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A cross-section theorem is derived for systems consisting of several identical particles. The total cross 
section for all processes; elastic, inelastic, and ionization is given in terms of the imaginary part of a linear 
combination of direct and exchange forward amplitudes. 

I N a recent paper1 the total cross section for the One calculates the three-dimensional current j given 
scattering of unpolarized low-energy electrons by by-

hydrogen was estimated. This estimation was accom- , / C C \ 
plished by using the relation ^ M V ^ E { J dt&*V&+J dt&*V& j , (3a) 

Q^-Im/oCO)- fdOC|/.(^)|1+|ft(W)|*l (1) ?f ™qUiV? ^ t h 6 *?Jmted flUX ° V e r S p h e r 6 S ° f 

k0 J L , - / u v , ^ / l l 8 n , r / I J ' w infinite radius be zero; that is, 

in which formula h2h2/2m is the energy of the incident j / Cit% f j.<toi+ C dtl f].ds2\=0. (3b) 
electrons, /o and go are the direct and exchange ampli- \J J J J / 
tudes for ground state scattering, and dQ is the element 
of solid angle. The sum over the spin is effected to get 

One of the early forms of the cross-section theorem . 
was derived by Feenberg2 for the case that exchange i m J dt2 I dsr[^i2*Vi^i2+^2i*Vi^2i 
does not occur; the physical statement being that the J J 
integrated flux of current vanishes for steady state -i(^i2*V1^2i+^2i*Vi^12)]=0, (3c) 
processes, the existence of sources and sinks being ^ t e r m fdtlflds2 p r o v id ing an identical contribu-
excluded as well as spm-dependent forces. It is easy to ^ T h e a s y m p t o t i c f o r m s of t h e w a v e functions are 
extend this conservation law for systems that include employed in (3c) to get 
several identical particles, the electron-hydrogen prob­
lem being presented as the first application. r kn 

The antisymmetrical wave function is constructed J ^ 0 S —[ | /« l 2 +Un | 2 -2 l /n gn+fngn ) ] 
from the unsymmetrized solutions of Schrodinger's 
equation and is 

^ = 6Al2 — ̂ 2 l )X5+ (^12+^2l)XA, (2) 

+ I m IdtirA ik0 cosO+e1^1-*0^ ( — j 

with Xs and XA the symmetrical and antisymmetrical X[/o(0,*)--ko(#></>)]H—-cos0[/o*(0,<£) 
spin functions, respectively, and the asymptotic coor- r 
dinate functions are: , „., v_ ., • nv 1 

-ko*(^*)>- t fcor(1-cosfl) =0. (4) 
^i2(ri->a>) = e^no-rW>o(r2)+E ^ ^ ^ ^ ( r ^ / n ^ i ^ i ) , j 

n 

In (4) terms in r~l with l>2 are dropped. A partial 
^i2(^2-^°°)=S ^2_1etfcnr20n(ri)gn(^2,^2), integration is effected on the second integral of (4) to 

n give the result 
+n<rr+<*)-e°~«*.to+Z rrt""V.(rO/.(«^), Qwm ( 4 x A o ) ^ . ^ ^ ( 5 ) 

2̂1(̂ 1— °̂°) = Z) rf~leiknri<l>n(x2)gn(Qi,<t>i)- with Q the total cross section for all processes: elastic, 
n inelastic, and ionization, Q being given by the first 

<*>» are the hydrogen functions n«, is the unit vector in " ^ ^ j i s o b t a i n e d b y o m i t t i n g t h e c r o s s t e r m s 
the direction of incidence, and E n means a sum over ^ ( 3 c ) o r ^ i v a l e n t b u s i ^ a n d 

all discrete states and an integration over the continuum. ^ ^ ^ s p i n s u m m a t i o n i n ( 3 b ) j l o w . e n e r g y e l e c . 

trons being assumed. 
(19S4)Ward B ° y e t ^ S idn6y B ° r 0 w i t Z ' PhyS- ReV- 93, 122S For energies sufficiently low to insure purely elastic 

2 Eugene Feenberg, Phys. Rev. 40, 40 (1932). scattering, (5) takes a familiar form in terms of phase 
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shifts as now demonstrated. 

1 CO 

MO)+go(0)= E (2/+l)[exp(i2r7,+)-l]PKcos^), 

1 oo 

/o(*)-go(0) = E (2/+l)[exp(f2i7r)-l]PI(cos^). 
2ik0 *=o 

Consequently, from (5) Q becomes a well-known form: 

Q=— E (2/+l)[3sin2r7r+sin2r ?z+] . (6) 
&o2 *=° 

The derivation of (5) assumed infinite nuclear mass, 
consequently, (5) is only approximate. That this result 
is true for a nucleus of finite mass is now sketched for 
the scattering of protons by hydrogen, the result for 
electron scattering will then follow by the appropriate 
changes in charge and mass. 

Let tp and r^ be the proton coordinates and ri the 
electron coordinate, all with respect to a fixed coordinate 
system. The following coordinate transformations are 
used3,4: 

&=rr-rjv, lf=r1-~tP, 

mxv^-mitp+tN) 
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h2 

2fJ,2 

vf=-

h2 e2 

- — V*/ , 
2/*i £/ 

Z=-

ri=rp-— 

2M+m 

MrN+mri 

M+m 
Yf^tN-

Mtp+mri 

M+m 

Ml Mi Mi 

r/^ — n — I * if= - YH—&> 
m M2 m 

Mi Mi Mi 

n= — Y / — 1 / 9 ?»•=—YH—?/> 
m fX2 m 

Mi= 

mM 

~ > 

M+m 
M2 = 

M(M+m) 

2M+m 
where m— electron mass and M—proton mass. 

The transformed Hamiltonian becomes 

| Y / - (MI/W) ?/1 | Y/+ (MIAO£/1 

The three-dimensional current is 

svin\2M+m J J 

X— (dz[dv&*vt& 

+— CdzldZ&*Vy&\ (6a) 

and the conservation of integrated flux is 

ImE ( (dri [dti [d%z-**Vz* 

— fd*fd'UCdsu'**Vi& 

+— fdzldZifdsyi-^Vy&j^Q. (6b) 

The asymptotic form of the wave functions are 

n 

fe('rr»») = lTr1«i'*T/«»(W/)^fe), 
n 

+ E rr1«**w/.(«!r,^)*.(&),-

^2M+m • 

+-

(6c) 

with 
# - TZ= Tyi+Hi+Vi^ Tyf+Hf+ Vf, 

h2 h2 

T7i= V7i
2, 

2M2 2(2M+m) 

h2 e2 

V**2 , 
2MI f* 

I Y « - W ^ I - lYd-WAC^f* 
3 J. D. Jackson and H. Schiff, Phys. Rev. 89, 359 (1953). 
4 Edwin, C. Kemble, Fundamental Principles of Quantum 

Mechanics (McGraw-Hill Book Company, Inc., New York, 
1937), p. 64. 

by noting that (Y*,&) are transformed into (Y/>?/) 
upon interchanging proton coordinates. As in (2) the 
antisymmetric wave function is 

^=L(^PN—4/NP)XS+ {$PN+$NP)XA] exp(ik'• z). (6d> 

The first integral in (6b) gives no contribution since 
Z only appears as a plane wave coordinate. The second 
integral (|t—>°o) likewise gives no contribution. In fact, 
by the use of the integral equation formulation as in 
the paper by Borowitz and Friedman5 it can be shown 
that this integral gives no contribution. Consequently 

6 S. Borowitz and B. Friedman, Phys. Rev. 89, 441 (1953). 
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if (6d) is inserted in (6b), (6b) becomes 

Im 

— i(^pV*V7^i\rp+^p*V7^p^)] = 0, (6e) 

and using (6c) (7*-*00) leads to (5) for the total cross 
section. That this, likewise, is valid for the electron-
hydrogen problem follows immediately. (One could use 
the [Z,Y/,£/] system with the corresponding functions 
from (6c) but the results are identical.) 

The remaining system containing two identical par­
ticles that is easily treated is the two-body problem. 
The result is 

g=(8x/£„)Im[/(0)-i/-(,r)]. (7a) 

(The additional factor of 2 arises from the fact that 
in this problem there are two particles per unit area, 
i.e., one particle per unit area in each beam on the 
same surface.)6 The cross section Q, for this case, is 

Q= JdQH I /(0,0)-/(*-*, TT+0) 12 

+l\/m+f (*-<>, *+4>m (7b) 

It is perhaps interesting to conclude the applications 
of this conservation theorem by considering a three-
electron problem; viz., the scattering of electrons from 
helium for unpolarized incident electrons as before. 

First, the initial state of the target is selected to be a 
singlet state. It is convenient to select the following 
eight orthonormal spin functions7: 

a(l)a(2)a(3), 0(l)0(2)/3(3), 

1 
—[a(l)a(2)/5(3)+a(l)/3(2)a(3)+/3(l)a(2)a(3)], 
v5 

Hj3(l)/5(2)a(3)+i8(l)«(2)|8(3)+a(l)/5(2)/3(3)], 
V5 

1 
—[a(l)a(2)/3(3)+a(l)/3(2)a(3)-2/3(l)a(2)a(3)], (8a) 
A/6 

1 

1 

VI 

Jj5(l)/3(2)a(3)+i8(l)a(2)j8(3)--2a(l)/5(2)i8(3)], 

Kl)[a(2)i8(3)-a(3)/5(2)l 

~£(l)[/5(2> a(3)-0(3)a(2)]. 

6 N . F. Mott and H. S. W. Massey, The Theory of Atomic Col­
lisions (Oxford University Press, London, 1950), p. 100. 

7 L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Company, 
Inc., New York, 1949), p. 229. 

The first six of these spin functions are symmetrical 
in the coordinates and 2 and 3, while the last two are 
antisymmetrical in 2 and 3. The total wave function is 
constructed as 

^=^-A(123)xA^(123)+^^(231)xA^(231) 
+ ^ ( 3 1 2 ) x ^ ( 3 1 2 ) , (8b) 

where the superscripts label the type of symmetry of 
the last two indices, x are the spin functions given by 
(8a) and \f/ are the asymptotic form for the wave func­
tions on a sphere at infinity as given in (8c): 

1^(123) = exp(«0%o- ri)W(2,3) 

n—MO 

n 

^(231) = i ; rr1 exp(**»flr0^«fl(3,2)g.fl(»i^i), 
n—>oo n 

tAs(312) = £ rr1 exp(*ft»«fO^»fl(3,2)«»s(Mi), (8c) 

n—MO n 

^(123) = 0, 

^(231) = £ rr1 e x p ^ n ) ^ (3,2)^(01,00, 
r\—MO n 

^(312) = £ r r 1 exp(«*»^r0^(3,2)g^(M0-
n—MO w 

In (8c) ^ ( 3 , 2 ) = ̂ ( 2 , 3 ) and ^ ( 3 , 2 ) = - ^ (2,3), 
these coordinate wave functions being solutions of 
Schrodinger's equation for helium. The direct and ex­
change amplitudes fn and gn, as well as the propagation 
numbers kn, are distinguished by superscripts in order 
to associate them with the proper helium wave func­
tions; e.g., fn

s, gn
s, and kn

8 belong to \f/n
s. It is assumed 

that \f/n
s, and \f/n

A form complete orthogonal sets of 
symmetrical and antisymmetrical solutions to the 
helium wave equation, and 2Zn represents a summation 
over discrete states and integration over the continuum 
as before. 

Exactly as before, one constructs the three-dimen­
sional current vector and sets the total integrated flux 
equal to zero. This leads to the following results for the 
total cross section. 

with 

and 

Q= (r/*0«) Im[/„s(0)-gos(0)], (9a) 

Q—lQs<-s-\-iQT+-s, 

Q^„=i:(kna/hB) fdQ\fn*-gna\\ 
n J 

for singlet-singlet transitions; 

n J 

for singlet-triplet transitions.8 

8 Bates, Fandaminsky, and Massey, Trans. Roy. Soc. (London) 
A243, 111 (1950). 



418 R O B E R T A. M A P L E T O N 

Similarly, for the initial state a triplet state (of 
helium) the coordinate functions are obtained by-
changing superscripts in (8c). The results of this case 
becomes 

Q= O T T / V ) Im[/0^(0)-goA(0)], (9b) 

with 

Q=iQr*-T+iQ**, 
and 

Qr^T^i:(k^/koA)fdQ{\fn^gn^+2\gn^}y 
n J 

for triplet-triplet transitions, and 

Q*-r=E(*»W) fdSl\gnS\2 

n J 

for triplet-singlet transitions. 
From the examples considered, it is seen that the 

total cross section is given by an integral of interference 
terms consisting of plane and spherical waves; thus, 
the general structure can be displayed as 

Q=(4ir/fco)Im4(0) 

= -2ir Re f r2 sinfo»(l+cos0)i4 (e)e**'<*-«»*\ 
Jo 

with A (6) some linear combination of direct and 
exchange amplitudes. It is instructive to transform the 
variable of integration by the substitution 

u=r(l—cosff)y 

and pass to the limit r—*°o. Then, Q becomes 

<2=-47rRe,4(0) f dueiku. 
Jo 

Consider the quantity / defined by 

JrX/2 
1 dueiku 

o 
with \=2ir/k. Transform this integral by the change 
of variable u~v— r0 to obtain 

J,r0+X/2 

dveihv. 
ro 

The integral that appears as a factor in / is of the same 
type (apart from angular dependence) that appears in 
the KirchofT formulation of Huygen's principle.9 This 
integral would then correspond to an integration over 
the first Fresnel zone (of a plane or spherical surface). 
An evaluation of / shows that I=2Q and in scalar optics 
the integral over the first Fresnel zone is also twice the 
total contribution. Moreover, the phase of the con­
tribution of the integral in / is shifted by x/2 with 
respect to the phase of the contribution from the center 
of the first zone, also as in scalar optics. Since cos(ku) 
is odd and sin(^) is even on the range 0<u<\/2, it 
is clear why only Im^l(O) appears in the expressions 
for Q. 
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