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Vacuum Polarization in Mesonic Atoms 
A. B . MlCKELWAIT* AND H . C. CORBENf 

Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received August 11, 1954) 

The effects of vacuum polarization on the energy levels of TT and M mesonic atoms are computed to the 
lowest order for states ls(Z^12), 2^(Z^30), 3d(Z^82), 4/(Z^82). If one ignores the finite size of the 
nucleus, these results may be written explicitly in a closed form. The effect of the finite size of the nucleus is 
estimated and shown to be < 8 percent for all states considered. Since the virtual pairs are described here by 
plane waves, the fractional error in these results is of order (Za)2. 

THE radiative corrections to an energy level of an 
ordinary atom are composed of two separate 

effects, of which by far the more important is the raising 
of an s level due to the modification of the electron self-
energy in that state. In addition, however, there is a 
small negative contribution arising from the polarization 
of the vacuum by the field of the nucleus. The first of 
these is, in first approximation, inversely proportional to 
the square of the electron mass, and in a mesonic atom it 
would therefore contain the square of the meson mass in 
the denominator. On the other hand, the electrostatic 
potential is modified by vacuum polarization in a 
manner quite independent of the mass of the orbital 
particle. It has therefore been pointed out1 that for a 
mesonic atom the correction due to vacuum polarization 
is of order 103 of that due to self-energy effects. Indeed, 
this fact causes vacuum polarization to be the dominant 
feature of the electrodynamic radiative corrections to 
any process, such as p-p scattering, meson-nucleon 
scattering, involving the interaction of two-systems, 
neither of which is an electron. It also follows that all 
mesonic atom levels are lowered by this effect and that, 
because of the much smaller size of these atoms, states 
of orbital angular momentum 3^0 are also appreciably 
affected. The magnitude of the correction is, of course, 
greatly enhanced by the closeness of nucleus and meson 
in the mesonic atom, and, owing to the rapidly increasing 
accuracy with which it is becoming possible to measure 
mesonic atom energy levels,2 it becomes important to 
compute the correction as accurately as possible. 

To terms of first order in ce, an external current density 
jn which is of the form exp(iqx) but which does not have 
enough energy to produce real pairs (jf> — 4jtt2, /x = mc/h) 
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induces a vacuum current, the physically significant 
part of which is 

a rl / zq2\ 
*/>— I *(l-s)-Mn( 1+— )&/„. (1) 

For a point nucleus, the corresponding fractional 
change in potential then becomes 

8<p a r1
 i r°° e~x 

— = — I z(l — z)~Hz I —dx 
(p 27T J o Jlnrz'* X 

a r°° 
= — I e~2»r*(x2-l)^2x2+l)x-*dx. (2) 

This ratio is graphed in Fig. 1. For fxr^>l it becomes 

d<p a e~2fir 

while for /zr<<Cl it tends to 

5<p/<p~- (2a/37r) ln(4.08jur). 

In the latter limit the corresponding induced charge 
density is 

8p~ ( - 2a/37r) (Ze/47crz). 

0.75% 

0.50% 

w 

0.25% 

A 
\P0INT 

\ CHARGE 

/ fa 

/ / Mg RADIUS 

%f "CHANGE IN ELECTROSTATIC POTENTIAL 
DUE TO VACUUM POLARIZATION 

%-COULOMB POTENTIAL " H f 

Pb RADIUS 
1 1 1 • 1 

r (CM xio-13) 

FIG. 1. The radial dependence of the change 8p in electrostatic 
potential due to vacuum polarization for (a) a point charge, 
(b) Pb nucleus, (c) Mg nucleus, assuming a uniform charge 
distribution for cases (b)and (c). <pc= Coulomb potential—Ze/^-wr. 
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FIG. 2. The Z dependence of level shifts in ir and /x mesonic 
atoms due to vacuum polarization for Is, 2p, 3d, and 4/ levels, 
Z<30. 

The energy shift of a particular mesonic atom level is 
then given by 

AW-- ---ef$*\ yb<pdh, (3) 

which becomes, for a state for which l=n—\ (Coulomb 
wave functions), 

AW -ad/Z\2 r1+€ {x-e)2n~l 

dx — 
Mc2 =?(£)7 

3w \n/ J€ 
X(2+e2-2ex+x2)(l-e2+2ex-x2yy (4) 

where e=nm/ZMa. (M= meson mass, m=electron 
mass). For Is states this yields 

AW=(-a*/3>ir)MZ2{-n/3+3>7re/2-4:e2+2TeZ 

+ ( 2 - € 2 - 4 e 4 ) ( l - € 2 ) - H n [ € - 1 ( l + ( l - e 2 ) ^ ) ] } . 

Similar expressions in closed form may be derived for 
2p, 3d, 4 / states and the values to which they lead are 
shown in Figs. 2 and 3 for w and fi mesonic atoms. 

The above results would be valid for a point nucleus, 
and within the approximations of Eqs. (1) and (3) they 
are exact. To take account of the finite size of the 
nucleus, we may consider the latter to be a uniformly 
charged sphere of radius R= 1.2X10"13 A* cm: 

Ze 3 
P = - I (singft — qR cosqR) q~*eiq- 'Tdzq. 

( 2 T T ) 3 ^ . 

The energy shift is then modified by the consequent 

changes in both 5<p and $. Comparing 8<p to the po­
tential <pc of a point nucleus of charge Ze, we have, 
instead of (2), for r^.R: 

5<p a r™ 
—=— I dxe-^x(x2-l)^2x2+l)x~7 

<Pc 7H73 J t 

Xlo-yxe'1*- (1+rjx) sinh((T77x)] (2') 

= — I dxe-^(x2-l)i(2x2+l)x-4H(3-(x2) 
3TT J i 

+ 1 ( 1 - ^ ) ^ + 1 ( 1 __1 ( 7 4 ) | ? 2 X 2 + . . . ] ? { r ) 

where T)=2nR, a—r/R. For r>2R, the corresponding 
expression is represented by (2) to within 1 percent for 
Z = 1 2 . For r=R, a direct comparison between (2) and 
(2") is possible, (2") being approximately 2 percent 
greater than (2) at this point. A simple approximation 
to (2"), valid to within 1 percent, may be obtained by 
expansion and the function is graphed in Fig. 1 for Mg 
and Pb. From such an expansion it may be shown that 
the error in AW due to the deviation of (2') from (2) is, 
for example, < 5 percent for Z = 1 2 , Is state (w), Z = 3 0 , 
2p state (T) , and Z = 8 2 , 3d state (x), and < 2 percent 
for a Z = 8 2 , 4 / state (71-). Since this error in AW for a \x 
state is smaller than for a -w state with the same n and Z, 
this error will be < 5 percent for all n and Z values of 
Figs. 2 and 3. 

The effect on A IF of the deviation of the wave 
functions yj/ from the hydrogen wave functions used in 
deriving (4) may be estimated from elementary per-

V 

5 

i n 3 

10 

5 

.«* 

/ A 
/ / 

/ / 

/ / 

3D-7T 

/ / 

/ 
y , 
3D£K 

4F-7J>/ 

/ 

/ ' 

S 

/ y 

/ 

X 
*?•#/ 

s" 

X 

/S 
s 

J 

30 80 

FIG. 3. The Z dependence of level shifts in ir and /JL mesonic 
atoms due to vacuum polarization for 3d and 4/ levels, and 
30£Z£82. 
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turbation theory. Here again the states most greatly 
affected are the Is states and for these the error is less 
than 3 percent for Z=12(w), and less than 2 percent for 
Z=12Qi). 

I t should be noted that our results for the /J, states, 

2p and 2s in carbon, are in agreement with the values 
published by Pomeranchuk.1 However, since no account 
is taken of the effect of the Coulomb field on the motion 
of the virtual electron-positron pairs, the values given 
here includes a fractional error of order (Za)2. 
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Quantization of Multiple Frequency Linear Systems 
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The commutation relations and constants of motion for a wave equation whose frequencies have a common 
degeneracy are discussed. Although the quantum relations separate into those of simple subsystems, the 
corresponding decomposition holds only for a restricted class of constants of motion, excluding the energy. 

A DETAILED investigation of the quantum me­
chanics of linear systems1 has brought to light 

some points of interest relating to the multiple fre­
quency systems first considered by Pais and Uhlenbeck.2 

The quantization formalism employed by the writer3 

for E.B. systems is briefly as follows: Suppose the linear 
system to be given by M a ^ ( i ) = 0, or M\[/=0, where 
M= (Map) is a self-adjoint ma trie differential operator; 
x stands for all n independent variables one of which, 
#o, is timelike in the sense that there is a complete set of 
solutions \j/ which vanish strongly at <x> of any surface 
#o = constant, and M is of finite degree d in do— d/dxo. If 
we now introduce the expression 

*(<*,+) = •-i/hf<aT[M,Z(;. xo—x^if/dx71, (1) 

where Z(y) is the step function [ l + s g n ( j ) ] / 2 and o)T is 
the transpose of co, the commutation relations may be 
written in the form, 

r(^)'Fyp(x') = F^(xf), (2) 

for any vector eo = (co«(V)) and any linear operator F of 
degree <d in d0; here A-B stands for [A,B~], (Actually, 
it suffices to consider only co for which Mu=0; in such a 
case, T(co,\l/) is independent of xo and F may be taken as 
arbitrary.) Furthermore, if the system is invariant under 
the operator T (T\p is a solution whenever \f/ is), then if 
5T(^,7Y') + T'(r^,^) = 0 as well, the constant of motion 
corresponding to T is given by 

QT^&hn+w), (3) 
1 J. K. Percus, Columbia University Dissertation, 1954 (un­

published). 
2 A. Pais and G. E. Uhlenbeck, Phys. Rev. 79, 145 (1950). 
3 The formalism used here may be shown to be equivalent to 

those of other authors when they are applicable to a given linear 
system; a more detailed discussion of this point will appear in a 
subsequent paper. 

which transforms correctly and also satisfies 

LFf,QTl = ihFT$. (4) 

Now consider the multiple frequency linear system 
N r ^ = 0 , where N is self-adjoint, of degree s in do; since 
an operator F of degree <d—rs in d0 can generally be 
written as F = 2 & = = 0

r H 6 N 6 , where H 6 is of do-degree 
<s7 (1) and (2) are equivalent to 

ft :/*) f corpNP, Z ( x o ~ X o O ] ^ 7 ^ • H N V ( ^ ) = HN&co(x,), 

or to 

ft/A)I) f (N*co)r[N, Z(x,-x,')-]W-k-lypdxn 

A;=0 J 

•HNV(«0 = HN6«(a?/), (5) 

where H is of do-degree <s. The kXh integral in (5) 
depends only on N*co, d0N*co, • • •, d o ^ N V evaluated 
at xo=Xo'; since these functions may be chosen inde­
pendently, (5) decomposes into 

(i/h) J (N 0 co) r [N, Z(xo-Xof)jNr-~a~^dxn 

-H.Nbt(x') = 8a, &HN&co(x')- (6) 

According to (6), only K N ^ - H N ^ - ^ O for K, H of 
degree <s in do; thus the commutation relations de­
compose in a pairwise manner, with an additional single 
set if r is odd. Moreover, we obtain from (6), on 
redefining co, the relations, 

( M ) f « T [N, Z(xo-x0')lN
r-l-axl/dxn 

•HNV(aO = Hco(a>'), 

(i/h) f ' (N«) r [N , Z(ffo-#oO]NV<&n 

. H N ' " 1 - V ( < H HNco (a/), 

(7) 


