mauguin) or D, (Schonflies), it has a center
of symmetry and hence the expression derived previ-
ously is valid. In tensor notation, this expression can be
written in the form

2H = —[$iui! Ti;T i Rijrinol I ;T 10T notM ijmnd I ;T
AN ijpomnd L7 LT mn 4+ KmnTInd - KonopT Ind nI ol
+KmnopquIm[nIoIpIqIT. (1)

In this equation 7';; are the stresses expressed as a
second rank tensor with ¢ interchangeable with 7, I,
are the three magnetic intensities along the three
rectangular coordinates, si;i! are the elastic compli-
ances, Rijrino are the terms added to the elastic com-
pliances when the crystal is magnetized in various
directions (neglected in the present paper), M ;jm» are
the first-order magnetostriction terms, Nijtmn» the
second-order magnetostriction terms, and the three K
terms are the first-, second-, and third-order anisotropic
energy terms, all measured for constant stress.

All that is required to evaluate these terms is a
knowledge of the components of the tensors in the sym-
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F16. 2. Relation between spherical coordinate angles
and rectangular «, v, and z axes.
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MAGNETOSTRICTION AND ANISOTROPIC ENERGIES

metry system 6/m, 2/m, 2/m. Up to fourth rank ten-
sors, the number and kinds of terms are well known and
are given in Sec. II.

The components of sixth rank tensors for this sym-
metry have been derived only recently.? As discussed
in Sec. III, these components can be used to evaluate
the morphic R constants, the second-order (V) mag-
netostriction terms and the third-order anisotropic
energy terms. In all the sixth rank tensors, the char-
acteristic hexagonal symmetry appears and the results
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are different from those derived on the basis of circular
symmetry.

II. ELASTIC COMPLIANCES, FIRST-ORDER
MAGNETOSTRICTION, AND FIRST- AND
SECOND-ORDER ANISOTROPIC
ENERGY TERMS IN COBALT

The matrices of the second and fourth rank tensors
using the engineering shearing strains, i.e., (Si;=0u,;/0x;
~+9du/dx;) rather than the tensor strains, can be written
in the form?

S1111 Si1122 S1133 0 0 0
Ky O 0 Su2e Sunn Suss O 0 0
Kpn=|0 Ku 0 |; sgu= Sugs Suss Sssss O 0 0 ;
0 0 K33 0 0 0 $2323 0 0
O 0 0 0 59323 0
0 0 0 0 0 2(s1111—S1122)
Kuun Kuee Kuss 0 0 0
Kijee Kun Kuss 0 0 0
K3z Kiss Kisss 0 0 0
Kmno = .
i 0 0 0 K133 0 0 ! (2)
0 0 0 0 K33 0
0 0 0 0 0 Ki111-Ki1ae
M Mies Mg 0 0 0
Muze Mun Muss 0 0 0
Minn= My Mzar Msss 0 0 0
g 0 0 0 Ma3z03 0 0
0 0 0 0 M3, 0
0 0 0 0 0 MMz

Since the first two and last two numbers of the sub-
scripts can be interchanged with each other, it has be-
come customary to replace two interchangeable indices
by single indices according to the convention

1=11; 2=22; 3=33; 4=23; 5=13; 6=12.
With this substitution we can write the expression for
H, as
2H,=— {:SuI(T12+ T22)+25121T1T2+23131(T1+ Tz) Ts

+8331T32+S441(T42+ T52)+2 (8111— S121) Te?

F2M (I 2T A 12T o)+ 2M 1o (I 2T o+ 152T)

F2M (I 2T s+ 12T 3) 4 2M 5[ T2 (T1+T) ]

F2M 5T T s+ 4M su (Lol sT o+ 1115 T's)

F4(Mu— M) Te ]+ KT (I 2+ 12+ K712

+KuT (I 212 24T 6K 15" (T 241215

+ KT, (3)
where the 2 or 3 axis coincides with the ¢ hexagonal axis
as shown by Fig. 1, and the x axis coincides with one of
the 6 hexagonal a axes.

These equations hold for a crystal with a large num-
ber of domains when the directions of the domains are
uncorrelated, for then the components of magnetization
are independent. For a single domain or for a saturated
crystal, the intensity of magnetization has a fixed

2 R. Fieschi and F. G. Fumi, Nuovo cimento 10, 865 (1953).
Hexagonal and trigonal systems were also considered by Dr.
H. Wondratschek and are in course of publication.

value 7,, and only the direction of magnetism can be
changed. If oy, as, a3 are the direction cosines of the
intensity of magnetization with respect to the crystal
axes, one has
I 1=‘1’1] s

where a’+a?+ag?=1.

Furthermore, the energy H; is usually expressed as
a change from the energy of the demagnetized crystal.
For cobalt the direction of easy magnetization is along
the hexagonal axis with a;=4-1. Hence, on the average,

n 1 =
Za3=0; —‘Zaa =1.
1 n 1

12=azls; I3=a318) (4)

With these substitutions the expression for 2H, becomes
2H,=— [5111 (T12+ Tzz) 425191 T1T 225157 (T1+ T2) T
+533 T4 s4a? (T 2+ T5%) +2 (s1f— 5121) Teﬂ
- [2 (Mn“ M12)152 (0112T1+0122T2+20£1¢12T6)
+2 (M33_'M13)Is2 (0132— 1) T3+2 (M31*‘ M12)
X I 22— 1) (T14To) +4M sal (a0 Tataias Ts) ]
+[(K1_ Kg)[f-}- (2K11— 6K13)Is4][1 —af]
+[4K13—“ Ku— K33]I‘94|___1 —0134]- (5)

3The Km. tensor is similar to the dielectric tensor and the
sijm tensor is given in W. P. Mason, Piezoelectric Crystals and
Their A pplication to Ultrasonics (D. Van Nostrand Company, Inc.,
New York, 1950). The Kmnop tensor can be obtained from the
s:jr tensor by interchanging all the subscripts. The M ;. tensor is
similar to the photoelastic tensor of Pockels as corrected by
Bhagavantum.
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Since

(1—ag?)=1—cos*=sin, (1—as!)= (1—-cos)

=2 sin’f—sin'd, (6)
where 0 is the angle of the saturation magnetization
from the hexagonal axis, as shown by Fig. 2, the aniso-
tropic energy can be written in the form

A sin%-+ B sin%f, )
where
A =%(K “K.?)[sz+ (Klﬁ'_K(i3)]s4,
B=3(Ku+Ky—4K)l

This is a well-known result for cobalt.*

The form of the saturation magnetostriction, which
has not previously been derived, can be obtained from
the equation for the magnetostrictive strain in any
direction which is given by the formula

8H1 6H1 aHl
T, 0T, 0T,
0H, 0H, OH,
—3233———)31133 —/3152 , (8)
T, 6

where 1, 82, B3 are the direction cosines of the direction
for magnetostrictive strain with respect to the x, y,
and z axes defined above and M is the saturation mag-
netostriction. Performing the above differentiation and
collecting terms,

A= (M11— M1o)T 2 (aiBrt-asBs)’+ (M 1o— M y1)
XT2(1=as?) (1—=Bs)+ (M 15— M 35) [ (1 —as?)Bs
+2M 4l FaiBitasBa)asBs. (9)
Z=c¢
VAED
I~
\6\ '
¥ X'=A
Y
R

F16. 3. Relation between rotated coordinate system ', y', and %’
and original rectangular coordinate system x, ¥, and z.

*R. M. Bozorth, Ferromagnetism (D. Van Nostrand Company,
Inc., New York, 19"51), . 564.
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To evaluate the M constants in terms of the measured
values of magnetostriction, we first put the field in the
same direction as the magnetostriction. Then a;=g,
az=Fs, ag=0s, and

= (]Mn—‘]‘431)132(1"*,332)2

+ (= Mo+ My+2M ) 2(1-BHB (10)

Hence, only two constants can be obtained under these
conditions. These are obtained by setting a;=p1=1,
giving A4 and a;=81=1/V2, ay=8;=1/V2, giving \p.
From Eq. (10),

Na=(Mu—M;)I 3
i

Moo= F(M1u—Mzy)

M33+M13+2M44)]Isg‘ (11)
To determine the other two constants, we have to
determine the expansion in a different direction from
the field. The two simplest directions are when the
field is perpendicular to the hexagonal axis and the
saturation magnetostriction is measured at right angles
to the field in the basal plane, and perpendicular to the
basal plane. Calling Ag(a;=1,B8:=1) and A¢(a1=1,
=1) the two values, we find for these

Ap= (M12—M81)182; Ae= (M13—M33)Is2- (12)
With these values, the four constants become
(M 11— M) 2=NAs—\p,
(Mm—'M:n)I 2:>\B, (Mla*Mss)I 2=)\C,
M uld 2= (—Na+4Ap—N¢). (13)

Inserting these values in the magnetostrictive equation,

we find

A=Aa[ (181+Fa:B2)?— (a1B1+asBs)asBs ]

A (1—as?) (1—B5) — (Br+asB2)*]
N[ (1—as?)Bs2— (1B1+aBs)asBs ]
+47\D(a161+a252)a363. (14)

These four constants have been evaluated for cobalt
in the following paper by Bozorth, who finds the fol-
lowing values:

Ag=—45X1075 Ap=—95X10"¢

=-+110X1075, Ap=—100%X10"5. (15)

The properties of polycrystalline materials can be
calculated to this order of approximation by assuming
that all orientations of the crystal grains are equally
probable. The two quantities of interest are the mag-
netostriction M, along a rod in the direction of the
applied field and the change in dimension, \,, per-
pendicular to the applied field. The volume magneto-
striction w is then equal to

w=Au+2,. (16)
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If we saturate along a given direction, the increase
in length along this direction for any orientation in the
crystal is given by

A=M[(1=a?)’— (1—a)at ]+ MMp(1—ad)as?, (17)

where a3 is the direction cosine between the direction
of the magnetic field and the Z axis of the crystal. If
we call this angle €, the expression for \ is

A=A4[sin%—sin% cos? |+4\p sin? cos?.  (18)

To obtain A, we have to average this expression over
all possible orientations. The average values of sin‘d
and sin’f cos® over a unit sphere are given by the
integrals

w2 8 /2 2
f sin%6df=—, f sin®f cos?9df=—. (19)
0 15 0 15

Hence
Mi=2ZA 1+ (8/15)\p.

The volume magnetostriction of a single crystal ma-
terial can be calculated by taking a three-axis system
«,y', 2 located in any orientation and adding the
magnetostrictive strains in all three systems. If we take
the axes of the three-axis system with respect to the
axes for which the direction of magnetization has the
direction cosines a1, as, a3 as shown by Fig. 3, the direc-
tion cosines for the #/, " and 2’ axes are given by

(20)

x': Bi=cosf cosp; Ba=cosh sing; B3=—sinf;

(21)

y': B1=—sing; Bz=cose; B3=0;
21 B1=sinf cosg; Br=sind sine; B3= cosf.

Using these values in Eq. (14), leaving ai, as, a3 arbi-
trary, and adding all these values of A\, we find

ANy FA) == N a+rs+Ae) (1 —as?)
= O\A+)\B+)\C) sin20,

where 0 is the angle of magnetization with respect to
the hexagonal axis. Hence, irrespective of the orienta-
tion of the crystallite considered, the volume magneto-
striction depends only on the direction of the intensity
of magnetization with respect to the hexagonal axis.

For a polycrystalline material, this angle is averaged
over all directions and hence, since

/2
f sin®0d0=2%,
0

we find that the volume magnetostriction for a poly-
crystalline material is

(22)

(23)

o=3M\a+As+N0). (24)
From Egs. (16) and (20) we find
A= (2/15Aa+3Ms+Ne)— (4/15)Np.  (25)
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III. ANISOTROPIC ENERGY AND SATURATION
MAGNETOSTRICTION TAKING ACCOUNT
OF SIXTH RANK TENSORS

When one takes account of the sixth rank tensors of
Eq. (1), additional terms are added to the anisotropic
energy terms and the saturation magnetostriction, and
these reveal the hexagonal properties of the crystal.
The simplest term to consider is the anisotropy energy
term

KonoparTn oI oI T v. (26)

According to Fieschi and Fumi,?> the energy product
has the form

K 15K 1oL T 2415 K o 2Ty 415K 11T 152
15K 05T AT 4-90K 15T 22T 24 15K 1551 215
15K s 215+ Ksals®.  (27)

In the hexagonal system 6/m, 2/m, 2/m(Dss), there
are a number of relations between the constants. For
the case where all six indices can be interchanged, in
three-index symbols, these relations take the form

5K112=-‘2K111+3K222; 5K122=3K111*2K222;
K113=3K123; K113=K223; K133=Ko33. (28)

Introducing these values, the expression for the aniso-
tropic energy becomes

Kyii[118— 6141 2++91 4]
+ Kona[ 15— 614 29T 21 [+ 15 Kyys[ T 2+ 1 I

F15K 135 (I 2+12)5*+ Kasal 5. (29)
Introducing the values
Ii=ail,, Li=a),, I3=asl,, (30)

and subtracting out the demagnetization energy, the
sixth rank term becomes

K111 8 (15— 6ata’+ 9o ?as?)
+ K ago 8 (@5 — bas’ar®+9as?ars?)
F 15K 1151 S (e +as?) 2+ 15K 1331 8 (ar*+as?) s
+ K33l 5(as®—1).  (31)
If we go to spherical coordinates as shown by Fig. 2,
(32)

Introducing these values and combining and reducing
terms, and adding the lower order terms of (7), the
total anisotropic energy can be written in the form

A sin?6+ B sin%0-+sin®9(C+D cos6e),

ar=sinf cos¢; as=sinf sing; az=cosh.

(33)
where

A=5(K1— K3+ (K13— K33) [ *— 3Kl 5

B=3}(Kn+Ks—4K5)I ¢
+%(15K113“30K133+3K333)136;

C= [‘%(— 15K 115+ 15K 135— K333)+i(K111+K222)]Is6 )

D=1(Ki—Ka)I " (34)
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The sixth rank magnetostriction tensor containing
the second-order magnetostrictive terms can be evalu-
ated in a similar manner. The energy products become
Nind i T+ (N2 *T o4 6N 101 21 *T1+-8N 1661 *1 5 T'6)

+ (Noall s T1+6N 1991 )1 T'2+8N 9661 115*T's)

+ (N113II4T3+6N13III2[32T1+8N155113[3T5)

+ (Va31L ' T146N 1331 *1 T3+ 8N 355111 5°T's)

+ (V223I ! T3+ 6N 232I o212 T'3+8N 244l 21 3T s)

+ (Vaaal §#To+ 6N 233l 12T 5+ 8N aal P1Ts)

+ (6N 193] 21 T3+ 6N 1391 *1 5> T2+ 6N 2311 221 5Ty

+ 24N 144l 1oL 3T 4+ 24N 955111 21 3T's

424N 3661 1 Lol 2T6)+ N 209l AT 24N 333 4T3 (35)

For a hexagonal symmetry 6/m, 2/m, 2/m there are
a number of relations between these constants. On
account of the form of Eq. (1), we can interchange the
first four indices or, in terms of three-index terms,

N ave=Npac. (36)

From this relationship, the equivalences given by
Fieschi and Fumi? take the form

Nijo=—2N111+3N 200— 4NV 166
3N191=—2N 111+ 3N 292— 2N166;

Nise=—N111+2N 20— 2N 16— 2N 121;
Noge=N111— N 222+ N1gs;

Nooy= 2N222“‘N111“4N166§
Nu3s=3N123=Naos; Nisi=N1s2+2N366=N232;
Nigz=Ngys; Noz=DN1ss;
Nass=N3aa; Nizo=Naz;
N135=3N 144= N o4a.

N 331=Nss2;
(37)
These 16 relations reduce the number of constants
appearing in the equation to 11. Introducing these

values, the sixth rank tensor, after subtracting the de-
magnetized value N3l 4(1—B5%)+ N33l *85%, becomes

Naad B2+ 2004822 — 8adaaBiBe+ 3024812+ 6 2?35 |
+N222Is4[a241322—" 30114;322+ 120!1301231ﬂ2— 40!24612
— 6a’a?Bs2+-401as’B182 16N 1011 (182 — asB1) (1 —as?)
43NV 1951 852 (1 — 5?2+ 6N 1511 fevs? (11 oB2)
+6N 1327 sfas® (a1 Ba— aB1) >+ 8N 1551 s*asB3 (1 —ais?)
X (a1,31+012;32)+N3311s4(a34_ 1) (1 —332)
6N 1351 5?85 (1 — a3®) +8N 344l *as®B3 (181 sB2)

+N333[s4 (0134“‘ 1)332- (38)

By combining these terms with the first-order terms
of Eq. (19), and combining and reducing terms, the

W. P. MASON

sum can be written in the form of a nine-constant
equation:

A= A[ 2010581+ (a2 — 2?) B2 P+ Bas?[ (@181+asBs)?
— (@1B2—281)" JHC[ (a1B1+382)* — (18— azB1)?]
+D(1—a3?) (1—85%)+ Eas®8s?(1—as?) + Fas*(1—as?)
+GBs2(1—as?)+ HasBs(a1B1+asBs)

+IasB3(iBritasB2), (39)

where
A= (szz—N111)134;
B= [3 (N131—N132+N121)+N111— 2N222]Is4;
C= [(2N222—N111—3N121)Is“+%(M11—Mlz)lszj ’
D=[(2N111—2N22043N 191— N 331) [ ;*
+%(M11+M12— 2M31)Is2:|;
E= [2 (N111~N222)+3(N121_N131—N132—N123)
+6N133+N331—N333]Is4;
F= [2 (N222—N111)—N331+3 (N131+N132—N121)]Is4;
G= [(3N123_N333)Is4+ (Mla_M33)Is2] ;
H=[8N 5] ;*+2M 441 7],
I=8(N 34— Nss)I s
To evaluate the 9 constants requires the measurement
of 9 independent orientations. The simplest measure-
ments are those for which the magnetization is parallel
or perpendicular to the saturation magnetostriction.
Eight independent constants can be determined from
these measurements. The remaining constant has to be
determined when the magnetization and magneto-

striction are in directions not 0° or 90° with respect to
each other. For the parallel case,

a1=P1; a2=P; az=Ps, (40)
and the equation becomes
Mi=A[3ales—a? P+ Bag?(1—as?)?

+(C+D)(1—a?)?>+ (E+Dast(1—a3?)
+ (F+G+H)a?(1—as?). (41)

Introducing spherical coordinates as shown by Fig. 2,
we find that

a;=sinf cosp; ax=sinfsing; az=cosd. (42)
If these values are introduced in (41) and all the values
are expressed in even powers of sinf, Eq. (41) reduces to

Mi=A" sin?+ B’ sin®9+C’ sin0+ D’ sin®d cos6ep, (43)
where
A'=E+F+G+H4+1T;
B'=B+C+D—-2E—-2]-F—-G—H;
C'=A—B+E+I; D'=-—3}A.
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The first three constants can be determined by measur-
ing the magnetostriction when the values are measured
in the x-z plane with A\; 90° from z, A, 60° from z and
A3 30° from z, while the fourth value is determined by
measuring the saturation magnetostriction when 6= 90°,
¢=90°, i.e., for measurements in the y-z plane with the
direction of measurement 90° from the z axis as shown
by Fig. 4(a). These four values are determined from the
equations

M=A4'+B'+C'+D';
=344+ (9/16)B'+-(27/64) (C'+D');
Ns=34"+(1/16)B'+(1/64)(C'+D");
M=A"+B'+C'—D'.
Solving for these values, we get
A'=8\3— (8/3)AaFAy;
B'=— (56/3)\s+ (40/3)\a— (16/3)As;
(C"+D")=(32/3)\s— (32/3)N\2+ (16/3)s;
D'=3(\—\).

Hence 4 of the 9 constants can be evaluated by meas-
urements for which the magnetostriction is in the same
direction as the saturation magnetization.

These constants also determine the value of the
saturation magnetostriction for a polycrystalline ma-
terial, since as shown by Eq. (17), all the contributions
to the polycrystalline material are in the direction of
the saturation magnetization. Since the average values
of sin?, sin’, and sin® over the sphere are given by the
integrals

/2 /2 8
f sin®fdf=2%; f sin%0df=—;
0 0 15

iz 48
f sin"fdf=— (46)
0 105

the average value for a magnetostrictive cobalt rod is

2 8 48 2 8
)\u = —A ,+ *B,+*—Cl = —‘(8)\3"' —>\2+)\1)
3 15 105 3 3

8 56 40 16
+—( ——x3+—x2——x1)
15 3 3 3

48 732 32 16 48
+— —xs——x2+—>\l) —— (=)
105\ 3 3 3 105
16 16 2 8
=—>\3+—)\2+—)\1+—)\4. (4-7)
63 35 63 35
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F16. 4. Crystal cuts for measuring nine independent constants in
magnetostriction equations for hexagonal crystal.

When the field is perpendicular to the direction of
measurement,

a1B1+asBatasBs=0. (48)
With this simplification,
A= A[ (2= 3as?)B2— 2as0:383 >+ (B— I ) aes'B5
— B (ai82—asBh)?+ (C— H)as?8s2— C (@182 — asB1)?
+D(1—as?) (1— ")+ Eas8:* (1—as’)
+Fag?(1—as’) +GB3* (1—as?).
If we introduce spherical coordinates as shown by Fig. 3,
with the magnetization directed along the 2z’ axis and

the magnetostriction measured along «’, the direction
cosines become

(49)

a1=sind cosg; az=sindsing; az=cosf; (50)

B1=cosf cose cosy—sing siny; B2=cosf siny cosy

+cosp siny; B3;= —sinf cosy.
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By inserting these in Eq. (49) and reducing and col-
lecting terms, the perpendicular magnetization can be
written in the form

A=A sin¥[ cosh sing cosy (3 cos?p—sin?p)
+sin® cose(cos?p—3 sin®p) P+sin’f
X[(B4+C+D+F—H—1) cos’y+(D+F—B—C)
Xsin%y |+-sin#[ (2[+H-+E+G—2B—C—D—F)
Xcosy+ (B—F) sin®y |+sin®9 B— E— I ] cos. (51)

A has previously been derived from parallel measure-
ments, and since the last term is — (C’+D’) this equa-
tion determines four more constants. By designating

B+C+D+F—H—I=F,
2+ H+E+G—2B—C—D—F=F,

D4+F—B—C=G', B—F=H', (52)
these four constants can be related to four new magneto-
strictive measurements. As shown by Fig. 4(b) and (c),
all of these measurements can be made on a single slab
in the x-z plane. The constants A; and A¢, measured
when ¢=0, are measured when the saturation mag-
netization is 90° and 45° from the z axis and the mag-
netostriction is measured in the plane perpendicular to
the magnetization. The other two constants, A7 and As,
are measured along the plane thickness for the same
directions of magnetization. In all these measurements,
¢=0. For the first set, =0 and the equations become

Ne=E+F — (C'+D');\e=3E+LF' —%(C'+D"). (53)
The second set are obtained when ¥=90°, so that
M=G'+H'+4; N=3G"+1(H'+4). (54

Since 4=N\s—\1, we can solve these equations simul-
taneously for E', F’, G', and H’, obtaining

E'=4M\—Ns—3(C'+D"); F'=2—4Ne+3(C'+D');
G'=4\s—N\r; H'=2\—4N—A. (55)
Since C’'+D'=(32/3\3— (32/3)As+ (16/3)\1 and A
=N\s—M\;, these values are related to the measured
magnetostriction values by the equations
E'=4N—Ns— (16/3)N\5+ (16/3)X2— (8/3)s;
G’=4Xg—}\7;

H'=2\—4Ns+A1—As. (56)

If we introduce the 4 to I values in the expression for
A’ to H' of Egs. (43) and (56) and solve simultaneously
for the unprimed values, we determine 4, C, D, and G

uniquely and have four more relations between the other
five constants.
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To determine the other constant requires a measure-
ment for which the magnetization and magnetostriction
are not parallel or perpendicular. The simplest method
for determining the measurement to make is to intro-
duce a vector for the saturation magnetization having
the direction cosines

a1=sinf; cosp1; as=sind; sing;; az=cosby, (57)

and another vector for the magnetostriction having the
direction cosines

Bi1=sinf; cosgs; B2=sinfy coses; Bz=cosfz. (58)

If these values are introduced into the general ex-
pression, Eq. (39), the equation becomes
A=A sin%, sinf, sin*(2 o1+ ¢2)

+1B sin?20, sin?0s[ cos(@s— ¢1)+sin(pe— ¢1) J?

~+C sin%); sin?6s[ cos(@s— ¢1)+sin(pe— ¢1) I

~+ D sin%; sin®fy+1E sin®26; cos?0s+1F sin®20;

-+G sin%, cos20§+iH sin26; sin26, cos(ps— ¢1)

1] cos?), sin26, sin20, cos(pa— ¢1).  (59)
An examination of this equation shows that if
0,=45° 0,=0°;, @1=¢,=0; ie, ai=az=1/V2;
a=0; B1=P=0; Bs=1, (60)
the measured magnetostriction Ag will equal
N=1(E+F)+1G, or E+F=4x—2\;5 (61)

This orientation is shown by Fig. 4(c). This gives enough
relations to solve for all the constants in terms of the
measured values, and we find

A=N—N1; B=—=2N—2N+ N+ 20— 3Ny

+ @/t (4/)Ne—(5/6)\1; C=3(N—N);

D=M+1a—=A0); E=6Ao—2s--Ai— 2hs— 2As
— 3= (4/3)Ns— (4/3)Na+ (11/6)\s;
F=—22g+2As— A+ 2N6+3Na+ (4/3)N3
+ (4/3)a— (11/6)As;
H =g — hg—Ns— (16/3)\ o= (16/3)ha— (5/3)\s;

T=—8\g+4Ne+ 205+ (40/3)A;

— (24/3)\+ (8/3)\.

G=)\5;

(62)

These values can be checked by direct substitution. As
shown by Fig. 4(a), (b), (c), all of these nine constants
can be measured from two oriented slabs, one in the
x-z plane and the other in the basal x-y plane.
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Another relation of interest is the value of the
volume magnetostriction in terms of these constants
and the direction of the saturation magnetization. This
can be calculated by introducing the direction cosines
of Eq. (21) into the more general expression, Eq. (39),
and carrying out the summation. This results in the
equation

&= (2D+E+3F+G) sin®+ (4 — E—3F) sin¥d.  (63)

Introducing the value of these constants in terms of the
N’s, we find

o= {4 s N2 (e Ag) — BT — Dk hstAr ) sin
F{ =4 A6+2 NatAg) —301]
+2(N\iHNs+N7) ) sin®d.  (64)

Since 2(A\o+Ns5) —§A1=Ap of Sec. II, this equation re-
duces to

w=[4Ms+Ne+Ap)— A 1F-As+N7) ] sin’

+[—‘4()\8+)\6+)\D)+2(>\1+)\5+>\7)] sin“(?. (()5)
The average value for a polycrystalline material is

&=2(2D+ E+3F+G)+ (8/15) (A — E—3F)

= (8/15) (\s+Ns+Ap)+3 (A\1+HNs+N7).  (66)
The perpendicular component then is
Ar=%(a—Nu)= (4/15) Ne+Xs)+ (1/5) (\s+)7)
4+ (16/315)As— (16/315),
+(51/315)N1— (4/35)As.  (67)

The morphic R constants, which determine the change
in elastic constants due to the change in symmetry re-
sulting from magnetization can be determined in a
similar manner, but since no measurements have been
made for cobalt, they will not be derived here.

IV. ANISOTROPY ENERGY DUE TO
MAGNETOSTRICTION

The measurements of the anisotropic energy are
carried out at constant stress so that the lattice is
allowed to deform under the action of the magneto-
striction forces. Hence, part of the anisotropic energy
is due to magnetostrictive strains. Since it is desirable
to determine how much anisotropic energy is inherent
in the lattice and how much occurs due to magneto-
striction, a calculation is given for the first-order
magnetostrictive terms of Sec. II.

This value can be determined by evaluating the mag-
netostrictive energy that is required to go from a con-
dition of constant stress to constant strain and subtract
this from the anisotropic energy at constant stress.
From Eq. (5), we find that the six components of strain
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are given by the equations

Si1=s1!T14 512" T o+ 513 T 5+ N s>+ N pas?,
Se=s121T14 511! To4 513 Ts+N acs® +Npai?,
Ss=s131(T1+T2)+s33 T3+ (1—as?),
S1=54 T4+ (—Na—Nc+4\p)asas,
Ss=544Ts+ (—Aa—Nc+4\p)auas,
Se=2(sul—s512D)T6+2(Na—Np)aras.

(68)

Hence, in the absence of any applied stresses 71 to
Ts, the crystal will be strained by the values on the
right-hand side of each equation. To determine the
anisotropic energy due to magnetostriction, we have
to calculate the energy required to distort the crystal
so that the resultant strains are all zero. To perform
this calculation, it is desirable to express the stresses
in terms of the strains, which can be done by solving
Eq. (68) for the 7s when all the magnetostrictive
strains are zero. This results in the equations

Ti= 611151+512ISZ+CISIS33
Ts=c157 (S1+S2)+¢331S3;

T6=%(C111—6121)Se;

To= 11814111 Se+¢151Ss;
T4=C44IS4;
Ts= 644155 5 (69)
where

8331 1 533 1
2enftf=—t——; 2epl=———;

a suf—s1f a  suf—spf

— 5137 suf4s10? 1
cil= y 03 = Ca =,
4] o S44I

cuf—ci! 1

= H a=5331(8111+5121)—2813]2~
2 2(sT—s120)

The total energy required is calculated from the formula

EAT'— EAS = %[TISI+ T2S2+ T3S3

+T4Ss+T5Ss+T6Ss], (70)
since the strain changes from the value given in Eq.
(68) to zero during the motion. Introducing the nega-
tive of the values of S; to Ss of Eq. (68), when the T’s
are zero, into Eq. (69) to determine the values of T
and inserting both the S and 7" values in Eq. (70), the
energy required to erase the magnetostrictive strains is

E ,T—E 8= %{ (1 _0132)2[6111 (>\A2+)\32)
+2c12'Aals+2¢13T A a+AB)A e+ ca3TA %]

+ea? (1 —a32)a32(—)\A—)\c+47\1))2} . (71)

Hence, since (1—a3?)?=sin, (1—a;®)as?=sin’ cos®d
=sin%—sin%, the anisotropic energy at constant strain
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can be written in the form

E8=[3(K:"—K57)+ K137 — KT
—3cu! (—Aa—No+4A\p)%] sin%6
F {3 (KuT+K3:"— 4K 157)— 3 cul! (A a®+N5P)
+2c19Nahs+2c13T A a+A)AeF-casTA P
—caal (—Na—Ag+4Np)7]} sinh.
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APPENDIX A. CALCULATIONS FOR TEGRAGONAL AND
ORTHORHOMBIC CRYSTALS

The first-order approximations discussed in Sec. II
have been extended to tetragonal and orthorhombic
crystals, since cobalt ferrite, heat-treated in a magnetic
field, probably crystallizes in one of these two systems.
Since the procedures necessary to calculate these con-
stants have already been discussed in Sec. II, only the
final results are given. In agreement with experiment,
it is assumed that the easy direction of magnetization
lies along the z axis, and all the formulas given are for
the difference between the saturated conditions for any
direction and the demagnetized condition with equal
numbers of domains directed along —=z.

For tetragonal crystals,® the anisotropy energy Eu,
magnetostriction Ag, and difference between anisotropy
energy at constant stress and constant strain, E,T
—E 45, are:

E T=K, sin0+ K sin‘9+ K sin’d sin®p cos?¢, (73)

=ML (@1~ a2B2)’— (ifatasBr)*+ (1—65) (1—as?)
— 2a383(1B1+asBz) ]+ 4NsasBs (@1B1+sBs)
F4ANsa1058182 N[ B (1—as?) — aaBs (B t+a2B2) ]
F 3N (B2—asB1)?— (c1B1+asBs)*
+(A-BH)(A—a)], (74)
5 For tetragonal crystals the magnetostriction formula was

first calculated by P. W. Anderson with results similar to those
given here.
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where
M=Mar=1, 81=1); N=Mar=Fi=a;=F;=1/V2);
M=Aar=a:=p1=B=1/V2);
M=Mar=1, 8:=1); As=Aai=1,B:=1);
EsT— Es8={}caa(dNa—A1—N1)? sin?0+[c11 (AN 24 Ae?)
+c3A 2+ 2c19A s+ 2c13 (N A5)As
— Caa(Mhe—A1—Ag)%] sin®9+-[ — 2 (11— c12) A1—N5)?
Fcoa(4hs— 2 (A1H)N5) )] sind sinep cos?e}.  (75)

For orthorhombic crystals,

E T=3sin’[ K, cos?o+ K sine |
+sin%[ K5 costo+ K4 sinp cos?o+ K sinte |
+sin% cos?0 K5 cos?p~+ K sin?¢ ],

A=A la?8:2— 1098182 — 136183 ]
+AolarB2— a8+ Ns[ @185 — a1asBiB2 ]
N[ @B22 — 10098182 — ts0r3B285 ]+ Ns[ 1235
— 108183 ]+ Ne[ @285 — 28283 1+ 4N (112818)

+ 41038183+ 4NgcracrsB2Bs,

(76)

(77)
where

M=Mar=1,81=1); Ae=A(w=1,8i=1);
M=Aar=1,8:=1); M=A(a2=1, B:=1);
M=Aai=1,8:=1); A=A =1, 8;=1);
M=NMar=f1=ar=F:=1/V2);
Ns=Mar=az=1=F3=1/V2);
No=Aar=a3=L0:=03=1/V2);
ET— E8=1(sin’0— sin)[ cs5(4Ns— (A\17+As5))? cos?e
Fcaa(@ho— (N s+N6))? sinp |+ 3 sin0{ (c1\ 2
+2c1A A3+ 2¢15M A5 Cooh s+ 26230 A5+ €330 52) coste
2L crhiheFc12 A AaFAoNs) F s (A6t A2\s)
+caahshatcos(NaheF+Aahs) FcashsNe
+3css(dh1— (M AeHN3+N0))?] sin?e cos?e
4 (crh2?42¢19A N4+ 2c15M N6 Cooh e

+2coANet+czshe?) sinte}.  (78)



