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Starting from Rules A and B of a previous paper (I), it is shown that the grand partition function can 
be evaluated in terms of the statistical averages of the occupation number in momentum space. The final 
formulation is in terms of a simple variational principle. The procedure represents a concise and complete 
separation of the effect of the Bose-Einstein or Fermi-Dirac statistical character of the particles from the 
dynamical problem. In the case of Bose statistics, this formulation makes possible a systematic computation 
of all thermodynamic functions near the Bose-Einstein transition point in the gaseous phase. Applications 
to a system of hard spheres are discussed. 

1. INTRODUCTION 

IN paper I1 of the present series it was shown that the 
thermodynamical functions for a quantum mechan­

ical system of particles obeying the symmetrical or anti-
symmetrical statistics can be computed from a knowl­
edge of certain Ui functions for the same system obeying 
Boltzmann statistics. The method of computation was 
called Rule A and Rule B which embody the influence 
of statistics on the thermodynamical functions. The 
dynamical part of the problem is embodied, on the 
other hand, in the functions Ui. 

The purpose of this paper2 is to analyze further the 
effects of statistics in a system of interacting particles. 
I t is found that the thermodynamical functions can be 
expressed explicitly in terms of the statistical averages 
(«k) of the occupation numbers in momentum space. 
Furthermore, the procedures of calculation are concisely 
formulated without approximations as variational 
principles. 

In the case of Bose statistics, this new formulation is 
also physically necessary to make possible a general 
treatment of the Bose-Einstein transition problems 
which will be discussed in detail in the subsequent paper 
(paper V). 

I t is generally accepted that the X-transition in liquid 
He is due to the Bose statistical nature of the atoms. 
In fact it is natural to conjecture that the transition is 
caused by some peculiar properties of the average 
occupation number (nk) at k = 0. However, attempts at 
a systematic treatment of the problem have always 

* Work supported in part by the U. S. Atomic Energy Com­
mission. 

•*T. D. Lee and C. N. Yang, Phys. Rev. 113, 1165 (1959), 
hereafter referred to as I. Throughout this paper we use the same 
notations as I. 

2 It may be remarked that the contents of this and the sub­
sequent papers (IV and V) depend only on the general methods 
discussed in I. The discussions in II and III [T. D. Lee and C. N. 
Yang, Phys. Rev. 116, 25 (1959); 117, 12 (I960)] represent 
some other parallel developments and applications which are not 
necessary for an understanding of the present paper. The reader 
is also referred to M. S. Green, Phys. Rev. Letters 1, 409 (1958) 
for a parallel discussion of the problems treated in the present 
paper. 

been obstructed by the complicated dynamical problem 
involved. The present formalism, in separating out the 
statistics property from the dynamical property of a 
system and in using the average occupation numbers 
(^k) as a primary concept in the analysis, offers new 
possibilities for a more complete understanding of 
transitions that are of purely statistical origin. 

In Sees. 2 to 8 we give the general developments for 
the case of Bose statistics. Applications to a Bose 
system of hard spheres are discussed in Sees. 9 and 10. 
The corresponding developments for Fermi statistics 
are given in Sec. 11. 

2. GRAND PARTITION FUNCTION 
(BOSE STATISTICS) 

We consider a system of interacting Bose particles 
in a finite volume 0. The grand partition function QQS 

is related to the functions 
paper I ] 

Ut
s by [see Eq. (1.13) of 

k i - . - k i 
•kil \K---h). 

(IV.l) 

These Uis can be computed in terms of Ui through 
Rule A of paper I. As mentioned in I, in this compu­
tation instead of Ui only the symmetric combination 
Tis occurs, where Tt

s is defined by [see Eq. (1.30)] 

<k 1
, ,k 2

, , . . .k i / |T J«|k 1 ,k 2 , . . .k l> 
- 1 > P \ k / , k 2 ' , . • • k/1 Ul | kl5k2, • • • ki>. (IV.2) 

In (IV.2) the sum extends over all l\ permutations of 
k / , k / • • -k/ . Thus we may state Rule A in a slightly 
altered form as follows: 

Rule A1.—To ca lcu la t e^ / k2' • • • k/1 Ut
s | k1?k2, • •. kz> 

we first consider a grouping of the / integers 1, • • •/ 

{(a)(b)---}{(cd)(ef)-.-}{(ghi)-..}.<• ( I V . 3 ) 

where ab- • -cdef- • -ghi- • • is a permutation of these / 
integers. In the first curly bracket there are m\ round 
brackets with one integer in each (wi=0 , 1,2, • • •) and 
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in the second curly bracket there are m^ round brackets 
with two integers in each (w2—0, 1, 2, • • •)> etc. 

Within each round bracket the integers are arranged in 
ascending order and within each curly bracket the 
round brackets are so arranged such that their first 
integers follow an ascending sequence. We then form 
the sum 

L { < k / | T ^ | k a ) ( W | T ^ | k & ) . . . } 

X { < k ^ V | T 2 * | k c , k , ) . . . } - (IV.4) 

where AB- • CD- • • is a permutation of 1, 2 - - - . 
Because we use Tis in (IV.3), among all the permuta­
tions AB- - -CD- • • which differ from each other only 
in the relative positions of numbers within the same bra 
(e.g., (k</,ki/1 and (ko'jkc' |) only one such permutation 
will be included in the sum (IV.4). The sum (IV.4) 
then extends over all permutations provided further 
that upon setting k / = k ; (for all i) the summand in 
(IV.4) cannot be written as a product of two factors, 
one of which depends only on some, but not all, of the 
coordinates ki, k2, • • • kj while the other depends only 
on the rest of these coordinates. The sum of all ex­
pressions (IV.4) over the different groupings (IV.3) 
then gives ( k / • • • k/ \ Ut

s | kx. • • k,). 
We give a few examples3 of Rule A'. 

Example (1): 

<k , | ?7i 5 |k>=<k , |Ti ' s |k) 

= <k'|i7i|k> = 5 k k , expH3k 2 ) . (IV.5) 
Example (2) : 

< 1 / , 2 ' | L 7 2 ^ | 1 , 2 ) = < 2 , | ^ 7 1 | 1 ) ( 1 , | ? 7 1 | 2 ) 

+<1',2'|T2
S |1,2>. (IV.6) 

Example (3): 

<l',2',3'|c73s| 1,2,3) 

= <l , |E/ i |3)<3 , |^ . i |2><2 , |^ i | l ) 

+ <l' | tf1 |2><2'|tfi |3><3'|tfi | l> 
+(T\U1\3)(1',3' 

+<3' | tf1 |2><l' ,2 ' 

+<l ' | tf1 |3><2',3 ' 

+<3 ' | t f i | l )< l ' ,2 ' 

+ (l'\Ui\2)(2',3' 

+ <2'|171|1><1',3' 

T2
f l | l ,2) 

T2*|l,3> 
T2*|l,2> 
T2*|2,3) 
T2*| 1,3) 
T2*|2,3> 

+ <l',2',3'|T8
f l | 1,2,3). (IV.7) 

3. PRIMARY GRAPHS (BOSE STATISTICS) 

By using (IV. 1) and Rule A'', the logarithm of the 
grand partition function can be expressed as a sum over 
expressions (IV.4). I t is useful to represent each of 
these terms in (IV.4) graphically. Indeed, a major part 
of the discussions in this paper is just to find a con-

3 For simplicity, we use 12 3 • • • and V 2' 3' • • • to represent 
kik2k3 • • • and ki/k2/k3

/ • • •, respectively. 
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FIG. 1. Evolutions from diagrams to primary graphs. (̂ 4) and (B) 
are primary 0-graphs. 

venient way of representing these sums by appropriate 
graphs. For clarity, we shall present the gradual evo­
lutions and successive simplifications of these graphical 
methods instead of immediately presenting the final 
rules. 

As an example, let us first consider two specific terms 
(Ai) and (Aii) in (IV.4), 

( ^ ) = <2|J7i | l>(3 |J7i |2)<l |^ i |3>, (IV.8) 

(i4«) = <3| tfi| 1)<1| Ui\ 2)(2| Ux\ 3). (IV.9) 

In Fig. 1 we represent (Ai) by a diagram in which the 
three incoming (i.e., with their directions pointing 
towards the vertex points) lines 1, 2, 3 represent, 
respectively, the three kets 11), | 2), and | 3) in (IV.8); 
the three outgoing (i.e., with their directions pointing 
away from the vertex points) lines 1, 2, 3 represent the 
corresponding three bras ( 1 | , ( 2 | , and ( 3 | . These lines 
are connected at various vertex points that correspond 
to the Ui factors in (IV.8). In a similar way, we repre­
sent the term (Aii) by a diagram in Fig. 1. Next, to 
show the connectivity of these diagrams, we connect, 
respectively, the incoming lines 1, 2, 3 with the outgoing 
lines 1, 2, 3. The resulting diagrams are shown as (Ai)' 
and (Aii)' in Fig. 1. Since in (IV. 1) ki, k2, k3 are to be 
summed over, both (Ai) and (Aii) give identical con­
tributions to the sum (IV. 1) for l n ^ ^ . I t is therefore 
convenient to omit the numbers 1, 2, 3 from these 
diagrams and represent both terms by a single graphical 
structure, called a primary graph (or, primary 0-graph), 
which is shown as A in Fig. 1. 

Next, as another example, we consider some other 
terms in (IV.4), e.g., 

<1,2,3|T,*|1,2,3>. (IV. 10) 

Again we first represent the ket 11,2,3) by three 
incoming lines 1, 2, 3 and the bra (1,2,31 by three 
outgoing lines 1, 2, 3. These lines are connected at a 
vertex point which corresponds to T3S. We then connect 
the incoming lines 1, 2, 3, respectively with their corre­
sponding outgoing lines. Finally, we omit these numbers 
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1, 2, 3 and obtain a primary graph B which is also shown 
in Fig. 1. Unlike the previous example where the 
primary graph A represents the sum of the contributions 
of two terms (At) and (Ail) to (IV.l), the primary 
graph B represents only the contribution of a single 
term (IV. 10). 

In an entirely similar way we may represent \n^us 

as a sum over various primary graphs. 
We define a primary graph to be a single (i.e., all 

parts being connected) graphical structure which must 
contain at least one line and at least one vertex. These 
lines are connected with each other at various vertices. 
Each line has a direction indicated by an arrow. Each 
vertex, called ^-vertex, connects a incoming (i.e., with 
their directions towards the vertex) lines and a outgoing 
(i.e., with their directions away from the vertex) lines. 
A line which has vertices at both ends is called an 
internal line; otherwise, it is called an external line. All 
external lines are considered distinguishable and differ­
ent. Two primary graphs are different if their topo­
logical structures are different. For example, the length 
and curvature of each line are completely unspecified 
and immaterial. 

A primary f-graph (? = 0, 1, 2, • • •) is a primary 
graph which has f external incoming lines and f external 
outgoing lines. It is clear that to express ln^s we need 
only the special case f=0. Higher f values will be 
important for computing other physical quantities. 

To each primary f-graphs we assign a term which is 
determined by the following procedures: 

(i) Associate with each internal line a different integer 
i (i= 1, 2, • • •/) and a corresponding momentum k*. 

(ii) If f ^ 0 , then associate the external lines with 
certain pre-given momenta. 

(iii) To each a-vertex, assign a factor 

(km • • • ksa I Ta
s | Lu • • • k.ia), 

where k^r • Li a are the momenta associated with its 
incoming (internal or external) lines and kz?i • • • \nBa 

are the momenta associated with its outgoing (internal 
or external) lines. 

(iv) Assign a factor z to each internal line. 
(v) Assign a factor S'1 to the entire graph where 

5=symmetry number (IV. 11) 

and is denned as follows: 

Consider all I! permutations of the positions of the / 
integers associated with the internal lines. The total 
number of permutations that leave the graph topo­
logical^ (including the relative positions of these 
numbers 1, 2, • • 4) unchanged is called the symmetry 
number of the graph.4 (Some examples of symmetry 
numbers are given in Fig. 2.) 

4 Let us consider the two primary graphs (A) and (B) in Fig. 1 
and denote their symmetry numbers by SA and SB, respectively. 
We follow step (i). These two primary graphs become, say, (At)' 
and (B)', respectively. For (BY, all the 3! permutations of (1 2 3) 

The term that corresponds to each graph is given by 

£ [product of. all factors in (iii)~(v)]. (IV.12) 
k i - • - k j 

In terms of these primary graphs we can write the sum 
(IV.l) as (proved in Appendix A) 

ln£as = £ (all different primary 0-graphs) (IV. 13) 

in which each graph contributes a term given by (IV.12). 
The sum (IV. 13) is illustrated in Fig. 3. More ex­

plicitly, one can write (IV. 13) as 

l n ^ ^ L & e x p ( - / 5 k 2 ) 
k 

+§2
2exp(-2/3k2) + |zsexp(-2/3k2)+- • •] 

+ £ <k1k2|T2
s[k1k2>{iZ

2+Z
3exp(-/Jk1

2) 
kik2 

+is 4exp[- /J(k 1
2+k 2

2)]+---} 

+ £ (k1k2k3|T3
s|k1k2k8) 

kik2k3 

X[t* '+£* 4 exp( - /3k 1 *)+ . . . ] + . . . } (IV.14) 

in which each term in the sum corresponds to the 
primary 0-graph at the corresponding position in the 

So A 

• o o 
• o 
I & 

8 
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i 

(p H4 
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FIG. 2. Relationship between irreducible 0-graphs and irre­
ducible 1-graphs. The derivative with respect to M(k) of an 
irreducible 0-graph listed in column A is the sum of the corre­
sponding irreducible 1-graphs listed in column B. The number n 
is the number of lines in the 0-graph, which, when cut, gives rise 
to the 1-graph. Notice that Eq. (IV. 103) is satisfied in every case. 

leave its topological structure (including the relative positions of 
1, 2 and 3) unchanged. Thus S* = 3!. For (Ai)' only the cyclic 

permutations ( | ^ ) > ( ^ ] \ \ and ( J \ \ ) leave the 

topological positions of these numbers unchanged. Thus, SA = 3. 
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sum in Fig. 3. In (IV. 14) we have used the explicit 
form of U\ given by (IV.5). 

4. CONTRACTED GRAPHS (BOSE STATISTICS) 

In Fig. 3 we have arranged the sum so that the dif­
ferent primary graphs in the same row have the same 
number of a-vertices for a > 2 but differ only in the 
total number and relative positions of 1-vertices. 
Because of (IV.5), we see that all the terms in the same 
row in (IV. 14) can be easily summed over. Thus (IV. 14) 
becomes 

l n < ^ = E l n [ z - % ( k ) ] 
k 

+ 1 E(k ik2 |T 2
s | k 1 k 2 )m(k 1 )« (k 2 ) 

kik2 

+ i Z (kik.kslT^lkxk^) 
kik2k3 

x n > ( k < ) + - " , (IV.15) 

where 
w(k) = ^[ l~sexp(™/3k 2)]- 1 . (IV.16) 

I t is therefore convenient to represent the primary 
graphs in the same row in Fig. 3 by a single structure 
which is obtained from any one of these primary graphs 
by simply deleting all 1-vertices. 

We now introduce the definition of a contracted 
graph. A contracted graph (or, contracted f-graph) has 

*«*£ = o-o-o-
(1) ( 2 ) (t) 

•oo • oo • oo-
( 2 ) ( I ) (2 ) 

* T • <&•••• 
( 3 ! ) ( 2 ) 

•ooo-ooo-
= pn[^-'m(k)] + / 

( I ) 

t f 
( 2 ) 

<M 
<3<r 

t 

(2) 

FIG. 3. ln^Q s as a sum over different primary O-graphs and as 
a sum over different contracted O-graphs. Solid lines are for 
primary graphs and the dotted lines are for contracted graphs. 
The symmetry numbers are listed under the graphs. 

the same topological structure as a primary graph (or, 
primary f-graph) except that a contracted graph does 
not have any 1-vertices. To each contracted graph we 
assign a term which is determined by the same pro­
cedures (i)-(v) used to obtain (IV. 12), except that (iv) 
is replaced by 

(iv)7 Assign a factor m(ki) to the ^th internal line 
( i = l , 2 , . . . / ) . 

The term that corresponds to a contracted graph is 
then given by 

X) [product of all factors in (hi), (iv)', and (v)] . 
k i - . - k j 

(IV.17) 

In terms of these contracted graphs (IV. 13) becomes5 

l n & s = E k l n [ 2 - 1 m ( k ) ] 
+2Z (all different contracted O-graphs). (IV. 18) 

This sum is also illustrated in Fig. 3 in which, for the 
sake of clarity, solid lines are used for the primary 
graphs and dotted lines are used for the contracted 
graphs. It is important to notice that the role of sym­
metry numbers is preserved under this process of con­
traction. 

The first few terms in the sum (IV. 18) have also 
been derived in paper II .6 

At 3 = 1 , m(k) has a singularity at k = 0 . The sum­
mation (IV. 18) therefore is useful only for z<l. As 
was pointed out in a previous paper,7 for a system of 
dilute Bose hard spheres the thermodynamical func­
tions do not have a singularity at z — 1. In fact, through 
a rearrangement of the virial expansions the actual 
phase transition was found to occur at z>\. 

I t will be shown in Sec. 6 that mathematically such 
rearrangement processes are identical with the study 
of the reducibility of the graphs. To see this and to 
extend these results to a general system of interacting 
bosons, it is useful to discuss first some properties 
between graphs and the average occupation numbers in 
momentum space. 

5. AVERAGE OCCUPATION NUMBER IN 
MOMENTUM SPACE AND M(k) 

(BOSE STATISTICS) 

We define (tit) to be the statistical value of the 
number of particles8 with a definite momentum k in a 
finite volume, averaged over the grand canonical 
ensemble. These average numbers can be shown to be 

5 For the sake of uniformity we choose the definition that every 
graph (primary, contracted or irreducible) must contain at least 
one vertex. Thus, if we delete all 1-vertices from any primary 
graph in the first row in Fig. 3 the result is not a contracted graph. 

6 T . D. Lee and C. N. Yang, Phys. Rev. 116, 25 (1959), 
hereafter referred to as II. 

7 T. D. Lee and C. N. Yang, Phys. Rev. 112, 1419 (1958). See 
especially the discussions given in Sec. 8. 

8 (wk) is the occupation number for particles, not the so-called 
phonons. 
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m(k) 

( 2 ) 

X . 
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( 2 ) 

m(k) 

« * * 

m ( k ) 

( I ) 

FIG. 4. [Af(k)— w(k)] as a sum over different contracted 
1-graphs. The corresponding symmetry numbers are listed under 
the graphs. Each graph contributes a term equal to (IV. 17) times 
m2(k). [See reference 9.] 

related to Uis by (to be proved in Appendix B) 

W=ZW-i)!]-v 

x E <k1,---k,_1,k|^|k1,-.-k,_1k). 
k i - • . k j _ i 

(IV. 19) 

For reasons which will become clear later, it is 
extremely useful to define a function M(k) related to 
<^k) by 

M ( k ) = s [ < » k > + 1 ] . (IV.20) 

By using (IV. 19), M(k) can be written as 

M(k) = z+z2Er(H)-1zl 

X E <kr 
k i - • - k i 

. k , k | ^ + 1 ^ | k r - - k z k ) ] . (IV.21) 

The function M(k) is related to the grand partition 
function QQS by 

d 
I [ S - W ( k ) - l ] - I ( % ) = ^ l n V . (IV.22) 
k k dz 

By using Rule A', M(k) and (nk) can be expressed as 
a sum over expressions (IV.4). Similar to the discussions 
in Sec. 3, we can represent these expressions as primary 
graphs. Since in (IV.21) k is not to be summed over, 
each of these primary graphs must have one external 
outgoing line carrying momentum k and one external 
incoming line also carrying momentum k. Thus we can 
express M(k) as9 (proved in Appendix A) 

M(k) = 2+£2 E Ca^ different primary 1-graphs] 
(IV.23) 

in which each graph contributes a term given by (IV. 12). 
9 It is important to notice that in either (IV. 12) or (IV. 17) or 

(IV.26) the factors associated with external lines are not included. 
Graphically, we adopt the convention that the term corresponding 
to a graph is given by (IV. 12) [or (IV. 17) or (IV.26)] except for 
Figs. 4 and 5. For these two figures the external lines contribute 
further multiplicative factors m(k) or M(k) as explicitly marked 
in these graphs. 

In a way entirely similar to the reduction of (IV. 13) 
to (IV. 18) we can reduce M (k) to a sum over different 
contracted 1-graphs: 

M(k) = w ( k ) + [ > ( k ) ] 2 X [all different contracted 
1-graphs] (IV.24) 

in which each graph contributes a term given by 
(IV. 17). This sum is illustrated in Fig. 4. The explicit 
algebraic values of the diagrams are given below9: 

M(k)-m{k) 

= Cw(k)]a2:<k,k1|T2fl|k,kXk1) 
ki 

+M>(k)]2 E (k,k1,k2|T3
s|k,k1,k2)w(k1)w(k2) 

kik2 

+ k ( k ) ] 2 £ <k,kx | r,« j k,k1><k,k21 TS« | k,k8> 
kik2 

X w ( k i ) w ( k 2 ) + - - . . (IV.25) 

6. IRREDUCIBLE GRAPHS (BOSE STATISTICS) 

The above form (IV.24) for M(k) can be further 
simplified by noticing the property that many of the 
contracted graphs in Fig. 4 can be generated from a 
simpler contracted graph by a suitable replacement of 
the factor m(q) in (IV. 17) by M(q). For example, we 
may take the first contracted graph in the sum for 
M(k) in Fig. 4 and replace, say, the factors9 m(ki) and 
m(k) associated with the internal line and the external 
outgoing line by M(kx) and M(k)y respectively. 
Graphically, we represent M(k) by a thick solid line 
and illustrate this replacement by changing the appro­
priate dotted lines into thick solid lines. By using Fig. 4 
it is easy to find the totality of contracted graphs 
represented by this resulting graph.9 This is shown in 
Fig. 5. 

M ( k ) m ( k ) 

\ y ~ N 

tn (k) 
A 
I 
V 

m(k) 
A 

\ * 
m(k) 

m ( k ) 

1 / 

m(k) 

't;S 
m(k) 

^ " x 

t t 1 + t Y * J 
rk\ nr>lk) 

m(k) 

m(k) 

FIG. 5. Graphical example of an irreducible 1-graph as a sum 
of different contracted 1-graphs. [See reference 9 for the roles of 
external lines.] 
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To study such reduction in a systematic way it is 
necessary to introduce the concept of reducibility of a 
contracted f-graph. In the present paper we are only 
interested in the reducibility for the special cases of 
f = 0 a n d 1. 

Definition.-—A contracted 0-graph, or a contracted 
1-graph, is called reducible if by cutting two of its in­
ternal lines open the entire graph can be separated into 
two (or more) disconnected contracted f-graphs (f can 
be 1 or 2). 

We see, for example, the first two and the fourth 
contracted 1-graphs in the sum for [M(k) —m(k)] in 
Fig. 4 are not reducible while the third and the fifth 
graphs are reducible. 

We now introduce the concept of an irreducible graph 
and its algebraic value. 

Definition.—An irreducible f-graph is a contracted 
f-graph which is not reducible, with its dotted lines 
[representing w(k ) ] replaced by thick solid lines 
[representing M ( k ) ] . [Notice that in this terminology 
an irreducible graph is not just a contracted graph that 
is not reducible.] 

To obtain the value of an irreducible graph we go 
through the set of procedures (i)-(v) used to obtain 
(IV. 12), except that (iv) is replaced by (iv)". 

(iv)" Assign a factor M(ki) to the ith internal line, 
where i=l, 2, • • •/. 

The term that corresponds to an irreducible graph 
is given by 

£ [product of all factors in (iii), (iv)", and (v)]. 
k i - . - k z 

(IV.26) 

In terms of irreducible graphs, M(k) can be ex­
pressed in a much simpler sum.9 

M(k)-m(k) = m(k)M(k)K, (IV.27) 
where 

# = L [all different irreducible 1-graphs] (IV.28) 

in which each graph contributes a term given by (IV.26). 
I t is important to notice that the role of symmetry 

numbers is again preserved under this process of re­
duction. 

In explicit form (IV.28) can be written as 

^=L(k,ki|T2
5|k,k1)M(k1) 

ki 

+ * E <k,ki,k21T3* | k,k1,k2)M(k1)M(k2) 
kik2 

+ i X <k,k1|Ts*|k2kJ)<ks,k,|T^|k,k1> 
kik2k3 

x n J f ( k ( ) + * £ <k,ki,k,,k,|T4a|k,ki>k,,k,> 
1 kik2k3 

XllM(ki)+---. (IV.29) 
1 

The corresponding irreducible 1-graphs for the sum 

K " irilk) - M-'(k> D • <£> 
(IV (2) 

<J> • « £ 
(2) (3J> 

FIG. 6. K [Eq. (IV.28)] as a sum of different irreducible 1-
graphs. The corresponding symmetry numbers are listed under 
these graphs. 

(IV.29) are listed in the same order in Fig. 6. The 
numerical constant in front of each term in the sum 
(IV.29) is the appropriate factor (symmetry number) - 1 

of the corresponding irreducible 1-graph in Fig. 6. 
(IV.27) is in the form of an integral equation for 

M{k). By repeated iterations, one can use (IV.27) to 
express M(k) explicitly in terms of mik). I t is easy to 
see that the resulting formula is identical with (IV.24). 

I t may be emphasized that while formally the sum 
over contracted graphs, (IV.24), is equivalent to the 
sum over irreducible graphs, (IV.27), this regrouping 
of infinitely many contracted graphs into fewer irre­
ducible graphs is actually important in avoiding un­
necessary infinities as z approaches one. 

To understand this, let us consider any reducible 
graph in the sum (IV.24). In such a graph, because of 
conservation of momentum some of the momenta 
(associated with different lines) must be identical.10 In 
cases where these identical momenta are associated with 
internal lines, say, 1 • • • n, such a reducible graph would 
contribute to the sum (IV.24) a term of the form 

/ 
M q ) ] n ^ G ( q ) , (IV.30) 

where G(q) represents the factors from the other ele­
ments of the graph such as vertices, etc. At z~ 1, m(q) 
has a singularity at q = 0. Thus (IV.30) behaves like 

G(q = 0 ) [ l - ^ - (IV.31) 

as z—> 1—. Consequently, to obtain the form of M(k) 
as z nears 1 it is necessary in (IV.24) to sum over all 
such singular terms (IV.31), especially for large values 
of n. The result of these infinite sums over various 
reducible graphs is precisely the final form (IV.27). 

Thus, the reduction of contracted graphs to irre-
10 For example, in the fifth graph in the sum in Fig. 4, the two 

momenta in the middle loop must be identical. In general, by 
definition, a reducible graph can be separated into two parts A 
and B connected by not more than two lines. (Both A and B 
must each contain some vertices.) In the case that A and B are 
connected by two lines the momenta associated with these two 
lines must be identical. Otherwise, [e.g., in the third graph in Fig. 
3] the momentum associated with the single line which connects 
A and B must be the same as that of the external line. 
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<p(M) oo 
(21 

<0> 
(8) 

(3!) 

(4!) 

FIG. 7. (P' [Eq. (IV.34)] as a sum over different irreducible 
0-graphs. The corresponding symmetry numbers are listed under 
these graphs. 

ducible graphs represents not only a mathematical sim­
plification but also a physical necessity as z —» 1. 

In terms of M(k) we can also express the pressure p 
of any Bose system in a finite volume 12 as a sum over 
different irreducible 0-graphs (proved in Appendix C), 

(KT)-1QP = (P(Z,M)J (IV.32) 
where 

( P f e M ) ^ E k l n [ ^ W ( k ) ] 

- L k [ ^ ( k ) ] - 1 [ M ( k ) - W ( k ) ] 

+2Z Ca n different irreducible 0-graphs], (IV.33) 

in which each graph contributes a term given by 
(IV.26). More explicitly, if we define <P' to be the sum 
over all different irreducible 0-graphs, then 

<?'(z,M) 

= i E(ki,k2|T/|k1,k2)flM(k,) 
kik2 i—1 

+ I E <k1,ks>ks|T,«|k,,k2>k,>nJf(ki) 
kik2k3 *=1 

+ i L- C<k1;k2|T^]k3)k4)] 
k i - • - k 4 

X[(k3,k4|T2s|k1,k2)]flM(k,) 
1 = 1 

1 
+ ~ E (k1)k2,k3,k4|T^|kljk2,k3,k4) 

4 ! k i - . .k 4 

XllM(k, )+ . . . . (IV.34) 
* = > i 

In (IV.34) the first four terms correspond to, respec­
tively, the four irreducible 0-graphs in Fig. 7. 

7. VARIATIONAL PRINCIPLES 

In this section we shall discuss some general vari­
ational properties. 

1. In (IV.33) we regard (P as an explicit functional 
of z and M (k). I t is shown in Appendix C that if we 
set the variation of (?(z,M) with respect to M to be zero, 

["IT^W^l =0> (IVJ5) 

then the integral equation (IV. 27) for M follows auto­
matically. 

Furthermore, if we denote the second functional 
derivatives of (P by a matrix i?kk', 

<52(P 
i^kk' = 1 

L8M(k)5M(k') oi (IV.36) 

then at the point that (IV.35) is true, the inverse R~l 

of this matrix is given by [proved in Appendix D ] 

{R-l)w=-zM(k)hw 
-z*((nk~ <*k» (Wk '~ <»k'»>, (IV.37) 

where ( ) means statistical average over the grand 
canonical ensemble and dkk' is the Kronecker 6-symbol. 
Thus, i£kk' is a negative matrix [i.e., its eigenvalues are 
always negative]. Combining (IV.35) and (IV.37), we 
find that if we regard <?(z,M) as a functional of an 
arbitrary function M(k) then the pressure of the system 
is given by11 

ttp(KT)-1^ maximum [(P(s,Af)] (IV.38) 

at constant z. 
I t is of interest to notice that (IV.38) holds for a 

finite, as well as for an infinite, volume. 
Upon taking the derivative of (P with respect to Ins; 

we have, by using (IV.22), 

[ <P(*,M)1 =0p, 
_d Ins JM 

(IV.39) 

where p is the particle density of the system. 
2. From (IV.32), the free energy F of the system can 

be readily evaluated if M(k) is known. I t is useful to 
express F as an explicit functional of p and M (k), 

(KT)-1F=$(PJM). (IV.40) 

The functional $(p,M) is given by the Legendre trans­
formation 

&(p,M) =Op ]nz-(?(z,M), (IV.41) 

in which we use (IV.39) and regard 

z=z(p,M). (IV.42) 

The functional derivatives of $ with respect to M at 
constant p are related to the derivatives of (P by 

and 

[—1 
bM{k)\p l5M(k)h7 

r 52^ 

L5M(k)5M"(k') 

UM(k)Jp I 

"1 r 82(P I 

' ) I ~ l5M(k)5M(k0J 

(IV.43) 

(IV.44) 

Consequently, if we regard $ as a functional of an 
arbitrary function M(k), then the Helmholtz free 

11 It will be further shown in Appendix D that under certain 
general conditions this maximum is also an absolute maximum 
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energy is given by 

(KT^F^minimum |JF(p,AO] (IV.45) 

at constant p. 
Although these functions (?(z,M) and $(p,M) are 

expressed in terms of infinite sums of irreducible 
0-graphs, it is important to notice that especially for a 
dilute Bose system at low temperature the various 
irreducible 0-graphs contribute quite differently to 
these sums. 

For definiteness, let us consider a dilute Bose system 
of hard spheres of radius a in its gaseous state. For such 
a system it is possible to estimate directly the mag­
nitudes of different terms in the sum (IV.34). Let us 
consider a typical irreducible 0-graph with ma a-vertices 
and I internal lines, 

oo 

Such a graph would contribute a term of the form 

z cnT^][nM(k,)] (iv.46) 
. k i - . - k i 

to the sum (IV.34). Since the system is in the gaseous 
state, and since M(k) is related to the physical quan­
tities (nk) and the fugacity z by (IV.20), we find 

i f (k) = finite ocp\3? (IV.47) 

where X2=(4TT/5). 
We recall that for small a [see Appendix E and paper 

I IP 2 ] , 

<1'2' • • -a' | TJ11 2 • • -a) °c (atf/Q)*-1 (IV.48) 

for small values of k* and decreases exponentially like 
exp(—/3k;2) for large k». Thus in each summation over 
ki only regions | kt-| <X - 1 are of importance. Because of 
momentum conservation there are (l~J2 ma+l) inde­
pendent momenta to be summed over. Combining all 
these factors, it is easy to see that (IV.46) is of the 
magnitude 

0\-3(a/\) ' -*Go\3) ' , (IV.49) 

where n is the total number of vertices in the graph: 

oo 

» = £ * » « . (IV.50) 

8. APPROXIMATION METHODS AND 
APPLICATIONS 

We shall show that for a Bose system of hard spheres 
at given p and T in the gaseous phase, all the thermo-
dynamical functions can be evaluated systematically 
provided a is small [i.e., (apX2)<<Cl and (#/X)<<Cl]. 

As 0—> oo, we can replace all summation over 
momentum space by continuous integration. Thus 

(IV.22), (IV.41), and (IV.34) become, respectively, 

p = (STT3)-1 ([_z~lM{k)~ l~}d% (IV.51) 

Q-^(p,M) = p I n s - (STT3)-1!* l n [ s - W ( k ) ] « 

STT3)-1 fCw(k)]-1 

and 

+ ( 
X [Af (k) - w ( k ) ] d 8 * - ft-V, (IV.52) 

-\ r<kiJk2|v25|k1,k2)n^(k^8*< 

+l/*C(ki,k2k2s|k8,k4)]
253(k1+k2-k3-k4) 

X IIM(kO<*«*d-t r(k1,k2)k3|v3s|k1)k2)k3) 

XjlM(k%)d*ki+-'-, (IV.53) 
;=i 

where vis are related to the Boltzmann Ui functions 
[/defined in Eq. (1.54) of paper I ] by 

< k 1 ' , . . . k / | ^ | k 1 , . . . k z > 

= X> P'W, • • • k/1 m | ki, • • • h), (IV.54) 

and are independent of the volume. In (IV.54) the sum 
extends over all permutations of k / , • • • k / . In proving 
(IV.53) the detailed relationship between fis and vis 

discussed in Appendix E is used. 
(IV.49) gives a direct classification of the magnitudes 

of each term in the infinite sum (IV.53) as powers of a. 
To calculate, for example, the free energy F accurate 
to a certain power in a, we can neglect all those terms 
in (IV.53) which give only higher order contributions. 
The corresponding approximate integral equation for 
M can be generated by the variational principle 

[5tf/5M(k)]p = 0, (IV.55) 

12 T. D. Lee and C. N. Yang, Phys. Rev. 117, 12 (1960), Sec. 3. 

which automatically insures the consistency between 
the two approximate formulas for M and for F. 

In the following, we shall solve for z, M(k) and F 
explicitly as functions of p and in powers of a. The nth 
order approximate solutions [accurate to 0{an)~] will 
all be denoted by subscripts n. 

Zeroth Approximation 

In the zeroth approximation we do not include any 
irreducible 0-graph. 

<?o' = 0. (IV.56) 
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The zeroth order solution for i f (k) is 

Mo(k)=so[ l -*o expC-^k 2 ) ] - 1 (IV.57) 

where ZQ, as a function of p and T, is given by 

P=A-3S!(so), fl(«) = i : « " « - ' . (IV.58) 

Correspondingly, the zeroth order free energy is 

(UKT^FO^P ln2o-X-^ f(so). (IV.59) 

The zeroth approximation is identical with that of a 
free Bose gas. 

First Approximation 

There is only one irreducible 0-graph which con­
tributes to the order of a. Hence, 

(SiHOfl-W^ r<kik2|u2^|k1k2) 

XM{kx)M (k2)<Mi d*k2. (IV.60) 

Because of the variational character of the free energy, 
we can substitute directly the zeroth order solution zo, 
Mo(k) into (IV.52) and obtain the first order expression 
for F. Substituting (IV.57), (IV.58) and the explicit 
form of v2

s [see Eq. (1.67) of I ] 

(k1k2 |u2 'S |k1k2)~=:(27r3)-1^2 

X e x p [ - ^ ( k 1
2 + k 2

2 ) ] + 0 ( a 2 ) (IV.61) 

into (IV.60), we obtain [neglecting 0(a?)~\ 

0-i{P1
/=-2aX2p2. (IV.62) 

Correspondingly, we find the first order expression for 
F to be 

(rfHQ)-*Fi = p lns 0- \ - 3gf (*o)+2<zA2p2, (IV.63) 

where ZQ is given by (IV.58). Using (IV.63) we can 
obtain the first order expression for p as 

px=x-3 (KT)gs (z0) + 8 T T V . (IV.64) 

Expressions (IV.63) and (IV.64) are identical with 
the results obtained by the pseudopotential method.13 

To obtain the first order solution i f i and zi, we have 
to use (IV.60) and apply the variational principle 
(IV.55). The resulting equation is 

-M' i - 1 (k)+2r 1 -exp( - i Sk 2 )+(27r 3 )~ 1 aX 2 

Xexp(-/3k2) f i f (q) e x p ( - / ? q 2 ) ^ = 0, (IV.65) 

which can be readily solved. The first order solutions 
Mi and z\ are given by 

Mi(k) = * i [ l - f e x p ( - ^ k 2 ) ] - 1 , (IV.66) 

P=A-3£l(£), (IV.67) 
13 T. D. Lee and C. N. Yang, Phys. Rev. 112, 1419 (1958). 

where 

£ - J 1 - ( 2 T T 3 ) - W f i l f i(q) exp(-(3q2)d*q 1. (IV.68) 

Second Approximation 

To calculate F to 0(a2) we have to include in (P2' 
the first three terms in (IV.53). Because of the mini­
mum property of ^ we can substitute the first order 
solutions zi(p,T) and Mi(p,T,k) into 6Y and directly 
obtain the second order expression for F. 

9. SINGULARITY OF M(k) 

From these approximate solutions we expect that 
there exists a critical value zc. At z<zc, M(k) is finite 
for all k values; but, at z = zc, M(k) becomes infinite 
at k = 0. In general we may write (IV.27) as 

-M'1(k)+m~1(k)=K(k). (IV.69) 

Thus, the condition for zc is 

2 - i = l + j £ ( k = 0 ) . (IV. 70) 

By using the approximate solutions we can evaluate zc 

as a power series in a. Substituting (IV.66) in (IV. 70) 
we have 

s c = 1+4(2.612) ( * A ) + • • •• (IV.71) 

Correspondingly, the density and the pressure at z = zc 

are given by 

X3
P c=(2.612)+0(a/X), 

and 

X3( /cr)-^ c=(1.342)+2(2.612)2(a/X)+. . . . (IV.72) 

As will be shown in detail in paper V, such singular 
behavior of M(k) at k = 0 is a general characteristic of 
a Bose-Einstein phase transition. Physically, it means 
that in the condensed phase 

M(k=0)==a:pQ, (IV. 73) 

where x is a finite number between 0 and 1. Conse­
quently, M(k=0) becomes infinite as 12—> oo. 

I t is of course true that even though i f (k = 0) may 
be proportional to 0, our present formalism still is 
formally valid. However, if x^O, then unless a further 
re-grouping of the series is performed, our basic equa­
tions in terms of irreducible graphs cannot be used. 
Indeed, e.g., the sum (IV.34) is a series consisting of 
infinite members of increasingly divergent terms. To 
show this, let us consider a typical irreducible 0-graph 
(IV.46). By using (IV.73) and (IV.48), we find that if 
X5*0, (IV.46) is proportional to 

xlQn (IV.74) 

plus terms proportional to lower powers in 12. The 
maximum power n is equal to the total number of 
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vertices in the graph: 

Consequently, if xj^O, the higher order terms in the 
sums (IV.28) and (IV.34) become more and more 
divergent as £2 —-» co. 

In paper V, we shall give a new formalism which 
reduces to the present one in the gaseous phase (x=0). 
But unlike the present one it can be applied also in the 
condensed phase and does not contain the above-
mentioned divergence difficulties. 

10. FERMI STATISTICS 

In this section we consider a system of Fermi par­
ticles with spin / in a finite volume 0. The grand 
partition function <IQA is given by 

l n ^ = E ( / ! ) - V Z {qvqi\Ul
A\qvqi)> (IV.75) 

Z = l Q 1 - - - Q I 

where qi represents both the momentum and the spin 
coordinates of the ^th particle ( i = l , 2, • • • / ) . Starting 
from rule B of paper I, we can also formulate QaA in 
terms of the average occupation number by procedures 
similar to those used in the previous sections. 

Let (fig) be the statistical (averaged over a grand 
canonical ensemble) average number of particles with 
a definite momentum and a definite spin component. 
Both of these coordinates are represented by q. The 
corresponding function MA(q) is defined by 

MA(q)=zZl-(nq)J (IV.76) 

The particle density p is related to MA by 

^P = Z^-^~1MA(q)J (IV.77) 

Similarly to (IV.21), MA can also be expressed in terms 
of UiA (proved in Appendix B), 

MA(q) = z-ZL(l-1) Q-V+1 

X E {qvqi-i,q\UiA\qvqi-i,q}. (IV.78) 
Ql' - Q l - 1 

Next we define a primary f-graph, a contracted 
f-graph, and an irreducible f-graph ( f=0 , 1, 2- • •) in 
exactly the same way as in the Bose case. To each of 
these graphs we assign a term, slightly different from 
its counterpart in the Bose case, determined by the 
following procedures for f = 0 or 1: 

(iA) Associate with each internal line a different 
integer i ( i = l , 2- • •/) and its corresponding qit 

(UA) Associate each of the external lines with some 
pre-given momenta and spin values. 

(UiA) Assign a factor 

(qm- • -qBa\TaA\qA1> • -qAa) 

to each a-vertex where qAi- • -qAa and qpr * -qBa are the 
momenta and spins associated with its (internal or 
external) incoming and outgoing lines, respectively. The 
definition of Ta

A is given by (1.31). 
(ivA) To each ith internal lines, we assign a factor z 

in the case of a primary graph, a factor 

mA(qi) s « [ l + s exp(- /5k, 2 ) ] - 1 (IV.79) 

in the case of a contracted graph, and a factor MA(qi) 
in the case of an irreducible graph. In (IV.79), k4is the 
momentum represented by q{. 

(vA) Assign a factor 

(symmetry number)"1, 

to the entire graph. The definition of the symmetry 
number is identical with that in the Bose case. 

(viA) Assign a factor (B to the entire graph. Here C is 
+ 1 (or —1) if the permutation 

qAi —> qB1, qA2 —> qB2, • • • , qAa —> qBa, • • • 

from all the initial coordinates into all the final coor­
dinates of all the vertex functions Ta

A taken together 
is even (or odd). 

The term that corresponds to each graph is given by 

J2 [product of all factors in (UiA), (ivA), (vA) 

and (viA)J (IV. 80) 

In terms of these graphs, we can write in complete 
analogy with (IV.13), (IV.18), and (IV.33) 

(KT)~1np=Z [all different primary 0-graphs], (IV.81) 
= - L « m [ s - ^ ( g ) ] 

+ 2 2 [all different contracted 0-graphs], (IV.82) 

= - Z 9 l n [ 2 - 1 M ^ ( ? ) ] 

+ Z ) [aU different irreducible 0-graphs]. (IV.83) 

Similarly, 

MA(q) = z—z2 X) [all different primary 1-graphs], 
(IV.84) 

= ntA(q)-[mA(q)J £ [all different 

contracted 1-graphs], (IV.85) 

= niA(q)-[mA(q)MA(q)~] X) [all different 
irreducible 1-graphs]. (IV.86) 

In the above equations (IV.81)-(IV.86) each graph 
contributes a term given by (IV. 80). [Notice the dif­
ference in factors (ivA) for primary, contracted and 
irreducible graphs.] The first few terms of (IV.82) 
have been derived also in paper I I . 

In a similar manner to that for the Bose system, a 
variational principle can be obtained for the Fermi 
system. 
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APPENDIX A 

We first discuss an elementary property of the sym­
metry number. 

Let us assign a different integer i (i=l, 2, • • -l) to 
every internal line of a f-graph. The resulting graph is 
called a numbered f-graph generated from the original 
graph.14 Two numbered f-graphs are different only if 
they have different topological structures, including the 
positions of these numbers. 

Let D be the total number of different numbered 
f-graphs which can be generated from the same f-graph. 
From the definition of symmetry number given by 
(IV. 11), it is easy to see that 

D=(ll)sr\ (IV.87) 

where s and I are, respectively, the symmetry number 
and the number of internal lines in the original f-graph. 

To prove (IV. 13) and (IV.23), we notice that dif­
ferent terms in (IV.4) [e.g. (Ai) and (Aii) given by 
(IV. 8) and (IV. 9)] can give identical results after 
summing over all their internal momenta. Graphically 
these terms correspond to the same primary f-graph 
but different numbered primary f-graphs [e.g., (Ai)' 
and (Aiiy in Fig. 1]. Thus, the total number of such 
terms is identical with the total number, D of the 
corresponding different numbered f-graphs. In both 
(IV. 1) and (IV.21) we have to sum over such terms, 
sum over their internal momenta ki • • • kj, and then 
divide by (/!). Consequently, we obtain a factor 

(/!)-'£>, 

which is, by (IV.87), (symmetry number) -1 . By using 
(IV.12), it then follows that (IV. 13) and (IV.23) cor­
rectly express the sums (IV. 1) and (IV.21), respectively. 

APPENDIX B 

To prove (IV.19) and (IV.78), we recall that in the 
sum 

<Eo«= E (N\)~hN E <1,• • • iV| IF^«11,• - -iV>, (IV.88) 
iV=0 1---N 

[a—s, A depending on the statistics], 

each term represents a relative probability. Thus, the 
statistical value (nq) of particles with momentum (and 
spin coordinate) q averaged over a grand canonical 
ensemble is 

(^^EE^v-i)!]-1^ 

X E (1 ,2 , •••N-l, q\WN«\l, 2, ---N-l, q). 
1 , . • -,N~1 

(IV.89) 

14 For simplicity, a £*-graph (or a numbered £"-graph) refers to 
a primary or a contracted or an irreducible f-graph (or the cor­
responding numbered f-graph). 

In (IV.89) we have utilized the property that 
(1,* • • iV | "FFV* | 1 , - • -N) is a symmetric function with 
respect to the N particles. We now use the definitions 
of Uia [e.g., (1.12) of paper I ] and observe that each 
WN" can be written as a sum over products of the form 

(q,ah • • • an-i | Un
a \ q,ah • • • an-i) 

X<6i,- • -6i| i/*«|6i,- • -6i>- - -: (IV.90) 

In general, (IV.90) is a product of one Un
a which 

contains q as one of its variables, and miUia functions, 
m^Ui* functions, etc., which contain other particles as 
variables. In (1,- • -N—l, q\WN

a\ 1,- • - i V - 1 , q), there 
are altogether 

. ( iY-1) ! 
— (IV.91) 

( » - l ) ! l I i C ( ^ ) m , ( w i ) ] 

such terms where 

N^n+J^lmt. (IV.92) 

Each of such terms contributes a term 

[ E (q,l, • • • » - l | t f n « k , l , • • • » - l > ] 
1, • • -n— 1 

HHmmy* (iv.93) 
to the sum 

E (q,l,>--N-l\WN«\q,l,'.-N-l). 
l , . - . i V - l 

Substituting these factors into (IV.89), we find 

W=ZC(«-i)G-v 

X E (q, 1, • • • » - l | t f » « | < / , l , --n-l). (IV.94) 
1, . . . n - l 

If we define the corresponding Ma(q) to be 

M«(g)sss[l±<» f l>], (IV.95) 

with + sign for a = 5, — sign for a = A (in the text, 
the superscript a = S is omitted), then Ms(q) and 
MA(a) are given, respectively, by (IV.21) and (IV.78). 

I t is of interest to notice that in terms of second 
quantized field operators, Ma(q) can be written as 

sr1Ma(q)=(^aa)~1 trace[at(g) 
X e x p ( - / 3 X ) A ( g ) ] , (IV.96) 

where a(q), tf(q) are the appropriate annihilation and 
creation operators and 5C, 91 are, respectively, the 
second quantized operators for the Hamiltonian and the 
total number of particles. 

APPENDIX C 

Equation (IV.32) asserts that 

]n%>*=<5>(z,M), (IV.97) 

for all values of 3 ^ 0 . In this formula the left-hand side 
is a function of z defined in (IV. 1), and the right-hand 
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side is defined as a functional of z, M through (IV.33) 
while M is in turn denned by (IV.21), or equivalently 
(IV.27). To prove (IV.97), one notices that as s - > 0 , 
by their definitions, 

%n8->l, M(k)~>z, w ( k ) - > s . 

Thus, (IV.97) is correct at 2=0 . We now proceed to 
prove that the derivatives of both sides with respect to 
Ins are the same for all 2 = 0. The derivative with 
respect to Ins of the left-hand side is, by (IV.22) 

E k [ ^ M ( k ) - l ] . (1V.98) 

That of the right-hand side, by the rules of implicit 
differentiation is: 

/ d(P \ / 8(P \ dM(k) 
( ) + E ( ) • (IV.99) 
\dlnz/M k \ 5 M ( k ) / 2 d Ins 

Now, in (IV.33) the irreducible 0-graphs are dependent 
on z only implicitly through M. Hence, using the 
explicit form of M (k), one obtains 

/ d(P \ 
I I = - l + E 2 - 1 J f ( k ) = ( I V . 9 8 ) . 
V 8 Ins / M

 k 

Thus to prove (IV.97), it is only necessary to prove 

/ 86> \ 
I 1 = 0 (IV. 100) 

W(k)/, 
for the values of M satisfying (IV.27), i.e., satisfying 

M-1(k) = w- 1 (k)- iT(k,M') . (IV. 101) 

Using (IV.101), we can write (IV.100) in the form 

5 I 

5M(k) | 

or, by (IV. 28), in the form 

Xl[all different irreducible 0-graphs] 

8M(k) 
2] [all different irreducible 0-graphs], 

:]C[all different irreducible 1-graphs]. (IV. 102) 

Now (IV. 102) is an identity. I t is correct even if 
(IV.101) is not satisfied, and all M(k) are independ­
ently and freely variable. 

To prove this statement, we take as an illustration 
the first irreducible 0-graph in column A, Fig. 2. I t is 
equal to 

i E(k i ,k2 |T 2 ^ |k 1 ,k 2 )M(k 1 )M(k 2 ) . 
kik2 

Differentiation with respect to M(h) yields 

2(J)Z<k,k2 |T 2^ |k ,k 2 )M(k 2 ) , 
k2 

which is the first irreducible 1-graph in column B, 
Fig. 2. The other graphs in Fig. 2 give similar results. 

For a general irreducible 0-graph we first define a 
relationship, to be called correspondence, between the 
0-graphs and the 1-graphs.14 If we take any 0-graph and 
cut any one of its lines open, the resulting graph is a 
1-graph. Conversely, by connecting together the two 
external lines of a 1-graph we obtain a 0-graph. Further­
more, if the 0-graph is an irreducible graph then its 
corresponding 1-graphs are all irreducible. 

By cutting open one of the I lines of an irreducible 
0-graphs one obtains a corresponding 1-graph. Varying 
the line that is cut leads to / corresponding 1-graphs. 
Among these, a particular 1-graph may occur, say, n 
times. Let So and Si be, respectively, the symmetry 
numbers of the irreducible 0-graph and this particular 
1-graph. From the definition of symmetry number it is 
straightforward to show that 

So^nSi. (IV. 103) 

Equation (IV. 103) is illustrated in Fig. 2. 
To prove (IV. 102), one notices that in taking the 

functional derivative 8/8M(k) of any irreducible 
0-graph with l lines, one generates l terms each of which 
is equal to So^Si times a corresponding 1-graph, which 
is obtained by cutting open one of the I lines. Equation 
(IV. 102), then, follows immediately by using (IV. 103). 

We remark that (IV.100) proves also the stationary 
property of (P with respect to variations 5M(k), as 
stated in (IV.35). 

APPENDIX D 

The functional (?(z,M) will be written in this Ap­
pendix in the form 

(PfeM) = E k l n [ s - W ( k ) ] 
- Z k { [ 2 - 1 - e x p ( - ^ k 2 ) ] l f ( k ) - l } + ( P / (IV.104) 

where (P/(Af) = X all different irreducible 0-graphs. 
We recall that from (IV. 102) one obtains 

<5(P' 
——=K(k,M). 
8M(k) 

The functional derivative of <P at fixed z vanishes for 
M satisfying the equilibrium distribution, as shown by 
(IV.35). To obtain the second (functional) derivative 
of (P we shall regard z and T as fixed. Furthermore in 
this Appendix we shall regard both M(k) and m(k) as 
arbitrary functions related by 

w-1(k) = M - 1 ( k ) + Z ( k , M ) , (IV.105) 

where the functional K(k,M) is given explicitly by 
(IV.28). (IV.105) expresses m as a functional of M. 
If one solves (IV.104) for M it is obvious that one 
obtains (IV.24): 

M(k) = w(k) + [ > ( k ) ] 2 X ; [all different con­
tracted 1-graphs]. (IV. 106) 
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Equations (IV. 105) and (IV. 106) are identical with 
(IV.24) and (IV.27) except that now m(k) is considered 
to be independent of z.n 

By directly differentiating (IV. 104) with respect to 
M but keeping z constant, we find 

Ri ,..[- d2(?(z,M) 

-J. L5M(k)5M(k')j 

= - [ M ( k ) ] - 2 5 k k , 
5 V ( M ) 

8M(k)8M(k') 
(IV. 107) 

which, upon using (IV. 105) and (IV. 102), can also be 
written as 

6w_1(k) 
i?kk '= • 

<5M(k') 

Its inverse matrix i£_1 is given by 

5M(k) (R-%*> = 
bmr1 (kO 

(IV. 108) 

which can be analyzed in terms of the contracted 
graphs. 

By using (IV. 105), the functional derivative 

[bM(k)/bm{kf)~] 

can be expressed as a sum over graphs. These graphs 
are obtained by taking any contracted 1-graph and 
cutting one of its lines open. The result may either be 
simply two disconnected contracted 1-graphs or a single 
contracted 2-graph. 

We define 
8M(k) 

9frc2(kk') = tn2(k') [M(k)]25k k , . (IV.109) 
8m(kf) 

By differentiating (IV. 106) and using the definition 
(IV.109), we find (after some manipulations) 

rni2(k,k,) = Cw(k)w(k /)]2 E [all different 
contracted 2-graphs] (IV. 110) 

in which each graph contributes a term given by 
(IV. 17). The two momenta carried by the two external 
outgoing (and also the external incoming lines) in these 
2-graphs are k and k'. 

In order to find the relation between 3fTC2(k,k') and 
(nknk>) we must first establish the following theorems. 

Theorem 1. 

(nknk>)— {nk){nk>)~ (nk)8kk> 

^ E W - 2 ) ! ] - 1 E <k,k',l ,2,.. .Z-2 
1 = 2 1 , "-1—2 

X | t f i s | k , k ,
> l , 2 , - - - Z - 2 > , ( IV. l l l ) 

16 Throughout this Appendix, unless stated explicitly, m(k) 
does not satisfy (IV. 16). For example, in the sum (IV. 106) and 
(IV. 110) the factor assigned to an internal line is m(k) and not 
s [ l - s exp ( - /3k 2 ) ] - 1 . 

where nk is the occupation number for particles with 
momentum k and ( ) refers to statistical averages 
over a grand canonical ensemble. 

Proof.-—We consider first a canonical ensemble of 
systems, each containing N identical (but regarded 
hypothetically as distinguishable) particles. The prob­
ability that the first particle has momentum k and the 
second particle has k' is given by 

( M " 1 E <k, K 3, • • -N\ WN*\K, V, 3, • • -N), 
3- • -N 

where 
(IV.112) 

QN8= E (1,2, . . . t f | W V | l , 2 , --N). 
1...N 

Since these particles are identical, the same probability 
must also be given by the average value of 

lnk/Njnk>/{N-l)-] if k ^ k ' , 

and the average value of 

C » k / i v i ( » k - i ) / ( i v - i ) ] if k = k ' . 

These averages are taken over the canonical ensemble. 
Upon equating these probabilities and further averaging 
over a grand canonical ensemble, we obtain 

{nknk>)—{nk)bkk> 

=(«0
fl)- ii:[(^-2)!]-^ 

N=2 

X E <k,k',l,2, . . . t f -2 
1 • • • JV-2 

X | W V * | k , k ' , 1, • • • # - 2 ) . (IV. 113) 

Using similar arguments to those used in Appendix B, 
we can regard WNS as a sum over products of Ui8 

functions. We distinguish the two different cases: (a) k 
and k' are in the same Uis function, and (b) k and k' 
are in two different Uis functions. We can then show 
that the right-hand side of (IV. 113) is equal to 

£ [ ( * - 2 ) ! ] - V £ < k , k ' , l , 2 , . . - J - 2 
Z = 2 1 • • • 1-2 

X|tfi*|k,k',l, •••/-2>+<»k>(»k0, 

where these two terms correspond, respectively, to the 
above two cases (a) and (b). Thus, Theorem 1 is proved. 

Theorem 2.-—If 

w(k) = * [ ! - * exp(-/9k2) J-1, (IV.16) 
then 

*2EW-2)!]-V Z <k,k' ( l ,---/-2 
1=2 1 • • • 1—2 

X\Ut
s\k,k',l, •••1-2) 

= ^ 2 ( k , k ' ) + [ M ( k ) - z ] 2 5 k k , . (IV.113) 
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Proof.—The left-hand side can be regarded as a sum 
over primary graphs. Graphically, we can represent 
these sums by first considering a primary 1-graph with 
external momentum k. Then we cut one of its internal 
lines open into two external lines, each labelled by k'. 
The resulting form may either: {a') consist of two dis­
connected primary 1-graphs, or (bf) consist of a single 
primary 2-graph. Thus, we find that the left side of 
(IV. 113) is equal to 

^kk'Ds2 XXall different primary 1-graphs)]2 

+ s 4 ]P (all different primary 2-graphs), (IV. 114) 

in which these two terms correspond to the above two 
cases {a') and (&'), respectively. (IV. 113) now follows 
by using the identity 

s4 X) (all different primary 2-graphs) 
= [m(k)m(kf)Ji XXall different con­

tracted 2-graphs) (IV. 115) 

provided m(k) is given by (IV. 16). 
Theorem 3.—If 

[<5(P(z,M)l 
= 0 , (IV.35) 

5M(k) iz 
then 

( i?-1)k k^=--2M(k)5k^ 

-z2t(nknk,)- (nk)(nk^. (IV.37) 

Proof.—We notice that by using (IV. 104) and (IV.-
105), the condition 

[ 5(?(z,M)l 

8M(k) \z 

is identical with m(k) = z[_\ — z exp(—/3k2)]-1. Theorem 
3 now follows immediately by combining (IV. 108), 
(IV. 109) with Theorems 1 and 2. 

We remark that since the matrix 

(nk-(nk))(nk>—(nk>)) 

is a positive matrix and since the average over the 
grand canonical ensemble is an average with positive 
probabilities, the resulting matrix 

(nknk>)— {nk)(nk>) 

must also be a positive matrix. Furthermore, if (IV.35) 
holds, then 

M(k) = zZ(nk)+ll, 

which is positive. Thus Rr1 and consequently R must 
be negative matrices if (IV.35) holds. 

Next, we will prove that Rkk> is a negative matrix 
even though m(k) is not given by z£l — z exp(—^k2)]"1, 
i.e., even though (IV.35) does not hold. We define a 
function zk, 

s k - i - W k - i + e x p ( - / ? k 2 ) . (IV.116) 

For arbitrary function M(k) we can, by using (IV. 105) 
and (IV.116), regard zk as a functional of M(k) and 
vice versa. 

Theorem 4.—Rkk> is a negative matrix for arbitrary 
function M(k) provided the corresponding zk is positive. 

Proof.—Let 3C be the Hamiltonian of the present 
problem in terms of the second quantized operators. 
Instead of the actual grand partition function, we 
consider a pseudo-partition function defined by 

^ = trace[exp(-/35€)IIk(2k)nk]. (IV.117) 

Similar to the grand canonical ensemble, we can con­
struct a ^'-ensemble and regard the probability of 
finding any system in the ensemble with N particles 
(identical but considered to be distinguishable) and 
with a momentum distribution in which the ith particle 
has ki ( i = l , 2- • -N) to be 

( S ' ) " 1 ^ 0 - X M 2 - • - k * | H V | k!,k,. • -kN), (IV.118) 

where 

< k 1 , . . - k ^ | ^ / | k 1 , - - . W ) 

^Zp(P(kh' • -kN)\WN\kv • -kN)ILzki, (IV.119) 

and WN is the Boltzmann WN function given by Eq. 
(1.4) in paper I . 

We can also define (nk)
! and (nknk>Y as the averages 

of nk and (nknk^) over a ^'-ensemble. 
In complete analogy with (IV.20), (IV. I l l ) , and 

(IV. 113), it can be shown that if we regard M(k) and 
m2(kkf) as functions of zk through (IV. 106), (IV. 110), 
and (IV.116), then 

M(k) = s k [ > k > ' + 1 ] , (IV.120) 

and 

9n2(kk')+[M(k)-2k]2akk, 

= zkzkl(nknkfy-(nky(nkfy-(nky8kk^. (IV.121) 

Consequently, by using (IV. 108) and (IV. 109), we find 

i ^ k k ~ 1 = - 2 k M ( k ) 5 k k ^ - - ^ k ^ [ ( ^ k ^ k ' / - ( ^ k y < w k ^ ) ' ] . 
(IV.122) 

If zk ^ 0 , then the probability (IV.118) is always 
positive. Consequently, Rkk> is always a negative 
matrix. 

Thus, we find that the true pressure is given by the 
absolute maximum for (?(z,M) at constant z provided 
we restrict the variation of M(k) to the domain in 
which the corresponding zk is positive. 

APPENDIX E 

In this Appendix we list some relationships between 
Tj5 , Ui, Uiooy u\ and vis in momentum space. 

The Ui and Tis functions used in this paper are 
defined for a finite volume 0. They are related to Ui& 
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(see paper I, Sec. 5 ] in coordinate space by 

<k 1
/ , - - -k , ' | i7 i |k 1 , . - .k i> 

where Uix in the coordinate space was defined in paper 
I. Thus if we define Ui by Eq. (1.54), then as 0—» a>, 

[Q/(&r«)]»-»<k1 '>.-.k,' |D r
l |k1,.--k I> 

-+ (k/ , - • - k / H k x , - ••kt)dx,v, (IV.125) 

X e x p p E a ( k « ' - r a ' - k a - r « ) ] n a dhjhj. (IV.123) w h e r e K = £ k« a n d K = £ k«'- Similarly we find, as 
0 —> =o, 

!JV--T/|J/;,a|rr--r*> 

p[«Z«(k« ' - : 

The E/?w functions in momentum space are defined by 

< k i / , - - . k , ' | y t o | k l j . - - k , ) 

= ( 8 x » ) - , J , < r i ' , " - r , ' | J 7 t o | r 1 | . . . r I ) 

lQ/(te*)l>-\k1',---kl'\rl*\ku---kl) 
-+8K.K'<ki ' , - - -k , ' |u . i f l |k i , . - -ki>, (IV.126) 

where vis is defined by (IV.54). Both m and vis are 
independent of volume. 

X e x p p Z ( k « ' T a ' - k a - r a ) ] n d'rJW, (IV.124) u
 S o i f e x P H c i t forms o f TJT" ***** f o r h a r d s P h e r e s 

a a nave been given in papers I I and I I I . 
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Theory of Fluorescence Time Constant Measurements in Liquid and Rigid Solutions* 

HARTMUT KALLMANN 
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Formulas are derived for the dependence of fluorescence upon time for the case when energy transfer 
from the solvent to the solute is involved. Three cases are considered: excitation by single fast particles, 
excitation by one burst of particles during a given period, and periodic excitation. One important point 
is that in the rise and decay of fluorescence from a burst of particles, it is the difference of two exponential 
functions and not their sum which occurs. The results are compared with the experiments of Burton and 
Dreeskamp, of Swank and Buck, and of Knau. These experiments are in general accordance with the derived 
formulas. 

A THEORY of light emission from a liquid or rigid 
solution which is energized by a fast particle has 

been given by Brucker and Kallmann.1 I t shows that in 
a solution containing a single solute and solvent where 
the flourescence is emitted mainly by the solute, the 
light emission, / , varies with time according to the 
formula 

I=N(XCK — e x p f — ) - e x p ( — 1 . (1) 

This formula holds if the solute is excited via energy 
transfer only. N is the total number of excited molecules 
of the bulk material, ac is the probability per unit time 
that energy is transferred to the solute, and ru is the 
decay time of the solute as measured under direct light 
excitation (not via energy transfer). l / r s = l / r o + a ^ , 
where n is the time constant of the solvent in the 
absence of solute, K is the product of the quantum 
efficiency of the solute when directly excited by light 
and the efficiency of energy transfer. According to 
recent measurements, this latter efficiency is close to 

*This work was supported by the Signal Corps Engineering 
Laboratories, Fort Monmouth, New Jersey. 

1 G. Brucker and H. Kallmann, Phys. Rev. 108, 1122 (1957). 

one.2 Often, however, the solution is not energized by a 
single particle but by a burst of particles during a 
period of time, T, as is the case in the experiments of 
Burton and Dreeskamp3 and Swank and Buck4; 
or, the solution is continuously excited with an excita­
tion intensity varying with the period co. This is the 
case in the experiments of Knau.5 

Formula (1) cannot be applied directly to these 
cases, but the theory can be extended by a straight­
forward procedure to include the effect of a burst of 
particles or of periodic excitation. 

If the excitation is extended over a period of T 
seconds, then the following formulas for the light 
emission are obtained: 

t<T: 
NtfXCKTs f T 

~r(r8-rw)iTl 
1-

['-"Oil' (2) 

2 Brown, Furst, and Kallmann, Discussions Faraday Soc. 
(to be published). 

3 M. Burton and H. Dreeskamp, Discussions Faraday Soc. 
(unpublished). 

4 W. L. Buck and R. K. Swank, Argonne National Laboratory, 
Physics Division, Summary Report, 1958 (unpublished). 

5 H. Knau, Z. Naturforsch. 12a, 881 (1957). 


