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The results of the spin-wave method of Holstein and Primakoff are extended to obtain approximate values 
for the dependence of the energy of magnetically saturated cubic crystals upon the direction of magnetiza­
tion. The anisotropy at 0°K is calculated for the cases of dipolar ferromagnetism and exchange ferromag-
netism. In a nearest neighbor approximation, the results agree with those obtained by Van Vleck from a 
treatment of ferromagnetic anisotropy. However, in the case of dipolar interaction, the nearest neighbor 
approximation is not sufficient and more distant neighbors are included. For dipolar ferromagnetism, the 
method gives the following results: In a face-centered cubic (fee) lattice of spins S, the anisotropy constant 
K\ is a maximum when there is no external field and is then given by K\= — 0.11 Mo2/S, where Mo is the 
saturation magnetization. In a body-centered cubic (bec) lattice, with no external field, K\— — 0A5MQ2/S. 
An external field must be applied to obtain saturation in a simple cubic (sc) lattice; K\ = -\-0A3Mo2/S 
when the external field H=0.6M0. More generally, in the presence of an external field H, then K\ 
= K(M0

2/S)((4:Tr/3)-\-H/Mo)-\ where K = - 0 . 4 6 for an fee lattice, -0 .63 for a>bcc lattice, and +2.06 for 
an sc lattice. All values given are for specimens having zero demagnetizing field. 

1. INTRODUCTION 

CLASSICALLY, a saturated cubic lattice of dipoles 
has no anisotropy energy.1 The dipole interaction 

energy of the lattice, when all the dipoles are aligned 
parallel, is independent of the direction of polarization. 
Nor does the quantum mechanical exchange interaction 
introduce any anisotropy. However, Kittel2 has ex­
tended to magnetic dipole interactions an argument 
derived by Van Vleck3 in treating ferromagnetic anisot­
ropy, and finds that anisotropy arises quantum mechan­
ically because the lowest energy state is not one of 
complete saturation. The dipoles cannot be aligned 
parallel as in a classical model, and it is therefore pos­
sible for the dipolar energy to depend upon the direction 
of polarization, or magnetization. 

Holstein and Primakoff4 have noted the applicability 
of spin-wave theory to the calculation of anisotropy. A 
spin wave may be thought of as a wave-like disturbance 
of the z components of spin of the atoms in a crystal, 
resulting in the deviation of the z components of spin 
from their maximum possible value S. The spin devi­
ation, S—Sz, is not localized on any one atom but is 
distributed throughout the crystal in wavelike fashion. 
In the presence of dipole-dipole type interactions, the 
quantum mechanical energy of the spin waves in the 
lowest energy state is dependent upon the direction of 
magnetization. The treatment below extends the results 
of HP and obtains approximate values for the anisot­
ropy energy of a cubic lattice of dipoles at 0°K, both in 
the absence and presence of an exchange interaction, 
that is, for the cases of dipolar ferromagnetism and 
exchange ferromagnetism. 

* This work was begun at the University of California, Ber­
keley, California. A preliminary report was presented to the 
meeting of the American Physical Societv, Berkeley, California, 
December 1951. See J. R. Tessman, Phys. Rev. 85, 752(A) (1952). 

1 R. Becker, Z. Physik 62, 253 (1930). 
2 C. Kittel, Phys. Rev. 82, 965 (1951). 
3 J. H. Van Vleck, Phys. Rev. 52, 1178 (1937). 
4 T. Holstein and H. Primakoff, Phys. Rev. 58, 1098 (1940). 

See their footnote 17c. This paper will be referred to as HP. 
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2. THE HAMILTONIAN 

Consider a system of identical atoms, each carrying 
a magnetic moment, and located at the lattice points of 
a cubic lattice. The Hamiltonian of the system, in the 
presence of an external field and including exchange 
interactions and magnetic dipole interactions, is 

3C=~i Z 2/(i^)SrSm+ia-3 £ (gW/i^ 5 ) 
l,m—\ l,m=l 

X \Rim($v Sm)—3 (Sr Rjm) (Sm • Rim)2 

N • 

-JL&BSI'H. (1) 
1=1 

The notation follows essentially that of HP. N is the 
total number of atoms; RZm=Rj—Rm, the vector from 
the mth atom to the Ith atom, in units of the lattice 
constant a; J(Rim) is the exchange integral between the 
Mi and mth atoms; gM#Sz is the magnetic moment 
operator for the atom at Rz; H is the external magnetic 
field and is in the z direction. 

Holstein and Primakoff have given the approximate 
solution for the eigenvalues of this Hamiltonian when 
the magnetization M of the sample is very close to its 
maximum possible value Mo—ngjj,BS/a?, that is Mo—M 
<<C/kfo. Here n is the number of atoms per unit cell. 

The approximate solution is 

+ E k ( ^ k 2 - | i ^ 2 ) W k . (2) 

The quantity C is the energy that would be obtained 
for the sample if it were considered as a classical assem­
bly of magnetic dipoles and if all the dipoles were 
oriented in the same direction, that also being the 
direction of the magnetic field H. It includes, too, the 
exchange energy of such a model. In a cubic crystal, the 
energy C is independent of the direction of orientation 
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of the dipoles with respect to the crystal lattice1 and 
therefore need not concern us further in calculating the 
anisotropy energy. 

The iVk's take on the values 0, 1, 2, • * • and are the 
quantum numbers of the spin waves. The summation is 
over all the spin waves. A k and Bk are given by: 

A^ - fgWSa-* Zh Rh-
z(l-3zh2/Rh2) 

+UWSa-* ^ Rh-*(l-3zh*/Rh
2) 

Xtl-exp(ik.Rh)2+2SZhJ(Rh) 

X[l-exp(ik-R,0]+gMi?#, 
£ k = — $g2HB2Sar* ^h Rh~

b(xh
2-yh

2- 2ixhyh) 

+%g2VB2Sarz Y,h Rh~b (%h2~ Jh2- 2ixhyh) 

X[l-exp( ik .R,) ] . (3) 

Here R^= (xh,yh,%h) is used in place of R*m. It is the 
vector from one atom to any other atom in the lattice 
and the summation is over all such other atoms; k is 
the wave vector of the spin waves in units of 1/a. It 
takes on N discrete values, with its x, y, and z compo­
nents uniformly spaced over a range ^—ir to ~ + T T 
determined by the imposition of periodic boundary 
conditions. 

3. DIRECTIONAL DEPENDENCE 

At r=0°K, the sample will be in its lowest energy 
state, corresponding to all Nk=0. The A& and Bk are 
functions of the x, y, and z coordinates of the atoms 
situated at the lattice points and thus do depend upon 
the orientation of the lattice with respect to the z axis. 
The z direction is the direction of magnetization of the 
sample. We thus must evaluate 

EJIK^-IW-M*] (4) 
in order to obtain the anisotropy energy. 

The summations in the expressions (3) for A k and Bk 

are evaluated by HP as follows: The first summation, in 
each case, is broken up into two parts. One part is the 
sum over all atoms contained within a sphere described 
about Rh=0. This part vanishes for a cubic crystal. 
The second part is the sum over the remaining atoms 
outside the sphere. This is evaluated by replacing the 
sum by an integral, in accordance with the prescription 

gusScT* E* /(RA) -> Mo ff(R)dR. 

This prescription amounts to smearing out the atoms 
uniformly through the crystal instead of localizing them 
at the lattice points. 

The second summation in Eqs. (3) for A* and B& is 
evaluated by HP by immediately replacing the sum by 
an integral throughout the entire crystal. As far as 
distant atoms are concerned, this has no significant 
effect. But with regard to near neighbors, this eliminates 
any effects due to the discrete localization of the atoms 

at the lattice points and any consequent dependence of 
the sum upon the orientation of the crystallographic 
axes with respect to the direction of magnetization. 
Thus the sums must be evaluated in greater detail to 
show the anisotropy energy. This is pointed out in HP. 

We introduce the following symbols: 

F=gws/a\ 
Z\= - F L ^ ° Rh-*(\-$zh

2/Rh
2), 

r 2 k = -\F L ^ ° ^ - 3 ( l - 3 2 , 2 / ^ 2 ) exp(ik-IU), 

r 3 k = - | F £**oRh~^Xh2_yh2_2iXhyh) exp(A-RA), 

T,= 2SEhJ(Rh), 

Tbk=-2SZhJ(Rh) exp(ik.R*), 

• » o . b . 

/ i = -gusMo I R-*(l-3z2/R2)dRy 
JRQ 

/2k= -h&iBM* I R-\\-Zz2/R2) exp(*-R)dR, 

78k= - |g M B M 0 I Rr*(x2-y2-2ixy) exp(ik-R)dR. 
JRO ( 5 ) 

The sums Ak and Bk can then be approximated as 
follows: 

Ak= To+I1+T2k+l2k+T±+Tbk+gixBH, 
(6) 

-Bk=^3k+Jr3k« 

In this approximation, a sphere of radius Ro is described 
about the atom at the origin and the summations in the 
expressions (3) for Ak and Bk are taken over all the 
atoms contained within the sphere. Beyond the sphere, 
the atoms are considered as uniformly smeared out and 
the summations are replaced by integrals. The symbol 
X^Eo means summation over all atoms for which 
Rh<Ro but excluding Rh~0; Jiio0-h- is an integration 
from the surface of the sphere to the outer boundary 
of the specimen. The specimen is taken as a needle-
shaped ellipsoid with the major axis parallel to the 
direction of magnetization. 

For a cubic crystal, Ti vanishes. Also, for every atom 
at R/i, there is another atom at — R .̂ Thus, in the various 
sums above, exp(ik-R/>) can be replaced by 2 cos(k-R^) 
and the summation is then only over half the lattice 
space. Such a summation will be represented by the 
symbol X^220-

The integrals Ji, 72k, and 73k can be evaluated by 
integration by parts and by the evaluation procedure 
described in HP, Appendix II. For kRo<ZA, the surface 
integrals over the surface of the sphere of radius Ro 
can be evaluated by expanding exp(ik-R). For kRo>l, 
the integrals /2k and J3k approach zero because of the 
rapid variation of the integrand. 
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We obtain: 

Tzk= -3F^hRo Rh-
b(xh-iyhy cosk-R,, 

Ix= (4w/3)gnBMo, 

In=frfrBM0+2*g»BMo(-k*/&+»Itf/30 

+k2R0
2/30), f o r M 0 « l , 

and 
7 2 k->0 for £ R 0 > 1 , 

J 3 k = 2 7 r ^ 5 M o ( ^ - ^ ) 2 ( l - - ^ ^ o 2 / 1 0 ) ^ - 2 , for &i?0«l, 

and 

7 3 k - > 0 for kR0>l. 

Let us now gather terms in A k and write it as 

^k=e+r2k+rBk) (8) 
where 

Q= r1+/1+/2k+r4+©iiiH. (9) 
Then, 

| (^ k
2 - ]^ k i 2 ) - -M k - - | J5 k | 2 /4Q, (10) 

where the square root has been expanded and terms of 
higher order by a factor of r2k/<2 and T^/Q have been 
dropped as have higher order terms in Bk/Q. This 
expansion will be more accurate, then, if the terms T± 
or g/JLBH, in Q, are large; that is, in the presence of a 
large exchange interaction or large external field. 

If, in accordance with (7), we consider values of k 
such that 73k = 0, then 

|^k |2=|r3k |2=9F2i:^0Z^EorW* 
X cos (k • R;») cos (k • Rh')9 

where 
rh = Rh~h{%h—iyh)2. 

This expression for | J5k |
2 can be broken up and written 

| ^ k | 2 = 9 F 2 E ^ ° l ^ | 2 c o s 2 ( k . R , ) 

+ 9 F 2 Z&.h*>*° ZwRo ?hTh>* cos(k- R,) cos(k.R,0. 

We are now ready to evaluate 

E k [ J ( ^ k 2 - | ^ k | 2 ) * - ^ k ] . 

This summation is equal to N(^(Ak
2— |^k |2)*—|^lk)A v , 

where the average is over the values of k. 
If we pick Ro sufficiently large, then the number of 

values of k, for which M o < l , can be made as small 
as desired as compared with the total number of values 
of k. Thus, the contribution of those spin waves, for 
which kRo<l, to the calculation of the above average, 
can be made negligibly small and we can take kR$> 1 
for all the values of k. 

T E S S M A N 

We have, for kR0> 1, 

h(Ak
2-\Bk\

2)*-±Ak~-\Bk\
2/4Q 

= - (9F 2 / 40 {£*** | TK|2 cos2(k• Rh) 

Xcos(k-R*)cos(k-IU')}. (H) 

When this expression is averaged over the range of k 
values, the second term in the curly brackets vanishes 
because of the orthogonality of the cosine factors. For 
the first term, (cos2(k-RA)AV=|. Thus, 

ZkCi(^k2~|^k|2)^-^k] 

= -N(9F2/SQ)^hR°Rh-10^h2+yh
2)2. (12) 

This expression represents that portion of the lowest 
energy value which depends upon the direction of mag­
netization. In the lowest energy state, the energy, per 

) unit volume, which depends upon the direction of 
magnetization, is then 

) 9 n F2 R° 1 / ^ 2 \ 2 

E — ( l ) . (13) 
8 a3 Q *A Rh«\ Rj2/ 

) 
4. ANISOTROPY CONSTANT, Kx 

f If the z axis, the direction of magnetization of the 
1 crystal, has direction cosines 71, 72, 73 with respect to 
3 the crystallographic cubic axes, %', yf, and z', then 
4 zh=yiXh+y*yh+y&H. Now, 7i2+722+732==l, and 
1 7i4+724+734=l-2(7i2722+722732+7327i2). The sum­

mation, J2%hR°Rh~G(l—Zh2/Rh2)2, can be evaluated quite 
* readily for each of the three cubic crystal types, the 

face-centered cubic (fee), the body-centered cubic 
(bec), and the simple cubic (sc). The summation is 
equal to an expression of the form 6i+6 2 r , where b± and 
Z>2 are constants and r = 7i272

2+72
2732+7327i2. 

The term Z>2r gives the directional dependence. I ts 
values for the three crystal types are 

1 6.50rforfcc, 2 .20rforbcc, - 1 . 8 4 r f o r s c , (14) 

where the first 7 zones of neighbors were used for the 
fee calculation, the first 6 zones for the bec, and the 
first 4 zones for the sc. In each case, Ro=2, that is, 
Rh—2 for the last zone used, and the contribution of 
the last zone to the total is — 0.03I\ 

Dipolar Ferromagnetism 

, The anisotropy constant K\ is given by the coefficient 
of T in the expression (13). For the case of a cubic 

f lattice of magnetic dipoles such that the exchange 
1 interaction is negligible, then 

* 7 = 0 , and Q= (4*/3) gvBMo+gvBH. 

, If there is no external field, then Q= (4t7r/3)gnBMo. 
[ Remembering that Mo=ngjj.BS/az and that w=4 for an 

fee lattice and n=2 for a bec lattice, then K\ can be 
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obtained from (13) and (14). We get 

for pure magnetic dipoles with H=Q. 

In the sc case, it is necessary to apply an external field 
in order to obtain a parallel arrangement. Otherwise, 
an antiparallel arrangement has lower energy.6 The 
smallest value which the external field may have and 
still maintain a parallel arrangement of the dipoles is 
H=0.6M0. This gives 

^ l (sc) = +0.43iWro2/6,, (16) 

for pure magnetic dipoles with H=0.6Mo. 

In the presence of an external field H, the expressions 
for Kh in the three cases, become 

# i (fee) = - 0.46 (M 0
2/S) ( 47 r /3+F / l f o)-1, 

Ki (bec) = - 0.63 (M0
2/S) (fiac/3+H/M*)-\ (17) 

2£i(sc) = +2.06(MQ
2/S) ^ir/3+H/Mo)-1, 

for pure magnetic dipoles. 

Exchange Ferromagnetism 

In the presence of a large short-range exchange inter­
action, such that gfJLBMo and gUBH are negligible com­
pared to / , then the anisotropy constant Kh from (13), 
is 

9 n F2 

Kl= 52? ( 1 8 ) 
8 a3 2zJS 

where z is the number of nearest neighbors, and b% is 
gotten from (14). We obtain 

JSTxCfcc) = -0.08(MQ
2/S) (gWa-s/J), 

iTi(bcc) = -O.Q&(M<?/S) (g2»B
2a-3/J), (19) 

i^i(sc) = + 0 . 1 7 (M o2/S) (g2HB2a-*/J). 
5 J. A. Sauer, Phys. Rev. 57, 142 (1940). 

This gives the anisotropy constant of a ferromagnet 
when the anisotropy energy is due to magnetic dipole 
interactions. 

Spin-orbit effects are partially represented, according 
to Van Vleck,3 by an equivalent dipole-dipole inter­
action which may be much larger than the true mag­
netic dipole-dipole interaction. Van Vleck estimates the 
equivalent dipole-dipole interaction, C , for nearest 
neighbors to be ^ / / 1 0 0 , whereas g2iiB2arz~J/W. The 
equivalent dipole-dipole interaction can be substituted 
for the true magnetic dipole-dipole interaction in the 
above calculation by substituting C'(r0

3/az) for g2ixB2/a? 
in (13); ro is the nearest neighbor distance. Inasmuch as 
C" is of short-range character, therefore the summation 
in (13) should only be carried out over nearest neigh­
bors. In place of (14), the dependence of the summation 
on T is then, for nearest neighbors only, 

8.00Tforfcc, 4.21Tforbcc, - 2 . 0 0 T f o r s c . (20) 

We then obtain 

K^icc)^ -lA3(n/az)(S?C2/2zJS), 

Xi(bcc) = -2.0Q(n/a?)(S2C'2/2zJS)y (21) 

K^sc) = +2.25 (nld?) (S2C'2/2zJS). 

This gives the anisotropy constant of a ferromagnet at 
r = 0 ° K when the anisotropy energy is due to the spin-
orbit interaction considered as an equivalent short-range 
dipole-dipole interaction. The anisotropy values (21) 
are in exact agreement with the values of Kx which may 
be obtained from Eq. (32) of Van Vleck's paper3 on the 
anisotropy of cubic ferromagnetic crystals. 
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