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support. This bound state may be removed and re-
expressed as in II, and the analytic information of 
interest may be deduced from the beginning of the 
continuum of mass values. 

When the external particle (the projectile) is strongly 
interacting, the restriction to the mass shell makes A 
have a finite segment lying inside S for all nonvanishing 
momentum transfers, since n^K+m. Thus it is not 
possible to derive dispersion relations for nonforward 
scattering of physical particles from this representation. 
When the momentum transfer tends to zero, A moves 
over to the boundary of S and in the limit of the 
forward-scattering amplitude we obtain the dispersion 
relations derived in II. 

Here one needs to point out that it is not essential 

I. INTRODUCTION 

A FEW years ago, several authors1,2 showed how to 
write down a relativistic wave equation for two-

body systems. Subsequently, there has been a good deal 
of interest in the study of methods of solving this 
equation. 

Although it is the bound-state problem for the case of 
two spinor particles that is the most interesting from 
both a theoretical and practical standpoint, the corre­
sponding covariant or Bethe-Salpeter (B-S) equation is 
very difficult to handle. Indeed, for this case, several 
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to take both the projectile states to be on the mass 
shell. One may consider those specializations of the 
Green's function which correspond to off-the-mass-shell 
functions in a completely analogous manner and study 
the analyticity properties of these amplitudes for virtual 
processes. But since the consideration of these various 
restrictions of the Green's function adds nothing 
essentially new in principle we shall not devote any 
further attention to them. Similar considerations apply 
to the three-momentum and multi-momentum ampli­
tudes considered in Sec. 5. 
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authors3 at one time maintained that no solution exists 
at all with vector coupling because of the singular nature 
of the kernel appearing in the integral equation. How­
ever, Goldstein4 has found a solution for a very special 
situation, i.e., when the total relativistic energy of the 
system equals zero. 

The solution in this case is very peculiar in that one is 
led to a continuous rather than a discrete bound-state 
energy-level spectrum. We will return to a discussion of 
this solution in the last part of this paper (Sec. V) at 
which time it will become clear that the results obtained 
for the bound states of two spinor particles will depend 
materially on the nature of the interaction with the 
meson field; in particular, the 75 and yM interactions 
behave very differently from one another. 

In contrast to the spinor case, the B-S equation can be 
3 C. Hayashi and Y. Munakata, Progr. Theoret. Phys. (Kyoto) 

7, 481 (1952). 
4 J. S. Goldstein, Phys. Rev. 91, 1516 (1953). 
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solved exactly for the bound states of two scalar par­
ticles, and here one finds a discrete level spectrum. The 
proofs were given by Wick5 and Cutkosky6 who worked 
in the ladder approximation and who assumed zero-
mass mesons (scalar photons), 

The problem which is posed in this paper can be 
considered to be an extension of that of Wick and 
Cutkosky in that we add a nucleon-antinucleon pair-
annihilation diagram to the usual ladder diagram, the 
nucleon once again being taken to be a scalar particle 
(boson). Our problem then is to investigate the bound 
states of the nucleon-antinucleon system. 

Of course, since we are concerned with two spinless 
particles bound by a scalar photon field, we are dealing 
with a fictitious situation. Nevertheless, the general 
formulation of the problem as given here holds good for 
the case of spinor nucleons, and it is to be hoped that one 
may ultimately be able to apply similar methods in 
investigating the more realistic problem which is con­
siderably more complicated. 

As will be seen, it turns out that the B-S equation is 
related to the integral equation for the generalized 
vertex operator T in field theory; the bound states them­
selves correspond to the poles of the meson propagator 
Dp. We can then employ usual methods to subtract out 
the divergences in the latter; in this way, we obtain 
ultimately the energy eigenvalues of the system. 

To get an explicit form for DF\ we must solve the 
integral equation for the modified vertex operator T, 
which we do by using a Stieltjes-transform method that 
is essentially a generalization of Wick's method.6 The 
integral equation is then cast in the form of a second-
order partial differential equation involving two parame­
ters and subject to certain boundary conditions. The 
whole problem is reduced to that of solving this differ­
ential equation. From the solution, we can obtain the 
poles of DF, and thus the determination of the bound 
states is effected. 

The general formulation of the problem, the integral-
transform method, and the computation of the energy 
eigenvalues are discussed in Sees. II, III, and IV, re­
spectively. In Sec. V, we shall conclude this paper by 
considering the extension to the cases of mesons of finite 
mass and spinor nucleons. 

II. FORMULATION OF THE PROBLEM 

For the interaction Hamiltonian at the space-time 
point x, we take 

Hi=gl4>(*)JA(x), (1) 

where <j>(x) is a neutral scalar nucleon field, and A(x),& 
neutral scalar meson field with zero rest mass (scalar 
photon field); later, we will consider briefly the case of 
a meson field of finite mass. The strength of the meson-
nucleon interaction is measured by the coupling con­
stant g. 

5 G. C. Wick, Phys. Rev. 96, 1124 (1954). 
6 R. E. Cutkosky, Phys. Rev. 96, 1135 (1954). 
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(a) (b) 

FIG. 1. (a) The ladder diagram; (b) the pair-annihilation diagram. 

According to Gell-Mann and Low,7 the B-S wave 
function for the two-body problem is given by 

xfey) = (*0,P[> (*)*60», (2) 
where >Po and ^ are the state vectors for the true vacuum 
and the bound states of the two-body system, re­
spectively; P is the chronological ordering operator of 
Dyson.8 Notice that, since we are dealing with a neutral 
scalar nucleon field, we may refer to x> equivalently, as 
the two-nucleon or nucleon-antinucleon wave function. 

If we assume that the two-body interaction arises in 
virtue of the exchange of single mesons (ladder inter­
action) and of the annihilation of a nucleon pair, we find 
that the bound-state B-S wave function % satisfies the 
following homogeneous integral equation: 

X (%,y) = ~ 4g2 I dAXidAyi AF(x— xi) 

XAFiy-yODpixi-y^xixiji) 

-2g2 I tfxi&yi &F(OC-X^) 

XAFiy-x^Dpixi-ydxiyhyi); (3) 

the first term on the right-hand side of (3) corresponds 
to the ladder diagram £Fig. 1(a)], the second term to 
the pair-annihilation diagram [Fig. 1(b)]. For the 
derivation of Eq. (3) as well as the definition of the free-
particle propagation functions AF and DF, the reader is 
referred to the original paper of Gell-Mann and Low.7 

The wave function x can now be expressed as the 
product of two terms, describing the center-of-mass 
motion and the relative motion, respectively, of the two 
particles, viz.,9 

x(x,y) = eiW2H*+»'> f(x-y). (4) 

Here, E denotes the energy-momentum four-vector for 
the center-of-mass motion, and / is the wave function 
for the internal motion. 

7 M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951). 
8 F. J. Dyson, Phys. Rev. 75, 486 (1949). 
9 We use natural units with h=c= 1 throughout this paper. 
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Upon introducing the wave function in momentum 
space f(p) by means of the Fourier transformation 

f(x—y)= J dtp f(p)eip(z-y\ (5) 

we find that Eq. (3) may be rewritten in the form 

Ug2 1 
/ (*) = -

(2TT)4 (iE+pY+m2 

X f#kf(k)\ - + — 1 ; (6) 
aE-p)*+m*J l(p-k)2 2E2\ (p-k)2 2E2\ 

it is here to be understood that all denominators include 
a vanishingly small negative imaginary part — id in view 
of the causal nature of the functions AF and DF. 
Furthermore, if we set 

MA-TTZT, f**/(*>W (7> 
L (2T)4 E2 J J 

Eq. (6) becomes 

1 

Hp) = 
1 

(±E+p)2+m2 (iE-py+m? 

4ig2 

X I \#k . (8) 

It is evident that the substitution expressed by Eq. 
(7) is permissible only if 

/ 
d*kf(k)5*0. 

This implies that, in the center-of-mass system, we are 
dealing only with S waves. For all other angular-
momentum states, we have 

/ 
<?*/(*)=0, 

in which case Eq. (6) reduces to 

Ug2 1 
/(/>) = -

(2TT)4 thE+p)2+m2 

1 
X . / < 

/(*) 
dtk. " (9) 

(\E-p)2+m2J (p-k)2 

It is thus clear that the pair-annihilation term will not 
affect states other than S states. 

Equation (9) will be recognized as identical to that 
solved by Wick5 and Cutkosky.6 The essential problem 
with which we are concerned in this paper is to study the 

FIG. 2. Diagram for the 
generalized vertex operator T in 
the ladder approximation. 

more general situation given by Eq. (6); equivalently, 
we want to solve the inhomogeneous integral equation 
(8) for \[/(p). Thus, in what follows, we confine our 
attention to the S-wave problem only. 

It is of interest to notice that there exists a close rela­
tion between the wave function \j/(p) and the generalized 
vertex operator10 T. If we make the ladder approxima­
tion which is diagrammed in Fig. 2, then T satisfies the 
inhomogeneous integral equation 

T(p+iE,p-$E) 

Mg2 r 1 1 

(2TYJ (p-k)*(iE+k (p-k)2 (\E+k)2+m2 

1 
X-

(iE-k)2+m2 

On comparing this with (8), we see that 

1 

T(k+$E,k-iE). (10) 

HP) = 
QE+p)*+m* 

X-
1 

•T(p+iE,p-iE). (11) 
m-py+m2 

While we have derived Eq. (11) for the case of the ladder 
approximation, the relation seems to hold true generally 
provided we replace the free-particle propagators 
KiE+p)2+m2J-\ KiE-p)2+m2']-1 by the modified 
propagators. 

Returning to our problem, we now consider how to 
obtain the bound-state eigenvalues E2. Upon integrating 
(7) over all p and dividing both sides of this equation by 
the common factor J%f(p)dip} we obtain 

1= — 
2ig2 1 

(2TT)4 E2 
ff(p)dAp. (12) 

From (11) it is clear that the quantity f^(p)d4ip corre­
sponds to the closed-loop diagram given in Fig. 3. 

>F. J. Dyson, Phys. Rev. 75, 1736 (1949). 
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E FIG. 3. Diagram for the 
quantity J*^(p)d*p. 

Indeed, if we set 

n * ( £ ) = - ^ - U{p)d% (13) 
(2TT)4 J 

we find that this is exactly the same quantity as defined 
originally by Dyson.10 Hence, Eq. (12) may be re­
written in the form 

where 
I=DF{E)TI*{E), 

DF(E) = -i/E\ 

(14) 

On the other hand, the modified propagator DF\E) 
is given by 

DF'{E) = DF(E)[\-DF{E)JI*(E)1-\ 

It is therefore evident that, in solving (14), we are 
determining the poles of DF'(E). It is well-known that 

the poles of DF{E) will give rise to a spectrum of bound 
states; it is now clear that they correspond to the bound 
states of the nucleon-antinucleon system. 

In point of fact, II* (E) is a divergent quantity, but 
the divergence can be removed by a self-energy sub­
traction. Thus, Eq. (12) should be replaced by 

*--|£l/*wMJ*('wL}! <15) 

this insures that E2=0, corresponding to the free-meson 
state with mass zero, is a solution. It is not necessary in 
our problem to carry out a charge renormalization, since 
the self-energy diagram is the only primitive divergent 
graph we encounter. 

III. INTEGRAL-TRANSFORM METHOD 

Our basic problem is to develop a procedure for 
solving the integral equation (8). By way of generaliza­
tion of methods used by several authors,5,6'11 we express 
\p(p) in the following form: 

lK#)= I dx\ dy — 
Jo Jo 1% 

2H(x,y) 

(p2+\E2+M2+pE)+y(p2+lE2+rn2-pE)+lJ 
(16) 

Notice that the representation (16) as a function of p is quite similar to the general representation of Green's 
functions given by Nambu12 and Schwinger.13 

On using the integral identity11 

1 1 *V2 1 
d% = , (17) 

we find 

J ( 

Hk) 

J (p-ky (*»+A)« 

Mr2 rM rK 

-=—• I dx\ dy-
2 2 Jn Jn 

2 A(p*+A) 

h(x,y) 

(p-k)2 2 J0 J* ' [x(f+lE?+m2+pE)+y(p*+lE?+m2-pE)+l2 

where, for simplicity, we have introduced the notation 

2H(x,y) 
h{x,y) = 

(\E?+mF) (x+yy-l&(x-yy+ (x+y) 

(18a) 

(18b) 

The integral formula (17) is essential in this work as well as in that of Wick. These methods are therefore useful 
only in the case of mesons of zero mass. We will return to this point in Sec. V. 

Using next the identity 
1 r™ r00 1 

— = 2 I du\ dv-
abc Jn JQ 

we have 
\jm+bv-\-c~}z 

I=-
1 Hk) 

(iE+p)2+m2 {\E-p)2+m2 . 
r n*) r C C C 
I dAk —iw2 I du\ dv I dx I dy 

J (<f?-k)2 Jn J a Jn Jn 

x-
h(x,y) 

L(u+x) (p2+iE2+m2+pE)+(v+y) (p2+iE2+m2~pE)+lJ 
11 S. Okubo, Progr. Theoret. Phys. (Kyoto) 10, 692 (1953); 11, 80 (1954). 
12 Y. Nambu, Nuovo cimento 6, 1064 (1957). 
13 J. Schwinger, Proceedings of the Seventh Annual Rochester Conference on High-Energy Nuclear Physics (Interscience Publishers, Inc., 

New York, 1957). 
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Upon changing the variables of integration u and v into u—x and v—y, and noticing that 

I dx I J ^ = I d^ I dx, etc., 

/=zV2 I dw I dv I dx I dy-

^ n «^n vft J n I 

283 

we obtain 

lu(p2+lE2+m2+pE)+v(p2+lE2+m2-pE) + l2d 
' o " 0 

Equation (8) then becomes 

r°° /•" 1 
i/(p)= I rfw I dv 

J 0
 Jo [u(p2+lE2+m2+pE)+v(p2+iE2+m2-pE)+lJ 

On comparing this with (16) and making use of (18b), we obtain finally 

H(x,y) 
- I dx \ dy 

4TT 

i g2 *u „v i 

2^ I dx I dyh(x,y)\. 
4TT2 JQ ^0 I 

„2 „u pv 

H(u,v) = l-\ I dx I dy 
4-T2 J(\ J(\ (iE2+m2) (x+y)2-lE2(x-y)2+ (x+y) 

(19) 

We have reduced the four-dimensional integral equation (8) to a two-dimensional integral form. 
I t is readily seen that (19) is equivalent to the differential equation 

d2H(u,v) g2 H(u,v) 

dudv 4TT2 (iE2+m2)(u+v)2-lE2(u-v)2+ (u+v) 
(19a) 

with the boundary conditions 

ff(«=0,!i)aff(«)J = 0 ) e l . (19b) 

However, we must bear in mind that this is not equiva­
lent to the usual nonrelativistic treatment in three-
dimensional space, since our formalism is still covariant 

I t is, in fact, much more convenient to introduce new in four-dimensional space. 
Thus, we assume variables f and rj by 

u+v=%, u—v—t\\ 

Eqs. (19a,b) then go over into the form 

/d2 d2\ g2 G{in) 

\de dv
2/ 7T2 eV+4(a) 2 f +Q 

with 
G({,|u|. = f ) = l ; 

we have here set 

and have also introduced the notations 

£2=_ e 2<0 , 

c o 2 = i E 2 + m 2 = w 2 - i e 2 > 0. 

(20) 
or, equivalently, 

ê >co, 

e^2m. 

(25) 

We now notice that, in the limit e —* °o, we may make 
(21a) the replacement 

1 1 

(21b) 

(22) 

(23) 

;Y+4(«»$H-0 2e («*?+*)* 
S(v), (26) 

as shown originally by Wick.5 With this approximation, 
Eq. (21a) can be solved subject to the boundary condi­
tion (21b); the solution has the form 

where 

I t is evident that e is the rest mass of the bound system 
and is therefore also the total energy in the center-of-
mass system. For bound states, we must have e<2my

 anc* 
whence co2>0 and we can take co>0. The relation be­
tween a) and the binding energy W is given by 

F(x) = 

G(^)^Or-M), 
{u>2x2Jrx)*-\-<jox~\ r(a>W+x)s+a>xV 

l(a>2x2-\-x)%—a>#J 

d=g2/4ir€G). 

(27a) 

(27b) 

(28) 

cc2=W(m-lW). 
I t is now evident from (27b) that, for large values of 

(24) the argument, 
F(x)/>^x^ (x—> °o) 

I t is quite difficult to solve Eqs. (21a,b) exactly. ' 
Hence, we will consider the case that the binding energy and so, from Eqs. (27a), (22), and (20), we see that (16) 
is quite small compared to the nucleon mass; this diverges if 0 ^ 1 . This fact is connected with the exist-
amounts to a form of nonrelativistic approximation, ence of a bound-state solution of the homogeneous 
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equation (9) at 6=1. Actually, we can show that \p{p) as 
given by (16) has simple poles at 

B=n, ( » = 1 , 2 , 3 , •••) 

when we consider \[/{p) as an analytic function of 6 (see 
the Appendix). The residues are the corresponding solu­
tions of the bound-state problem when we neglect the 
pair-annihilation interaction. We will see later that, 
when we apply Eq. (15) to determine the eigenvalues of 
the nucleon-antinucleon system, we will find 

0=n+O(a/e). 

We pause briefly to examine the relation between the 
results just obtained for the homogeneous equation and 
the Bohr formula for hydrogen-like atoms. From the 
nonrelativistic reduction of (9), using the method of 
Levy,14 one can establish the following relation between 
g2 and the effective coupling e2Z which is involved in the 
ordinary Coulomb interaction: 

g2/47rw2==e2Z. (29) 

Then, from (28), (29), and the relation 

0=n, ( » = 1 , 2 , 3 , • " ) 

we obtain the binding energies for our system (always 
with the neglect of the pair-annihilation term) 

W= 2m~ e= (we 4Z 2 /4<)[ l+0(e 4Z 2)] , (30) 

i.e., the Bohr formula, apart from higher-order cor­
rections. 

Evidently, our assumption (25) is equivalent to 

4W/m^ (4co/e)2^ (g2/47rw2)2«l, (31) 

i.e., the weak-coupling approximation. This is consistent 
with our neglect of graphs other than the ladder type. 

Later, we will calculate higher-order corrections to the 
Bohr formula for the case of the nucleon-antinucleon 
bound-state problem; these come from relativistic and 
nucleon-antinucleon pair effects. 

IV. CALCULATION OF ENERGY EIGENVALUES 

We now return to our original problem. According to 
Eq. (15), we must calculate fd4p\p(p). Using (27), 
(22), (20), and (16), we obtain 

fdAprP(p)=iw2 \ dn drj 
J J 0 Jn 

t F(t-\v\) 

f(«^+H-i«¥) 
X[l+(Aco /e ] ) 

where we have made use of the integral formula 

1 Mr2 1 
/ &P- (p2+A)* 2 A 

\p(p) is in error by an amount of order co/e in view of the 
14 M. M. Levy, Phys. Rev. 88, 725 (1952). 

approximation (26). Upon changing rj into £—77 and 
then interchanging the order of the £ and rj integrations, 
we have 

fd*pHp) = i*2f dvF(v)I(r,)\:i+0(u/e)l (32) 

where 

m=f & i 

awe+n+hHk-nY~] 
(33) 

The integral I(rj) may be evaluated by an elementary 
calculation; the result is as follows: 

eV L(4CO2+€2)T?J eS 

2~e2
V f 

X ; tan"1 • 
(e2coV+ e27] — 1)» L 

(€2C0V+€27/~l)* 

} 
and 

2co277+l 

(€2coV+e27?-l>0), (34a) 

/(*) = 
eV L 

4(CO2T?+1) 

(4co2+e2)Vl 

l 2-e2
V 

Xln-

eV (l—e2rj— e2coV)* 

2co^+l- ( l~e 2 7 ? -e 2 coV)^ 
i , 
2a)277+l+(l-e277-62coV)* 

(€2coV+e27/-KO). (34b) 

Since we are concerned with large e/a>, the condi­
tion e2o)2if-\-e2rj—l>(<)0 is essentially equivalent to 
77>(<) l /e 2 ; this leads to a neglect of terms of order 
(co/e)2 in (32). 

The integral (32) diverges for T? = 0 , but this diver­
gence will be canceled when we subtract \_fd^p \K^)]#2=o. 
We cannot, of course, use (32) for the evaluation of 
\_fd^p $(P)~]E2~O> since we have assumed there that 
—E2 is quite large. This term must therefore be calcu­
lated separately. From covariance, fd^p \f/(p) is a 
function of E2 only, and so 

[/W(#] t =fd*p*(p,E=0). 

The function \f/(p, E=0) has, however, already been 
evaluated11 and is given by 

<K^£=0) = 2 f <h q F f a f t 2 ; -»*•?) 

[r,(^>2+w2) + l ] 3 ' 
(35) 

where F represents the hypergeometric function, and 
a, /3 are given by 

<*=§{1+[1+ fe!/A!)]!}, 

^ = H i - C i + ( g 2 A 2 « » 2 ) ] i } . 
(36) 
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I t is evident that (35) has essentially the same form as Actually, in the derivation of (39), we use only the rela-
(16) for E = 0 . tion a+fi= 1. However, if we note the explicit form of 

Proceeding as before, we have ce, /3 given by (36), and expand in a power series in 
£2/m2, then it may be easily seen that 

C /•• F(a,p,2;-m2
v) 

I d*p rf,(p9E=0) = iir2 I drj , r™ F(a, p , 2; - m \ ) 
J «̂ o r](m2rj+l) I dt] =— \n(am2)+0(g2/m2), 

J a r](m2r}+l) 
and so ( a m 2 - > + 0 ) . (39') 

/

r p i This result is equivalent to the replacement of F{a, /3, 2; 

d*p \ls(p) — \ I d4p \[/(p) —m27j) in (39') by unity, involving an error of the order 
*- J^2=o 0f g2/w?t We will see shortly [this is already indicated 

t r«>- ru*2 by (31)] that 
= *V2lim I .I(n)F(ri)dri+l I(ri)F(ri)dri g2/tn2=0(a>/e) 

«-*+o| J 2 J . . . . . . 
whence this replacement is justified. 

J'00 F(a, 0, 2; — mV) 1 From (38) and (39') we now have 

— ^ - ^ -dn [ l + 0 ( « / e ) ] . (37) 
lim Z ^ F ^ - : j J 
« ~ » V « ^a v(m2v+l) J 

We proceed to calculate the second term on the right- *• a a r\{m rj-f-l) 
hand side of Eq. (37). Now = i-\n(Ae2/m2)+0(^/e), 

r11*2 l r1 

I I(ri)F(?i)dri=*— I(x/e2)F(x/e2)dx. 
J a e2 J aS 

Neglecting terms of order co/e compared to unity, we 

whence (37) becomes 

can set [ fx 1 
F(x/*)c*l = iir\j / W ^ ) * » + l - M 4 e « / « * ) | + 0 ( ( o / e ) . (40) 

and 
2 / 4 \ 1 2—# 1— (1 — x)h Notice that the divergence in the limit as a—» + 0 has 

I(x/e2)^e2 

#2 \#/ 
m 1 # been eliminated. 

#2 (1—x) * 1 + (1 — a) * J Finally, let us calculate 

In view of the indefinite integral 

2 / 4 \ 1 2-x l - ( l - a ) * 

/

[ 2 / 4 \ 1 2-x 
dx — l n l - 1 + ln-

\x2 \x/ x2 (1-x)* : (1-*)* !+(!-*)* 

s r i(V)F(V)dV. I 
'lit 

We introduce a number X that satisfies the inequality 

2 / * \ 2 ( 1 - * ) * 1 - ( 1 - * ) * l /co2»X»l/€2 . 
ln-( x\ : 

-j- . , / . _ u ' For example, we can take 

X=e-2(e/co)A, ( 2 > A > 0 ) . 
we have, in the limit as at2—> + 0 , 

/

i/«2 

7(7 7 )F() ? )^^l - ln(4a€ 2 ) . (38) 

Then, dividing the region of integration into two parts, 
1/6 we have 

\ A ^l/e2 / 
J(rj)F(rj)dV. 

l/c ' 
Next we consider the third integral on the right-hand 

side of (37). One can show, after a somewhat lengthy Now, if we choose 1> A>0 , then in the second region 
calculation, that, in the limit as am2 -> + 0 , of integration where \>rj> 1/e2, we may replace F(rj) by 

unity, and we may write 
/•« F(a,p,2;-fn*ri) 
I drj - ^ - l n ( a w 2 ) fx fx 

J a V(m2
V+l) / i = J I(v)F(r,)d*&J I(V)dV 

- [^ ( a )+^05) -^ (2 ) -^ ( l ) + l/o^], (39) * ^ 2 _ ^ 
where ^ j j J — l n ( - ) t a n - ^ a - l ) * 

/ x d Ji lx2 \x/ x2 (x-iy> J 
* ( * ) = — l n T ( s ) . K J 

dx = 2 ln4-27r(€2A)-M-0(a;/e). 
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In the first region of integration where oo >)?>X, we can or, in the limit as x —» — 2, 

approximate (34a) by / = 4 c o { ^ ( l ) - ^ ( - ^ ) + l ] - l n ( 2 a ) / a ) + ( e / 2 c o ) + 0 ( l ) } . 
/ („ ) = (r/evKvV+^Ll+Oioi/en ^ ^ ^ . ^ ( 4 1 ) > ^ w ^ ^ 

so tnai 

J \ e J* «(6)VM-w>* 1/€ 

= 2 l n 4 + 4 a r ( « / € ) { ^ ( l ) - ^ ( - ^ ) + l ] 

~ln(2co/6)+|}+0(co/6). 
Furthermore, it is evident that 

w fX ^ „ 27r . ^ , , , I t will be clear later that 
_ • = 2X {-0(a)/e), 

eJi/etyW+yY1 ( V ) * 0=n+O(a)/e), 

whence we have and so ¥(—0) is of the order e/o?. Therefore, 

/ = / i + / 2 7 = 2 ln4-47r(co/e)^(-^)+0(co/e) . 
= 2 1 n 4 - 2 7 r + - I dq+Ofa/e). (41) From this and (40), we have 

e •/i/6« iy(coV+i?)* 

Notice that the arbitrary number A has disappeared. \ dH \l/(i?) — I I d4£ ^(^) 
We now need to evaluate the integral J \_J J^^o 

F(v) =i7f2{-47r(o)/e)d^(-e) + l+0(o)/e)}; 
J! = I drj — 

J i /62 r?(co2r?2 w +^ ) we have here discarded a term in ln(€2/4w2) which is 

hanging the integration \ 
setting 

TT i . ,, . , . U1 s. i approximately 4co2/e2. Returning to our fundamental 
Upon changing the integration variable from 77 to z by -T^ /4 -x v- 1 /1 ,_ 

^ ° ° ° / ^ £q> ^ 5 ^ w e £ncj that 
__ («¥+i? ) *-cor; 1 = _ (327T2)-1 (g2/w2) 

* ~ W + 1 ? ) * + W I ? ' XC~47r (co /6 )^ ( -^ )+ l+0(cu /6 ) ] . (42) 

we obtain ^ye c a n n o w s j l o w ^hat it is consistent to set 

J=4<a I (l-z)-22T$dz, e=n+0(u/e), ( « = 1 , 2, 3, • - •)• 
0 

where According to the definition of 6 given by (28), this 
^ = l — 2(co/e)+0((co/e)2). statement also means that 

To evaluate / , we consider the analytic function of x g2/87rw2~(co/w)0=O(a>/e). 

X
* I t is evident from (42) that the right-hand side will be 

(I — 2)xsr9dz. of the order u/e unless ^(—6) is of the order (e/co)2. But 
this would lead to a contradiction since the left-hand 

A ^ . . , side of (42) is unity. If we notice that 
Assuming Rex> — 1 , we have J 

r1 r1 <*> / 1 1 • \ 
J(x) = 4»[ (l-z)**-'dz-4a [ (1-zYz-Hz n~d) = ~y'E\^e~^Tl)9 

T(l-\-x)r(l—6) r1 ^ e n ^ e on^y possibility that remains is for 6 to be near 
= 4^ 4^ I (l—z)xz~9dz. a pole of ^(—0), viz., d~n (w=l , 2, • • • ) ; we exclude 

T(2+x—0) Js n=0 because it has little physical meaning. 
We may therefore set 

Since s is close to unity, the second integral can be 

evaluated by expanding z~e in powers of 1 — z. This SI/̂ —0)== (0—#) - 1 +0( l ) , 

£ l v e s
 r w i i W I _ M 1 whence we can deduce from (42) and (28) that 

7(*) = 4C0| ^ [ ^ ^ -^-{\-sY+* w== (g2/8 7 r^)^-l[ l + 0(co/6)], 
and also 

T(2+x-6) 1+x 

0 .(!_,)*.+ . . . ! 0-n=-Ug2/^™2)2 

2+x J X[l-(87r)~1(g2/47rm2)+0((g2/m2)2)]-1 . (43) 
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From Eq. (28) we can now calculate a) and therefore e 
in terms of g2/m2; our final result is 

e/m= ll+D~1(g2/4^m2)J+[_l--D~l(g2/4Tm2)2K (44) 

where 

where co2 is given by (23). We can now derive an integral 
equation for F from (47), viz., 

ig2 ru pv /*°° 
F(u,v,t) = l-\ I dx I dy I dz 

4TT2 Jn J* J* 

F(x,y,z) 

D^n-\{il^m2)2 

X {1 - (87T)-1 {g2/Airm2)+0[(g2/^m2)2']}-\ 

or, expressed as a series in g2/m2, we have 

(45) 

47T--0 

Xexp — i(H-y)(2— t)co2-{ 

t oc+y 

IE2 {%—y)2 

4 x-\-y 

m in2\4^m2/ V 64 »4 16n3/\4irm2/ 

1 1 

( — ) ' 
1287r^3V47rw2/ 

+0[(g2/47rw2)6]. (46) 

From (29) we see that the bound-state energy eigen­
values, as given by Eq. (46), have the form of the Bohr 
formula for hydrogen-like atoms plus corrections. The 
{g2/4nrm2Y term cannot be calculated within our ap­
proximation. 

V. REMARKS ON THE CASE OF MESONS OF 
NONZERO MASS AND THE FERMION-

ANTIFERMION PROBLEM 

We take up first the extension to mesons of nonzero 
mass. The only difference from the zero-mass case 
consists in the fact that the meson propagator DF is now 
replaced by A^. Therefore, instead of (8), we have the 
equation 

zt "| 
X(z-t)-i(z-t)-i (x+y)fi2 . (49) 

z-t J 

For the derivation of this equation, the reader is re­
ferred to the sequel to this paper.15 In the case n=0, F is 
independent of the third variable z. If we set 

F(x,y,z)=H(x,y), 

then it can be seen that Eq. (48) reduces to (16) and 
Eq. (49) to (19). Evidently, the Gaussian representation 
(48) is the natural generalization of the Stieltjes form 
(16) which was used before. 

Although it may appear that, in the case of mesons of 
nonzero mass, we have had to introduce a three-
parameter representation, essentially only two of the 
parameters are independent. Thus, let us rewrite (48) 
in the form 

yP(p) = I dx f dyK(x,y) 

Xexpl-ix(p2+a>2+pE)-iy(p2+a>2-pE)^ (50a) 

where 

* ( # ) = 
(\E+p)*+m* (hE-p)2+m2 K (x,y) = i I dz e~l ZF (x/z,y/z,z). (50b) 

X I \&k , (47) Then, from (49), we can derive the following integral 
equation: 

where (JL is the meson mass. 
In this case, it is useless to express \p(p) in the 

generalized Stieltjes form (16), since, unfortunately, we 
cannot now use the convenient integral identity (17) to 
eliminate the momentum variables. 

However, we can show that the momentum variables 
can be separated out by expressing \f/(p) in the form of a 
generalized Gaussian transform. I t will be noted that a 
similar transform was used recently by Nambu12 in the 
problem of the general representation of Green's 
functions. 

Let us write 

K(u,v) = l I dt I dx I dy — 
4w2 J0 JQ JQ) x-

Xexp \-i(x+y)(l-t)a>2 

K(x,y) 

+y 

iE2 (x—y)2 

,00 ^00 „00 

dx I dy I dzz2F(x,y,z) exp{—iz 
o ^o •'o 

Xlx(p2+a>2+pE)+y(p2+a>2-pE) + ll}; (48) 

4 x-{-y 

x(i-*w—(*+?yl (5i) 
\-t j 

Unfortunately, it is very difficult to solve (51) ana­
lytically, and we shall have nothing further to say about 
this problem. 

We turn next to the fermion-antifermion problem. In 
this case, the general method given in Sec. I I may be 
taken over with some modifications. Thus $(p) will now 

15 S. Okubo and D. Feldman, following paper [Phys. Rev. 117, 
292 (I960)]. 
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be a 4X4 matrix/Proceeding by analogy with the de­
velopment which led to Eq. (8), we now obtain 

iy(p+iE)—m[ ig2 /* \p(k) 

the equation 

* ( # ) = - — 75+- -—75 I d*k- -75 
' - • — *|_ (2TT)4 J (p-kY J 

i 

X — — ; (52) 

(p+\E)2+m2V (2TT)4' J (p-k)2 

iy{p—\E) — m 

(p-lEY+m2' 

instead of (11), the relation between \f/ and the gener­
alized vertex operator T& is given by 

iy(p+^E)—m 
*(#)=-—m—zTt iP+hE, p-\E) 

(p+^E)2+m2 

iy{p-\E)-m 
X ; (53) 

(p~iE)2+m2 

also, instead of (12), we now have 

— ig2 C 

(2irY J 

Thus, as before, we can show that, in solving this 
equation for E2, we are, in effect, determining the poles 
of the meson propagator DF

f(E). 
Notice that we have here assumed that the nucleon 

spinors interact via pseudoscalar coupling with a mass-
less neutral pseudoscalar meson field. To extend the 
formalism to quantum electrodynamics, we have only to 
replace 75 by 7M. 

In principle, therefore, when we are dealing with 
Dirac particles, the situation is not much different than 
when we have scalar nucleons. However, Eq. (52) is 
quite difficult to solve because of the 7 matrices. We 
may write 

4/(p) = 75^1+75(7^)^2+75(7^)^3 
+yl(yp)(yE)- (yE)(yp)~]fh 

and assume that all the \f/i have the form (48); we can 
then separate out the 7 matrices and the momentum 
variables, obtaining a set of simultaneous integral equa­
tions for a set of functions Fi which correspond to F in 
(48). These equations are quite complicated so that we 
do not discuss the general case any further here. 

There is still another difficulty in the fermion case, 
viz., Eq. (52) has no finite solution because of the well-
known divergence of the generalized vertex operator. 
However, this divergence can be eliminated by carrying 
out a charge renormalization. In view of Eq. (53), we 
may write 

^(P) = Zr^9(p), (54) 

where Z\ is the renormalization constant defined by 
Dyson10 and ipc is finite. In place of (52), we now have 

mr{p+iE)-mr ig2 r *c(k) 1 
f,(P)= 75ZH- 7s #k 76 

(£+iE)2+m2L (2x)4 J (p-kY J 

X . (55) 
(p-iE¥+m* 

Of course, the general discussion of (55) is quite difficult. 
Here, we will examine the special case E=0 and compare 
with the results given previously in the scalar-nucleon 
case. 

With E— 0, the solution has the simple form 

*.(£) = 7 5 W , (56) 

where F is independent of the 7 matrices. Then, Eq. (55) 
reduces to 

F(f) = 
tg 

+m2 J 

F(k2) 
#h — — . (57) 

p2+m2
 (2TT)4 p2+m2 J (P~k)2 

In the derivation of Eq. (57), we have assumed that the 
meson field is neutral. In the symmetrical theory, we 
find an additional sign change for the second term on 
the right-hand side of (57) due to the fact that the r-spin 
operators anticommute; in this case, instead of (57), we 
find 

W ) = 
ig2 1 

; / " 

Fs(k
2) 

d*k . (58) 
p2+m2

 (2TT)4 p2+m2 J (p-k)2 

For the corresponding problem in quantum electro­
dynamics, one obtains, after having made some ap­
proximations, 

F'{p*)-
lie* 1 /• 

(2TT)4 *2+m2 J ' p*+m2
 (2TT)4 p*+ 

d*k . (58') 
(p-ky 

Equation (58), or its equivalent (58'), was first investi­
gated by Edwards.16 The minus sign in the second term 
on the right-hand side of (58') comes from the fact that, 
in their commutation properties, the matrices 75 and 7^ 
are not alike. 

As we will see shortly, this difference of sign has im-
portaut consequences for the solutions of Eqs. (57) and 
(58) [or (58')]. In the latter case, Edwards showed that, 
in fact, no inhomogeneous solutions exist at all, i.e., 
Zi=0; this result corresponds essentially to the finding 
by Goldstein4 of a continuum of solutions in the bound-
state fermion-fermion problem. The reason for this is the 
following: although we are investigating the nucleon-
antinucleon problem or, equivalently, the integral equa­
tion for the generalized vertex operator TM, the homo­
geneous equation corresponding to (58) or (58') is 
actually the same as that obtained in the ladder ap­
proximation for the bound-state problem of the fermion-
fermion system with fermions of opposite charge. 

16 S. F. Edwards, Phys. Rev. 90, 284 (1953). 
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In the case of the neutral Ys-interaction (57), on the 
other hand, we will see that Zi= °o? so that, for this 
case, no solution of the homogeneous bound-state 
integral equation exists at all. Both of these results are 
completely different from the scalar-nucleon case, which 
we treated earlier. 

We now discuss the solution of Eqs. (57) and (58). 
By analogy with the scalar-nucleon case, we express 
F(p2) as a Stieltjes transform, i.e., 

B O D Y P R O B L E M . I 

Then, from 

289 

dG 2 
—=—Cv(v+l)Pv(x), 
dt m2 

and the asymptotic relation for the Legendre functions 

T(l+2v)/ty 
!%(*)=- zL(L\ 

-v) \m2/ 
[1+O(»V01 (v>0) 

dt-
G{t) 

•o (p*+m*+ty 

Then, using (17) and noticing that 

1 r" G{t) 1 

4 - m 2 «/n 

(59) 

dt-
p2-\-m2 

•f dt-

m2+t p2+m2+t 

2G(f) 

t(m2+t) 
I dx I dy 

1 

(p2+m2+yY 

1 

(p2+m2+y)z ^o I dxL dt-
2G(f) 

t(m2+t)' 

we find that (57) will be satisfied provided 

G(i) = 2tZ1- r ><ldxL dy-
G(y) 

16x2«A> J* ' y(m2+y) 

This is equivalent to the differential equation 

t(m2+t)—G(f)—^—<?(/) = 0 
dfi 16TT2 

(60) 

(61) 

r*(i+p) 

for t/m2—* w, we find, from (62b), that 

w2 r2(l+»') 
C= L-'Zx, 

v(v+l) T(l+2v) 

where L is the value of t/m? at infinity. We have finally 

m2 r 2 ( l+v) 
G = L-'Ziinfi-tyPlix). (65) 

v(v+l) Y{\+2v) 

The renormalization constant Z\ can be determined 
in the standard way.10 From (53), (54), and (56), we 
have 

Tf{p,p) = (p*+m*)F(f)yi -> ys, (p2+m2 -» 0). 

From (57), this is equivalent to 

[(^2+m2)F(/>2)Lw=o 

F{¥) 
= l = Zi -

^yu (p-ky]p*+„, 

32TT2 JB 

G(i) 

subject to the boundary conditions 

G(*=0) = 0, (62a) 

(««?/*)«_=2Zi. (62b) 

Equation (61) has the two independent solutions 

G=(s?-l)*P,1(x), (x^-iyQ^x), 

x=(2t/m?)+l, (63) 

32TT2 J0 t(m?+t) 

On comparing this with Eq. (60) (differentiated once 
with respect to t), we find 

(&G/dt)M=2. 

Hence, from (65), we must have 

where 

and v is given by 

r ( l+2*) 
Z i = — — — L % 

and so 
r 2 ( l+e) 

v(v+\) = gyi(m*; (64) G(t) = m* 

the functions P} and Qv
l are the associated Legendre 

functions of the first and second kind, respectively. 
Since the solution (V does not satisfy the boundary 
condition (62a), our solution must be of the form 

G=C(a*-l)yV(*), 

where C is a constant to be determined. 
Without loss of generality, we can take v>09 since the 

other solution of (64) is given by — (v+1) and 

KH-l) 
(x2-\y*Pv

l(x). 

(66) 

(67) 

Notice that Z\— oo since v>0 and L —» + oo. 
The function F(p2) may be calculated next from 

(59); after carrying out an integration by parts, we have 

Pll+(2/m2)t2 
dt-

o (p2+m2+t)2 

1 wv(v+l) 

(68a) 

m£ s in^ 
F(2+*>, 1-y, 2; -p2/m2). (68b) 
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In the symmetrical meson theory or in quantum 
electrodynamics, where Eq. (58) or (58') is our starting 
point, we can proceed in a similar way. An essential 
difference appears when we come to the analogue of 
Eq. (64) which will now read 

„ („+! )=-g 2 /167r 2 . (69) 

The two solutions of this equation are both negative 
with 0 > J > > — 1. Once again, without loss of generality, 
we can take v to be the larger solution and so 

The solution will again have the form (67), with the 
renormalization constant Z\ given by (66). 

The only difference is that v is now negative, and so, 
from (66), we have 

Z i = 0 , 

which is Edwards' result.16 Then Eq. (58) is essentially 
a homogeneous equation whose solution is given by 
(68b), where v is defined by (69). This result agrees 
exactly with the solution given by Goldstein4 who 
treated the homogeneous equation corresponding to (58) 
which, as we saw earlier, is equivalent to the bound-
state integral equation of the nucleon-antinucleon 
system without the annihilation diagram, or to that of 
the two-nucleon system with opposite charge in the 
ladder approximation. There is, in this case, no solution 
of the inhomogeneous equation (58), and we accordingly 
have the continuous level spectrum of Goldstein. 

In the case of the neutral 75 coupling, we see, on the 
other hand, that there is no solution of the homogeneous 
equation of (57); hence, there are no bound states for 
the nucleon-antinucleon system without the annihila­
tion diagram, or, equivalently, for the two-nucleon 
system in the simple ladder approximation. 

Thus, we see that there is a considerable difference in 
our results depending on whether the nucleon is a scalar 
or a spinor particle. The latter case is peculiar, at least 
when E = 0 ; it is not at all clear whether a reasonable 
solution exists for the general situation E^O. 
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APPENDIX. INVESTIGATION OF THE ANALYTIC 
PROPERTIES OF THE WAVE FUNCTION $(p) 

Here, we prove that $(p), regarded as a function of 0, 
has poles at d=n (n= 1, 2, 3, • • •) as was stated in the 
argument following Eq. (28). 

By using Eqs. (20), (22), and (27a), we can rewrite 

(16) as follows: 

Jft J _* 

F(f-h|) 
-i [ £ ( / + < o 2 ) + # £ + 0 

= f dif dvF(ri)(^ 

1 

(J(£2+co2)-(£-„)££+O ) 

On interchanging the order of the £ and 77 integrations 
and then carrying out the £ integration, we find 

HP) 
\f+tf+pE f+tf-pE/ 

X f dt) 
F(r>) 

Lv(p2+co2)+l7 

where F(rj) is given by (27b). 
Upon changing the integration variable from 77 to z 

according to the transformation 

z=-
(coV+7?)*+a»7 

(o)2rj2-{-r})^—o)r) 

we obtain 

*(*) 
\£2+co2 

1 

p2+o2+pE p2+o)2-pE 

X 

) 

I / O ) 2 \ 2 

,>2U2+a>2/ 
where 

and 

, « , ) . / 
2e(z2- l) 

= I dz-
1 C( l -z) 2 +2X Z ] 2 ' 

X = 2w2/(/>2+co2). 

(Al) 

(A2) 

(A3) 

Taking a number N which is arbitrary but large 
(ACM), we divide the region of integration in (A2) into 
two parts, viz., 

r(o)=ii(6)+i2(e) 

.N „ o o . ze(z2~l) 
\dz-<[<> C(l-0)2+2X^]2 

Now 11(6) and all its derivatives with respect to 6 are 
finite for all 0, so that 71(6) is a regular function in the 
complex 0 plane except for 6= 00 ; it therefore has no 
poles. In 12(0), on the other hand, we can expand the 
denominator in a power series in 1/2 since z^Ny>\. 
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Then 

12(d) = f dz 
•J AT [1_2(1-X)(1A) + (1/^)? 

= E dz[z»-*-z^-}Cr?(\-\)(-) ; 
n=0 JN \z/ 

the Cn
2 are the Gegenbauer polynomials. Upon carrying 

out the z integration, we have 

h(e) = T,cn
2{i-\) 

n=0 

X 
ln+l-d\N/ n+3-6\N/ J i+l-e\N/ n+3-

Evidently, 12(B) has poles at 

0=1,2,3 

and its residue at 6=n is given by 

-C._1
2(l-X)+Cw_32(l-X) 

V + t O 2 / \p2+C02/ 

where it is understood that Cm
2=0 for tn<0. 

The residues of ^(p) are evidently solutions of the 
homogeneous equation (9), and thus are the bound-
state wave functions in the absence of the pair-annihila­
tion interaction; the corresponding energy eigenvalues 
are determined by the relation 6=n=l, 2, 3, • •. From 
(Al) and (A2), the solutions of (9) are given by 

Of course, these wave functions are valid only for large e 
since we have used the approximation (26). 

When E=0, on the other hand, we can get the exact 
solutions for the bound states of (9). Equation (35) can 
be integrated,17 yielding 

*(f,£=0) = 
ir(a0) mL 

sinOr0) (p2+m2y 

0+1,2;-
p2Jrm ) • 

(A5) 

where we have used a+/3— 1. Evidently, \f/(p), regarded 
as an analytic function of a or /3, has simple poles. In 
particular, it has such poles when 

13=-n, (w= 1,2,3, •••) , 

which, in view of (36), lead to the eigenvalues 

g2/4T2m2=n(n+l). (A6) 

The corresponding residues of \p(p, E=0) at f3= — n 
are given by 

1 / P2 

0n(#) = constX—7-;——F[ »+2,1 —»,2;-

= const X-

(p2+m2y 

1 

' (p2+m2) 

p2-\-ni- ) 

•(*2-l)-*iV(*), 

(»=1,2 , - - - ) , (A7) 

0„(£) = constX (—L-+—!—X—)' 
\p2+u2+pE p2-\-u2-pE/\p2+o>2/ 

x\cn^
2(^^)-Cn^

2(^-^-)\ (A4) 
L U2+co2/ \p2+o>2/} 

where x= — (p2—m2)/(p2-\-m2) and Pn(x) is the as­
sociated Legendre function. The eigenvalues (A6) and 
eigenfunctions (A7) agree with those given by Cutkosky6 

who investigated the bound-state problem in the ab­
sence of the pair-annihilation term, using a generaliza­
tion of Fock's stereographic-projection method.18 Of 
course, in (A7), we have obtained the solution for S 
states. 

17 A. Erdelyi et al., Tables of Integral Transforms (McGraw-Hill 
Book Company, Inc., New York, 1953), Vol. II, p. 400, Eq. (10). 

18 V. Fock, Z. Physik 98, 145 (1935). 


