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The first term within the bracket arises from the 
nucleon self-energy, and dominates for large p. F2/4w 
is clearly negative for p large enough.9 For A = 0 it is 
by definition positive and equal to G2/4T. Therefore, 
for some p = k for which A < 0 F2/4:T has a pole. A pole 
in F2/4:ir implies a pole in the wave function a(p#, — pa) 
or, in other words, an incoming or outgoing wave of 
momentum k in the coordinate-space wave function. 
I t would be possible to interpret the pole as an in­
elastic scattering if 21 k | < e, but a rough numerical 

9 R. H. Dalitz (private communication.) has pointed out an 
error made by the author in the evaluation of these terms which 
radically altered their behavior. His information has prevented 
the possible publication of qualitatively wrong results, and is 
greatly appreciated. 

I. INTRODUCTION 

A PHENOMENOLOGICAL theory of the deuteron 
consists of choosing an arbitrary potential which 

is to act between two nucleons and only depends ex­
plicitly on nucleon variables, and then calculating the 
binding energy of the deuteron, the quadrupole moment, 
the n-p triplet scattering length, and the n-p triplet 
effective range. These quantities are then compared 
with experiment, and if they all agree, within experi­
mental error, then the potential is an acceptable one. 

The phenomenological theory is not complete in that 
it ignores the coordinates of the mesons associated with 
the two-nucleon system. I t does not, however, com­
pletely ignore the mesons, in so far as they contribute to 
the potential acting between nucleons. The question 
arises as to how valid the phenomenological theory is, 
or, equivalently, how much of a correction will the 
inclusion of meson coordinates make in which potentials 
are considered acceptable. 

I t is not known how to obtain from meson theory a 
quantitatively correct answer to this question. However, 
as we shall see, the only one of the above mentioned 
quantities we need calculate with meson theory is the 

* Supported in part by the U. S. Office of Naval Research. 
f National Science Foundation Post-Doctoral Fellow. 

calculation shows this condition not to be fulfilled for 
laboratory energies (values of e from M to 2M). If 
21 k | > e an interpretation as inelastic scattering is 
not possible, because there is too much momentum for 
the fixed amount of energy in the system, and at least 
one of the scattered particles 'would have a spacelike 
energy-momentum four vector, or an imaginary mass. 
No reconciliation oft his nonsensical prediction with 
reality has yet been made, and at present it must be 
considered as raising serious doubt about the consistency 
of the Tamm-Dancoff approximation. 

The author would like to express his gratitude to 
F. J. Dyson for suggesting this problem, for essential 
guidance, and for helpful discussions. 

quadrupole moment of the deuteron. Because this is an 
outside quantity one should be able to obtain a very 
reasonable estimate of the magnitude of the effect, and 
in view of the rather large estimates which appear in the 
literature,1,? it was felt that a re-examination of the 
problem was necessary. 

The results of a field-theoretic calculation of the two-
nucleon system may be expressed in terms of a wave 
functional in Fock space. The method of Tamm3 and 
Dancoff,4 in lowest approximation, consists of equating 
to zero all amplitudes of the functional other than the 
two-nucleon (2,0), and two-nucleon—one-meson (2,1) 
amplitudes. We shall make this lowest approximation 
first, and examine its validity in Sec. IV. 

We may associate the (2,0) amplitude with a phe­
nomenological wave function. I t satisfies a Schroedinger 
equation in which the potential term arises from the 
amplitudes involving mesons, but does not contain 
meson coordinates. Furthermore, the binding energy of 
the deuteron, and the n-p scattering length, and the n-p 
effective range may be obtained from the (2,0) ampli­
tude alone. The quadrupole moment differs in that it 

1 F. Villars, Phvs. Rev. 86, 476 (1952). 
2 S. Deser, Phys. Rev. 92, 1542 (1953). 
3 1 . Tamm, J. Phys. (U.S.S.R.) 9, 449 (1945). 
* S. M. Dancoff, Phys. Rev. 78, 382 (1950). 
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Mesonic corrections to the quadrupole moment of the deuteron are calculated by means of the method of 
Tamm and Dancoff. Only the two-nucleon and two-nucleon—one-meson amplitudes are included. The first is 
associated with a phenomenological wave function for the deuteron, the second yielding a correction to the 
quadrupole moment. A correction exists even in neutral scalar theory, and for pseudoscalar (pseudoscalar) 
symmetric theory the result in adiabatic approximation to second order is AQ — 3.1 percent or AQ= —0.7 
percent, depending on choice of wave functions (assuming g2/47r=10). Contributions from multiple meson 
amplitudes are examined, and for a hard-core deuteron function they are shown to contribute only slightly. 
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receives a direct contribution from the charge density of 
the (2,1) amplitude, and in that it depends on the 
normalization of the (2,0) amplitude. This normaliza­
tion does not otherwise enter in the identification of the 
(2.0) amplitude with the phenomenological wave 
function. 

We shall calculate the contribution arising from the 
(2.1) amplitude taking into account its effect on the 
normalization of the (2,0) amplitude. This contribution 
must be regarded as a correction which should be applied 
to the .experimental quadrupole moment before it is used 
as input data in a phenomenological theory. The re­
sulting phenomenological theory may then be con­
sidered as associated with the (2,0) amplitude in a Fock 
space representation of the field-theoretic solution of the 
two-nucleon problem. 

II. NEUTRAL SCALAR THEORY 

We shall first, for the purpose of giving a simple 
exposition, carry through the calculation using neutral 
scalar theory. The notation is the same as that of 
Levy,5 and h=c=M=l. The (2,1) amplitude can be 
obtained from the (2,0) amplitude by the following 
equation: 

[_E-EP1-Ev2-o)(k)2a(vhV2] k) 

= g(2ir)-*[2co(*)l-*[a(p1+k, p 2 ) + a ( P l , p 2 + k ) ] . (1) 

The program is to associate a(pi,p2) with the Fourier 
transform of a phenomenological wave function ^(xi,x2) 
and believe meson theory only to the extent of Eq. 
(1), which gives a(pi,p2;k) in terms of a(pi,p2). Let 
a(xi,x2; s) be the Fourier transform of <z(pi,p2; k). Then 
| a(xi,x2; s) |2 is the probability of locating a meson at s, 
and nucleons at xx and x2. Since we are calculating in a 
neutral theory, the only contribution to the quadrupole 
moment comes from 

p(x2) = I | a(xi,x2; s) 12dxids, (2) 

which is the charge density in the state in which there 
are two nucleons and one meson. 

We make the adiabatic approximation of setting 
E-EP1-Ep2=0. This yields 

p(x2> 
2(2TT) 

"[Pl+P2+P3+P4], (3) 

r l r 2 r 3 r 4 

FIG. 1. Graphs contributing to the charge density in the (2,1) state. 

FIG. 2. Meson current 
contributions to the quad­
rupole moment. 

PI 

where 

P;(x2)= I dpidp2dp2'dk-

P P 

g*(p2— P2')-X2 

-Ki, 

r% 

(4) 
Ki=a(pi+k, p2)a*(pi+k, p2 '), 

i £ 2 =a(p i+k , p2)a*(pi, p 2 ' +k ) , 

Kz=a(ph p 2 +k)a*(p i+k , p2 '), 

iT4=a(pi, p2+k)a*(pi, p 2 ' +k ) . 

Graphs may be drawn corresponding to.pi, p2, ps, and 
p4. They appear in Fig. 1, from which it is clear that the 
logarithmically divergent terms pi and p4 are self-terms 
and must in the spirit of noncovariant renormalization 
be dropped. They correspond to a meson cloud associ­
ated with each nucleon, and the finite contribution of 
these terms may be estimated phenomenologically.6 

Combining the above we obtain 

where 

p(x2) = ^ ( 2 x ) - 3 j ^ y ^ ( y , x 2 ) | 2 / ( | x 2 - y | ) , 

7 ( | x 2 —y|)= pkco-3(k)e ik- (X2-y). 

(5) 

(6) 

Transforming to the center of mass, and relative 
coordinates r, and evaluating 7( |x2—y|) by the method 
of Levy,7 we obtain 

p(t) = g*(2Tr*)-i\Hr)\2Ko(»r), (7) 

where $(r) is the deuteron wave function in relative 
coordinates. 

The contribution to the quadrupole moment is given 
by 

AQ=A(2,-iVr(2phen, (8) 
where 

A<2' = i fp(ryP2(cose)dt, N=fp(t)dt. (9) 

The first term being a direct contribution from the (2,1) 
state, the second term coming from a change in normal­
ization of the (2,0) state. The two terms tend to cancel, 

6 The electron-neutron interaction measures I = J*r2p(r), where 
p(r) is the charge density of a neutron, and can be expressed as 
I<e(h/jjLc)2(iu,/M)2. This leads to a correction to the quadrupole 
moment of the order of 

[Ail2 

5 M. M. Levy, Phys. Rev. 88, 72 (1952). 

where R is the radius of the deuteron. This is less than 0.3 percent, 
and negligible. 

7 M. M. Levy, Phys. Rev. 88, 738 (1952), see Appendix. 
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TABLE I. Contributions to AQ for two-deuteron functions. In pseudoscalar theory g2/47r has been chosen equal to 10. 

Yukawa-Yukawa Hard core 

A Q ' -NQphen AQ A Q ' " i V Q p h e n A Q 

Scalar 0.467 (g2/2^) -lM(g2/2^) -1.07(g*/2ir2) 
(2,1) -1.9%QexP 

Pseudo- s-s 0.03114&2/47r) 0.01578 (#2/4TT) 0.02953 (g2/47r) 0.00183fe2/4x) 
scalar s-d -0.01002 -0.02387 -0.01255 -0.03230 
(2,1) d-d 0.00245 0.00359 0.00431 0.00478 

0.0191 (g2/47r) - 0.0044 (g2/47r) 
Total 3.1% Qexp - 0 . 7 % Qexp 

Pseudo- 2.56X10-4(g2/47r)2 -67.7Xl0-4(g2/4x)2 2.82X10-4(g2/4*-)2 -9.80X10-4fe2/47r)2 

scalar -10.5%Q e x P -1.1% Qm 

(2,2) 

and would give zero if the K0 function were absent, corresponding to the 5 and D states of the deuteron, we 
Since the K0 function weights small r, the normalization obtain 
term dominates and AQ is negative. Simply for compari­
son purposes, a numerical calculation was performed, n , _ 8 / 1 
the results for a reasonable value of (g2/47r) being listed ^s ~ ^M2n%\s) 
in Table I. 

X
00 f 2Ki(x)~] 

<t?(x/n)x?dx\ K0(x)-\ , 

The calculation proceeds exactly as in scalar theory, 
except for a few minor changes, Eq. (1) becomes ^ 

AQsDf= 1 I I <p(%/n) 
C£-Epi~JBp2-a>(A)>(pi,p2; k) 8 T T W V \ 5 \ £ / J 0 

= ^a+A6+(21r)-*[2o)(ft)3-* r SK^x) 

X C r ^ s ^ C p i + k , p2) + r,&756a(pi, p2+k).]. (10) 

We need still calculate only p(k2) since the contribution g2 / 1 \ 
of meson currents vanishes8 (see Fig. 2). The adiabatic AQD' = - ( — ) 
approximation E—EVi~£P2=0 is again made, and Sir M n V20/ 

r SK^XU 
X^(x/fx)xidx\ K0(x)l , 

because of the presence of 75 we must use a two com- «> r -131?- (x\ 

x 

Kx{x) 

ponent reduction approximation for the deuteron func- x | yp2{x/^dx\ SK0(x)-\ — , (14) 
tion. This is equivalent to calculating with a pseudo- J0 L x J 
vector theory, since pair terms do not contribute to this 
order. We obtain 

g2 

NSD= (4V2) I <p(%/v) 
8TT2M2U 

jy s = I ^2 (x/n)x2dx\ K0(x) , 
8 T T 2 M W O L x J 

r(4^)f <p{ 
!M Jo 

T 2K1{x)l 
X\p(x/ix)x2dx\ Ko(x)-\ , 

where <p and $ are radially normalized and ND~ — 

p( r) = \^(r)\2(^'V)(^'V)K0^r). (11) 
2TT2 (2M )2 

The deuteron function 3>(r) for tn= 1, may be written as 

2K1(x)l 
_ ,(r)Xl+*(r)YD, (12) X*(* / fO*te | KO{X) + 

V(4TT) 

1 
$(r ) = •fP{r)Xl+yp{r)YD9 (12) 

2 \ * / 6 \ * / 1 2 \ * 
8TT 2 M 2 /X 

n.(-)'x1,„+(-)V.K„+(-)V.Ir„. (13) X j - V ( ^ ^ ^ ( ; e ) + ^ ] . 
The quadrupole moment correction is given by Eq. (8), _ . j . _ . 
the evaluation of which is rather involved due to the T h e

f evaluation may not be performed using zero-
more complicated nature of p(r). Separating terms range functions due to the smgulantym iVs. Any func-

r tion corresponding to a nonzero-range force gives a finite 
8 H. Miyazawa, Progr. Theoret. Phys. (Japan) 7, 207 (1952). result. We have carried through the numerical work 
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FIG. 3. Typical diagrams in g2 order. 

using two functions.9 The first is a solution of a central 
and tensor Yukawa well potential, and the second is 
from a similar potential with a hard core at r=0.375h/fxc. 
Both functions fit the triplet data. The results are given 
in Table I. 

We have not calculated the self-terms by means of a 
renormalization program. I t seems probable that these 
terms may be sufficiently accurately estimated phe-
nomenologically.6 

IV. TWO-MESON AMPLITUDE TERMS 

In pseudoscalar theory one might think the fourth-
order terms are much larger than the previously calcu­
lated terms. Because the quadrupole moment is an 
outside effect and the multiple-meson effects are concen­
trated at small distances, this is not so. The leading 
terms are the two-pair terms,7 and we shall calculate the 
charge density associated with the (2,2) amplitude. A 
straightforward calculation yields 

p(r ) = g 4 ( 4 i f ) - 2 ( 2 7 r ) - 6 r x a r / [ r x & r M
& 

+ rAx6]!$«lVM, (15) 
where 

/ ( r ) = . (16) 
J J a>(k)o>(q)Za>(k)+a>(q)J 

J(r) may be easily evaluated,7 and the results are to be 
found in Table I. Because of the short range and the 
singularity of the operators, the results are very sensi­
tive to the inner regions of the wave function. Very 
little is known about the deuteron function in this 

9 Dr. M. Kalos has been kind enough to supply us with these 
functions. 

region, but a hard core type of behavior seems probable. 
If we assume a hard core, none of the other multiple-
meson amplitudes contribute appreciably. 

V. CONCLUSIONS 

Using pseudoscalar theory, and including the (2,0) 
and (2,1) amplitudes, we find the nonphenomenologic 
contribution to the quadrupole moment is 3.1 percent 
and —0.7 percent for Yukawa well and hard-core 
functions, respectively (this assumes ^ 2 /4x=10). The 
plus sign is such as to imply a decrease in the percentage 
of D state of a phenomenological function. With a hard­
core function, modification due to multiple-meson 
amplitudes is small, and one is led to believe that the 
whole effect is probably of the order of one percent. 
With Yukawa functions, which is a rather extreme case, 
multiple-meson amplitudes contribute appreciably, and 
a definite statement cannot be made. 

One should compare this with the four-dimensional 
calculations of Villars1 and Deser.2 Deser breaks the 
interaction between the nucleons into an instantaneous 
and a retarded part. He associates the solution obtained 
with only the instantaneous interaction, with a phe­
nomenological theory. He then calculates the effect of 
the retarded part and considers this as the correction to 
the quadrupole moment. Actually most of this is in­
cluded in a phenomenological theory, for if we take the 
one four-dimensional diagram Fig. 3A and break it up 
into time-ordered diagrams, then clearly diagrams where 
no meson is in flight during the interaction with the 
photon, like Fig. 3B, are included in the phenomeno­
logical theory, while only Fig. 3C should be considered a 
true correction to the quadrupole moment. In addition 
to this, differences in the numbers are due to Deser's use 
of zero-range functions which, being singular at the 
origin, give a much larger contribution. Neither Deser 
nor Villars has included the change in normalization of 
the wave function, which tends to decrease the effect. 

I wish to thank Professor H. A. Bethe, Dr. N. 
Austern, Dr. A. Klein, and Dr. R. H. Dalitz for many 
enlightening conversations. 


