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It is shown that by the use of 3-dimensional Feynman diagrams an equal-time two-particle wave equation 
can be written down. The procedure is the same one as Bethe and Salpeter used in deriving the 4-dimensional 
two-body equation. In this way all the terms of the new Tamm-Dancoff method of Dyson, in the form of the 
Levy-Klein expansion of the interaction function, can easily be recorded. 

The connection between the Bethe-Salpeter and Dyson equations is discussed. The spurious energy 
denominators of the fourth order interaction, in the adiabatic limit, can be eliminated by including all the 
contributions to the fourth order term arising from the 4- and 5-particle amplitudes that are coupled back 
to the two-particle amplitudes. The potential derived in the adiabatic limit to the fourth order term of the 
interaction operator is the same as the Levy-Klein potential derived from the old Tamm-Dancoff method. 

The Appendix contains a discussion of the Bethe-Salpeter equation and a simple method of derivation 
of equal-time equations from the 4-dimensional theories. 

I. INTRODUCTION 

THE field-theoretical investigations of the nature 
of nuclear forces received great impetus as a 

result of Levy's1 extension of the Tamm-DancofT 
method to include nucleon pair effects in the inter­
mediate states and higher order meson-exchange 
processes. The theory as used by Levy was not fully 
relativistic. This had the consequence that renormali-
zation was, in effect, not possible within his formulation 
of the theory. Furthermore, the use of the non-inter­
acting vacuum state, in the definition of the Tamm-
Dancoff amplitudes, introduced additional difficulties 
connected with the vacuum self-energy. I t has been 
pointed out by Gell-Mann and Low,2 and more recently 
by Dyson,3 that most of the difficulties encountered in 
the old Tamm-Dancoff method can be avoided by 
defining the amplitudes with respect to the interacting 
vacuum state. 

The observation that no vacuum self-energy appears 
when the amplitudes are defined with respect to the 
interacting vacuum state was, essentially, the starting 
point of Dyson4 in his formulation of the new Tamm-
Dancoff method. 

In Dyson's formulation of the new Tamm-Dancoff 
method, just as in the 4-dimensional Bethe-Salpeter 
formalism, the wave function contains positive as well 

, as negative energy parts. Actually, the statement of 
"negative energy" in the Bethe-Salpeter formalism has 
quite a different meaning: it is the energy of the "pair" 
which is positive. In Dyson's equal-time formalism 
pairs are mixed with the negative energies, which is a 
consequence of dealing with the equal-time amplitudes 
right at the starting point of the theory. 
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1 M. M. Le>y, Phys. Rev. 88, 72 and 725 (1952). 
2 M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951). 
3 F. J. Dyson, Phys. Rev. 90, 994 (1953). 
4 F. J. Dyson, Phys. Rev. 91, 1543 (1953). 

In the adiabatic limit the weak-coupling forms of the 
new and old Tamm-Dancoff methods do not differ 
substantially; the adiabatic limit of the new Tamm-
Dancoff method is understood to include the statement 
that all the components of the two-particle wave func­
tion not referring to positive energy states of the par­
ticles vanish. I t is hard to justify such an approxima­
tion, but the rejection of those components of the wave 
function referring to negative energies seems to be a 
necessity. I t is known that there are some difficulties 
involved in the use of the interacting vacuum state as 
a boundary condition, but with the aforementioned 
approximation the vacuum difficulty does not arise. 
The vanishing of ^+_, X//-+, and \f/ components of the 
wave function is not meant to be connected with the 
fact that the vacuum should be the state of lowest 
energy. The cancellation of the so-called spurious diver­
gences in the second and fourth order interactions takes 
place only in the adiabatic limit. In the nonadiabatic 
form of the interactions they are not cancelled. 

In this paper we have extended Dyson's formulation 
of the new Tamm-Dancoff method to include higher 
order amplitudes. In principle, it corresponds to Levy's 
method of including the effects of the higher order 
amplitudes on the lower ones, as applied to the new 
Tamm-Dancoff method. Theoretically one considers an 
infinite number of linear integral equations for all the 
particle amplitudes. The use of the infinite set of equa­
tions in the elimination of all the Tamm-Dancoff am­
plitudes, except the amplitude for the two-particle 
state, if carried to completion, leads to a linear integral 
equation for the two-particle wave function. 

We have carried out this procedure to the fourth 
order in the coupling constant G by assuming that the 
amplitudes of all states involving 5 or more particles 
should vanish. In Sec. I I the most general form of the 
two-nucleon equation is first written down from the 
analogies using the methods of Bethe-Salpeter5 and 
Levy-Klein6 in the derivation of the 4-dimensional and 

6 E. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951). 
6 A. Klein, Phys. Rev. 90, 1101 (1953). 
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the old Tamm-Dancoff equations, respectively. The 
relation between the Dyson and Bethe-Salpeter wave 
functions is discussed briefly. Section III contains a 
derivation of the fourth order interaction operator 
together with its adiabatic limit leading to the deriva­
tion of the fourth order potential. The Tamm-Dancoff 
equations are given in Appendix A, and in Appendix B, 
we give a simple method of derivation of the old Tamm-
Dancoff equation for two nucleons from the Bethe-
Salpeter formalism. 

II. THE SECOND ORDER INTERACTION 

In this section we discuss the most general form of a 
3-dimensional covariant equation for two nucleons. For 
this purpose it is convenient to represent the kernel of 
the equation in terms of 3-dimensional Feynman 
diagrams. In such a diagram a nucleon line will repre­
sent (initial and final states included) both positive 
and negative energy states. A second order graph, e.g., 
can be considered as the sum of 4 sub-graphs consisting 
of minus and plus particle states. There will be a single 
time-co-ordinate for any number of nucleon lines. If 
one of the nucleons emits a meson to be absorbed by 
the other nucleon or by itself, then, in the intermediate 
state, the energy of the emitted or absorbed meson is 
to be added to the energy of that nucleon with which 
it later interacts. The resulting expression can assume 
both positive and negative signs, according as they are 
plus or minus particles, respectively. By using this 
prescription we can write down all the terms of the 
interaction operator in the form of an infinite series in 
powers of the coupling constant G. We have verified 
the above rule by actual calculation with the new 
Tamm-Dancoff equations given in the Appendix A. 

The two-nucleon equation used in this paper can be 
written as 

LHa(p)+Hb(~p)~E2Hp) 

= -J / (p ,p ' ;£ )^(pW, (II.1) 

where H(p) — cL*p+pM9 E is the total energy in the 
center-of-mass system, and ^(p) is the two-nucleon 
component of the Tamm-DancofI wave functions. The 
word wave function is not used in the strict sense of a 
probability amplitude. 

The first term 72(p,p/,^) of the interaction operator 
7(p,p'; E), which was already given by Dyson, consists 
of the four diagrams shown in Fig. 1. The first diagram 
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FIG. 2. Labels used in 
writing the matrix element 
for the first diagram of Fig. 
1. The arrow indicates the 
time direction of the inter­
action. ,aU 
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(which is repeated with labels in Fig. 2) represents the 
matrix element: 

G2 1 

(2TT)3 2 0 ) ^ 

where 

•TflVa(p)(Ep+^p^pf)+r1b('-p
f)Ep'--E2-lTi% 

FIG. 1. Three-dimensional Feynman diagrams contributing to the 
second-order interaction of two nucleons. 

IY= (iMaTi% Va(p)=Ha(p)/Ep. 

This matrix element can easily be understood in terms 
of the prescription outlined at the beginning of this 
section. 

We have not succeeded in deriving Eq. (II. 1) from 
the Bethe-Salpeter equation. However, we shall now 
discuss its relation to the Bethe-Salpeter theory. In 
Dyson's theory, for a state ^ of one proton and one 
neutron in interaction, we singled out the 3-dimensional 
two-particle wave function ^(p) satisfying Eq. (II. 1). 
The function \[/(p) is the lowest component of the 
Tamm-DancofI wave functions. The 4-dimensional 
wave function x(p») satisfies the Bethe-Salpeter equa­
tion. In Bethe-Salpeter theory one also defines an 
equal-time wave function <p(p) by 

<p(p) = Jx(p,po)dpo. (II.2) 

If any relation exists between the Dyson and the Bethe-
Salpeter theories it should be one that relates the func­
tions ^(p) and <p(v). Originally the function <p(p) was 
not defined as a Tamm-DancofI wave function, but it 
is reasonable to hope for the possibility of deriving the 
Bethe-Salpeter equation from a 4-dimensional for­
malism analogous to the Tamm-Dancoff method. In 
this case it is natural to expect a correlation between 
the functions ^(p) and <p(p). We have been able to 
verify that \f/(p) and <p(p) satisfy the same equation if 
only one fermion's second order interaction is taken 
into account. In the fourth order we obtain different 
equations. For the two-particle case we do not know 
whether further transformations of the interaction and 
the equations would bring the two expressions into 
agreement. The similarity is, certainly, not apparent 
in the present form of Dyson's theory. The investiga­
tions were made for both one- and two-nucleon systems. 
Especially in the former case, the result may be con­
siderably modified by renormalization which is not 
obvious for the 3-dimensional equation. 
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To show the connection between \p(p) and <p(p), let 
us first consider the one-particle Bethe-Salpeter equa­
tion for a particle interacting with itself, which in 
momentum space is 

x(P*)=——Sr(.P>) lytrtSript-pS) 
(2ir)4 J 

XViTiAFipfid'p'xip*) 

G2 i r l 
= | r , 

d'p'xip,) 
x r _ — — . (n.3) 

(uP' — po')(oip'+po) 
Now, a one-particle, 4-dimensional wave function in 
momentum space can be denned by 

x(P„)=x(r>)&(po-E), (IL4) 
where E is the energy of a proton of momentum p, 
including self-energy. On substituting (II.4) in (II.3) 
and integrating both sides of the resulting equation 
with respect to po, we get 

G2
 rd?pf 

[ # ( P ) - E ] X ( P ) = — — 

XTlvip-tfiE^+^-E-yiTxiv)- (H.5) 

This equation is identical with the one Dyson derived 
from his new Tamm-Dancoff method. 

The two-particle Bethe-Salpeter wave function is not 
separable according to (II.4) and, therefore, the above 
method cannot be carried through. I t is of interest, 
however, to record the result that can be obtained for 
the second order interaction. The Bethe-Salpeter equa­
tion for the one-meson interaction of two nucleons in 
the centimeter system is given by 

G2 

X(#M) = SF«(KM+#M)«WKM- pMtffT? 
(2TT)4 

xfAFfa-pMpWp'. (II.6) 

The integration of both sides of (II.6) over the relative 
energy variable po can be effected in accordance with 
the hole theory (see Appendix B), giving the result 

[ # a ( p ) + # & ( - p ) - £ > ( p ) 

G2
 C d*p'dpof 

= — {r.*[i?«(p)(£,i+o?^0 

- i E - ^ o T T ^ + r ^ C - p) (Ep+cop-pO 

-|E+^o']-1^/}x(p>o ,). (n.7) 

I t was not possible to find a suitable ansatz for the 
function x(pf,po') on the right-hand side of the equation, 
so the integration over po' had to be left as it is. 
The comparison with Dyson's theory shows some 
similarities, but they disappear in the fourth order 
where some curious energy denominators of the form 
(Ep+Ep'+cop-p') - 1 show up which are independent of 
po'. The energy denominators of that form also arose in 
the derivation6 of the old Tamm-Dancoff two-nucleon 
equations7 from the Bethe-Salpeter theory and were 
among the differences between the original Tamm-
Dancoff method used by Levy and the one derived from 
the Bethe-Salpeter equation. There is, however, one un­
expected result that can be obtained from (II. 7). If we 
use the ansatz (5) of Appendix A with the total energy 
E having a small negative imaginary part, in Eq. (II.7) 
we obtain, after the po' integration, Dyson's second 
order equation for two-nucleons. This is a mixture of 
hole and one-particle theories. I t is not possible to 
derive a general conclusion from this result, but it 
certainly is not accidental.8 

A complete correspondence, to the second order, 
between the positive energy parts of the wave functions 
^(p) and <p(p) can be established if we assume that 
(i) the ^-dependence of the Bethe-Salpeter wave 
function has the form (see Appendix B) 

1 
x(p,po) = ~LSFa(hK»+P»)Pa+SFb(iK»-p»)pb^(p); 

2iri 

(ii) all components of the Dyson wave function vanish 
which do not refer to positive energy states. 

Under these assumptions one easily obtains the 
relation 

\l/++(p)=<f>++(p), 

where the function ^++(p) satisfies the old Tamm-
Dancoff equation of second order. The approximation 
(ii) eliminates, to second order, the complications re­
lated to the vacuum being used as a boundary condi­
tion. For higher order terms of the interaction operator, 
the condition (ii) is not enough to eliminate the spurious 
energy denominators, but in the adiabatic limit to the 
interaction it is a sufficient condition. The last state­
ment has been verified only for the fourth order inter­
action. A general method of elimination of the spurious 
denominators of the two-nucleon equation is not 
known; if this can be done consistently, then one 
expects to get the results of the old Tamm-Dancoff 
except for small deviations. 

III. THE FOURTH ORDER INTERACTION 

I t has been observed by Bethe, on the basis of the 
perturbation theory, that the fourth order interaction 

7 A simpler derivation is given in Appendix A. 
8 We were not able to explain this curious result, but one thing 

is clear: it does not arise in the derivation of the old Tamm-
Dancoff equation from the Bethe-Salpeter equation. 
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term needs to be included in the ps—ps theory. There 
are, at present, no definite conclusions concerning the 
behavior of the whole series of interactions. The con­
vergence of the adiabatic nuclear potential, without 
renormalization terms, has been discussed by Klein.9 In 
the following we discuss the fourth order term in the 
interaction operator of Eq. (II. 1). The aim of this 
investigation is to see in what way the qualitative 
features of the 75-interaction are altered in the fourth 
order, by a 3-dimensional covariant theory. The fourth 
order terms which are radiative corrections to the 
second order interactions will not be included. There 
exist about 30 of these corrections that may con­
tribute significantly, even in the adiabatic limit. The 12 
no-pair terms of the old Tamm-Dancoff method, with 
a different interpretation, constitute part of the inter­
action kernel. In the new Tamm-Dancoff method only 
12 of the 24 one-pair terms of the old Tamm-Dancoff 
method appear and the 12 two-pair terms of the old 
method do not arise; this is a consequence of the use of 
the interacting vacuum state and the covariance of the 
theory. In this case the creation of three particles out 
of the vacuum, proceeding in the same time direction 
at a given vertex, is not allowed. This is the reason for 
the non-appearance of the aforementioned terms in 
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FIG. 3. The set (A) of fourth order diagrams contain the main 
spurious divergences in Dyson's new Tamm-Dancoff method. The 
sets (B) and (C) do not contain terms proportional to (2M)"2. 
Because of the time ordering of the interaction, all the diagrams 
in the Tamm-Dancoff method can be divided into pairs. Of the 
above 12 interaction terms one need only calculate the 6 cor­
responding matrix elements. The remaining six can be obtained 
by a reflection of time. As an example, we give in Eq. (III.l) the 
matrix element that corresponds to the diagram labeled (la). 

FIG. 4. Labels used in 
writing the matrix element 
[Eq. (III.l)] for diagram 
(la) of Fig. 3. 
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p '+kl / 
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the new Tamm-Dancoff method and precisely this has 
been verified by actual calculation. Altogether one is 
left with 24 interaction terms. A detailed discussion of 
these points for the one-particle case is given by Klein9, 
and therefore they will not be elaborated in this paper. 

First, we shall consider the 8 irreducible interactions 
and those that follow from the iteration of the second 
order interaction [Figs. 3 (A), (B), and (C)] . Of the 
set shown in Fig. 3(C) we shall include only those con­
tributions arising from the pair processes in the inter­
mediate states. The argument for the contribution from 
positive-energy intermediate states is the same as given 
by Klein.6 

The prescription given in Sec. I I is not complete for 
writing down the matrix elements corresponding to the 
set shown in Fig. 3 (C). I t has to be amended for those 
interactions which contain one or two mesons in the 
intermediate states and also for those in which one of 
the nucleon lines is bent. In this case we can state the 
rules for writing down the interaction terms as follows: 

(i) If the emission (absorption) of a meson is the 
earliest event in the diagram, then the latest absorbed 
(emitted) meson is either in the state S£ or in the state 
^0 and is absorbed (emitted) by the second (first) 
nucleon in a positive (negative) energy state, respec­
tively. 

(ii) The energy of the remaining meson is to be 
added to that nucleon energy with which it interacts 
later. The sum can take both positive and negative 
signs. In the above, for convenience, we assume that 
the mesons are always emitted and absorbed by the 
first and second nucleon, respectively. 

As an example we give the matrix element corre­
sponding to the diagram (la) of Fig. 3(A) (see also 
Fig. 4) : 

18**1 J 

d*k 
• E r / [ £ ^ ( p ) ( £ P + t t t ) 

2o)k2o)p~P'—k ± 

± (2V+*+"*)]-1A:F
0(p '+k)r/ ' . (III.1) 

9 A. Klein, Phys. Rev. 92, 1017 (1953). In calculating the adiabatic limit we shall assume, as 
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mentioned in (II), that the components ^4__(p), 
^_+(p), \p (p) of the wave function ^(p) vanish. Thus, 
the unit operators rja(p), Vb(—p), Va(p') and rjb(— p') in 
the matrix elements, with the appropriate projection 
operators, will be replaced by their + 1 eigenvalues. 
This corresponds to the fact that the nucleons in the 
initial and final states are in positive energy states. The 
remaining 7j's can take both + 1 and — 1 eigenvalues. 
In this way each graph corresponds to 4 terms according 
as the two remaining TJ'S in the interaction function take 
the values + 1 or — 1. In connection with the calculation 
of the matrix elements of the sets (A), (B), and (C) 
of Fig. 3 with respect to positive-energy free-particle 

Dirac wave functions, we use the relations 

i?(p)A+(p) = i?(p)H+ii?(p)]=A f(p), 

V(V)A-(P) = V(V)B-MV)>-A-.(P)3 

and the identity 

[A+ (p)+A_(p)]a[A+(- q )+A_(- q)]& 

=AS(p) V ( - q)+A+-(p)A_»(- q) 

+A_°(p)V(-q)+A- a(p)A_6(-q)= 1. 

The matrix element of the integrand of (III. 1) in the 
adiabatic limit is given by 

(P, ~p\hV(V,f>',E)\p-<l-K - p + q + k > 

1 1 1 T (<T-qor-k)& 
= ( 3 - 2 * •*&) 

( i i i _ r 

\(2M)24o>ka)0(m-o)a) (2MY14 

(<rqak)a 

(2M)2 4cOkO)q((x)k — Uq) (2Myl4:0)k0)q
2(03k~^q) 4c0gC0yfc2(cO/fc + COg)J 

(<r-qo"k)a(o"q<r-k)& (a-qcr-k)a+(o,-qo,-k)6---[> po-- (q+k)]a-[>-p(T- (q+k)]6 

where 

1 T (<r-qo"k)a(o
,-qo"k 

(2Myl 4w*V(«ib+«fl) 

q = p - p ' - k . 

400kO)q(o)k — 0)q) 

, (III.2) 

The terms associated with (2M)~~b and higher are 
neglected. The adiabatic limit includes also the ap­
proximation of replacing the terms [2M~ w j" 1 and 
[^M+cok]"1 by [2M]"1. This is equivalent to cutting 
off the high-energy contributions of the virtual mesons, 
so that the resulting potential is not valid for all r. The 
sets (B) and (C) do not contain terms proportional to 
[21f]~2. The largest contributions come from the set 
(A). 

Apart from the sets (A), (B), and (C), we also have 
to consider the coupling of the 4-fermion amplitudes 
back to the 2-fermion wave function ^(p)- If one neg­
lects 5-particle amplitudes of the new Tamm-Dancoff 
method, then there are only two more terms con­
tributing to the fourth order potential. They are shown 
as the two upper diagrams [set (D)] of Fig. 5. The 
first diagram (1.3) in Fig. 5 represents the matrix 

element : 

L87T3J J 

d*k 

w \ 
( a ) 

,+ +. Cf< 

s 

/ 
A" 

/ 
* « s ^ 

+ 

' " » s » ^ 

+ + 

-1 

\ \ 
s 

+ 

FIG. 5. These diagrams 
contain spurious interac­
tions with signs opposite to 
those arising from the pre­
vious interactions. There 
are 8 more of these diagrams 
and they contribute in a 
manner similar to the ones 
shown here. 

2cOA;2oJg =F 

±T*[E-Ev-rih{-p+k)Ev-k±uky
iTf 

XA-a(v'+k)[_E-Ep-Ep>-Ep>+k 

-yb(-p+k)E^-1TftE-Ep>-Vb(--p+k) 

x ^ + c ^ r / . (IH.3) 

In the adiabatic limit it contains a term that is infinite. 
This is similar to the situation that arises in the study 
of the terms (C), but in the present case such terms, 
when combined algebraically before the adiabatic 
limit is taken, cancel out. The remaining part con­
tributes a term of the form 

(3—2ta • ?&) [ (<r • kor • q)&+ (or • q<r • k) J 

(2M)32co*V 

where the second term corresponds to the contribution 
of the second diagram. 

If we were to confine ourselves only to the 2-, 3-, 
and 4-particle amplitudes, then the above 14 diagrams 
are all that would need to be included. There are 
actually other contributions to the fourth order poten­
tial arising from the coupling of the five-particle am­
plitudes back to the 2-fermion wave function.10 

10 This point was communicated to the author by A. Klein. 
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We also have to include interactions of the type that 
include 4 fermions and one meson in the intermediate 
states. The new Tamm-Dancoff equations in Appendix 
A do not include 5-particle amplitudes, but the method 
of writing down the matrix elements for any inter­
action term is now quite easy. The prescription given in 
Sec. II can be generalized in all cases.11 

Two typical interactions involving 5 particles in the 
intermediate state are shown in the two lower diagrams 
of Fig. 5. There are altogether 10 diagrams of this type. 
We shall write down the matrix element corresponding 

to the first one as 

G2l2 r d*k 

L87T3J J 2cok2coa 

X[£-JSP--Ep/-cofldbcoifcJ-1r/»A-0(p,+k) 

X [ £ - £ p - 2 J g p , - £ p , + f c - « f l ] - 1 r A (III.4) 

Its contribution to the fourth order potential in the 
adiabatic limit is 

3 — 2l!a"*b[ 1 

( 2 M ) 2 lAaikUqiuk+Uq) 4:0)kC0q(0)k — 0)q) —1- (fr-qo--k)6(3 — 2Ta"c&)r 

(2MY 

1 1 

L 4:a)k2O)q(c0k+O3q) 4c0^2C0g(C0fc — 0)q) . 

(3-2ua-T&)r[>-p(r- (q+k)]a+[>-p<r- (q+k) J— (cr-qcr-k)a— (o-qcF-k)* 

(2M)4 
4:0)k0)q(0)k+0)q) 

[or• per • (q+k)] a +[or• pa• (q+k)] 6 - (or • qa• k ) a - ( < F • qor• k)& 

4:0)kUq(0)k--0)q) 

•qor-K)&~| 
(III.5) 

The number of interaction terms contributing to the 
fourth order potential are thus 24 in all. Each inter­
action consists of 4 terms so that one must include 
altogether 96 interactions. When summed, the spurious 
divergences of the type (co&—cô)™1 cancel out and the 
result is the same as the one obtained by Klein from 
the old Tamm-DancofI method. The one-pair terms 
also give a spin-orbit coupling term with the same 
coefficient as obtained by Klein from the old method. 
We note that the cancellation of the spurious divergence 
of the type (o)k~Wq)~~l occurs only in the adiabatic 
limit adopted in this paper. A nonadiabatic cancellation 
of such interaction terms does not occur. In the sense 
of the adiabatic approximation the role of the inter­
acting vacuum state in the definition of the new Tamm-
Dancoff amplitudes is reduced to the one played by 
the non-interacting vacuum state. The last statement 
is, of course, verified only up to the fourth order interac­
tion. However, it is quite reasonable to conclude that 
in the adiabatic limit the new Tamm-DancofI method 
will not differ from the old one in higher orders. 

IV. CONCLUSION 

An attempt to study the entire series of interactions 
in the new Tamm-Dancoff method, even without renor-
malizations, would certainly be an ambitious enterprise. 
The inclusion of the renormalizations would make the 
whole problem next to impossible. In any case, the 

11 More general rules of writing down the matrix elements for 
the one-particle case has also been discussed by A. Klein, Phys. 
Rev. 95, 1061 (1954). 

problem of renormalization in this theory is not well 
understood, and from this point of view the old Tamm-
Dancoff method as derivedffrom the Bethe-Salpeter 
equation is in a better situation. 

It is very unlikely that in the near future we shall 
know much about the complete series. We are, therefore 
forced to base all our arguments on the fourth-order 
interaction which, of course, does not do justice to the 
theory. However, if we attribute a special place to the 
fourth order interaction, then our results show that the 
extreme nonrelativistic approximation to a relativistic 
theory does not lead to sensible results. If the Tamm-
Dancoff method of approximation is to be maintained, 
then it is necessary to abandon the adiabatic approxi­
mation to the kernel of the equation. The same con­
clusion is implied by the work of Klein.6 

An important problem is, now, the investigation of 
the nonadiabatic terms. It may well be that the non­
adiabatic parts will contribute effectively near the core 
and change the sign of the interaction that was repulsive 
in the nonrelativistic region without the nonadiabatic 
terms. We have no reason for assuming that the non­
adiabatic terms in a ps—ps theory are small. This 
aspect of the problem is being investigated for the 
second order equation. 

The author wishes to express his gratitude to Pro­
fessor H. A. Bethe and to the Laboratory of Nuclear 
Studies for their kind hospitality. He would also like 
to thank Professor Bethe and Dr. A. Klein, Dr. R. H. 
Dalitz, Dr. E. Power, and Dr. S. S. Schweber for many 
stimulating discussions on this and related topics. 
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APPENDIX A 

In this Appendix we give the coupled set of integral equations mentioned in the introduction to this paper, and 
we shall use the notation of Dyson.4 The Schrodinger equation for the new Tamm-DancofI amplitudes was derived 
by Dyson as 

£(¥o*C(i^(#0*)Kn(^ 

The new Tamm-Dancoff equations for a state ^ representing two nucleons in interaction with, at most, four 
fermions at a given time can be obtained by calculating the .commutators, 

[bpHjtH''], [b^d^W], [ f c ^ ^ a ^ * , ] ? ' ] , [bp^k-s
u'dq

v'akas,H^, [b^k-s
ufd/a-k*as,H'~], 

[b^9"'dq*'o^k*<L-*9H'~], lN{b^kMq»d*™dk+s*)n [_N{b^bs*wbk+Mq\H
f^. 

In the last commutator, N stands for the normal product of the 4 operators. We shall use the following definitions 
in arranging the various commutators according to the number of particles that take part in the interaction: 

£^*75w=0, Y,uUu(p)du=A+(p), 

{bP*ubq
v)^(l-eu)buvbpq, (bp

ub*v)o=0u8uv8pq, 
where 

(1 for proton states 

10 for anti-proton states. 

The notation is the same as in Dyson's paper. We assume that all Tamm-DancorT amplitudes which contain five 
or more particles vanish. In the actual case this assumption was not made in calculating the fourth order potential. 
Since our aim is to derive general rules for writing the matrix elements, there is no harm in the above assumption. 
In this case one obtains equations that involve the wave functions ^(p,q), ^+(p—k, q, k), ^~(p—k, q, k), 
^++(p-k, q - s , k, s), ^~"+(P-k, q - s , k, s), ^—(p-k , q - s , k, s), <P(p-k, - s , k+s , q), ^ ( p - k , q, - s , k+s) , 
for two and four fermions (in states ^ or ^o) and one and two mesons in the states ^ and ^o as plus or minus 
particles. The four-fermion wave function is defined as 

<Kp-k, - s , k + s , q)= Z l^Nib^bs^bk+s^^uvwtz, 
uvzw* 

<t>n(p-k, q, - s , k + s ) = £ [?o*N(bp^da"d*mdk+/)^uvw*z. 
uvzw* 

The integral equations satisfied by the first six wave functions are given by 

[ £ - , a ( p ) £ , - ^ ( q ) £ j ( p , q ) 

=G£*(2^s)-K7l>+(p-s, q, s ) + ^ - ( p - s , q, s ) ] } + { 7 ^ + ( p , q - s , s ) + r ( p , q - s , s)]}. (A.l) 

[_E-Va(p-'k)Ep^k—r,b(q)Eg-wkl^
+(p-'k, q, k) 

=G(2^)CA+»(p-k)7
<V'(p,q)+V(q)7V(p-k, q + k ) ] + G Z s ( 2 ~ s ) - C 7 ° ( ^ ( p - k - s , q, s, k) 

+ ^ - + ( p - k - s , q, s, k))+yb(f++(p-'k, q - s , s, k ) + ^ ( p - k , q - s , s, k))] 

+G(2«o»)-» £*[7°<!Kp-k, - s , k+s , q)+764>"(p-k, q, - s , k+s ) ] , (A.2) 

[_E-r)a(p-k)Ep-k-i)b(q)Eq+m'}f'-(p-'k, q, k) 

=G(2^)-CA- a (p-kMp,q)+A_*(q)7V(p-k, q+k)]+G £ s ( 2 t o s ) - » [ > ( ^ ( p - k - s , q, k, s) 

+$— ( p - k - s , q, k, s))+76(^_ +(p-k, q - s , k, s ) + ^ " ( p - k , q - s , k, s))] 

+G(2vcok)~> Z S [ T V ( - S , k+s , p - k , q ) + 7 V ( p - k , - s , k+s , q)], (A.3) 

[£—Va(v~k— r)£p_i_,—ij6(q)£g—wj—cor3^++(p—k— r, q, k, r) 

=G(2^)-CA+' ,(p-k-r)7<V'+(p-r , q, r ) + V ( q ) 7 V + ( p ~ k - r , q+k, r)] 

+G(2^ r)-CA+
< 1(p-k- r ) 7 V + (p -k , q, k )+ V ( q ) 7 : t y + ( p - k - r , q+r , k)], (A.4) 
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[£- i7a(p-k-r)£j_ i :_ r - i j6(q)£ 8 -co i+Wr> _ + (p-k-r , q, r, k) 

= G(2w,) -»[A+ a (p-k- r )W-(p- ' - q, r )+A+
6(q)7ty-(p-k-r , q+k, r)] ' 

+G(2^)-*CA_-»(p-k-r)7V+(p-k, q, k)+A_>(q)7V+(p-k-r , q+r , k)]. (A.5) 

[£—>?a(p—k— r)Ep-k-r—r)b(q)Eq+wk+o)r~}f' (p— k— r, q, k, r) 

=.G(2tw*)-»[A-°(p-.k-r)7«^(p-r, q, r )+AJ(q )7 ty - (p -k - r , q+k, r)] 

+G(2«W r)-»[A_»(p-k-r)yf-(p-k, q, k)+A_»(q)7ty-(p-k-*, q+*, k)]. (A.6) 

The equation for the wave function <£p(p—k, — s, k+s , q) follows from a careful study of the commutator, 

=+G(2iw,0-KzVw) (1-<U K + a - ^ 

+G (2vo)p-ks)~i(u*yau>)6x» (aP-k^s+a-p+k+s)bk+s
zdq

v—G (2vccp-k-s)-i{u*yaw)6u {ap-.k-.s+a-p+k+s*)bk+!?dg
v. 

There are only 8 possibilities for the signs of the energies along the proton line. It is easy to see that if u, w, and 
z represent positive or negative energy spinors simultaneously, the right-hand side of the above equation vanishes. 
Therefore the 4>+++v and <j> p components of the wave function must vanish. The sum of the remaining six 
components of the wave function satisfies the equation 

<Hp-k, - s , k+s , q)^-G(2vm)~^Ji(k+s)A^(s)lE+r,a(V-k)E^k-Es+Ek+s-Vb(q)Eqy
i 

X7"(^+(p-k, q, k ) + ^ - ( p - k , q, k))+G(2»o),)-iA+ '>(k+s)A+ 'I(s)[£+^(p-k)£p_ i ;+£s-£1;+s-D(,(q)£9] 

X7"(>A+(p-k, q, k ) + ^ - ( p - k , q, k))~G(2vo1^k^s)-~iA+
a(p-k)A+

a(s)lE+Va(k+s)Ek+s-Ep-k+Es 

-ifr(q)£«]-V(*+(k+s, q, p - k - s ) + ^ " ( k + s , q, p-k-8))+G(2TWJ^.)-tA_«(p-k)AJ'(8) 

X [ £ + ^ ( k + s ) £ * + s + £ p _ 4 - £ s - ^ ( q ) £ , ] - V ( ' / ' + ( k + s , q, p - k - s ) + ^ - ( k + s , q, p - k - s ) . (A.7) 

In a similar way the function $w(p—k, q, — s, k+s) satisfies the equation 

*»(p-k, q, - s , k+s) = G(2wfc)-4A+»(k+s)A+
6(s)[£-)?a(p-k)JEJ)_,+£8-£fc+s+ij6(q)£j-1 

X7*(^+(p-k, q, k)+^-)-G(2v^kyiAJ(k+s)AJ(s)lE-Va(V-k)E^k-Es+Ek+s+Vb(q)Eqy-1 

X76('A+(p-k) q, k ) + ^ - ( p - k , q, k))+G(2w3_8)-iAJ(q)A_»(s)[£-r7 o(p-k)£^-£8+ JE9+r? 6(k+s)£,+ s]-1 

X7H^+(p-k, k+s , q - s ) - h M p - k , k+s , q-s))-G(2tog_s)-iA+
i>(q)A+!,(s)C£-i7a(p-k)£p_i;+£s 

-£ 3 +^(k+s)£ f t + s ] -H^+(p-k , k+s , q - s ) + r ) - (A.8) 

We have, thus, completed the derivation of the new Tamm-Dancoff equations. In carrying out the first Born 
approximation to these equations the radiative correction terms can easily be recognized and dropped from the 
interaction. This leads to the sets (A), (B), and (D). 

APPENDIX B 

In connection with the elimination of spurious plane wave solutions of the Bethe-Salpeter (integro-differential) 
equation we can introduce a transformation of the two-body wave function x(12): 

X(12)=— r j"s , o (110f t^( l '2yi '+ fsFb(22')M(l2')d2'] (B.l) 

where the physical meaning of the spinor function $(12) is not directly obvious. A simple interpretation for the 
function $(12) can, however, be found in some special cases. 

Now, the momentum space transform of (B.l) in the center-of-mass system can be written as 

) =—I + — W M ) -
2 « U 7 o ( p ) - i E - * 0 Hb(-p)-±E+Po\ 

x W = - — — + — — — \<t>(p»)- (B.2) 
" » ( p ) - i E - £ 0 Hb(-p)-^E+pB' 
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In general there are two cases of interest: (a) we substitute the expression (B.2) in the Bethe-Salpeter equation 
and obtain an equation for <j)(p^), 

[^ a(p)+^(-p)-E>(^) = -7—IYIV UF{P,~PA , A t + „ , , W i W - (B.3) 
(2TT)4 J LS . (PO —4̂ E—#o' Hb(-p

f)-iE+p0'\ 

When the particles interact instantaneously (po—po in A^), the kernel of (B.3) is independent of pa so that the 
function <t>(pp) does not depend on the relative energy variable po. Equation (B.3), after the /^-integration on the 
right-hand side, reduces to 

G2 r dzP' 
ZHa(p)+Hb(-p)-E}a(p)=—T%*T>\ A_«&(p'V(p'), (B.4) 

87T3 J C0p-p'2 

where a(p) is the wave function of two instantaneously interacting nucleons and 

A_«&(p) = A+«(p)A+
&(-p)-A_«(p)A_&(-p). 

In the nonrelativistic limit, for the a++{p)-components, the wave equation (B.4) reduces to the usual Yukawa 
form of the ps—ps theory. Thus, in the above special case the physical meaning of <j>(pp) is clear. 

(b) Let us now assume that the system first propagates as two free particles and then the interaction takes 
place in a time-ordered way. We use an equal-time wave function <p(p) = Jtx(p,po)dpo and the ansatz of replacing 
<t>(py) in (B.2) by a function <£(p) independent of po, viz., 

1 

2m\ 
|*(p). (B.5) — — * lHa(V)-±E-po Hb( 

The function 0(p) will not describe the system in a fully relativistic way, since its <£+_ and $-+ components will 
not appear in the resulting 3-dimensional equation. This can be seen by integrating both sides of (B.5) with 
respect to po, 

v(l>) = fx{p*)dpo=<h+(p)-4>~ (P) (B.6) 

so that 
P-t-(p)=*>-+(p) = 0. 

This is one of the reasons that the definition (B.5) cannot be used as an ansatz in the Bethe-Salpeter equation 
to derive Dyson's equation. 

In deriving an equal-time formalism from the Bethe-Salpeter equation the operation of integration over the 
relative energy variables must precede the use of the ansatz (B.5); namely, we must first integrate both sides of 
the Bethe-Salpeter equation with respect to po to include the contributions from the free particle states. In this 
case the function <£++(p) can be identified as a Tamm-Dancor? wave function. 

We now proceed to the discussion of the 3-dimensional wave function </>++(p). The Bethe-Salpeter equation for 
one-and-two meson interactions of two nucleons is 

%(*,) = - S , « ( i * M + ^ ^ ^ i Q ] x ( A W , (B.7) 

where 12(pn,ppf; KM) and Iiipmp/; Ky) represent the ladder and crossed diagrams given by 

G2 

^Mp^;Kfl) = ——TfTi
bAF(pti-p;), (B.8) 

(2TT4) 

G2 *2 

(2^)4 

X I Y E i W + k ) ~ \E-po'- koT-tTfTftHti- p+k) - hE+p<>- h^Tm. (B.9) 

W & / 4 ( w ; ; ^ ) = 7 T f A K ^ - A / - ^ ) A F ( & M ) 

file:///E-po'-
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In order to derive an equation for # + + ( p ) we replace x(P») m (B.7) by the expressions 

1 2AP 

X - H - ( # M ) = — '—; : * + + ( P ) , Ap=E9-iE, (B.10) 
2iri (Ap-po)(Ap+p0) 

leading to 

1 2AP A+a(p)A+
6(-p) r 

2wi (Ap-pQ)(Ap+po) (Ap~Po)(Ap+p0) J 

2A » 
X - fh+Wfflp'idP*'. (B. l l ) 

2Tri(Apr-p0')(AP'+Po') 

Because the ^o-integration has to precede the use of the ansatz, the factors (Ap—po)"1, (Ap+po)"1 on both sides 
of the equation (B.l l ) will not be cancelled out. The 3-dimensional equation can, now, be obtained by integrating 
both sides of (B.l l ) with respect to po, 

4>++(p) = -A+«(p)V(-p) f 
J 

lAjffip' 

2Ti(Ap~Po)(Ap+Po)(Ap>-pQ')(Ap,+Po') 

XPaPiLl*(P»pS; K*)+h(p»p,f; i Q > 4 + ( p O # o * # o ' . (B.12) 

In this equation the first term to be integrated with respect to po and pof is 

G2 1 r00 2Ap>dp0dpo' 
M 2 = I W — : = . (B.13) 

(2TT)4 2TT - L ^ (A p-p0) (A p+pQ) (A pf-p0
f) (A pf+p0

f) (c^^^-p0+pof) (o^^^+po--po) 

Usually one carries out the integration over po in the complex plane of po and the resulting expression can then 
be integrated over po in the complex plane of po'. This is a long and tedious business. Actually, we can accomplish 
both integrations simultaneously if we note that, because of the small negative imaginary parts in Aps and cop-p', 
the expression (B.13) can be written as 

M2= (iyTiaTib I dpa&po' I dadf$dydbdlxdv2AP' ^x^[_-ia{Ap-po)-ifi{Ap+po)-iy{Apf-po') 
(2TT)5 J ^ JO 

— id (A p>+po)—ipfap-p' — po+po) — iv (up-P>+po—d>o')l> 

G2
 r™ 

= — ( i y r f T ? I 2Ap,dadl3dyd8dtxdvexp[-i(a+p)Ap-i(y+8)Ap>-i(fi+v)a)p-p>'l 
8TT3 J0 

XB(0-a+ii-v)6(y-d+ii-v), (B.14) 

where a, /3, y, 8, fi, and v are positive parameters. From the two 5-functions we have two linear algebraic equations, 

/ 3 - H - M - J > = 0 , y-8+fJ,-v=Q. (B.15) 

The positive character of the parameters a, /3, y, 5, /x, and v does not allow an arbitrary elimination of two of them 
from the integral in (B.14). Let 

0—a=db#, y—5=db&, ix—v=±C, 

where a, b, and c are also positive. The signs for the set a, b, and c can be fixed by considering the 8 possible signs 
for the set a, b, and c. There are only two possible combinations that are consistent with the positive character of 
the 6 parameters, namely the combinations ( + + —) and ( h). The two solutions of (B.15) are, therefore, 

(i): p=a+a, y=8+a, z>=/x+a, (ii): a=p+a, 8=y+a, n=v+a. (B.16) 

Other solutions are thus excluded. By using the solutions (i) and (ii) in (B.14), we obtain the matrix elements 

G2 A* 
M 2 = - 2 TfTib(iy I 2Ap>datdp'dy'd8' e x p [ - i a ' ( 2 ^ p ) ~ i / 3 / ( 2 ^ P 0 - ^ ' ( 2 a j ^ ^ ) - - ^ ' ( ^ 3 , + ^ / + c o , > _ y ) ] . 

87T3 Jo 
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Hence 
G2 2 

M 2 = — r / T * . (B.17) 
8TT3 (2EP- E) (2«p_P0 (E-EP~ EP> - a>r_p,) 

The second order equation is, therefore, given by 

( £ - 2 £ p ) * H - ( p ) = — ^ ( p ) V ( - p ) r / T * | -. (B.18) 
87T3 •/ a)p-p'(E—Ep—EP' — a)p-.p>) 

For the fourth order case we use the Casimir projection operators in the second term of (B. l l ) . We have alto­
gether 4 terms to be integrated in the integrand of the second term, the first one of which is 

r G2 f l r 

M 4
( 1 ) = — I 2ApfO(p,p,;k)dskdpodp0

fdko 
L(2ir) 4J 2vJ 

1 
X — • — — — 

(Ap-p0)(Ap+po)(AP>-poOUp>+po')(Ap>+k--po'--ko)Up-k+po-ko) 

1 
X ; ~ , (B.19) 

(uk—ko)(cok+ko)(o)p-.p'-.ic—po+po'+h)(o)p-P'-k+po--po'—h) 

where 

0(p,p';k)=AH.-(p)V(-p)(riA+(p'+k)ry)a(riA+(-p+k)r()&. 
As before, the integrations over po, po\ ko can be effected in accordance with the hole theory, so that (B.19) can 
be written as 

r G2 f (*)10 r r00 

MA{1) = \ I 2 J p > 0 ( p , p / ; k)ddkdpodp0'dko I dadfidydbded\d}idvdpdcr exp[^—ia(Ap—po) 
L (2TT)4J 2TT J J0 

— if3(Ap+pQ)-iy(Ap>-po)-i5(Ap>+pof)—i6(Ap>+k-po'-ko)-iMA^ 

— i(r(a)k+ko) — i[JL(o)p-p>-k+po—po—ko) — iv(uP-p'-k+po^ 
or 

M 4
( 1 ) = — (i)10 f f 2i4p/0(p,p'.; k)d*kdadf3- • -Ar exp[-i(a+j9)i4p-i(7+5)"i4J, '-i(p+<r)coA: 

X f i ( - e - X - / i + y - p + c r ) . (B.20) 

We have to eliminate 3 of the 10 parameters in the expression (B.20) by using the 3 linear algebraic equations 
for 10 unknowns, 

e=(d-y)+(v-fi)J X = ( a - / J ) + ( * - / 0 , ( a - / 3 ) + ( 5 - 7 ) + ( p - c r ) + ( ^ - i u ) = 0. (B.21) 
We put 

a—/?=±a, 5—y=d=&, p — a=zLcJ v—p,= zkdy 

and then consider the 16 possible signs for the quantities a, 6, c, and J. The only sets of signs consistent with the 
positive character of a, (3, y, 5, /JL, V, X, e, p, and a- are 6 in number and are given by the combinations (+H h), 
( + + - - ) , ( — h — h ) , ( h + ) , ( + ) , a n d ( + h), leading to the solutions: 

(i) (n) (Hi) (iv) (v) (vi) 
a=/3+a, a=P+\+a, a=/3+a, (3=a+a, P=a+e-\-a, /3=a+a, 
8=y+b, 5 = 7+e-ftf, 7 = 5+6, 8=y+b} y=8-{-\+a, y = 8-\-b, 
o-=p+a+Z>+c, o -=p+e+A+a , (7=p+e+a , o-=p+X+6, p = cr+#, o-=p-\-c, 
v—p,-{-c, jx—v+a; v=ji+e+b, v=jj,+\+a, v=p,-\-e+\+a; v=p,+a-{-b+c, 
e=>b+c, \=e-\-a+b; e=\+a+b; \=b+c, 
\=a+c) e=a+c. 
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On using these in (20), we obtain M^l) as a sum of 6 matrix elements: 

0(p,p',k)(Pfe 

L87r3J 2EV-EJ 

i 
2cojfc2cop_p'_/i; 

XI 
(Ep+Ep-^+cofc—E) (EP'-\-Ep>+k-{-o)k-- E) (Ep^fc+Ep_fc+w/fc+cop_p'_fc--E) 

1 

(Ep-{-EP'-\~a)p-p'-k-\-a)k—E)(Ep-}-Ep-k-\-Qjk—E)(Ep>-\-Ep>+k-{-a)k—E) 

1 

(Ep+Ep-fc+co*;—E) (Ep'+Ep-^+cop-p'-fc—E) (Ep_fc+£p'+fc+Wfc+Wj,_P'-)t- E) 

1 

(Ep+Ep'+fc+cop_p'_A;—E)(EP'+Ep'+fc+cofc—E)(Ep_/b+Ep'+^+cop_p'_fc+w/c—E) 

1 

+— : 

(Ep+Ep'+Wp_p'_A;+coA;~E)(Ep+Ep_A;+cop_p'_fc—E)(Ep'+^p-fc+cop_p'_A;—E) 
1 

+ = 
(Ep-\-Ep>+k-\-a)p-.p>+k—E)(Ep>+Ep-.k-\-o)p-.p>-.k—E)(Ep_fc+Ep'+A;+ajfc+cOp_p'_fc—E) 

X-

X-

X-

] (B.22) 

These are just the no-pair terms of the old Tamm-Dancoff method, so that each of the above solutions corresponds 
to a Feynman diagram. 

The remaining 3 terms of the second term of (B.10) can be treated in the same manner, each giving 6 matrix 
elements. Altogether the crossed diagram corresponds to 24 Tamm-DancofT diagrams. The method can be applied 
to the iterated ladder and the results will come out in the form of reducible and irreducible terms. Finally, we 
note that the above method of integration can be generalized to more complicated cases. 


