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Granting that the formation of a bound state is a "sudden" process (as compared to the scattering which 
maybe regarded as a process taking place "adiabatically"), a formulation of the scattering involving a bound 
state is discussed, in which an independent set of creation-annihilation operators is introduced for a particle 
in the bound state. There appears here a subsidiary condition which prevents the system from having an 
unduly increased number of degrees of freedom. In the case of potential scattering, which is studied in 
this paper, this subsidiary condition restricts the intermediate states in a multiple scattering process to 
states which are orthogonal to the bound state. This orthogonality condition gives rise to a simple explan­
ation of the theorem concerning the scattering phase shift at zero energy, in which it is stated that when 
there is one bound state, the scattering phase shift starts with ir at zero energy, if it is to go down to zero 
at extreme high energy. 

1. INTRODUCTION 

THE formal theory of scattering so far developed is 
not completely legitimate when there appears a 

bound state. The shortcomings of the existing theories 
are rather pressing when we deal with a many-body 
scattering in which a rearrangement of constituent 
particles may take place in the exit channel. Although 
some general ideas were laid down years ago, there are 
still points to be worked out before they are proved 
practical. The difficulties inherent in the Lippmann-
Schwinger equation have been pointed out and studied 
by Foldy and Tobocman,1 Epstein,2 and Gerjuoy.3 The 
problem has been studied also by Ekstein,4 Haag,5 and 
recently by Feshbach6 from different points of view. 

On the other hand, the necessity of revising the 
current theory has been felt much less urgent in poten­
tial scattering and the two-body scattering problem 
than in the many-body scattering problem. Here it 
seems that one can do with the same formulation if 
there appears a bound state as when there is no bound 
state. But even here several points remain to be studied 
further. I t is known7 that the scattering phase shift 
starts with rnr at zero energy if it goes to zero at extreme 
high energy, where n is the number of the bound states. 
This theorem is relevant to the determination of the 
sign of the scattering length. Speaking of the nucleon-
nucleon scattering, the singlet scattering length is 
negative, while the triplet scattering length is positive. 
The positive scattering length for the triplet state is 
expected, because the binding energy of the deuteron is 
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not large, so that the scattering length should behave 
as if the S-wave phase shift starts with 7r at zero energy 
and decreases with increasing energy, which gives rise 
to the positive scattering length. Though the actual 
argument should be more complicated because of the 
tensor force, the gross characteristics of the argument 
may not be invalidated. In general, we ought to expect 
a negative scattering length when the potential is 
attractive, while a positive scattering length is expected 
when the potential is repulsive. When there is a bound 
state this argument must be modified in the manner 
mentioned above. The negative scattering length for an 
attractive potential is restored when the binding 
energy of the last bound state is so large that the next 
bound state is expected if the depth of the attractive 
potential is increased a little bit. 

I t is the purpose of this paper to study potential 
scattering when there is a bound state, with use of a 
formulation in which creation and annihilation opera­
tors for a particle in the bound state are introduced. 
This formulation is adopted because it can be generalized 
to apply to a many-body system, and it is then straight­
forward to discuss the asymptotic conditions in various 
channels, even if there appear bound particles of differ­
ent constitution in each one of them. The total Hamil-
tonian in this formulation is the sum of kinetic energies 
of stable particles of all sorts and a remainder, which 
can be termed the effective interaction among them. 
In order to avoid an undue increase in the number of 
degrees of freedom of the whole system, some sub­
sidiary condition must be imposed on the state vector 
of the system. Thus this paper is devoted to the dis­
cussion of the simplest case in the theory of scattering 
under such a subsidiary condition. In Sec. 2, the method 
of introducing the creation and annihilation operators 
for the bound state is exhibited. 

In Sec. 3 it will be shown that the theorem7 on the 
zero-energy phase shift in potential scattering can be 
derived rather simply when we take into account the 
subsidiary condition mentioned above. The subsidiary 
condition designates that only states orthogonal to the 
bound state are available in the intermediate step of a 
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scattering process. This orthogonality condition can be 
represented by introducing some nonlocal force into 
the Hamiltonian. This nonlocal force gives rise to an 
"orthogonality phase shift" which starts with ir at zero 
energy and goes down to zero at high energies. The 
total phase shift is the sum of the "orthogonality phase 
shift" and the "potential scattering phase shift." The 
latter is obtained by computing the further distortion 
of the eigenfunction of the kinetic energy which is 
caused by the potential. 

In Sec. 4 the unitarity of the transformation function 
and the convergence of the Born series are discussed. 
The eigenfunctions of the scattering states, together 
with the bound-state wave function, form a complete 
set which must be equivalent to the complete set of 
plane waves. On the basis of this fact, one is led to 
conjecture that there should be some unitary trans­
formation which transforms one set into the other. 
However, we have not yet succeeded in establishing 
this point. On the other hand, we can pin down the 
source of the difficulty. It is correlated with the nominal 
origin of the bound state which is to be discovered 
among the unperturbed waves. The eigenstate of the 
kinetic energy under the subsidiary condition must be 
denned by taking the limit of the matrix element of 
some unitary transformation function in a certain way, 
and the convergence to the limit is not uniform at zero 
energy. The zero energy is the nominal origin of the 
bound state, and it must be treated very carefully. The 
clarification of this point is left for future work. 

In order to supplement the discussions in the text, 
the orthogonality of the bound state to the scattering 
state is considered in Appendix I in the ordinary formu­
lation of the scattering theory. 

2. INTRODUCTION OF CREATION-ANNIHILATION 
OPERATORS FOR A BOUND STATE 

We shall exhibit here a method which is useful in 
dealing with a particle in a bound state. The exposition 
is given fully in order to provide for treatment of a 
many-body system in further publications, although it 
is possible to shorten it substantially so long as we 
restrict ourselves to the potential scattering. The 
legitimacy of the following method as used in potential 
scattering is established through the two facts which 
are to be proved in Sees. 3 and 4. The first is that the 
formation of a bound state, which takes place as the 
attractive potential becomes deep enough, is a sudden 
change so that the notion of an adiabatic change of the 
system is inapplicable to the bound state; consequently, 
it makes sense to regard the particle in the bound state 
as an independent entity, when we start discussing the 
scattering process, to which the notion of an adiabatic 
change is applicable in some way or other. The second 
is that in our formulation there appears a subsidiary 
condition besides the Hamiltonian, which causes some 
complication as compared to the current theory; 

however, it is rewarding to work with this slightly more 
complicated formulation, because the subsidiary con­
dition actually helps us to understand a feature of the 
system, namely, the scattering phase shift at zero 
energy. 

We consider bosons of S-wave state in an external 
potential,8 as the first step of treating bound states in 
a more general case. The commutation relation for the 
creation and annihilation operators for bosons in the 
spherical S-wave state is the usual one, 

Lak,,akq=5(k'-k). (2.1) 

The Hamiltonian to be dealt with can be written in 
the form,9 

H= fdk Wkdj?ak+f (dkdk'(k\V\k')ofak; (2.2) 

where Wk is the kinetic energy of a boson with the wave 
number k. We introduce the matrix notation for the 
kinetic energy and rewrite the Hamiltonian (2.2) in the 
form 

H= f fdkdkf(k\W+V\k'Wak>. (2.20 

Hereafter we assume that there is only one bound 
state. Our method of treating a bound state, generally 
speaking, consists of the following two steps: 

(i) Introduction of redundant variables.—We introduce 
a set of creation and annihilation operators, which 
satisfy the commutation relation 

[6,40=1. (2-3) 

b and W are redundant variables at the outset, although 
the operator Wb will describe the number of particle in 
the bound state later on. We are going to extend the 
Hilbert space so as to include state vectors of the b 
operators as well as those of the a operators. To keep 
the modified Hilbert space as a whole equivalent to the 
original one, we impose the subsidiary condition 

&tW=0 (2.4) 

on the extended state vector, which we denote by ^ . 
It is evident at this stage that the whole problem remains 
equivalent to the original one. 

(ii) Interchange of the redundant mode with a physically 
meaningful wave packet.-—Let us call a particle described 
in terms of the a operators an a particle. Also a particle 
in the bound state is called a b particle. We perform 

8 We avoid a potential of long range like the Coulomb force; 
in such a case of infinitely many bound states will be formed once 
the potential is switched on. 

9 If we take the model more seriously, there should be a pair 
creation and annihilation term to be added to (2.2); these are 
obtained by replacing d^aw in the potential by §(a$akA-\-akiQ'k)* 
Since this does not affect the essential points of the following 
argument, we can start from the Hamiltonian (2.2). We can 
suppose that the pairs are already eliminated by means of a 
canonical transformation. 
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then a canonical transformation by which the re­
dundant particle is replaced by some wave packet for 
an a particle. The subsidiary condition must be trans­
formed at the same time. The transformation is uniquely 
defined when we require that the subsidiary condition does 
not involve a b operator after the transformation and repre­
sents a reduction in the degree of freedom of the a particles. 
The transformed subsidiary condition actually desig­
nates that only states of a particles orthogonal to the 
wave packet are permissible after the transformation. 

Now let us study the transformation stated above in 
detail and apply it specifically to the Hamiltonian (2.2). 
We denote the normalized weight function for the wave 
packet by f(k). First it is in order to define the operator 
for the number of particles with this wave packet. This 
is defined as 

# L / ] = fdk aff{k)fdk' ah>f*(k'). (2.5) 

Let us then consider the operator 

R=\tf fdkakf*(k), (2.6) 

where X is an arbitrary constant. In the state R& which 
is the transform of ^ by means of R, the number of a 
particles with wave function f(k) is decreased by one, 
while the number of b particles is increased by one as 
compared to the situation represented by ^ . Thus R 
is the operator which replaces a wave packet f(k) by a 
corresponding b particle. If we multiply ^ by a suitable 
function of the operator R, a particles with wave 
function f(k) originally existing in ^ will be replaced by 
b particles. In making a choice of such a function we 
remind ourselves that we are going to achieve the 
desired result by means of a unitary transformation in 
order to leave the relationship of Hermitian conjugates 
invariant among operators and to avoid unnecessary 
complication in the results. Accordingly we are led to 
try a unitary transformation generated by the Her­
mitian operator, R+Ri; the transformation function 
which we consider is 

By setting 
X = T T / 2 , (2.9) 

U=exp£i(R+W)J (2.7) 

The condition that the transformed subsidiary con­
dition does not involve b operators determines the 
parameter X, and we obtain the desired new state vector 

which is to be used in the discussion of a scattering 
process. By virtue of the form of the new subsidiary 
condition, we can speak of a b particle quite freely in the 
new representation, as an entity independent of a 
particles. After some manipulations, we have 

Z7-W= (cosX)6+i sink fdk f*(k)ak. (2.8) 

we obtain the new subsidiary condition of the desired 
form: 

U-WbU-V=NUl-V=0. (2.10) 

The transformed a operators are given, then, by 

U~1akU=ak-f(k)\ fdk' f*(k')ak'-ib\ (2.U) 

and its Hermitian conjugate. By substitution of (2.11) 
and its Hermitian conjugate into the original Hamil­
tonian (2.2'), the new Hamiltonian is given as 

H—Ha-\-Hh-}rHar~b) 

#„== f fdkdk'of(k\W+V\V)ov+EN\Jl 

- J f fdkdk' oJ(k\W+V\ k')f(k') 

X fa^f*(k")dk"+Revm. conj. 

(2.12) 

(2.12') 

(2.12") H„=Eb% 

ff^af fdkdk' oJ(k\W+V-£\ k')f(k') • b 

+Herm. conj., (2.12'") 

where E is the energy averaged over the wave packet 

* " / / 
dkdkf /*(*) (k | W+V\k')f(k'); (2.13) 

Ha and Hi involve, respectively, only a operators and 
b operators, while Ha-b represents the interaction 
between an a particle and a b particle. By inspection 
of (2.12"') we recognize that Ha~b vanishes when/(&) 
is an eigenfunction of the total Hamiltonian. Since f(k) 
must be normalizable, it must be a bound-state eigen­
function. When f{k) is the bound-state eigenfunction, 
E is equal to the exact eigenvalue E of the bound state, 
and the Hamiltonian reduces to the form 

H=Ha«+Hb, (2.14) 

ff,°s f fdkdk' af(k\W+V\k')ah>-EN£fl. (2.14') 

Our next task is to compute a complete set of eigen-
functions of Ha° under the subsidiary condition (2.10), 
and then to derive the scattering cross section. These 
problems will be discussed in the following sections. A 
brief comment on the nature of that problem is proper 
here. We introduce projection operators An and Ax 
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defined as matrices with matrix elements, respectively, 
given by 

(k>\Au\k) = f(k>)f*(k)y (2.15) 

(k'\Al\k)=(k'\l-An\k) = d(k-k')-f(k')f*(k). (2.150 

Ha° can be written then in the form 

Ha°= f fdkdk,a1;(k\Al(W+V)Al\k
,)akf. (2.16) 

It is clear now that the problem to be solved is almost 
the same as the original one in which the Hamiltonian 
is given by (2.2), but there is a difference in that it 
must be solved under the constraint (2.10). It is clear 
that the subsidiary condition is compatible with the 
Hamiltonian (2.16), as it should be. 

As remarked earlier, the desired result can be achieved 
much more easily in the case of potential scattering 
than by the method above. One can make the following 
canonical transformation 

ak=ck—if(k)b, (2.17) 

and its Hermitian conjugate, where ck and c^ are con­
cerned with waves orthogonal to f(k) only: 

/ 
ckf*(k)dk = 0, (2.18) 

and satisfy instead of (2.1) the commutation relation 

[c*^*t]=(A'|A1|*). (2.19) 

If one substitutes (2.17) into the original Hamiltonian 
(2.2) one obtains an operator corresponding to (2.16), 

The effect of the potential in our Hamiltonian (2.16) 
will be considered in the next section. The corresponding 
Schrodinger equation in momentum space is given by 

Wvh(k'k)+ fdk"(k'\(W--Wk>)Au 

+AuWv> | k")h{k"k) = WJi{k',k\ (3.2) 

where we have put 

W= fdk\f(k)\Wk. 

Since the orthogonality of h(k'k) to f(kf) is easily 
established when Wk does not vanish, (3.2) reduces into 

{Wk>-Wk)h{k'k) = f{k') fdk" f*(k")Wk„h(k"k). (3.3) 

We can show it is sufficient to consider the solution of 
Eq. (S.S) under the standing wave boundary condition. 
Then, disregardingj^the normalization, we can put 
h(kfk) into the form 

1 
h(k'k)=5(k'-k)+P f(k')X(k). (3.4) 

Wv—Wk 

By making use of the orthogonality of h(k'k) to /(£') 
again, the indeterminate X(k) in (3.4) is given by 

X(k)=J*(k)/J(k), (3.5) 

where we have put 

HJ>=ffdkdk'cf(k\W+V\k,)ct., (2.20) j(k)= fdk'. 1 

Wv-Wi 
•|/(*')l 

which, however, is not accompanied by any subsidiary 
condition. It is readily seen that the solution of the 
problem under the subsidiary condition (2.10) is 
equivalent to the determination of the eigenfunctions 
of the Hamiltonian (2.20) in which the modified com­
mutation relation (2.19) must be used. In a more 
general case of a many-body problem, the required 
transformation is not a linear relation as given by 
(2.17), and it is more difficult to find than in the case of 
potential scattering. In such a case it is really helpful to 
proceed along the line described in this section. 

3. ORTHONORMAL EIGENFUNCTIONS OF 
THE KINETIC ENERGY UNDER THE 

ORTHOGONALITY CONDITION 

Let us study the orthonormal set of eigenfunctions 
of the kinetic energy, under the orthogonality condition 
which we denote by K±, 

Kx= C fdkdk' a^iklAJVA^kOav. (3.1) 

•—( fdk'. 

wk\J 

1 

Wv-Wh 

Wk>\f{k')\ 
) • 

(3.6) 

With use of the last statement in (3.6) for J(k), it is 
straightforward to verify that the solution given by 
(3.4)-(3.6) actually satisfies Eq. (3.3), hence Eq. (3.2). 

h(k'k) does not represent a free S wave any more, 
but a distorted wave. Let us then calculate the phase 
shift due to the orthogonality, which we denote by 
do(k), as a function of the wave number k associated 
with the energy Wk of the system. It is determined by 
the equation 

tan50(&) = -Tf(k)X(k) I ) 
V dk / 

= ~^\f(k)\2)/[J(k)—J, (3.7) 

since we are dealing with a solution under the standing 
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wave boundary condition.10 We note there that we 
have at &=0 

(l/W!'/ir) =o, (3.8) 

since f(k) is k times the Fourier transform of a function 
in configuration space which is normalizable,11 and 
(SWk/dk) is a function which is linear in k in the non-
relativistic mechanics. We also have 

l/(~)l2=0, (3.9) 
since \f(k)\2 must be integrable. We define 5o(°°) by 

«o(00) = 0> (3.10) 
since we have12 

tan50(oo) = 0, (3.10') 
as a result of (3.9). 

As is seen by the inspection of the integrand in (3.6), 
the sign of the real function J(k) of k is positive for 
very small k, while it is negative for a very large k. 
J(k) must be a continuous function of k, consequently 
the total number of its zeros is an odd number. We 
label these zeros by an index and arrange^them in the 
order of their magnitudes, 

Then the sign of J(k) in each interval is determined as 

J(k) <0, when &2w+i<&, 
hm+l<k<k2m+2 (W=0, 1, •••,»— 1), 

/ (*)>0, when*<*i, 
hm<k<k2m+i (m=l, 2, • ••,»). (3.11) 

Noting that |/(&)|2 is non-negative, and excluding the 
accidental degeneracy such as has been pointed out by 
Martin,13 we can then conclude from (3.7), (3.10), and 
(3.11), that 8o(k) in each interval must be restricted 

10 The treatment of S wave is made here in almost the same 
way as has been done by Kohn. See, W. Kohn, Phys. Rev. 84, 
495 (1951); especially, see Sec. I I of his paper for the detail of 
the derivation of Eq. (3.7). 

11 Explicitly, f(k) is given by 

f(k) = (2/ir)* / sinkr u(r)dr, 

where <p(r)=u(r)/r is the wave function of the bound state in 
configuration space in ordinary sense. In our treatment of mo­
mentum space, the degree of freedom r (and hence k) is treated 
in a one-dimensional space [or, the volume element is dr (dk), 
instead of r2dr (k2dk)2, and the Fourier transform is made only 
into sine functions because of the boundary condition at r=0. 

12 Since only exp[2id (k) ] is meaningful as the ratio of the 
outgoing amplitude to the ingoing amplitude, there is an arbi­
trariness in the definition of the phase shift by a multiple of w. 
This arbitrariness is settled by (3.10), the difference between 
phase shifts at different energies being a well-defined quantity. 
The last point is proved by Levinson and Swan, reference 7. 
The continuity of the phase shift as a function of k is made use 
of in the arguments which lead into Eq. (3.13). 

13 See reference 7. In such a case of accidental degeneracy, there 
appears a state with positive energy which looks like a bound 
state, and we must have one more orthogonality condition which 
gives rise to 5 (0) — 5 (oo) = 2x. 

within the limit given by 

TT/2 > do (k) > 0 when J (k) < 0, 
T>80(k)>ir/2 when J(k)>0, 

in particular k<h. (3.12) 

Finally, remembering (3.&), we conclude that 

5O(0)=TT. (3.13) 

This establishes that the orthogonality phase shift 8o(k) 
takes care of the discontinuity of the phase shift at zero 
energy which takes place when there appears a new 
bound state. 

The normalization of h(kf,k) is given by multiplying 
the solution in (3.4) by cos5o(&). Letting the same 
notation denote the normalized solution in this case, 
we have 

1 ^ ' V M ) Re$(£) 
k(k'k) = 5(k-k') P-

\Hk)\ wk-wk, \Hk)\ 

where we have put 

*(*) = - 7 ( * ) + * T | /(A) | J(dWV 3*)-1 

= Cdk'\f(k')\*(p +iTd(Wk-Wk')). 

J \ wk-wk, J 
(3.15) 

We can readily establish the orthogonality among 
h(k'k)'s with different k, 

/ 
W(h'k")h(lz"k)dh"=8{li!--~k), (WkWk^0) (3.16) 

in which use has been made of the rule for dealing with 
singular functions, 

1 1 

W-W" W"-W 

1 / 1 1 \ 
= p Ip + p ) 

W-W'\ W-W" W"-W'/ 

-7r28(W-W'f)8(W'-W"), 

1 1 
P 8(W"-W') = P b{W"-W'). 

(3.17) 

W-W" w-wf 

As for the completeness proof, we must be more 
careful. Here we have to notice that the wave function 
of the bound state f(k) is itself an eigenfunction of the 
Schrodinger Eq. (3.2) for the eigenvalue Wk—0. We 
should have 

•'+0 
dk" k(k'k"W(k"k)=(k'\\l\k). (3.18) 
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However, we have not yet succeeded in establishing 
(3.18) directly with use of h(kk') given in (3.14). The 
lower limit of integration in (3.18) is denoted by + 0 
in order to emphasize that the point k"=Q is excluded. 
If the point k"—§ were a regular point of the integrand 
it would not make any difference whether it is explicitly 
included or excluded in the domain of integration. 
Actually the point k,f~0 must be some kind of singu­
larity of h(kfk"). In this connection it is to be noted 
that h(k'k) is given by taking the limit X—» 1 of the 
matrix element of a certain unitary transformation 
function, which transforms eigenfunctions of the unper­
turbed Hamiltonian into eigenfunctions of the Hamil-
tonian 

K^-- •• f fdkdk! ai? 

X(*|( l-XA I I)W r( l-XA I I) | f t /)«*' . (3.19) 

Apparently, in the case \ = 0 the eigenfunctions of the 
corresponding Schrodinger equation are unperturbed 
spherical waves, while in the case X= 1 they are expected 
to coincide with what we have obtained in (3.14). 
Further detail of the discussion of the eigenfunction of 
the Hamiltonian (3.19), as a function of X as well as 
of the wave number, is given in Appendix II . The con­
clusion there obtained is that we can define the energy 
Wb(h) such as, when the energy of the system is larger 
than Wb(\), the eigenfunction ha)(k'k) associated with 
the Hamiltonian (3.19) converges uniformly to its limit 
h(k'k) as we let X approach unity. Wb(h) itself, however, 
approaches zero as we take the limit X —»1. 

4. CONSTRUCTION OF THE S MATRIX. 
CONCLUDING REMARKS 

We have not been able to show explicitly how the 
bound-state wave function f(k) is peeled off from the 
lower end of the spectrum Wb(k)>Wk>0 of the unper­
turbed waves (along the line remarked at the end of the 
last section), when we take the limit X—> 1. However, 
it may be reasonable to make a conjecture that there 
exists a unitary transformation T0 which transforms the 
creation-annihilation operators according to 

TofakT0= fh(kk')ak>dk'+f(k)a0, (4.1) 

and its Hermitian conjugate. Here aj. and a0 mean the 
creation and annihilation operator, respectively, of a 
normalizable wave packet concentrated at zero energy. 

Reminding ourselves of the situation at the end of 
Sec. 2, we summarize the subsidiary condition and the 
Hamiltonian at this stage. The subsidiary condition 
takes the form 

This means that the subsidiary condition is now of 
negligible importance since a single point at the end 
of the continuous spectrum may be either included or 
omitted in the domain of integration, if the integrand 
is regular at zero energy (as is usually the case if there 
is no second bound state). The Hamiltonian thus takes 
the form 

TV f fdkdk' a^(k\Al(W+V)AjL\k/)akf+Eb^b\TQ 

= fWka£a*ik+Etfb 

+ f fdkdk'(k\V\kfWak>, (4.3) 

where we have put 

= f fdk"dk'"tf(kk")(k"\V\k'")h(kf"kf). (4.4) 

The effective potential V will be discussed below. In 
(4.3), the creation-annihilation operators, a^ and a&, 
refer to the particle in an eigenstate of KLy (3.1), 
described in terms of the wave function h(k'k). 

Now, the last step in our discussion of the scattering 
is to diagonalize the Hamiltonian (4.3), which may be 
achieved by applying the current theory of scattering 
to the following Hamiltonian: 

Hpot. scat.= I a^akWkdk-\- f fdkdk'\k\V\k') 'die* 

(4.3') 

the remainder of the Hamiltonian (4.3), pertaining to 
the b particle, is irrelevant to the following discussion. 
The deviation of the effective potential V from the 
original potential V is caused by the orthogonality of 
the relevant states to the bound state, and is expected 
to become negligible when the energy of the incoming 
particle becomes much larger than the binding energy 
of the bound state; or, in equation, we expect to have 

(k\V\k')~(k\V\k'), whenWhWk>»E. (4.5) 

This point has been confirmed by calculating (k\V\ kr) 
in a number of examples. One example is the square well 
(local) potential, and another example is the nonlocal 
potential of the simple form defined by 

00^0*"=0 , ( ¥ " = Z W ) . (4.2) 
(k\V\k')-=-b2 

k' 

M2+k2M2+k"< 

file:///k/V/k'
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where b and M are parameters which determine the 
strength and the range of the potential, respectively. 

In order to go farther with mathematical rigor, we 
need to know a condition on the form of potentials 
under which the Born series for thejphase shift con­
verges. Then we must show that (k\V\k') satisfies the 
required condition. Since that condition is not known 
in its most general form, we have to be satisfied only 
with making a conjecture which is based on facts 
verified in examples. Our conjecture is that we can 
apply Born approximations in the discussion of the 
effect of the effective potential V, when the binding 
energy of the bound state is rather small so that the 
second bound state is far from being expected. In 
other words, it is conjectured that we can apply the 
formal theory of scattering without any modification 
to the Hamiltonian ^p o t . scat., (4.3'). The corresponding 
phase shift 8p(k) starts with zero at zero energy, if it 
goes down to zero at high energies. The total phase 
shift is given by the sum of the "orthogonality phase 
shift" and the "potential scattering phase shift." 

As for the formal proof of the statement made above 
for the construction of the total phase shift, there 
exists a unitary transformation function Tp, which 
diagonalizes the Hamiltonian (4.3'): 

TPA (aJakWkdk+ f J dkdk'{k\V \k'W ak> \TP 

= f aMW.dk, (4.6) 

and which keeps the subsidiary condition (4.2) in­
variant, since the operators a0 and aj do not appear in 
(4.3'). The structure of the transformation function is 
such that 

B=expjJJ, dkdk' aJdk'P-
Wh-W> 

<k\F\k') , (4.7) 

and the phase shift 5p(k) is given in terms of the diagonal 
element of the operator F,u 

bP{k)=ir{dW/dk)-l(k\F\k). (4i 

The transformation function To should have a similar 
structure when we deal with the case Xs^l before we 
take the limit X—> 1, as is discussed at the end of the 
last section and in Appendix I I . We conjecture the 
structure of the exponent is left essentially unchanged 
while the limit X —» 1 is being taken, if we deal with the 
matrix element pertaining to the states with energy 
larger than JF&(X). This furnishes us with the formal 
proof of the additivity of the two phase shifts, 8o and 

8P, when we define the S matrix according to14 

S— lim exp U2 I dk a^akWk 

tl—>— 00 

J [ * ( < I - < J ) (dkdk' a,;aAk\Al(W+V)A1)k' 1 

XexP[-iHfdkaMWk] 

Xexp 

14 S. Tani, Phys. Rev. 115, 711 (1959). 

= lim exp ifa l dk ak^akWk \TQTP 

/ ! - > - 0 0 

Xexp i(h-t2)[dk afakWh ITP^TO"1 

Xexp —iti I dk aJdkWjc 

= exp i I 8o(k)akfakdk exp i I 8p{k)ak^akdk 

Xexp i I 8p(k)ak
fakdk exp i I doifya^akdk 

= exp 2i f\do(k)+8P(k))aj;akdk . (4.9) 

Here we have dropped the part of the Hamiltonian 
pertaining to b particles, because it is irrelevant to the 
present discussion. 

In our formulation of scattering involving a bound 
state, only states which are orthogonal to the bound 
state are available for the intermediate states of a 
multiple scattering process. The discussion on this 
point is supplemented in Appendix I, where the ortho­
gonality condition is treated for the Lippmann-
Schwinger equation. 

Summarizing, we have shown that the characteristic 
jump of the phase shift by IT at zero energy, which 
takes place when there appears a bound state, can be 
taken into account if we explicitly make use of the 
condition that scattering states are orthogonal to the 
bound state. There remain, however, some mathe­
matical points to be worked out, namely (i) the structure 
of the transformation function T0 as the limit X —> 1 is 
taken, and (ii) the convergence proof, or the proof of 
the possibility of analytical continuation as a function 
of the potential depth for the Born series as used in the 
construction of Tp. Nonetheless, the physical situation 
seems to have been clarified. The orthogonality condi­
tion is equivalent to the introduction of a nonlocal 
potential which distorts the eigenfunction of the kinetic 
energy and replacing the potential V by V. The effect 

aMW.dk
file:///TqTp
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of the orthogonality condition becomes small when the 
energy of the incident particle is very large as compared 
to the binding energy. Thus the Born approximations 
are relatively reliable at high energies.15 

ACKNOWLEDGMENTS 

It is the great pleasure of the author to thank 
Professor L. L. Foldy for many enlightening discussions 
and constructive criticisms. 

APPENDIX I. SCATTERING PROCESSES UNDER 
THE ORTHOGONALITY CONDITION 

Usually a discussion of a scattering process proceeds 
without any projection operator such as the Aj. as 
appearing in Eq. (2.16). Let us now consider how 
essential it is to have the projection operator Ai in 
the Hamiltonian Ha° (2.16). In addition, through the 
discussion of multiple scattering, we shall obtain a 
picture of the part assigned to the bound state in the 
course of a scattering process. 

Let us begin with examining the ordinary Schrodinger 
equation in momentum space: 

Wk.<p(pk)+ fdk"(k'\V\k'')cp(k"k)==Wk<p(k'k), (A.l) 

where there is no projection operator and Wk is non-
vanishing. As usual we try to find a solution of (A.l) 
by putting the wave function in the form 

<p(k'k)=8(k'-k)+x(k'k). (A.2) 

The function x(&'&) must satisfy the equation 

{Whf-Wk)x{k
fk)+^ dk/f{kf\V\kff)x{k

nk) 

+ (*'|F|*) = 0. (A.3) 

If we project Eq. (A.3) onto f(k) to the left-hand side, 
we have 

(£-^)[/*(^)+J^7*(^)x(^)l = 0, (A.4) 

from which we must conclude that 

ff*(k'Mk'kW=-f*(k). (A.5) 

Thus the component of x parallel to f(k) is given, once 
and for all, by 

X,i.(*,*) = - / ( * 0 •/*(*)• (A.6) 

On the other hand, the equation to be satisfied by the 

15 See for instance, C. Zemach and A. Klein, Nuovo cimento 10, 
1078 (1958). 

component of x orthogonal to f(k) is 

f <»"(*' | KJVK,- WkAx | k")X{k"k) 

+ fdk'Xk'\AlVAl\k
fOx(k"k)+(k'\AlV\k) = 0. (A.7) 

Here we need the eigenfunctions of the kinetic energy 
under the condition of orthogonality to f(k): 

# i = f fdkdk' aJak>(k\AxWAx\k'). (A.8) 

As was shown in Sec. 3, for all nonvanishing Wk, there 
is a "normalized" (in a sense similar to plane waves) 
solution of the equation 

fdk"(k' | AXWAX | k")h{k"k) = Wkh(k'k), 

(A.9) 

fdk'W {kk") (A" | AxWAx | *) = WJfi Oak'). 

In terms of h and h\ we can define the Green function 
associated with the Schrodinger Eq. (A.9). It has the 
matrix element 

(*' \G(Wk) |*") = fdl h(Vt)P W ) 

/(*')/*(*"), (A.10) 
Wk 

in the spherical 5-wave representation. With use of 
G(Wk), the solution of (A.7) is given by 

Xx(k'k)=(k'\G(Wk)AxV\k) 
+ (k'\G(Wh)AlVAG(Wk)AlV\k)+---. (A.ll) 

Hence the solution of the original Schrodinger equation 
is given by 

<p(k'k) = d(k'-k)+Xx(k'k)-f(k')f*(k). (A.12) 

From Eqs. (A.12) and (A.ll), we are led to the fol­
lowing picture of the scattering processes. When the 
initial spherical S wave strikes the potential, only that 
part of the emerging wave which is orthogonal to the 
bound state is transmitted to the wave zone, while the 
remainder is trapped by the scattering center and forms 
the bound state. The total wave undergoes the effect 
of the potential repeatedly, and in each of the multiple 
scattering processes only waves orthogonal to the 
bound state are transmitted to the wave zone, while 
leaving at each step some contribution to the amplitude 
of the bound state. It is to be noted that G(Wk) is 
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commutable with the projection operator Ax 

AlG(Wk) = G(Wk)Al=AiG(Wk)Al, (A.13) 

so that no projection operator An can appear in the 
middle of a sequence of operator G(Wk)AiVAi in (A. 11). 
This means that the bound state, if once formed, does 
not affect the subsequent stages of a multiple scat­
tering. The total amplitude of the bound state generated 
in the course of a multiple scattering is exactly what is 
necessary to make the whole solution orthogonal to the 
bound state. It is also to be noted this amplitude is 
given by (A.6) without recourse to Bom expansion. 

APPENDIX II. THE LIMITING PROCESS 7> -> 1 
INTRODUCED IN 3 

Let us study the eigenfunction of the Hamiltonian 
K™ introduced in (3.19) of the text, 

•jf<x)= C CdMk' aj(k\ (l-\An)W(l-\Au)\k
f)ak>, 

(B.1) 

as a function of both X and the wave number. The nor­
malized solution of the Schrodinger equation is given by 

1 
h*\W) = \8(k'-k)-P-

X-

Wv-Wk 

Wk+(l-\)Wt 

7\}{V)f*{k) 

-\{2-\)WkJ{k)+{\-\?\ 

where the relevant phase shift is given by 

A(2-A)|/(£)|2 

cosS^O), (B.2) 

tan5<x)(£) = 
(dW/dk) -\(2-\)J(k)+(l-\y/Wk 

(B.3) 

From the inspection of (B.3) we see that, if we are going 
to take the limit, X —> 1 and k —•> 0, the convergence to 
the limit is not uniform. In general, as X increases from 
zero there appears a point where the maximum of the 
phase shift reaches 7r/2. Let us denote that energy by 

Wc and the corresponding value of X by Xc. With X 
larger than Xc, there are two points on both sides of 
Wc where 5(X)(&) takes the value w/2. The maximum of 
the phase shift, which is reached somewhere between 
these two points, does not exceed 7r, but approaches it 
as X approaches unity. If the form oif(k) is complicated 
as a function of k, it might happen that J(k) is suf­
ficiently complicated that a few more pairs of points 
appear at which 5(X) assumes the value ir/2; however, 
what is essential in the following is the fact that the 
point appearing at the lowest energy, which we dnote 
by Wr, approaches zero as X approaches unity. When X 
is almost equal to unity, Wr is given by 

Wr-
(1-A)2 1 

X(2-X)/(0) ' 
when X-^l. (B.4) 

On the other hand, the phase shift at zero energy, 
5(X)(0), keeps the value zero if X is not equal to unity. 

Now we define the limit by taking the limit X —> 1 
first and taking the limit k —» 0 afterward. In order to 
get the same results as obtained earlier, (3.4-7), we 
adopt the following prescription for taking the limit. 
First, consider the phase shift at the energy Wb (the 
suffix b here represents the "boundary"), 

Wh(\) = 
1-X Wr 

X(2-X)/(0) 1-X 
(B.5) 

By substituting (B.5) into (B.3), we can see that the 
phase shift at Wb is almost ir when X is almost equal to 
unity. One can readily see in (B.2) that for an energy 
larger than Wb the limit X —> 1 converges uniformly and 
we have 

h{k'k) = \imh^{kfk), whenm>IFfe(X). (B.6) 

For energy smaller than TF&, the corresponding limit 
X—> 1 of h(X)(k'k) should give/(&') when it is integrated 
over the small energy interval Wb>Wk>0] however, 
a precise analysis of this point is left for future inves­
tigation. 


