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P-wave phase shifts seem to be very small.® The fourth
order phase shifts in Chew’s theory give some indica-
tion that this sort of behavior might be predicted by a
more complete calculation, the fourth order corrections
reinforcing the second order phase shift for 853 and de-
tracting from it for &;; and 8;3=031. And, indeed, a TD
calculation by Chew! has succeeded in reproducing the
experimental phase shifts as far as they are known.
The results of the calculations for the relativistic theory
given in Eq. (52) are not nearly so encouraging. For
the relativistic theory the fourth order correction to 633
is very very small. If we invoke the damping of the pair
effects again, the phase shifts in the relativistic theory

H. W. WYLD,

JR.

will reduce essentially to those given by Chew’s theory,
and things will look more encouraging.

The chances both for the success of the TD method
as applied to the pseudoscalar coupling theory and for
the success of this theory in agreeing with experiment
would be considerably improved if it could be unam-
biguously shown that the effects due to pair production
are damped out by higher order radiative corrections.
Unfortunately, this has not been done as yet.

I would like to thank Dr. M. Gell-Mann and Dr.
M. L. Goldberger for suggesting to me some of the
problems treated in this paper and for much help
during the course of the investigation.
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A proof is given that the vector interaction of neutral vector mesons and fermions can be renormalized,
to replace a fallacious proof by Matthews. A new interaction representation, formally different from the
usual one, is used. The basic idea, not a new one, is that the objectionable part of the interaction can be
identified with a certain scalar meson interaction, known to be illusory.

1. INTRODUCTION

N general, vector and pseudovector meson theories

cannot be renormalized by present-day methods,
because derivatives of the A function in the free-field
commutation rules give rise to an unlimited number of
primitive divergent graphs in S-matrix calculations.!
One exception to this rule is the vector interaction of
neutral vector mesons with fermions. Matthews? has
given a fallacious proof for this, using the formulation
in the interaction representation of Miyamoto® and
Stiickelberg.* ’

We prove renormalizability by transforming to a
new interaction representation, formally different from
the usual one. The proof is based essentially upon
identifying the objectionable part of the interaction
with a certain scalar meson interaction, which is known
to be illusory, and to this extent our work is simply a
refinement of that of Matthews.

The fallacy in Matthews’ work lay in the mathe-
matical tools he used. He had previously proposed®
a generalization of the Tomonaga-Schwinger theory to
the Schrodinger representation,

1o [o]/d0 (x) = H(0,2)¥[ 0]
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(1.1)

starting from a generalized form of the Heisenberg field

equations,
ihidg (x) /30 (') = [ (), H ()" ].

This generalization he assumed in his proof of re-
normalizability. However, it has been shown by the
author (in an unpublished work) that Eq. (1.2) is not
integrable in cases of physical interest, and that a
direct transformation U[o] from the Heisenberg
representation to this generalized Schrédinger represen-
tation cannot be found, since it would be defined by

ihéU[a]/d0 (%)= Ul JH (), (1.3)

(in the Heisenberg representation) which is not in-
tegrable either. Nor can an analogous transformation be
found from the interaction representation. Thus, even
if such a generalized formulation can be made in the
Schrodinger representation in a self-consistent way, it
cannot be equivalent to the usual theory.

(1.2)

2. STUCKELBERG’S FORMULATION

Stiickelberg?* has shown how to express the Proca field
¢u(x), with rest mass 7%k, in terms of a vector field
Au(x) and a scalar field C(x), using the Lagrangian,

=—3(Awdpt+R4,4,+CCAeC+L,  (2.1)

where L' describes any other fields, and their inter-
actions with the 4, and C fields. C and the four com-
ponents A, are quantized in the usual way as inde-
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pendent operators. ¢, can now be expressed, in the
Heisenberg representation, by

¢u (%)= Au() +(1/0)Cu(@),
if we also postulate two auxiliary conditions,
Amt (x) +«C (x) =0,

and its time-derivative,
LS H (") d%, Ap(x)+C (x)]=0, (2.4)

which are self-consistent. Of course, if the required
Proca field interaction is such that ¢,, 0, Egs. (2.3) and
(2.4) are modified.

For vector interaction with fermions, the interaction
Hamiltonian in a single-time interaction representation
proves to be

(%) =5, @) [Au@)+1/kCo () 1+ 1/2¢[G0@) P, (2.5)

where 7, (o) = 33g[ () v () — ¥/ (%) v, (x)  in the usual
notation, g being a coupling constant. Miyamoto®
considered a modification of the Stiickelberg formalism,
taking the auxiliary conditions (2.3) and (2.4) to be
conditions on the Heisenberg state-vector ®, and leaving
C and the four components 4, independent. He ob-
served that if jo(x) in Eq. (2.5) is replaced by 7.(x)n.(x),
where 7, is the normal at x to a space-like surface o,
pointing to the future, the equation,

1hd¥[0]/60 (x)=H,(o,x)¥[c], (2.6)

is integrable. Hence the theory can be stated in the
Tomonaga-Schwinger formalism in the interaction
representation.

It is not immediately obvious that the latter formu-
lation is wholly equivalent to the canonical formu-
lation in this case. For, when a transformation is
made from the Heisenberg representation,

Y[o]=V[c]®, .7
théV[ e /b0 (x)= V[ ]3C(x), (2.8)

where JC(x) contains field momenta, the transformed
field variables are not simple point-functions in general,
but depend on the orientation of the surface.® Miyamoto
assumes no such surface-dependence in his interaction
representation. However, since 4,(x) and C(x) prove
to be surface-independent in this sense, and no use is
made of the momentum conjugate to C(x) or any other
surface-dependent variables, the two formulations are
in effect equivalent.

6 F. J. Belinfante, Phys. Rev. 76, 66 (1949).

(2.2)

(2.3)
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3. QUASI-INTERACTION REPRESENTATION

We consider the transformation W[o] defined by
the integrable equation,

héW o ]/80 (x) = Wlo]Au()ju(x), 3.1)

in the Heisenberg representation, and transform to a

quasi-interaction representation (denoted by an
asterisk),
Yo ]=W[s]®, 3.2) -
oW [0]/80 (x) = 4,*(@)j* (@) ¥*[o].  (3.3)

It can easily be shown, by the methods of Schwinger®:7?
that this is -effectively an interaction representation,
for A,*(x) obeys its free-field equations, and ¥*(x),
¥*(x), C*(x) behave as if their free fields are coupled
by a term — (1/k)7.(x)Cu(x) in the Lagrangian. It is
well known that the latter coupling is quite illusory,?
and that a transformation ¥ =¢S¥ [where S
= ()" SJo(x)C (x)d?x ], in the Schrédinger represen-
tation, removes the interaction altogether. Carrying
out the corresponding transformation in the Heisenberg
representation, we see that ¥*(x), ¢*(x), C*(x) have
free-field (anti-) commutation rules. -

The S-matrix in this quasi-interaction representation
closely resembles that for electrodynamics,! and can
clearly be renormalized by the same methods. The
primitive divergent graphs are the same in both cases,
but the graphs corresponding to photon self-energy
parts here lead to genuine divergences. Ward’s® formal
proof that photon-photon scattering graphs lead to no
divergences can be applied to the corresponding graphs
in this theory too. It is possible consistently to account
for all divergences in terms of renormalization of the
meson and fermion masses, and of the coupling constant,
by means of Dyson’s technique.! k-renormalization must
of course affect the C-field too, for consistency.

The auxiliary conditions on the state vector can be
transformed to this new representation without
causing further difficulties.

The methods of this section fail for charged mesons,
and pseudovector mesons,® since the coupling terms
which ecorrespond to — (1/k)7.(x)C,(x) represent genuine
interactions.

In conclusion, my thanks are due to Professor P. A.
M. Dirac for stimulating discussions.
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