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And for m=0

ns-17%= (tane+cote) [ coten,+ tanens

+ (]/J+1)_;(77a“7h3)]7 (A12)
nr41” 0= (tane+cote) [ tanen,+coteng

—(J/T+ D (na—np)],

n/m=exp(16.™) sindz’™, etc.

where

Thus the phase shifts for a given J are expressed in
terms of the real parameters e, 8, 65.

To make use of these formulas, it is further necessary
to show how the parameter and the eigen phase shifts
may in practice be determined from the solutions which
are obtained in the numerical solutions of the coupled
tensor equations. We suppose that two independent
solutions satisfying the boundary conditions have been
determined, as for example by so choosing the ampli-
tudes and slopes at the core as to satisfy the orthogo-
nality condition.® These solutions are asymptotically of
the form (we consider the J=1 even parity state)
Yim=sin (kr+08:;) Y™ +Bs sin(br —w+0) Y™, (A13)

where 8; and ¢; are the (in general unequal) phase shifts
for the S and D waves and B3; is a parameter determining
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the relative asymptotic amplitude of .S and D waves.
From these two solutions we construct the linear

combinations
Yo=Y pa™.

If we now impose the condition that the phase shift in
the .S and D waves be equal, thus determining the eigen
phases, we find a condition on p and further an expres-
sion for tand,,

(A14)

sind;+p sind;  B; sine1+pB: sino,

(A15)

= =tand,.
cosd1+p cosds (1 coso1+pB2 cosos

This gives a quadratic equation for p; the two roots
determine the two eigen phase shifts. Thus we can write
for the solution ¥,™:

¢am =4 a[sin (k1’+ 5,1) (y 101™

+tane sin(kr+06.—m) Y121™], (A16)

where tane from comparison with Eq. (A1) is, using
Eq. (A15),

B1 sino1+p.B2 sino,
tane=

(A17)
$ind;+pa sinds

This completes the construction from the two original
solutions of the necessary parameters.
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The basic equations of a new space-time representation are derived in a heuristic fashion, and a simple

application is presented to illustrate the point of view.

NEW space-time representation has been de-

veloped by Hellund and the present author.!
This paper provides a heuristic derivation of the
Schrédinger equation in the new representation and
illustrates its solution by considering the square-well
potential.

THE SCHRODINGER EQUATION

We consider a one-dimensional system with a Hamil-
tonian H(—1%d/dx,x) in the Schrodinger representa-
tion. The Hamiltonian is assumed to have the form

2 62
H=———+V(x)=T+V. 1)

2m 9x?

The wave function W¥(x,) satisfies the Schrodinger
1 E. J. Hellund and M. K. Brachman, Phys. Rev. 92, 822 (1953).

equation

HU=ih(3¥/d1). (2)

Our task is to find the form of this equation in the new
representation.

The one-dimensional space is split into cells by the
points of division x=L,,6=0, =1, &2, - - -, with Lo=0.
The oth cell is bounded by the abscissas L, and Lo,
and its length is l,=L,—L,_;. In the oth cell there is
an orthonormal set of functions, ¢;,(x), which is defined
only within the cell. These functions may be conveni-
ently chosen to be of exponential form, and may be
written

k(o)

@io(x)=——e*io =0, 1, £2, ---. 3)

7



SPACE-TIME REPRESENTATION

The k’s satisfy the fundamental relationship,

kjole=2mj, 4)
and the function %(¢) is defined as follows:
h(e)=S(x—L,_1)—S(x—L,), (5)
where
S(x)=1, x>0, (6a)
=0, x<0. (6b)

Thus S(x) is the Heaviside unit function, and %(o) is
seen to equal unity for L, ;<x#<L, and to vanish
otherwise. We now abandon rigor and proceed, finding
that it will become necessary to discard infinite terms.
We note first that (5) may be differentiated to yield
ah(a)/dx=058(x—L,—1)—8(x—L,), (7

where 6(x) is the Dirac delta function. We define

Com [ " o ()W (), ®

-0

and assume the validity of the expansion

¥ (@) =2 Cio®jo- )

The basic task is to project the Schrodinger equation
(2) into the oth cell, or more properly, to evaluate

both sides of the equation
(‘pjd')H‘I,) = (¢]7;ih6\1,/at)) (10)

where the customary notation for a scalar product
has been employed.
The result will have the form

a
= (ol P10+ (o V |76} CrormitCion (1)
i'e

We have written

Gold1 )= [ et grais

00

(12)

where 4 is any operator. We remark that it is an obvi-
ous requirement of any consistent representation that
it be isomorphic, in the sense that

(ol 4Bl ja)= ¥ (jolA| ") ("a" | Blj'o"), (13)
’I/dll

where A and B are any appropriate operators. For con-
venience we introduce the notation

(ot A ja") = () f pitAppeds.  (14)

IN WAVE MECHANICS 517
This is patterned after the notation of Condon and
Shortley,? but the present application will be to non-
Hermitian operators.

We now proceed to calculate (jo|T'|j'¢"). There are
two ways to do this. The first is to employ Eq. (11)
with A= (—h2/2m)(8%/9x%), and the second is to use
Eq. (13) with A=B=—1%(3/9x). Making use of the
properties of the delta function, integrating by parts,
and taking account of Eq. (4) give as the result of the
first method

(Jo §0%/9% { j'o’)=R+W,, (19)
and the second method leads to
(jo i 9*/0a? i j'o")=R+W,. (16)
Here R (for right) is the expression
R=—F;%.8;i000+1(Rjror+Ris)
X [eitkita—ki) Lag , 11— gilhi'or=kidLo=1g, 71 (17)
and
Wi=e¢itki'e=ki) Le[ §(Ly— Lor—1) —8(Lo— Lo) ]
— eikirar~kie o1 §(L,_y— Loe_y)
—8(Le-1—Lor)], (18a)

W2 = [(lv+1)——1{6v’, u+26i(kj"'L’+l—ki°'L')
=80, € DL Y= (13D, g e ki e

_— 60_,' ¢_2ei(ki'0’Lv~2—ki¢Lv—1)}]Z 1. (18b)
Bz

To obtain (16) we note that
(Jo i 0/0x i j'o")=tkiolodjjrdear~00r, oy16°Fi's ~hir) Lo

—_— 6",’ v‘_le’i(ki’d’ '—kfﬂ)Ld““l, (19)
and
(jo i0*/0x i jla")y= 320 (ler)™
e
X (o i 8/x 1 ') (j"a" : 3)dx i j'a’). (20)

The expression R is, apart from a factor —7#%/2m, that
given in reference 1 for (jo|T|j'¢’). The terms W, and
W, arise from the nature of the mathematical processes
we have used, and we discard them, remarking only
that the technique discussed in reference 1 avoids these
difficulties.

We now write the Schrodinger equation for our
representation by combining Egs. (9) and (17). For
simplicity we limit ourselves to the case L,=ao, viz.,
uniform cells of length a. This restriction will be ob-
served for the remainder of this paper, but it is, of
course, unnecessary. Then Eq. (9) becomes

n
k72C o 2 (kp+ky)
dat  2m 2ma ¥’

X{Cjra1=Cior}+2 (Jo|V|j'0")Ciror.  (21)
],ﬂl

2 E. U. Condon and G. H. Shortley, The Theory of Atomic Specira
(Cambridge University Press, Cambridge, 1935), p. 62.
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F16. 1. The square-well potential.

Note that it is now possible to drop the subscript o
from the k’s, which are the same in all cells.

An interpretation of Eq. (21) has been given in
reference 1. We illustrate its use and our point of view
with a simple problem and defer further development

MALCOLM K. BRACHMAN

For the square well of Fig. 1, the potential energy is

V==V, |x|<a/2, (24a)

=0, |%| >a/2. (24b)
In accordance with our convention the oth cell extends
from (o —1)a to sa. We have chosen the cell width equal
to the width of the potential hole, but this is not a
serious restriction. (On the other hand, our method
requires continuity of potential at the cell boundaries.)
We are interested primarily in cells O and 1, and a first
approximation to the energy may be obtained by con-
sidering the states j=0, =1 in both cells. We write
minus one as 1. The requisite matrix elements obtained
from Eq. (11) are diagonal in ¢ and take the values

of the theory. ) , Vo » o
(70| V14 O)=———L(=1)77"=1], j4j, (25)
THE SQUARE-WELL POTENTIAL 2mi(j—4")
We consider a stationary state, and write (jO| V| j0)= —1V, (25D)
Cjo=bj, exp[— (GE/R)L]. (22) and
Equation (21) becomes (1| V|j'1)= (= 1)7=i(j0| V| j/0). (25¢)
h? h%
(-—ka—E) bjot——2_ (kjrtk){bjro—1—bjrot1} For brevity we introduce
2m 2ma ¥
+3 (jo | V]j'e")bjier=0. (23) (W*/2ma)e=E, (26)
i’ and
The problem is the familiar eigenvalue one, and re- (B*/2ma)yv="V,. (27)
quiring the determinant of the coefficients to vanish
gives the secular equation for the eigenvalue of E. Inserting these into Eq. (23) yields
(2r)2—Ltv—e /T 0 41 271 0 b10
—/T —3v—e w/m 2w 0 — 2w boo
0 —dv/r (2r)i—3v—e 0 —2mi —4ni b1o —0 (28)
— 471 — 27 0 (2m)?2—3%v—e —iv/7 0 b1 )
— 2w 0 271 w/m —3v—e —iv/7 boy
0 2w 471 0 w/w (2m)i—Ltv—e) (b
From the symmetry we find that the substitution For the case w>>1, we find
bio=bj1 29) n=£V2o=2(V2/m)s, (32)
e=—[3+ (V2/7) Jo=—0.952. (33)

reduces Egs. (28) from six equations in six unknowns
to three equations in three unknowns. Replacing
¢+ (2/2) by A and employing (29) gives the secular
equation

(2w)2—A [(v/7)+ 27T 47
—[@/m)+2xTi -\ [(v/m)+2x ]| =0.
—4m —[@/m)+2r T 2m)2—\

(30)

Setting (27)?—X\ equal to 9 and (v/7m)+ 27 equal to w,
we obtain

(n?—16m?) (n—47%) — 2w =0. (31)

This corresponds to the quantum-mechanical solution,
E=—7V,, (34)

which is the lowest level for the case 2ma?V/A>>1.

This solution can be improved by including states of
higher (absolute) j value. It is obvious that the labor
involved is excessive, since the difficulty of solving the
secular equation increases rapidly with its order.

Among further applications of the method that may
be contemplated are the Zeeman effect, the simple
harmonic oscillator, the hydrogen atom, and the
Kronig-Penney model of a solid.



