INTEGRAL REPRESENTATIONS OF TWO-POINT FUNCTIONS

support. This bound state may be removed and re-
expressed as in II, and the analytic information of
interest may be deduced from the beginning of the
continuum of mass values.

When the external particle (the projectile) is strongly
interacting, the restriction to the mass shell makes A
have a finite segment lying inside $ for all nonvanishing
momentum transfers, since #<«k=+m. Thus it is not
possible to derive dispersion relations for nonforward
scattering of physical particles from this representation.
When the momentum transfer tends to zero, A moves
over to the boundary of 8 and in the limit of the
forward-scattering amplitude we obtain the dispersion
relations derived in IL.

Here one needs to point out that it is not essential
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to take both the projectile states to be on the mass
shell. One may consider those specializations of the
Green’s function which correspond to off-the-mass-shell
functions in a completely analogous manner and study
the analyticity properties of these amplitudes for virtual
processes. But since the consideration of these various
restrictions of the Green’s function adds nothing
essentially new in principle we shall not devote any
further attention to them. Similar considerations apply
to the three-momentum and multi-momentum ampli-
tudes considered in Sec. 3.
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A study has been made of the bound states of the Bethe-Salpeter equation for the nucleon-antinucleon
system, including the ladder and pair-annihilation diagrams. For simplicity, nucleons and mesons were taken
to be scalar, the latter having zero rest mass. Pair effects enter only in S-states with the bound states corre-
sponding to the poles of the meson propagator Dr’. The Bethe-Salpeter equation is closely related to the
integral equation for the generalized vertex operator I'; this has been solved by using an integral-transform
method similar to that of Wick and Cutkosky, under the assumption that the nucleon mass is large compared
to the binding energy. After performing a self-energy subtraction, the energy eigenvalues are found as a
function of the coupling constant. These have the form given by the usual Bohr formula plus corrections.
Finally, some comments are made with respect to the extension of the formalism to mesons with nonzero

mass and spinor nucleons.

I. INTRODUCTION

FEW years ago, several authors!? showed how to

write down a relativistic wave equation for two-
body systems. Subsequently, there has been a good deal
of interest in the study of methods of solving this
equation.

Although it is the bound-state problem for the case of
two spinor particles that is the most interesting from
both a theoretical and practical standpoint, the corre-
sponding covariant or Bethe-Salpeter (B-S) equation is
very difficult to handle. Indeed, for this case, several
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LE. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951).

2 J. Schwinger, Proc. Natl. Acad. Sci. U. S. 37, 435 (1951).

authors? at one time maintained that no solution exists
at all with vector coupling because of the singular nature
of the kernel appearing in the integral equation. How-
ever, Goldstein* has found a solution for a very special
situation, i.e., when the total relativistic energy of the
system equals zero.

The solution in this case is very peculiar in that one is
led to a continuous rather than a discrete bound-state
energy-level spectrum. We will return to a discussion of
this solution in the last part of this paper (Sec. V) at
which time it will become clear that the results obtained
for the bound states of two spinor particles will depend
materially on the nature of the interaction with the
meson field; in particular, the 5 and v, interactions
behave very differently from one another.

In contrast to the spinor case, the B-S equation can be

3 C. Hayashi and Y. Munakata, Progr. Theoret. Phys. (Kyoto)

7, 481 (1952).
47J. S. Goldstein, Phys. Rev. 91, 1516 (1953).
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solved exactly for the bound states of two scalar par-
ticles, and here one finds a discrete level spectrum. The
proofs were given by Wick®? and Cutkosky® who worked
in the ladder approximation and who assumed zero-
mass mesons (scalar photons).

The problem which is posed in this paper can be
considered to be an extension of that of Wick and
Cutkosky in that we add a nucleon-antinucleon pair-
annihilation diagram to the usual ladder diagram, the
nucleon once again being taken to be a scalar particle
(boson). Our problem then is to investigate the bound
states of the nucleon-antinucleon system.

Of course, since we are concerned with two spinless
particles bound by a scalar photon field, we are dealing
with a fictitious situation. Nevertheless, the general
formulation of the problem as given here holds good for
the case of spinor nucleons, and it is to be hoped that one
may ultimately be able to apply similar methods in
investigating the more realistic problem which is con-
siderably more complicated.

As will be seen, it turns out that the B-S equation is
related to the integral equation for the generalized
vertex operator I' in field theory ; the bound states them-
selves correspond to the poles of the meson propagator
Dy'. We can then employ usual methods to subtract out
the divergences in the latter; in this way, we obtain
ultimately the energy eigenvalues of the system.

To get an explicit form for Dy’, we must solve the
integral equation for the modified vertex operator T,
which we do by using a Stieltjes-transform method that
is essentially a generalization of Wick’s method.® The
integral equation is then cast in the form of a second-
order partial differential equation involving two parame-
ters and subject to certain boundary conditions. The
whole problem is reduced to that of solving this differ-
ential equation. From the solution, we can obtain the
poles of D7/, and thus the determination of the bound
states is effected.

The general formulation of the problem, the integral-
transform method, and the computation of the energy
eigenvalues are discussed in Secs. II, III, and IV, re-
spectively. In Sec. V, we shall conclude this paper by
considering the extension to the cases of mesons of finite
mass and spinor nucleons.

II. FORMULATION OF THE PROBLEM

For the interaction Hamiltonian at the space-time

point #x, we take
Hy=¢g[¢(x) PA (), M

where ¢ () is a neutral scalar nucleon field, and 4 (x), a
neutral scalar meson field with zero rest mass (scalar
photon field) ; later, we will consider briefly the case of
a meson field of finite mass. The strength of the meson-
nucleon interaction is measured by the coupling con-
stant g.

5 G. C. Wick, Phys. Rev. 96, 1124 (1954).
6 R. E. Cutkosky, Phys. Rev. 96, 1135 (1954).
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F16. 1. (a) The ladder diagram; (b) the pair-annihilation diagram.

According to Gell-Mann and Low,” the B-S wave
function for the two-body problem is given by

x (@,3) = (¥o,PL$ (x)e () 1¥), )

where Woand ¥ are the state vectors for the true vacuum
and the bound states of the two-body system, re-
spectively; P is the chronological ordering operator of
Dyson.® Notice that, since we are dealing with a neutral
scalar nucleon field, we may refer to x, equivalently, as
the two-nucleon or nucleon-antinucleon wave function.

If we assume that the two-body interaction arises in
virtue of the exchange of single mesons (ladder inter-
action) and of the annihilation of a nucleon pair, we find
that the bound-state B-S wave function x satisfies the
following homogeneous integral equation:

x(w9) =gt [ dbadtys 82 ()
XAp(y—y1)Dr(x1—y1)x (%1,51)
— 2g2fd4x1d4y1 Ap(x—2x1)

XAr(y—2)Dr(t1—y)x(31,91); (3)

the first term on the right-hand side of (3) corresponds
to the ladder diagram [Fig. 1(a)], the second term to
the pair-annihilation diagram [Fig. 1(b)]. For the
derivation of Eq. (3) as well as the definition of the free-
particle propagation functions Ay and Dp, the reader is
referred to the original paper of Gell-Mann and Low.”

The wave function x can now be expressed as the
product of two terms, describing the center-of-mass
motion and the relative motion, respectively, of the two
particles, viz.,°

X (w,y) = " FDEHD f(z—y). 4)

Here, E denotes the energy-momentum four-vector for
the center-of-mass motion, and f is the wave function
for the internal motion.

7" M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951).

8 F. J. Dyson, Phys. Rev. 75, 486 (1949).
9 We use natural units with z=c=1 throughout this paper.



COVARIANT TWO-BODY PROBLEM. I

Upon introducing the wave function in momentum
space f(p) by means of the Fourier transformation

Ja=9)= [t p)eine=, )
we find that Eq. (3) may be rewritten in the form
4ig? 1
()t G-+

Jp)=—

1 1 1
T v L @] - k);%—z]; ©

it is here to be understood that all denominators include
a vanishingly small negative imaginary part —4é in view
of the causal nature of the functions Ay and Dp.
Furthermore, if we set

2ig% 1
(2m)* E?

so=|-—=— [ f(k)]xb(p), ™

Eq. (6) becomes
1
(E+py-Hmt GE—p)m?

xb—éﬁhfwk;YZJ.(m

It is evident that the substitution expressed by Eq.
(7) is permissible only if

v(p)=

f &k f(%) 0.

This implies that, in the center-of-mass system, we are
dealing only with S waves. For all other angular-
momentum states, we have

[aw 50,
in which case Eq. (6) reduces to
4ig* 1
(2m)* QB+

@)=~

f(&)
(p—h)*

It is thus clear that the pair-annihilation term will not
affect states other than S states. _

Equation (9) will be recognized as identical to that
solved by Wick® and Cutkosky.® The essential problem
with which we are concerned in this paper is to study the

S — 4 9
X(%E—p)%mﬂf “
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F1e. 2. Diagram for the
generalized vertex operatorI'in ¢ | 1V i _______
the ladder approximation. E

more general situation given by Eq. (6); equivalently,
we want to solve the inhomogeneous integral equation
(8) for ¢(p). Thus, in what follows, we confine our
attention to the S-wave problem only.

It is of interest to notice that there exists a close rela-
tion between the wave function /() and the generalized
vertex operator® I'. If we make the ladder approxima-
tion which is diagrammed in Fig. 2, then T satisfies the
inhomogeneous integral equation

T(p+3E, p—3E)
44g%

1 1
=1— fd‘*k
(2m) (p—k)* GE+E)*+m?
X———— T (E+3E, k—1E). (10
i LU DR
On comparing this with (8), we see that
V@)=
GE+p)*+m*
U (p+3E, p—3E). (11)

><.__~__
GE—p)*+m?

While we have derived Eq. (11) for the case of the ladder
approximation, the relation seems to hold true generally
provided we replace the free-particle propagators
LGE+p2+m T, [GE—p)*+m*T? by the modified
propagators.

Returning to our problem, we now consider how to
obtain the bound-state eigenvalues Z% Upon integrating
(7) over all p and dividing both sides of this equation by
the common factor S f(p)d*p, we obtain

28 1 (P
(2m)t E? Vnes.

(12)

From (11) it is clear that the quantity /¥ (p)d*p corre-
sponds to the closed-loop diagram given in Fig. 3.

0 F. J. Dyson, Phys. Rev. 75, 1736 (1949).
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T N i g F16. 3. Diagram for the
TTTNILY L T quantity /'y (p)d*s.
Indeed, if we set

- fuwe (13)
I*(E)= p)a*p,
(2m)*

we find that this is exactly the same quantity as defined
originally by Dyson.® Hence, Eq. (12) may be re-
written in the form
1=Dp(E)II*(E), (14)
where
Dyp(E)=—1i/E~

On the other hand, the modified propagator Dp'(E)
is given by
D¢ (E)=Dp(E)[1—Dp(E)IT*(E) T

It is therefore evident that, in solving (14), we are
determining the poles of Dy’ (E). It is well-known that
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the poles of Dy’ (E) will give rise to a spectrum of bound
states; it is now clear that they correspond to the bound
states of the nucleon-antinucleon system.

In point of fact, I*(E) is a divergent quantity, but
the divergence can be removed by a self-energy sub-
traction. Thus, Eq. (12) should be replaced by

E=~éf){ Jewar-| [ ¢<p>d4p]w=0}; (15)

this insures that £?=0, corresponding to the free-meson
state with mass zero, is a solution. It is not necessary in
our problem to carry out a charge renormalization, since
the self-energy diagram is the only primitive divergent
graph we encounter.

III. INTEGRAL-TRANSFORM METHOD

Our basic problem is to develop a procedure for
solving the integral equation (8). By way of generaliza-
tion of methods used by several authors,%! we express
¥ (p) in the following form:

2H (x,y)

vioy= [ anf ay—— .
o o 7 LB pE) by (pF A= pE) 1T

(16)

Notice that the representation (16) as a function of p is quite similar to the general representation of Green’s

functions given by Nambu!? and Schwinger.!
On using the integral identity™

we find

where, for simplicity, we have introduced the notation

1 jr? 1

f ik T , (17)
(p—k)? (A 2 A(p*+4)

k .7['2 0 ) h

f s ¥ (k) i dxf oy (x,9) , (180)
(p—Fk)? 2 J o [e(PHEiEHmi+pE)+y (Pt EHmi— pE)+1]
2H

(2,9) (185)

h(x’y) =

GE+m2) (wt-y)— LB (5~ 9)*+ (x+9)

The integral formula (17) is essential in this work as well as in that of Wick. These methods are therefore useful
only in the case of mesons of zero mass. We will return to this point in Sec. V.

Using next the identity

1 * ® 1
—=2| du f dy ——,
abe 0 0 Lau+-bv+-c P
we have
1 1 \l/(k 0 0 0 00
I= d‘k ) =i1r2f duf dvf dxf dy
(p—h)? 0 0 0 0

4
VE-+p)Hm? GE—p)+m? /

h(x,y)

X .
[@ta) P+ LB+ m pE)+ (o+y) PR E+m— pE)+1T
11§, Okubo, Progr. Theoret. Phys. (Kyoto) 10, 692 (1953); 11, 80 (1954).

12 Y, Nambu, Nuovo cimento 6, 1064 (1957).

18 J. Schwinger, Proceedings of the Seventh Annual Rochester Conference on High-Energy Nuclear Physics (Interscience Publishers, Inc.,

New York, 1957).



COVARIANT TWO-BODY PROBLEM. I

283

Upon changing the variables of integration # and v into #—x and v—, and noticing that

fdxf du=f duf dx, etc.,
0 T 0 0

we obtain

h(x,y)

—zwzf duf dvf dxf [u(p2+

Equation (8) then becomes
1

LR mi+ pE) +o(pP+- LB mi— pE) 1T

d 24— | dx | dyh(x,
o= f i [u(p2+1E2+m2+pE)+v(p2+1E2+mz pE)+1]3{ +4,,r2f v f 4 (x”}

On comparing this with (16) and making use of (18b), we obtain finally

g re.r H(x,y)
Hup)=14+— dx | dy . (19)
wdy g T QB (k) — 1B (a— ) (o)
We have reduced the four-dimensional integral equation (8) to a two-dimensional integral form.
1t is readily seen that (19) is equivalent to the differential equation
9%H (u, v) g H (1)
, (19a)
Oudv 41r2 GE*Hm?) (u+v)2— L E? (u— )2+ (u-+0)

with the boundary conditions
H(u=0,v)=H (u,v=0)=1, (19b)

It is, in fact, much more convenient to introduce new
variables £ and 7 by

wto=t,
Egs. (19a;b) then go over into the form

(____) ()= & GlEm (212)

U—v="n; (20)

g 7te n2+4(¢°2£2+5)

with

G |n|=9=1; (21b)
we have here set

H(up)=G(&mn), (22)
and have also introduced the notations

E=—¢<0,
(23)

W =1F =P —

It is evident that e is the rest mass of the bound system
and is therefore also the total energy in the center-of-
mass system. For bound states, we must have e<2m,
whence »?*>0 and we can take w>0. The relation be-
tween w and the binding energy W is given by

=W (m—1W). (24)

It is quite difficult to solve Egs. (21a,b) exactly.
Hence, we will consider the case that the binding energy
is quite small compared to the nucleon mass; this
amounts to a form of nonrelativistic approximation.

1e2>0,

However, we must bear in mind that this is not equiva-
lent to the usual nonrelativistic treatment in three-
dimensional space, since our formalism is still covariant
in four-dimensional space.
Thus, we assume

eSw, (25)

or, equivalently,
e2m.

We now notice that, in the limit e — <, we may make
the replacement

1 7r
62,”2_{_4((0252_*_ 5) 2(—: (w222+ E)%

as shown originally by Wick.? With this approximation,
Eq. (21a) can be solved subject to the boundary condi-
tion (21b); the solution has the form

5(1), (26)

G(Em)=F(E—[n]), (27a)
where
P [(w2x2+x)§+wx]o (27b)
X)=\—7————— H
(w2 +x)t— o
and
0=g%/4mew. (28)

It is now evident from (27b) that, for large values of
the argument,
F(x)~xf,

and so, from Egs. (27a), (22), and (20), we see that (16)
diverges if 6> 1. This fact is connected with the exist-
ence of a bound-state solution of the homogeneous

(x— )
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equation (9) at =1. Actually, we can show that ¢ (p) as
given by (16) has simple poles at

(%=1, 2: 3: )

when we consider ¢/(p) as an analytic function of 8 (see
the Appendix). The residues are the corresponding solu-
tions of the bound-state problem when we neglect the
pair-annihilation interaction. We will see later that,
when we apply Eq. (15) to determine the eigenvalues of
the nucleon-antinucleon system, we will find

0=n+0(w/e).

We pause briefly to examine the relation between the
results just obtained for the homogeneous equation and
the Bohr formula for hydrogen-like atoms. From the
nonrelativistic reduction of (9), using the method of
Lévy, one can establish the following relation between
g2 and the effective coupling ¢2Z which is involved in the
ordinary Coulomb interaction:

0=mn,

2/ drmP= 7. (29)
Then, from (28), (29), and the relation
b=n, (n=1,2,3,---)

we obtain the binding energies for our system (always
with the neglect of the pair-annihilation term)

W=2m—e= (me'Z%/4n2)[1+0(e42)],  (30)

i.e.,, the Bohr formula, apart from higher-order cor-
rections.
Evidently, our assumption (25) is equivalent to

AW [m=2 (do/ €)*=2 (g2/ 4rm2)2<1, (31)

i.e., the weak-coupling approximation. This is consistent
with our neglect of graphs other than the ladder type.

Later, we will calculate higher-order corrections to the
Bohr formula for the case of the nucleon-antinucleon
bound-state problem; these come from relativistic and
nucleon-antinucleon pair effects.

IV. CALCULATION OF ENERGY EIGENVALUES

We now return to our original problem. According to
Eq. (15), we must calculate S'd% ¢ (p). Using (27),
(22), (20), and (16), we obtain

_FG=1D
at =47’ d
Jerv=a[ o f e
X[1+0w/€l)

where we have made use of the integral formula

1 it 1
f a'p =
(AP 2 A
¥ (p) is in error by an amount of order w/e in view of the
M. M. Lévy, Phys. Rev. 88, 725 (1952).
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approximation (26). Upon. changing 5 into £—¢ and
then interchanging the order of the £ and » integrations,
we have

[ape)=im [ anF@IDI+OG/T, (62

where
1

I(n)= d . 33
2 f Sorteteend )

The integral I (n) may be evaluated by an elementary
calculation; the result is as follows:

4(w+1) 2
Ty =— [——] S
ént Lldar el en
2—¢n (ot +en—1)}
e tan“ll:——————————]
(Ewtp?+en—1)} 20+1
(Ew™®+en—1>0), (34a)
and
4(wn+1) 2—é
I ("7) = [ ] 1
e L4+l e (1—en— Ewp?)?
20i+1— (1— ép— Ew™p?)?
n
2utnt-14 (1— én— i)
(Ew’+e—1<0). (34b)

Since we are concerned with large e/w, the condi-
tion ewn+ep—1>(<)0 is essentially equivalent to
7> (<)1/¢; this leads to a neglect of terms of order
(w/€)? in (32).

The integral (32) diverges for =0, but this diver-
gence will be canceled when we subtract [ /" d% ¥($) ] g2—o.
We cannot, of course, use (32) for the evaluation of
LS d* ¥ (p)]g—o, since we have assumed there that
— E? is quite large. This term must therefore be calcu-
lated separately. From covariance, Sd* ¢(p) is a
function of E? only, and so

[ f &'p ¢<1>)]E2=0= f @'p y(p, E=0).

The function y¥(p, E=0) has, however, already been
evaluated! and is given by

* nF(ay B, 2; _mz"’)
E=0)=2) dg——————, (35
v me0=2 a9

where F represents the hypergeometric function, and
a, B are given by
a=3{1+[1+ (¢/=*m*) ]},

(1= [+ (/rm) 1. (36)



COVARIANT TWO-BODY PROBLEM. 1

It is evident that (35) has essentially the same form as
(16) for E=0.
Proceeding as before, we have

F(Ol,ﬁ, 2 —m? )
fdy;,p(p,E 0)-—z7rf p— " = e ) ,
N

and so

fan ¢(p)—[ [ W’)]M
i im f / T(n)Fn)dn+ f

| ® F(a, B, 2; — )
— —_— 14+0(w/e)]. (37
f,, e n}[ @/l (37)

1/2

I(n)F (n)dn

We proceed to calculate the second term on the right-
hand side of Eq. (37). Now

e 1
f I(n)F (n)dn=:2- f 2I (x/)F (x/ e?)da.

Neglecting terms of order w/e compared to unity, we
can set

F(x/e)=1
and
2 4 1 2—2 1—-(1—w)
I(x/e)=e ——ln(—)—i——— n }
x? x/ 22 (1—x)t 14+(1—2x)?
In view of the indefinite integral
1 2—2 1—-(1—=x)
fdxl—ln( ) In ( ) }
2 (1—x)t 14+(1—x)?
2 gsx\ 2(1—x)i 1—(1—x)}
=—ln(—)— In y
x \4 x 1+ (1—x)?

we have, in the limit as a2 — 0,

1/€2

I(p)F (n)dn=21—In(4ae?). (38)

a

Next we consider the third integral on the right-hand
side of (37). One can show, after a somewhat lengthy
calculation, that, in the limit as am? — +0,

=~ —In(am?)

* F(O{, B’ 27 —7”2’7)
J o
a 7 (mPn+-1)

—[Y(@)+¥(@E)—v(2)—v(1)+1/e8], (39)

where

¥ (x)= ¢ InT’
(oc)——;c nl'(x).
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Actually, in the derivation of (39), we use only the rela-
tion a4-B=1. However, if we note the explicit form of
a, B given by (36), and expand in a power series in
g2/m?, then it may be easily seen that

F(a, 8,25 —m™)

J = a0/,

(am®— +0). (39)

This result is equivalent to the replacement of F (o, 8, 2;
—m?) in (39’) by unity, involving an error of the order
of g2/m?. We will see shortly [this is already indicated

by (31)] that
g/m*=0(w/e),

whence this replacement is justified.
From (38) and (39’) we now have

=1—In(4e/m»)+0(w/¢),

whence (37) becomes

fa ¢(p)—[ fa w(p)Lz O

=i7r2[ f /ezf(n)F(ﬂ)dn-l-l—ln(4e2/m2)]+0(w/6)- (40)

Notice that the divergence in the limit as ¢ — -0 has
been eliminated.
Finally, let us calculate

I= f ()P (n)dn.

1/¢€?

We introduce a number A that satisfies the inequality

1/>N>1/ .
For example, we can take
A=e2(e/w)?, (2>A>0).

Then, dividing the region of integration into two parts,

we have . .
([ +[ )roron

Now, if we choose 1>A>0, then in the second region
of integration where A>%>1/€, we may replace F(g) by
unity, and we may write

A

I= f IR [ 1
th dx[—— ln(x) ; (j:f) tan~1(x—1) ]

=21n4—-27 (A0 (w/e€).
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In the first region of integration where o >2>\, we can
approximate (34a) by

I(n)= (/en) (wn*+n)"[14+0(w/€)],
so that

™

o 0 1
L= L I(n)F ()d = j; F(n)mdnw(w/e)-

Furthermore, it is evident that

N

T dn T
-—f =2r— +0(w/e),
€ Jyer n(win’+n)} (Ae?)?

whence we have
I=I+1,

™ ®  F(n)
=2In4—2r+- f —————dn+0(w/e).
€

ye n(wn?+n)t

Notice that the arbitrary number A has disappeared.
We now need to evaluate the integral

® F(n)
Py
ye  n(wii+n)t

Upon changing the integration variable from 7 to z by

(41)

setting
(™’ )i~y
=
(wnPm) -y
we obtain
J=4w f (1—2)"%tdz,
0
where

s=1—-2(w/e)+0((w/€)?).

To evaluate J, we consider the analytic function of
J(x)= 4wf (1—2) %2~z
0
Assuming Rex>—1, we have
1 1
J(x) =4wf (1—2) ”z‘”dz—‘lwf (1—2)%~0ds
0 s

T(1--6)T(1—0) 1 .
——4wm—4wj: (1—‘2) 5 0dz.

Since s is close to unity, the second integral can be
evaluated by expanding 7% in powers of 1—z. This
gives

6 =4w[r(1+x)1‘(1—0) 1

r(2+x—0) 1+

(1_S)l+a:
X

[/
— (1_S>2+x_|_ ce ]’
2+4+x
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or, in the limit as x — —2,
J=40{0[¥(1)— ¥ (—0)+1]-In2w/e)+ (¢/2w)+0(1)}.
Inserting this into (41), we have finally

00

I=| I(n)F(n)dn

1/e?
— 2 Ind-H4ar (0] ) {60 (1) — T (—0)+1]

—In(2w/€e)+5}+0(w/e).
It will be clear later that

0=n+0(w/e),
and so ¥(—0) is of the order ¢/w. Therefore,
I=21n4—4n(w/€)0¥ (—0)+0(w/¢).
From this and (40), we have

[ervaor-| [ ¢<p>]E2=0

=in*{—4r (/0¥ (—0)+140(w/)} ;

we have here discarded a term in In(e2/4m?) which is

approximately 4w?/e?. Returning to our fundamental
Eq. (15), we find that

1=—(32a%)7(g%/m?)
X[ —4m(w/ 0¥ (—6)+14+0(w/€) .
We can now show that it is consistent to set
=n+0(w/e), (n=1,2,3,--:).

According to the definition of 6 given by (28), this
statement also means that

22/ 8rm?=Z (w/m)0=0(w/e).

It is evident from (42) that the right-hand side will be
of the order w/e unless ¥(—6) is of the order (¢/w)? But
this would lead to a contradiction since the left-hand
side of (42) is unity. If we notice that

(42)

o 1 1
W-0)=—r-2(—-—),
n=0\n—0 n+t1
then the only possibility that remains is for 8 to be near
a pole of ¥(—0), viz., 0=n (n=1,2, ---); we exclude
n=0 because it has little physical meaning.

We may therefore set

¥ (—0)=(0—n)"4+0(1),
whence we can deduce from (42) and (28) that
w= (g%/8rm)n[1+0(w/€)],

and also
—n=—3%(g%/4nm?)?

X[1— (8m)~* (g%/4am*)+0((g2/m*) . (43)
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From Eq. (28) we can now calculate w and therefore e
in terms of g2/m?; our final result is

¢/m=[14D(g¥/drm?) +[1— D7 (g/4xm?) J, (44)
where
D=n—%(g%/4wm?)?

XA{1— (8m) 7 (g%/4wm*)+O[ (¢&/4rm?)* ]},  (45)

or, expressed as a series in g2/m?, we have

) G
492 \ drm? 64 nt 16 #*/ \dam?
gZ 5
N ) +OL(2/4mm)°]. (46)
1287 %3 \ darm?

From (29) we see that the bound-state energy eigen-
values, as given by Eq. (46), have the form of the Bohr
formula for hydrogen-like atoms plus corrections. The
(g2/4rm?)® term cannot be calculated within our ap-
proximation.

V. REMARKS ON THE CASE OF MESONS OF
NONZERO MASS AND THE FERMION-
ANTIFERMION PROBLEM

We take up first the extension to mesons of nonzero
mass. The only difference from the zero-mass case
consists in the fact that the meson propagator D is now
replaced by Ar. Therefore, instead of (8), we have the
equation

1
GE+pym? GE—p)tm?

dig?
><[1—— &k
(2m)*

¥(p)=

V)
, 7
(k-;b)2+u2] ()‘

where u is the meson mass.

In this case, it is useless to express ¥(p) in the
generalized Stieltjes form (16), since, unfortunately, we
cannot now use the convenient integral identity (17) to
eliminate the momentum variables.

However, we can show that the momentum variables
can be separated out by expressing ¢ () in the form of a
generalized Gaussian transform. It will be noted that a
similar transform was used recently by Nambu'? in the
problem of the general representation of Green’s
functions.

Let us write

¢(p)=if dxf dyf dz °F (x,y,3) exp{—iz
0 0 0

X[+ +pE)+y(p*+o*—pE)+11}, (48)
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where «? is given by (23). We can now derive an integral
equation for F from (47), viz.,

igh vt P
F(up,t)= 1+—g- f dxf dyf dz
4r? Jy 0 t x+y

Xexp| —itw9) 6=+ il L
ex — X Z2—1l)w —_—
P Y 4 xty

3l
X (z—1)—1i(z—1) —i——(x-{—y)p.{l. (49)
2—1

For the derivation of this equation, the reader is re-
ferred to the sequel to this paper.!® In the case u=0, F' is
independent of the third variable z. If we set

F(x,y,5)=H(x)),

then it can be seen that Eq. (48) reduces to (16) and
Eq. (49) to (19). Evidently, the Gaussian representation
(48) is the natural generalization of the Stieltjes form
(16) which was used before.

Although it may appear that, in the case of mesons of
nonzero mass, we have had to introduce a three-
parameter representation, essentially only two of the
parameters are independent. Thus, let us rewrite (48)
in the form

vp)— fo s ] " iy K(zy)

Xexp[ —ix(p*+w*+pE)—iy(p*+w’—pE) ], (S0a)

where

0

K(x,y) =if dz e 2F (2/2,9/2,3). (50b)

Then, from (49), we can derive the following integral
equation:

g2 1 ult o/t K(x,y)
K(u,v)=1——f dtf dxf dy
dr? J, 0 o) x+y

Xex [ i (x+y)(1—10) 2—|~ £ ey
- — et
P ¢ 4 xty

t
X(l—t)—i———(x-l—y)u"’]. (51)
1—¢

Unfortunately, it is very difficult to solve (51) ana-
lytically, and we shall have nothing further to say about
this problem.

We turn next to the fermion-antifermion problem. In
this case, the general method given in Sec. IT may be
taken over with some modifications. Thus ¢ () will now

15 S, Okubo and D. Feldman, following paper [Phys. Rev. 117,
292 (1960) 1.
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be a 4X4 matrix. Proceeding by analogy with the de-
velopment which led to Eq. (8), we now obtain

WD —m g V)
= o s | dtr——
V() (HaEy el (27r)47f (p—) ]
i (p—4E)—m

5 (52
G-impim O

instead of (11), the relation between ¢ and the gener-
alized vertex operator I's is given by

iy (pt+3E)—m
=————————T4(p+3E, p—3E)
(p+3E)*+m? .
ty(p—3E)—m

(p=3Eymt’

¥(p)
(53)

also, instead of (12), we now have

iZ

2=_g 4 T
e J e ut)

Thus, as before, we can show that, in solving this
equation for E?, we are, in effect, determining the poles
of the meson propagator Dy’ (E).

Notice that we have here assumed that the nucleon
spinors interact via pseudoscalar coupling with a mass-
less neutral pseudoscalar meson field. To extend the
formalism to quantum electrodynamics, we have only to
replace vs by v,.

In principle, therefore, when we are dealing with
Dirac particles, the situation is not much different than
when we have scalar nucleons. However, Eq. (52) is
quite difficult to solve because of the v matrices. We
may write

V(p)=vsbrtrvs(YEWatvs(vp)s
+vs[ (vp) (VE)— (vE) (vp) s,

and assume that all the ¥ ; have the form (48); we can
then separate out the vy matrices and the momentum
variables, obtaining a set of simultaneous integral equa-
tions for a set of functions F; which correspond to F in
(48). These equations are quite complicated so that we
do not discuss the general case any further here.

There is still another difficulty in the fermion case,
12., Eq. (52) has no finite solution because of the well-
known divergence of the generalized vertex operator.
However, this divergence can be eliminated by carrying
out a charge renormalization. In view of Eq. (53), we
may write

Y(p)=Zi (),

where Z; is the renormalization constant defined by
Dyson® and ¢ is finite. In place of (52), we now have

(54)
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the equation

i (p+3E)—m ig? Yo(k) ]
¢ = 5Z1 5 d4k 13
¢@)@ﬁm%wb‘ﬂwﬁf -
iy(p—3E)—m (55)

(p—3E)+m*

Of course, the general discussion of (55) is quite difficult.
Here, we will examine the special case £=0and compare
with the results given previously in the scalar-nucleon
case.

With E=0, the solution has the simple form

Yo(p)="sF (p7), (56)

where F is independent of the v matrices. Then, Eq. (55)
reduces to

P=— s
P2+m2 '

5 G
(2m)* p2+m2f (p—k)*

(57)

In the derivation of Eq. (57), we have assumed that the
meson field is neutral. In the symmetrical theory, we
find an additional sign change for the second term on
the right-hand side of (57) due to the fact that the 7-spin
operators anticommute; in this case, instead of (57), we
find

F(k?
F, (P2) = )

(p—k)*

For the corresponding problem in quantum electro-
dynamics, one obtains, after having made some ap-
proximations,

Zy ig’ 1 f s
P2_l_m2 (271')4 p2+m2

(58)

Z 1 2'i62 1

f4 F'(k?)
P2_|_m2 (271.)4 P2_|_m2

(p—k)?

Equation (58), or its equivalent (58’), was first investi-
gated by Edwards.!® The minus sign in the second term
on the right-hand side of (58’) comes from the fact that,
in their commutation properties, the matrices s and v,
are not alike.

As we will see shortly, this difference of sign has im-
portant consequences for the solutions of Egs. (57) and
(58) [or (58")]. In the latter case, Edwards showed that,
in fact, no inhomogeneous solutious exist at all, i.e.,
Z1=0; this result corresponds essentially to the finding
by Goldstein? of a continuum of solutions in the bound-
state fermion-fermion problem. The reason for this is the
following: although we are investigating the nucleon-
antinucleon problem or, equivalently, the integral equa-
tion for the generalized vertex operator I',, the homo-
geneous equation corresponding to (58) or (58') is
actually the same as that obtained in the ladder ap-
proximation for the bound-state problem of the fermion-
fermion system with fermions of opposite charge.

16 S, F. Edwards, Phys. Rev. 90, 284 (1953).

Fl(p)= (58')
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In the case of the neutral ys-interaction (57), on the
other hand, we will see that Z,= 0, so that, for this
case, no solution of the homogeneous bound-state
integral equation exists at all. Both of these results are
completely different from the scalar-nucleon case, which
we treated earlier.

We now discuss the solution of Egs. (57) and (58).
By analogy with the scalar-nucleon case, we express
F(p? as a Stieltjes transform, i.e.,

GO
Fp)= f (59)
(?2+m2+t)8
Then, using (17) and noticing that
1 © G 1
[afe 1
P2+m2 o mZ_I_t P2+m2+t
S i [ o)
o UmtD) s P2+m2+y)3
* 1 v © 2G()
= f dy —— f dw f dt ,
o pmitypds )L it
we find that (57) will be satisfied provided
G()=2Z,— v | dy——!  (60)
z y(m*+y)
This is equivalent to the differential equation
d2 gZ
Hm2+6)—G () ———G () =0 (61)
ae 16x2
subject to the boundary conditions
G(t=0)=0, (62a)
(dG/dl) =271 (62b)
Equation (61) has the two independent solutions
G=(@—1)P}(x), (*—1)}Q)}!(x),
where
w= (2/m?)+1, (63)
and » is given by
v(v+1)=g*/167%; (64)

the functions P,* and Q,' are the associated Legendre
functions of the first and second kind, respectively.
Since the solution Q,' does not satisfy the boundary
condition (62a), our solution must be of the form

G=C(x*—1)!P, (x),

where C is a constant to be determined.
Without loss of generality, we can take »> 0, since the
other solution of (64) is given by — (v+1) and

P_gynl(x)=P,(x).
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Then, from

G 2
—=—Cyr(v+1)P,(x),
at m?

and the asymptotic relation for the Legendre functions

r'(1+42v)
P = (=) LH0/), >0
Ir2(14-»)
for ¢/m? — o, we find, from (62b), that
m T4y
oD T+ Y
where L is the value of ¢/m? at infinity. We have finally
2 I‘2 1+
" gL—VZ1(9c2— 1)iP,1(x). (65)
v(r+1) T'(142»)

The renormalization constant Z; can be determined
in the standard way.® From (53), (54), and (56), we
have

Tso(p,p)= (P*+m?)F ($2)vs — s,

From (57), this is equivalent to

L(p*+mA)F (p) ] ptmimo

(m2 —0).

ig? F(k?)
=1=7Z+ [fd“k ]
(2m)* (p—R)*) p2ymeo
2 0 G {
32m2 Yy t(mii)

On comparing this with Eq. (60) (differentiated once
with respect to £), we find

(dG/dt)im0=2.
Hence, from (65), we must have

_T(1+29)

I, 66
r2(149) (©0

and so
2

G()=—— (a2
Lot

14N

1P, (x). (67)

Notice that Z1= » since ¥>0 and L — 4.
The function F(p?) may be calculated next from
(59); after carrying out an integration by parts, we have

\ P P14 (2/m)i]
F(p) = f S T (68)
1 mv(v+1)
=———FQ2+4v,1—v,2; —p*/m?). (68b)
m?  sinvgr
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In the symmetrical meson theory or in quantum
electrodynamics, where Eq. (58) or (58') is our starting
point, we can proceed in a similar way. An essential
difference appears when we come to the analogue of
Eq. (64) which will now read

v(v+1)=—g2/16x2. (69)
The two solutions of this equation are both negative
with 0>»> —1. Once again, without loss of generality,
we can take » to be the larger solution and so

0>v>—1.

The solution will again have the form (67), with the
renormalization constant Z; given by (66).

The only difference is that » is now negative, and so,
from (66), we have

Zl=0,

which is Edwards’ result.! Then Eq. (58) is essentially
a homogeneous equation whose solution is given by
(68b), where » is defined by (69). This result agrees
exactly with the solution given by Goldstein* who
treated the homogeneous equation corresponding to (58)
which, as we saw earlier, is equivalent to the bound-
state integral equation of the nucleon-antinucleon
system without the annihilation diagram, or to that of
the two-nucleon system with opposite charge in the
ladder approximation. There is, in this case, no solution
of the inhomogeneous equation (58), and we accordingly
have the continuous level spectrum of Goldstein.

In the case of the neutral s coupling, we see, on the
other hand, that there is no solution of the homogeneous
equation of (57); hence, there are no bound states for
the nucleon-antinucleon system without the annihila-
tion diagram, or, equivalently, for the two-nucleon
system in the simple ladder approximation.

Thus, we see that there is a considerable difference in
our results depending on whether the nucleon is a scalar
or a spinor particle. The latter case is peculiar, at least
when E=0; it is not at all clear whether a reasonable
solution exists for the general situation E>£0.
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APPENDIX. INVESTIGATION OF THE ANALYTIC
PROPERTIES OF THE WAVE FUNCTION 4 (p)

Here, we prove that ¢(p), regarded as a function of 6,
has poles at =% (=1, 2, 3, - --) as was stated in the
argument following Eq. (28).

By using Egs. (20), (22), and (27a), we can rewrite

S. OKUBO AND D. FELDMAN

(16) as follows:

F(¢—nl)
= d d
v ) f Ef_e " Te () LnpE 1T

w ¢ 1
=j:] dfj; dn F(n)([5(;2+w2)+(£—17)1’E+1]3

N 1 )
et — (E—n)pE+1F/)

On interchanging the order of the ¢ and % integrations
and then carrying out the £ integration, we find
1 1
1

pta+pE p2+w2—pE)

den
0

where F () is given by (27b).
Upon changing the integration variable from 7 to z
according to the transformation

¢<p>=%(

F(n)
[n(p*+et)+177

(@) Hon

b
(w™n*+n)t—wn
we obtain

1
¥(p)= (p2+w2+f’E l' 172+“’2_PE)

Xé(pziwz)zl(e)’ (A1)
f(z2—1)
10)= f [(lz—z)2+2)\z]2

A=20%/ (p*+u?).

where
(A2)

and
(A3)

Taking a number N which is arbitrary but large
(NV>>1), we divide the region of integration in (A2) into
two parts, viz.,

1(0)=11(0)+1.(0)

(L) sns

Now 7:(f) and all its derivatives with respect to 8 are
finite for all 8, so that 7,(6) is a regular function in the
complex 6 plane except for = ; it therefore has no
poles. In I5(6), on the other hand, we can expand the
denominator in a power series in 1/z since 22> N>>1.
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Then
S0—2 56—

I2(G>=*];v dz [1—21—=N(1/2)+ 1/

n

-z “aseemwcaa-n(2)

the C,? are the Gegenbauer polynomials. Upon carrying
out the z integration, we have

h(@):i C2(1—))

1 1 nt+1—0 1 1 n+3—0
() ()™
[n+1—0(N) n+3—60\N

Evidently, I2(f) has poles at

0=1,2,3, -,
and its residue at = is given by

—Cp2(1=N)FCr2(1—21)

2 2 2,2
= "'Cn—l2(p ¢ )+Cn-32(P h ))
P2+°~’2 p2+w2

where it is understood that C,?=0 for m<0.

The residues of ¢(p) are evidently solutions of the
homogeneous equation (9), and thus are the bound-
state wave functions in the absence of the pair-annihila-
tion interaction; the corresponding energy eigenvalues
are determined by the relation f=n=1,2, 3, ---. From
(A1) and (A2), the solutions of (9) are given by

1 1

2
qS,.(p):constX( + )( ? )
P2+w2+PE P2+w2_PE P2+w2

2___ .2 2__,2
PN e o(P=)) an
p?_l_w? P2+w2

><[Cn_12
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Of course, these wave functions are valid only for large e
since we have used the approximation (26).

When E=0, on the other hand, we can get the exact
solutions for the bound states of (9). Equation (35) can
be integrated,!? yielding

(o) m?
sin(xB) (p*+m?)?

¥(p, E=0)=

4 ) @

P2+ m2

XF(O[“I‘L 18+17 2;

where we have used a+p8=1. Evidently, ¢ (), regarded
as an analytic function of a or 8, has simple poles. In
particular, it has such poles when

(n=1,2,3, ---),
which, in view of (36), lead to the eigenvalues
g/AmtmP=n(n+1). (A6)
The corresponding residues of ¥ (p, E=0) at f=—n

are given by
1 . P2
¢n(i))=const><—~—--—F(n+2, 1—n,2; )
pZ_I__mZ
(= 1)74P,! (),
(n:]_’ 2, . .),

B=—mn,

(P2+m2)3

=Const)(z*;_‘!:‘v;)'3
p+m
(A7)
where x=— (p2—m?)/(p*+m?) and P,'(x) is the as-
sociated Legendre function. The eigenvalues (A6) and
eigenfunctions (A7) agree with those given by Cutkosky®
who investigated the bound-state problem in the ab-
sence of the pair-annihilation term, using a generaliza-
tion of Fock’s stereographic-projection method.’® Of
course, in (A7), we have obtained the solution for .S
states.

17 A. Erdélyi et al., Tables of Integral Transforms (McGraw-Hill

Book Company, Inc., New York, 1953), Vol. II, p. 400, Eq. (10).
18V, Fock, Z. Physik 98, 145 (1935).



