
P H Y S I C A L R E V I E W V O L U M E 1 1 7 , N U M B E R 1 J A N U A R Y 1 , 1 9 6 0 

Some Aspects of the Covariant Two-Body Problem. II. The Scattering Problem* 
SUSUMTJ OKUBO,f Department of Physics, University of Rochester, Rochester, New York, 

AND 

DAVID FELDMAN, Department of Physics, Brown University, Providence, Rhode Island 
(Received June 1, 1959) 

By way of extension of a previous study of the bound-state problem within the framework of the covariant 
Bethe-Salpeter formalism, the scattering of nucleons by nucleons has been investigated in the ladder approxi­
mation, assuming scalar nucleons and zero-mass scalar mesons. The solution of the scattering problem can 
be effected by using an integral-transform method which is similar to that developed for the bound-state 
problem, subject to the assumption that the nucleon mass is large compared to the kinetic energy in the 
center-of-mass system. An essential complication which is now encountered is the appearance of an infrared 
divergence. Two methods of circumventing this difficulty are discussed. The cross section can be calculated 
from the Green's function by a limiting process; the usual ^-matrix formalism leads to incorrect results in 
this case, and an amplitude renormalization is required. In this connection, it is instructive to re-examine, 
in detail, the Coulomb-scattering problem in momentum space, since this is very closely related to the 
Bethe-Salpeter scattering problem. The Green's-function method turns out to be unsuitable for the calcu­
lation of higher-order corrections to the nucleon-nucleon scattering cross section, so that here a cutoff 
procedure must be used. 

I. INTRODUCTION 

T N a previous paper,1 we developed a procedure for 
-** handling the bound states of the nucleon-antinucleon 
system for the case of scalar nucleons. Here, we extend 
the method to study the nucleon-nucleon scattering 
problem in the ladder approximation in terms of the 
covariant Bethe-Salpeter (B-S) formalism. Once again, 
it is quite difficult to treat the spinor-nucleon case, and 
so we restrict ourselves to the same model as was used 
previously, viz., scalar nucleons and zero-mass scalar 
mesons. One can hope that an extension of the method 
may eventually be helpful in treating the problem of 
the scattering of spinor nucleons by nucleons. 

In our discussion of the scattering problem, we shall 
find it very helpful to use the integral-transform method 
developed previously for the bound-state problem. A 
similar approach has been presented independently by 
Nishijima,2 but his results appear to be in error since he 
did not treat properly the infrared divergence which 
appears in the theory. The appearance of an infrared 
divergence in the scattering problem represents an 
important difference from the bound-state problem and 
leads to complications. These are connected with the 
existence of a distorted incoming wave in the Coulomb-
scattering problem, as will be seen later. 

As is well-known, the infrared divergences which 
appear in quantum electrodynamics have their origin 
in the emission of virtual soft photons and should be 
canceled by terms which come from the emission of 
real soft photons.3 This is true to any order of pertur-
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1 S. Okubo and D. Feldman, preceding paper [Phys. Rev. 117, 
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2 K. Nishijima, Progr. Theoret. Phys. (Kyoto) 14, 203 (1955). 
3 See, for example, J. Jauch and F. Rohrlich, Helv. Phys. Acta 

27, 613 (1954). 

bation theory and is also true in our scalar-photon 
case. The difficulty in our problem is that our solution 
of the B-S equation does not correspond to simple 
perturbation theory, and so we must take into account 
real soft-photon emission in a non-perturbation-theo­
retical way. To do this properly seems to be quite 
difficult; hence, we content ourselves in this paper with 
solving the B-S equation without considering soft-
photon emission. We introduce, instead, a low-frequency 
cutoff for the virtual-photon energy. 

Our treatment of the scattering problem is based on 
a covariant form of nonrelativistic approximation which 
is similar to that used in I. It turns out that, in the 
lowest-order approximation, all infrared divergences are 
contained in a phase factor and so do not lead to any 
difficulties at all. In fact, the cross section is then given 
exactly by the classical Rutherford formula for the 
scattering of a particle by a Coulomb potential. How­
ever, in the calculation of higher-order corrections to 
the Rutherford formula, the infrared divergences appear 
in a nontrivial way. 

In the extreme low-energy limit, the cross section 
may be obtained from the Green's function by means of 
a limiting process. Since we are dealing with zero-mass 
mesons, however, the usual S-matrix formalism does 
not give the correct answer, and an amplitude renormal­
ization for the wave function is required. This situation 
is clarified by considering the classical Rutherford 
scattering problem in momentum space. 

For reasons that will be given later, the Green's-
function method is not suitable for the calculation of 
higher-order corrections, so that here we must use a 
cutoff procedure. In this case, an amplitude renormal­
ization is not necessary. 

In Sec. II, we set up the general formulation of our 
scattering problem; in Sec. Il l , we consider the appli­
cation of the integral-transform method; in Sec. IV, 
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we investigate, in detail, the Coulomb-scattering prob­
lem in momentum space; in Sec. V, we return to 
consider the solution of the B-S equation. 

II. FORMULATION OF THE PROBLEM 

For simplicity, we consider a charged scalar nucleon 
field <j> in interaction with a neutral scalar field A with 
zero rest mass, the interaction Hamiltonian being given 
by 

H^g^A- (1) 

Assuming, for definiteness, that both particles have 
positive charge, the B-S wave function x(%j) which 
characterizes the two-nucleon scattering state satisfies, 
in the ladder approximation, the following inhomo-
geneous integral equation: 

x(^y) = xin(oc,y)-g2 I I d^x^yx AF(x-Xi) 

XApiy-ydDFixi-yOxfayd, (2) 

where Xin represents the wave function of the incident 
free particles. The functions AF and DF are the same 
as were used in I; notice also that g2 in (2) corresponds 
to 4g2 of I. Equation (2) may be derived by the method 
of Gell-Mann and Low.4 

We now separate out the center-of-mass motion from 
the internal motion by writing 

X (%,y) = ei(E/2) ^x+y)f{x-y), (3) 

where E is the energy-momentum four-vector of the 
total system (we use natural units with h=c=l). 
Denoting by pi and p2 the four-momenta of the two 
incident nucleons, we may set 

since 
px2+m2=p22+tn2=0, 

we have also 

k^-iW+m2), (4a) 
kE=0. (4b) 

The function Xin may now be written as follows: 
xin(%,y) = cons tX^^ 0 "* *)e**0B~y). 

Since the two nucleons are identical and obey Bose 
statistics, we should, strictly speaking, symmetrize Xin 
with respect to an interchange of the two particles. 
However, this symmetrization can be effected at the 
end by symmetrizing the total wave function with 
respect to the replacement of k by — k. 

On defining the Fourier transform of (3) by 

we find that \p(p) satisfies the following equation: 

k2 1 1 

(2TT)4 p2-k2+pE p2-k2-pE 

's\W—?—. (5) x 

A vanishingly small negative imaginary part is under­
stood to be contained in all denominators; also, for 
convenience, the constant in Xin has been taken to be 
unity. 

As we will see later, Eq. (5) has no finite solution 
because of the appearance of an infrared divergence. 
One way to avoid this difficulty is to consider that the 
meson field has a small but finite rest mass /x; another 
way is to work with the Green's function instead of 
the B-S wave function. For the sake of reference, we 
write down the equation for the Green's function in 
the general case of a meson field of finite mass: 

G(p,q,E) = 5(p-q)-
ig* 1 

(2TT)4 p2-k2+pE p2-k2-pE 

X d*p> 

(p-py+n* 
(6) 

here, q is an arbitrary four-vector, and k2 must be 
interpreted from (4a) as a function of E2. Equation (6) 
represents the transcription in terms of momentum 
variables of the inhomogeneous integral equation satis­
fied by the two-nucleon Green's function G(x,y\xr,y') 
in the ladder approximation.4 

With q—k, G(p,q,E) is essentially the wave function 
\p(p) of the scattering problem with a finite meson 
mass, where \p(p) satisfies the equation 

*(#) = «(#-*)-
ig2 1 

(2TT)4 p2-k2+pE p2-k2-pE 

X 
it-py+f 

(50 

4 M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951). 

On setting /z=0, we of course regain Eq. (5). 
Finally, we consider the physical meaning of the 

vector k. In the center-of-mass system, 
E=(0,0,0,*e), (7) 

where e is the total energy of the system. From (4b), 
it follows that k must have the form 

*=(k,0), (8) 
where k is a three-dimensional vector. From (4a), we 
then have 

e = 2(k2+m2)K (9) 

Evidently, k and — k are the wave numbers of the two 
nucleons in the center-of-mass system. 
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III. THE INTEGRAL-TRANSFORM METHOD and then interchanging the order of the z and / inte-

We now turn to a consideration of Eq. (6). Let grations, we find that 

G(p,q,E) = 8(p-q)+F(p,q,E); (10) / = ^ f^ f\. f\ f^tffey,̂  
= 7r2 I d# I dy I & I cte K(x,y,z,f) 

Jo JQ JQ J% x+y+1 we then find that ^o Jo •'o J% x+y+1 

ig2 1 1 Xexp{-itix(p2-k2+pE) 
P(P,q,E)'-

(2^p2-k2+pEp2-k2-pE +y(p2-k2-pE)+(p-q)2+fi
22}, 

f l r F(pf,q,E) 1 where we have introduced the abbreviation 
+ | < * y — — — . (u) 

(p-qy+n> J (p-py+^i , x+y 
K(x,y,z,t)=:exp\ ik2(x+y)(z—t) — iq2 (z—t) 

Next, we express F(p,q,E) in the form of a Gaussian I x+y+1 
transform, viz., 

y—x E2 (x—y)2 

f00 r™ f°° +i<lE {z-t)+i (z-t) 
F(p,q,E)= I dxj dy\ dzz2H{x,y,z) x+y+1 4 x+y+1 

Jo Jo Jo 
V zt 11 

Xexp{-izl(p2-k2+pE)x -iA (x+y+l)+z-t . 
+ (p2-k2-pE)y+(p-q)2+^}. (12) 

(14) 

Next, we observe that 

dv 

I t is worth while noticing that Nambu,6 in his investi­
gation of the general representation of Green's func- 1 1 (%cc C 
tions, found a form which is almost the same as (12). —=— I du I 
Since we are interested in the p dependence of F (q and P ~k +pE p —k —pE Jo Jo 

E are fixed), H(x,y,z) is independent of p but may XexDV-iu(tf-k*+4>m-iv(4>*--k*-4>Fl)l 
depend upon q and E. In (12), p2 is understood to X 6 X p L m P * ^P^} ™[p * P*U' 
include vanishingly small imaginary parts. Multiplying this by / and replacing the variables u and 

Now, using v ky U£ a n c j v^ respectively, we obtain 

1 
= i 

(P-py+fx-
if duexp{-iuL(p-p')2+n2l}, T 1 1 P F(p',q,E) 
J J== I d*p 

i?2-k2+<t>E i?2-k2-i)E J (b-b'Y+i 
and (12), we find, upon replacing the integration 
variable u by uz, 

p2-k2+pEp2-k2-pE J (p-py+fi2 

r°° r00 r°° r00 r00 r00 

=. — 7r2 I du I dv I dx I dy l dt I ds 
*^o *A) *^o • ' o *^o ^* 

(p-py+f,2 H(x,y}z) 
X /2 K (x,y, Zyt) exp {— it 

~w ^ ,w -ou ~ou 

= i I ^ I dy I dz\ duz*H(x,y,z) 
JG J0 J0 J0 

X fd*p' exp(-iz{(p'2-k2+p'E)x 

x+y+1 

Xl{x+u){p2-k2+pE) + (y+v){p2-k2-pE) 

+ (p-q)2+»2l}. 

With the substitution of u—x, v—y for the variables 
4 _ ( ^ 2 _ ^ 2 _ ^ / £ ) ^ + ( ^ _ ? ) 2 ^ M 2 ^ [ ^ / _ ^ ) 2 + M 2 - ] # j ) > u, v, respectively, followed by an interchange of the 

order of the x and u integrations, etc., we obtain finally 
The integration over pr may be carried out with aid of 
the integral formula J=-^ f du f dv f dtPeM-iW-V+pE) 

/

7T2
 JQ Jo Jo 

d^p' exp {lap'2) = i . (13) 
a\a\ 

+v(p*-k2-pE)+(p-q)2+^} 

Upon carrying out, subsequently, a change of the p^ ~* /»°° H(x,y,z) 

0 ~t x+y+ 

Upon carrying out, subsequently, a change of the ^ ^ /»°° H(x,y,z) 
integration variable from u to / by setting X I dx j dy j dz K(x,y,z,t). (15) 

t=uz/ (x+y+u+1), 
5 Y. Nambu, Nuovo cimento 6, 1064 (1957). Notice that this has exactly the same form as (12). 
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For the inhomogeneous term of (11), we write 

1 1 1 

p2-k2+pEp2-k2-pE (p-q)2+n2 

00 - 0 0 00 

= -i I dul dv j dt t2 exp\-it[u(p2-k2+pE) 
JQ J0 JQ 

+v(p2-k2-pE) + (p-q)2+^}. (16) 

Upon inserting (12), (15), and (16) into (11), we infer 
that H must satisfy the integral equation 

p integration with the help of (13), we derive the 
following equation: . 

dz-
o -o "o (u+v+1)2 

~°° ôo ôo H(u,v,z) 
\l/(x) = eikx-i7r2 I dul dv j <* 

*A) ^ 0 ^0 

( ix2 1 
Xexpl 

1 Ex u—v 

4 z{u+v+l) u+v+1 2 u+v+1 

+v)2 \ 
-ifxh). (19) 

v+1 / 

iE2z(u—v)2 z(u+v)2 

4 u+v+1 u+v+\ 

H(u,vyt) = 
ig2 

(2TT) 4 16TT2 

dxj dyl 
n Jn J t 

Actually, the physical interpretation of the B-S wave 
function \p(x) is not well established, particularly since 
it involves x^ the relative time coordinate of the two 

, jj(xyz) nucleons. Since, in scattering experiments, we measure 
dz !_L_j[£(a^Zj^ (17) the scattered waves of the two nucleons at the same 

x+y+1 time, it seems reasonable to take #4=0. Indeed, in this 
case, the B-S wave function corresponds to a Tamm-

where K is given by (14). Dancoff amplitude,6 whose physical meaning is clear. 
Now, in view of Eqs. (10) and (12), it is clear that T h e n ? g o i n g o v e r t o t h e Center-of-mass system for 

(17) is an integral equation for the Green's function w h i c h (7) i s applicable, so that Ex=0, and introducing 
for fixed q and E. Since we are interested in the real ^ e notations 
scattering problem, we have to set q=k. Making use 
of (14) and (4b), we find 

H(x,y,z) gL %gc pu r° r™ Jti{x,y,z) 
H(u,v,i) = 1 I dx\ dyl dz 

(2TT)4 16TT2J JQ Jt x+y+1 

\ (x+y)2 

Xexpu&2 

I # + y + l 

zt 

e2 (x—y)2 

[z-t)-i (z-t) 

x2 = x2 = r2, kx=k-x=kr cosdj 

we obtain from Eq. (19) 

^(x)^(x , #4=0) 

E(u,v,z) 
— „ik-x___„'2 

-l^ 

Vz-t 

4 x+y+1 

{x+y+1)+3-/11, (q = k), (18) 

dul dv I 
o ^o *̂ o 

dz-

Xexp 0 
1 

(u+v+1)2 

1 
-ikr cos0-

where we have replaced E2 by — e2, according to (7). 
We investigate next the relation between H(x,y,z) 

and the scattering cross section. The wave function in 
coordinate space is defined by 

\p(x)= I dAp^(p)e^x. 

Recalling that 
Hp) = G(p,q=k,E), 

and making use of Eqs. (10) and (12), we obtain 

4 z(u+v+l) u+v+1 

e2 z(u—v)2 z(u+v)2 

-ik2~ 
+v) A 
v+1 J 4 u+v+1 u+v+ 

Now, we are interested in the asymptotic form of 
^(x) as r~> oo. Since the exponential factor will 
oscillate quite rapidly in this limit, we can use the 
so-called method of stationary phase.7 We then find 

* ( x ) " 
2wHellcr r00 / r r \ 

x I d z H ( ^ A 
e r J* X^kz^kz / 

x//(x) = eikx+ 
-CO - 0 0 ~Q 

I du\ dv j 

X exp {- iz\_2k2 (1 - cosfl) +M
2]}, (r -> oo). (20) 

dz z2H(u,v,z) Defining a four-vector kf by &'= (k',0), where k'2=k2 

and k'||x, we have finally 

/

• 2wH ellcr r°° 
d*p exp{ipx—iz[u(p2—k2+pE) \f/(x)^eik'x I dz H(u= coyv=cc,z) 

e r J * 

+v(p2-k2~pE)+(p-k)2+»2l}, 

where, to avoid confusion, we have written u and v 
instead of x and y in Eq. (12), Upon carrying out the 

Xexp{-;C(£-£02+M2]} (21) 
6 M. M. Levy, Phys. Rev. 88, 725 (1952). 
7 G. N. Watson, Theory of Bessel Functions (Cambridge Uni­

versity Press, Cambridge, 1945), second edition, pp. 225, 229. 
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provided H(u= &> ,v= <*>, z) exists. The scattering cross 
section from the initial relative momentum k to the 
final relative momentum kf is therefore given by 

da 4TT6| n<* 

= — I dzH(u=coJv=coJz) 
€2 \Jo dtt 

Xexp{-^[(£-£')2+M2]} (22) 

Strictly speaking, Eq. (22) is true only for the 
scattering of two nonidentical particles, since we have 
not symmetrized the scattering amplitude with respect 
to the replacement of k by —k. For the sake of sim­
plicity, however, we will not indicate this symmetri-
zation explicitly. 

Our expression for the cross section [Eq. (22)] must 
agree with the result derived from the usual S-matrix 
formalism. Apart from a multiplicative factor, the T 
matrix is given by8 

p , k ~ — <*y 
2 T T W (fi-fi') 

(23) 

where p= (p,0), *= (k,0), and p2=k2, i.e., we are 
concerned here only with that part of the T matrix 
which is on the energy shell; the function \p(pf) in (23) 
satisfies (5'). The T matrix given here is related to the 
S matrix in the usual way, viz., 

SPtk— — 27ri5 (Mp—Eh) Tp, &. 

On evaluating (23) with the aid of (10), (12), and the 
relation \p (pf) = G (p',k,E), one finds 

rp,*= I dz - 1 dx\ dy\ 
J0 I (2TT)4 16TT2^O JO JZ 

dt 

X 
H(x,y,t) f 

exp ik2-

(2TT)4 1 6 T T 2 ^ 0 

(x+y)2 

(t-z)-
x + y + 1 L x + y + 1 

-iA—(x+y+l)+t-zj 

e2 (x—y)2 

i , 
4 #+;y+l 

(t-z) 

Xexp{-i%C(^-^)2+M2]}. 

In view of the integral equation (18), this can be 
rewritten in the form 

^P,*— I dzH(u=co,v=<x>,z) 

Xexp{-izt(p-k)2+»2l}, (24) 

so that we are once again led to the formula (22) with 
the replacement of p by kf. 

In both derivations, we have assumed the existence 
of H(u= oo 7 v= oo, z); indeed, when this is the case, 

8 K. Nishijima, Progr. Theoret. Phys. (Kyoto) 10, 549 (1953); 
12, 279 (1954); 13, 305 (1955). 

the two determinations of the cross section agree with 
one another. But, if H(u= <*>, v= oo, z) does not exist, 
then we will see that the usual 5-matrix formalism is 
useless. On the other hand, our first approach which 
was based on the evaluation of the asymptotic form of 
the wave function needs to be re-examined, since it 
now appears that the wave function does not have the 
usual asymptotic form, viz,, that of an incoming plane 
wave plus an outgoing spherical wave, but, in fact, 
these waves are distorted, and indeed, at the same 
time, the normalization of the incident wave is altered. 
This has the consequence that the derivations of the 
cross section based on the analysis of the coordinate-
space wave function and on the 5-matrix formalism 
will not agree. This peculiar result is obtained when 
fx=0 and is essentially due to the infrared divergences 
which are present in the theory. 

In this paper, we will treat, in detail, only the case 
/x=0, the more general situation which obtains when 
ju^O being too difficult to handle. When M=0, it follows 
from (17) and (14) that H(u,v,f) is independent of t, 

H(u,v,t)=H(u,v), 

and satisfies the equation 

g2 g2 ru s*v 
HOu.v) = —I I dx\ dy Hix.y) 

(2TT)4 16TT2JO JO 

1 
X-

\e2{x—y)2—k2(x+y)(x+y+l) 
+q2 (x+y)+qE(x—y)— i8 

(25) 

where — id is the vanishingly small negative imaginary 
term which was implicitly included in the p2 of all 
denominators and exponential factors. Equation (12) 
becomes correspondingly 

^00 ^ 0 0 

F(p,q,E) = 2ij dx\ dy 
Jo ^ o 

. H(x,y) 
X-

tx(p*-k*+pE)+y(p*-k*-pE) + (p-qyj 
(26) 

Evidently, the Gaussian representation (12) reduces to 
the Stieltjes form (26) in the case /z=0. 

In point of fact, Eq. (25), which is valid when v=0, 
may be obtained more easily by expressing F in the 
form (26) and then following a procedure similar to 
that used in Sec. I l l of I. An equation corresponding 
to (25) has, in fact, been derived independently by 
Nishijima2 who used such a method. 

When we deal with the real scattering problem, we 
have only to set q—k in Eq. (25); in view of (4b), we 
obtain 

H(u,v) = — -—77+-— I dx J dy 
(2-n-Y 16^ ^o 

X-
H(x,y) 

iei(x—y)2—k2(x+y)i—i8 
(27) 
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which, in turn, is equivalent to the differential equation 

d2 

-E(u,v) = 
H(u,v) 

16TT2 le2(u-v)2-k2(u+vy-id 
(28) 

subject to the boundary conditions 

H(u=0,v) = H(u,v=0)=-g2/(2iry. (29) 

Nishijima2 inferred from Eqs. (28) and (29) that the 
solution must be of the form 

E{u,v) = f({u-v)/{u+v)), / ( ± 1 ) = -£2/(27r)4. 

But then H(u,v) is a function of u/v only, whence it 
follows from (27) that the integral on the right-hand 
side is divergent for x=0 or y=Q. This means that 
(27) has, in fact, no solution at all. 

One way out of this difficulty is to try to solve, not 
(27), but rather the more general equation (25) for the 
Green's function, and then let q —» k at the very end. 
In this method, the infrared divergence appears only at 
the final stage of the calculation, i.e., when the limiting 
process q —* k is performed, but not in the solution of 
(25) itself. Physically, this procedure corresponds to 
calculating the T matrix, first, off the energy shell and 
then going, in the limit, on to the energy shell. 

Another way to proceed is to modify Eq. (27) by 
introducing a small cutoff near # = 0 and y=0, so that 

H(u,v) = — 
(2TT)4 16TT2 

X 

dx I dy 

H(x,y) 

le2(x—y)2—k2(x~\-y)2—i8 
(30) 

and then taking the limit s—> + 0 at the end of the 
calculation. Under these circumstances, Eq. (28) still 
holds good, but the boundary conditions now read 

H(u=s, v) = H(u, v=s) = -g2/(2Tr)\ (3D 

For later use, we write down, at this point, the 
differential-equation formulation of (25), viz., 

d2 g2 

H(u,v)= 
dudv 167T2 

X-
H(u}v) 

(32) 
ie2(u-v)2-k2(u+v)(u+v+l)+q2(u+v)~ 

with the boundary conditions 

H(u=0, v) = H(u, v=0) = -g2/(27r)4. (33) 

In the derivation of (32), we have restricted ourselves 
to those q that satisfy the relation qE=0, i.e., q has a 
form similar to (8), but we do not assume that q2—k2. 
This restriction is adequate for our needs, since, at the 
end, we will take the limit q—>k. 

IV. INVESTIGATION OF THE COULOMB-SCATTERING 
PROBLEM IN MOMENTUM SPACE 

Before we proceed to solve (30) or (32), we will 
study the Coulomb-scattering problem in momentum 
space. As we will see later, this will help in our under­
standing of the various difficulties involved in the 
solution of the B-S equation. 

The equation for the relative motion of two particles 
which interact via the Coulomb potential V= Vo/r is 

(V2+k2-<mV0/r)t(x) = 0; (34) 

in momentum space, this equation assumes the form 

( P 2 - W P ) = -
mV{ 

2w2 

*(P0 

(P'-P)2 
(34') 

The usual discussion9 of the scattering solution of (34') 
leads to the integral equation 

* ( p ) = 8 ( p - k ) d y - '-. (35) 
2TT2 v2-k2-i8J ( p - p ' ) 2 

On the other hand, the complete nonrelativistic 
reduction6 of the B-S equation (5) yields an equation 
similar to (35) with 

g2=—16TM2Vo\ (36) 

The customary method of handling the Coulomb-
scattering problem is to solve Eq. (34) directly in 
coordinate space. However, it is well known that, while 
Eq. (35) gives the exact Rutherford formula for the 
scattering cross section in first Born approximation, it 
leads to a divergent result in the second Born approxi­
mation. Actually, this divergence has the character of 
an infrared catastrophe, as was already evident in our 
discussion of the B-S equation. 

Basically, Eq. (35) has no solution, because of the 
fact that the first term on the right-hand side represents 
a pure incoming plane wave and the second term an 
outgoing spherical wave; but we know from the solution 
in coordinate space that, because of the long range of 
the Coulomb potential, both the incoming plane wave 
and the outgoing spherical wave are distorted. We must 
therefore be careful in applying the usual 5-matrix 
formalism in this case. 

We proceed to modify (35) in the manner described 
in the preceding section, and calculate the scattering 
cross section according to both the Green's-function 
method and the cutoff procedure. 

Instead of the wave function \Kp), we introduce the 
Green's function G(p,q) which satisfies the equation 

mVo 1 r G(p',q) 
G ( p , q ) = « ( p - q ) \$p' , (37) 

2TT2 r>2-k2-idJ (v-r>')2 

where q is an arbitrary vector which does not necessarily 
9 B. A. Lippmann and J. Schwinger, Phys. Rev. 79, 469 (1950). 
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satisfy q2= k2. Unlike (35), Eq. (37) has a finite solution. 
Evidently, Eq. (37) is the analog of (6), and, indeed, 
may be obtained from (6) on carrying out the complete 
nonrelativistic reduction.6 To solve (37), we set 

Next, we calculate the T matrix, using the result just 
obtained for the Green's function. According to the 
usual 5-matrix formalism,9 the T matrix is given by 

G ( p , q ) = 5 ( p - q ) 

+ f dS ms) 
j 

G(p',q) 

, (38) 
o K(p»-**)+(p-q)2-t«?' 

which is essentially the nonrelativistic analog of (10) 
and (26), and use the integral identity 

2x2 J ( p - p ' ) 2 

Using Eqs. (38) and (39), we have 

3(1-) 

(44) 

Fo / i r 

2^\(p-q)« J0 i(v 

I 
1 

( P - P ' ) 2 ( P ' 2 - X 2 - ^ ) 2 X p 2 - A 2 - i 5 

(ReX>0), (39) 

which, in turn, corresponds to the relativistic formula 

1 1 «r2 1 1 

X-

? - * * ) + ( p - q ) 8 

i ). (44') 

/ 
d*p'-

(p-py-id (p'2+A-i8)* 2 A p2+A-i8 

We can then deduce the integral equation 

[?(!+l)£2-!q2] 

For the real scattering problem, we have, of course, 

p 2 - * * 2 , q2->&2, (45) 

whence we see that divergences occur in the £ integra­
tion at £=0 and £= oo ; we therefore continue to defer 
the taking of this limit. 

Using Eqs. (41a, b) and carrying out an integration 
by parts, we find 

mVo imVo rz 

2TT2 2 J0 

H(z) 

[_z(z+l)k2-zq2-i8j 
; (40) —-f 

p.q I 
- di-

( P 2 - F ) 
-H(Q. (46) 

the method of derivation of Eq. (40) is very similar 
to that used in Sec. I l l of I. 

Equation (40) is, in turn, equivalent to the differ­
ential equation 

with 

d imVo H{£) 
—H(Q = , 

ds 2 tztt+iw-wy 
H(0) = ~MVO/2T2, 

which has the solution 

H(Q = -

where 
2^VK(£+l)As-fq2?-fte 

a=— mVo/2k. 

(41a) 

(41b) 

(42) 

(43) 

mJ, K(P2-£2)+(p-q)2]2 

Now, assuming for the sake of defmiteness, that 

p 2 >£ 2 >q 2 , (47) 

and carrying out the change of variable 

f-Kp-W-*2)-1*, 
we obtain 

1 /•» 1 /(?+/3'e*+{\* 

-q)2A (f+D2V(f2+fl'f)i-J ' 2 , r 2 ( p - q ) 2 J „ ( { + l ) * V ( ? + i 8 ' f ) » _ f 

where 
p2-k2 

Equation (42) is similar to (I, 27b); accordingly, the 
Green's function, regarded as an analytic function of a, 
has simple poles &tia=n (w=l ,2 ,3 , . • • • ) • This implies 
the existence of bound states for the Coulomb inter­
action, provided Fo<0. With k = i(—tnE)*, we are led 
once again to the Bohr formula for hydrogen-like atoms. 
Correspondingly, the residues of the Green's function 
will yield the bound-state eigenfunctions (see the 
Appendix of I). 

Now, in the real scattering problem, we should set 
q = k . Under these circumstances, however, it is evident 
that (42) will diverge, and hence Eq. (35) has no 
solution. We will therefore refrain from taking this 
limit until the very end of the calculation. 

and 

from (47), we have 

(48a) 

(48b) 

( p - q ) 2 

/s^i-Cq2/*2); 

/3'>0. 

In view of (45), we must now take the limit 

0 ' - > + O . 

Our expression for jTp>q then becomes 

Fo / 4 \ *« i n™ %i<x 

2«*\p'J (p-q)2 Jo (H-l)2 

or finally 

^ D . k — P.k 
Vo / 4 \ * « 

ITAB'J si 

1 

]8'/ sinrwra (p—k)2 
, ( £ ' - + + 0 ) . (49) 
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We notice that all the divergences appear in the phase 
factor 

(4//3')ia = exp[> In (4/0 ' )] , 

and so will lead to no difficulties in the calculation of 
the cross section. 

From (49), the differential cross section for scattering 
through the angle 6 is given by 

dor ml / ira \ /do-\ 
_ = ( 2 T ) M r P i k | * = ( — — ) ( - ) , (50) 
dto 4 Vsinlwra/ \dQ/ R 

/da\ a2 1 
( - ) = (51) 
\dQ/R 4&2sin4(i0) 

where 

is the classical Rutherford formula for the Coulomb-
scattering cross section. We see, therefore, that we have 
obtained a result which differs from the usual Ruther­
ford formula. Since the latter should be correct, this 
result is quite peculiar. 

In deriving Eqs. (49) and (50), we assumed the 
inequality (47). Since this assumption has little mean­
ing, we carry out the limiting process (45) in a somewhat 
different way. Thus, suppose 

fact, on the nature of the limiting process that is used. 
We proceed, in the following, to explain this peculiar 
result, and, in so doing, we will see how to interpret 
the cross section properly. The essential point is that 
one has to take note of the change of amplitude of the 
incoming wave in the case of scattering by a Coulomb 
field. 

To see how this comes about, we calculate the wave 
function in coordinate space; this is given by 

lKx) = J d?pe*i>'*G(p,q), ( q - > k ) . 

From (38), we find 

xf/(x) = ei^x+iw2 I d% 
o ( H - i ^ M - l ) * 2 - ^ 2 ] * 

- £ q 2 ] 4 ) ) , ( q - * k ) X e x p f — { q . x + r [ f ( f + l ) f t * 
\ M - 1 

where r— | x | . In what follows, we assume, for the sake 
of simplicity, that 

¥> q2, ¥> p2. (47') and 
Then, proceeding as before, but now carrying out the 
change of variable 

? - > - ( p - q ) 2 ( p 2 - ^ 2 ) - ^ 

we find that (46) goes over into 

V0 1 r°° 1 

2TT2( 

£2>q2, 

q= (0,0,0). 

Making use once again of Eqs. (41a, b), we obtain, 
after a partial integration, 

— f 
(p -qM 

\Kx) 
<*£-

2TT2 r°° d 

= — d(H(Q-
mVo Jo »£ 

(£-l+«5)2 

(?+|/3'U)H-|r 
X U2+!/W-d 

x [ — ^(^-Iqz+krie+m * ] ) 1 (q - • k) 

U+i V|+i / J 

On taking the limit \@'\ —>0, and rotating the £ axis 
through 180° in a positive direction, we obtain 

•* P,4"~ 

V0 

2ir2 V|0'|/ 

1 

sinhTo: (p— q) , (m-*o). 
(49') 

I t is evident, on comparison with Eq. (49), that we 
have here an extra factor of e~Ta. The cross section 
will therefore be given by 

da 
( — - e — ) ( - ) . (50') 
\s1nh7ra / \dQ/ R 

Of course, both (50) and (50') lead to the Rutherford 
formula in first Born approximation. 

I t is now clear that, not only does the Green's-
function method lead to an incorrect formula for the 
scattering cross section, but the formula depends, in 

where ft is defined by (48b) and satisfies 

(3>0. 

We are now in a position to carry out the limiting 
process q —> k, i.e., /S —> 0. We then have 

*(x) = - ( - ) f ^ P H e x p f — ( f e + * r f ) ) l 

W J0 #U+i \ H - I / J 

- ) lim dHe 

X expf (kz+krg)) 

U+l V^+l /J 
/ 4 \ * « r00 %e~l / i \ 

= [ ) lim 6 I d£ exp( (kz+krQ I. 
V/3/ *-**« J0 f + 1 \ £ + l / 

d 
) 

file:///s1nh7ra
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If we set « = £ / ( £ + l ) , we find10 

r4> 
* « - J lim eikz I < 

/ 3 / *-^+ 0 J 0 

lim eikz I duud~l{l-u)~6eiuh^-z) 

0-na+O 

4> 

sinli7ra \/3 0 e i i2 iFi(ja, !;*'£(»—z)), (52) 

where iFi is the confluent hypergeometric function, and 
all divergences again appear in the phase factor. 

Equation (52) agrees, except for a multiplicative 
factor, with the usual scattering solution. As we will see 
shortly, the essential point here consists in the appear­
ance of this additional constant factor. 

The form of the wave function ^(x) at infinity may 
be determined from the asymptotic expansion of the 
confluent hypergeometric function; this gives 

ira / 4 y a e-™12 / 
iKx) ( - ) [e1 

smhira\(3/ T(l-ia)\ 

•ikz—ia In(kr-kz) 

(1-ia) 

+a 
Y(l ia) eikr^~ia ^n(kr~kz^ 

T(l+ia) k{r-z) ) • 

(53) 

Thus we see that the amplitude of the incoming wave 
is now given by 

ira /4:\ia e~*al2 

Z*= ( - ) -, (54) 
sinhxce V ($ / T (1 — ia) 

even though it was originally normalized to unity 
[see Eq. (35)]. 

The physical meaning of Z2* is essentially the same 
as in the case of quantum field theory; it plays the role 
of the renormalization constant of the amplitude of an 
external line.11 This factor has its origin in the long-
range character of the Coulomb potential. As in quan­
tum field theory, we must therefore divide the cross 
section by | Z21 | Z2 |, where Z2 and Z2 are the constants 
appropriate to the initial and final states, respectively. 
For ]8>0, it follows from (54) that 

| Z21 = (Tra/sinhxaOe-™, {$> 0). (55) 

On the other hand, when £ < 0 , we have 

| Z21 = (TO/sinh7ra>™, (£<0) , (56) 
since 

(£/&)*«= <£/\P\)iaeva. 
In applying these results to Eq. (50), we notice that, 

since it is based on the inequality (47), we must use 
Eqs. (55) and (56) for Z2(q) and Z2(j>)9 respectively. 
The result is to give 

da\ 
- ) • (57) 
dU/B 

( - ) 
\da/ 

renormalized | Z2\p) \ \ Z2\q) \ \da/ V 
10 A. Erdelyi et al., Higher Transcendental Functions (McGraw-

Hill Book Company, Inc., New York, 1953), Vol. I, p. 255. 
11 F. J. Dyson, Phys. Rev. 75, 1736 (1949). 

In the same way, when we consider (50'), we must use 
(55) for both Z2(q) and Z2(p) in view of Eq. (47'); in 
consequence, we obtain (57) once again. Evidently, 
after we have carried out an amplitude renormalization, 
we can indeed obtain the correct cross section, no 
matter which form of limiting process is used, 

I t is interesting. to notice that, of the two possible 
expressions for \Z2\ [Eqs. (55) and (56)], one will 
always be greater than unity, the other will be less 
than unity, depending on the sign of a. This is unlike 
the case of field theory12 for which, formally at least, 
one has \Z2\ < 1 . 

Next, we investigate the cutoff procedure proposed 
in the previous section; this will turn out to be much 
more suitable than the Green's-function method for 
the discussion of the scattering problem within the B-S 
formalism. When we apply a cutoff, we take q = k from 
the very beginning; then, Eq. (40) becomes 

F(f) = -
mVo 

2TT2 

imV( 

2k I. dz . 
o z 

But, as we have already noted earlier, this equation 
has no solution [see Eq. (42)]. We therefore introduce 
a small cutoff s and consider the following integral 
equation: 

mVo 

2w2 
iaj « H{z) 

dz , 
z 

(58) 

where a is defined by (43), and, at the conclusion of our 
calculation, we must take the limit s —-> + 0 . 

The solution of (58) is given by 

H (f) = - (mVO/2TT2) (£A) <«. (59) 

From (44;), w e n n d that the T matrix is equal to 

P > k = 

V ( P - ] 27r2\(p-k) 

k r di-
H{i) 

) !(p2-£2)+(p-k)2 f 

I t is consistent to set p2=&2 here, too, whence we have 

V0 ^b+i"jy0\ 2TT2 ( p - k ) 

There is still a divergence at £= oo ; we therefore 
introduce an upper bound L for the £ variable, so that 

Vo 1 
P , k = 

27T2 ( P -
-[1+i.jVQ']. 

12 G. Kallen, Helv. Phys. Acta 25, 417 (1952); H. Lehmann, 
Nuovo cimento 11, 342 (1954); but see also T. D. Lee, Phys. Rev. 
95, 1329 (1954). 
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On carrying out the integration, we have 

VQ 1 /L\*° 

2TT2 ( p - k ) 2 \ s ) ' 

the cross section will then be given by 

^ p . k —~ 

da 4TT6 

(60) _ = _ | r P f J b | 

where s —> + 0 and L —> + °o. 
Once again, it is evident that all divergences appear 

in a phase factor, so that the scattering cross section is 
given by 

da 

dQ ( - ) • 

We have, by use of the cutoff procedure, obtained the 
Rutherford scattering formula, without encountering 
extraneous multiplicative factors. If we calculate the 
wave function in coordinate space, we find that, in this 
case, the wave function no longer contains distorted 
waves, but consists, asymptotically, of the usual plane 
plus outgoing spherical waves. With the cutoff, the 
second term on the right-hand side of (35) represents 
only an outgoing wave, and so, now, Z 2 = 1. 

These results are connected with the existence of 
J7(£=oo). In our discussion of the formalism of the 
nucleon-nucleon scattering problem in Sec. I l l , we saw 
that, if H(x= oo, y= oo, z) exists, then there are essenti­
ally no difficulties. Our cutoff procedure evidently 
assures the existence of this quantity, i.e., it corresponds 
to a cutoff of the long-range Coulomb potential at large 
distances. 

I t is also interesting to note that, if we take, first, 
the limit L—> *>', we obtain the usual wave function 
(52) with distorted waves; then, we must take into 
account the amplitude renormalization factor Z2* just 
as we did in the Green's-function case. On the other 
hand, if we let r—> oo with L fixed, the wave function 
at infinity is nondistorted, and we get the Rutherford 
formula. Thus, the two limiting processes L—» oo and 
r—> oo do not commute. In both cases, nonzero s 
simply serves to assure the nondivergence of our 
integrals at £=0 . 

We have had to introduce two cutoff parameters L 
and s so as to obtain convergence at £= oo and £ = 0 . 
In the final result, both parameters always appear in 
the combination L/s [see Eq. (60) and Sec. V] . 

V. SOLUTION OF THE B-S EQUATION 

We will first apply the cutoff procedure, i.e., we must 
solve Eq. (30) or, equivalently, Eqs. (28) and (31). 
Having done so, we will have, from (24) and the identity 

which obtains when M ^ O , the relation 

Tp,k=l-i/{p-kYlH{u=L, v=L); (61) 

we have here also introduced a cutoff at u—L, v=L 
according to our prescription. In view of Eq. (22), 

d& 

4 T T 6 / 1 \ 

e2 \(fi-k)2) 
\H(u=L, v = L)\ 

Since k and p both have the form (8), we find 

da 7T6 • 1 
\H(u=L, v = L)\ 

dtt 4e2£4 sin4(|6>) 
(62) 

where 6 is the scattering angle. The angular dependence 
is evidently the same as given by the Rutherford 
formula, and does not depend on a perturbation calcu­
lation. 

Our remaining problem is to obtain H. Instead of 
using the variables u and v in Eqs. (28) and (31), it is 
convenient to introduce £ and TJ which are defined by 

Equations (28) and (31) then become 

d2 d2\ f 1 
- ~ ) G ( ^ ) = -

,d£2 dr)2/ 1 

with 

(i l&n-^hW-k^-iS 

(63) 

m,v), (64) 

(65) 

(66) 

where we have written 

we have also the inequalities 

Because of the boundary condition (65), Eq. (64) no 
longer has a solution which is a function only of ??/£> 
unlike the case of no cutoff [see the argument following 
Eq. (29)]. 

Now, it is quite difficult to solve Eqs. (64,65) 
exactly. Hence, we will use an approximation similar to 
that employed in I, i.e., we will assume that e/k^>l 
which, again, amounts to a form of nonrelativistic 
approximation. 

In the lowest-order approximation, we can make use 
of the relation13 

4 e V 

iri 2 
S(„), (e/A-

The solution of Eqs. (64, 65) is then given by 

g2 /Z-\n\\ia 

2v)\ 2s ) ' 

oo). (67) 

G ( ^ ) = 

where 
(2T)* 

a—g2/16wk€. 

(68) 

(69) 

Using (36) and the relation e~2m, we find that a as 
given by (69) is exactly the same as that given by (43) 
for the Coulomb-scattering problem. 

13 G. C. Wick, Phys. Rev. 96, 1124 (1954); see also (1,26). 
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Putting together Eqs. (63), (66), (68), and (61), we 
obtain 

n 1 
*V*= ( - ) , (70) 

(2irY(p-k)2\s/ 
which, in turn, corresponds to Eq. (60); the difference 
in the multiplicative factors in the two cases arises 
simply from the difference in the definition of T for the 
nonrelativistic and covariant situations. In view of 
Eqs. (62) and (69), we have finally 

da/dtt= (d<r/dti)R. 

The approximation (67) thus yields nothing other than 
the results already obtained in Sec. IV. 

We proceed to calculate the corrections of next 
higher order to the Rutherford scattering. Toward 
this end, we note the formula 

1 1 

Trilf / 2k \ / 2ft \ l +7dr+-trr-^n <n) iri 1 

In the limit as k/e—> 0, the second term on the right-
hand side of (71) gives (67). Evidently, the first term, 
which is to be interpreted as the Cauchy principal 
value, is of higher order than the second with respect 
to the parameter k/e. Expanding G in (64) in the form 
of a power series 

G = G 0 + G i + . - . , (72) 

and retaining only the first two terms, we have 

d2 d2 \ ia\ / 2k \ / 2k / d'1 d'l\ ta[ I 2k \ / 2k \ I 

/ d2 d2\ ia\ / 2k \ / 2k \1 

b-v)ft=7K'+7V+V-7#" 
+ Go, (74) 

i6w2hv-k2e 
where we have used (69). 

To solve (73), we notice that this equation, together 
with the boundary condition (65), implies that 

Go(f,i?) = F 1 ( f - h | ) , L\v\>(2k/e)a 

Go&r,) = F2(S+i)+F2(S-v), L\v\<(2k/e)a 

where the functions F\ and F2 are to be determined 
from the requirements that Go (if,??) be continuous, and 
also be a solution of (73), at ??=zb(2ft/e)£.|We then 
find that 

/ 2k \ / 2k \ / 2k \ 

H«-7*)-ft(*-7*)+'-M' 
( 2k \ ia / 2k \ 

2—F2 

Since it is still difficult to solve these equations exactly, 
we proceed by expanding Fi and F2 in the form of a 
power series in k/e and consistently neglect terms of 
order (k/e)2 with respect to the lowest-order approxi­
mation. The final result for the solution of (73), subject 
to the boundary condition (65) and correct to first 
order in k/e, is as follows: 

Go(*,u) = F ( M i , | ) [ l + ^ l n ^ ^ H 

r ik ik / H - n i 
Gofer?) = ^ (£+1?) 1 ia+-aHn( J 

T 2k 2k / £ - » ? \ l 

(M<-?J, (75b) 

+1 

where 

F(x) = -
g2 / x \ ia 

(2TTY\2S) 
(76) 

I t is to be emphasized that these formulas are not the 
results of a weak-coupling perturbation theory. The 
parameter of smallness in the calculation is k/e, and we 
need not assume that a is either small or large. 

Now that we have solved Eq. (73), we consider Eq. 
(74). Since we are interested only in corrections of 
orders k/e with respect to the limiting case k/e —> 0, 
we can simplify (74) as follows: 

/d2 d2\ 2ia 

fe-^)G'<£">v(')c,(£") 

167r2le2rj2-k2e 
(740 

The general solution of (74r) may be expressed in the 
form 

Gi&v) = H(Z-\v\)+ I dxF(x)lI(x^+\rj\) 
16w2 J2s 

+nx,Z-\v\)-2I(x,x)l, (77) 

where 

ry 1 
I(x,y)= dy—- , (78) 

J le2(x-y)2-k2(x+y)2 

and H(x) is a function to be determined. 
The evaluation of H(x) may be performed by inte­

grating (74') with respect to r\ from 17= -id to r}= +id 
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and then taking the limit 5 —-> + 0 . We then find that 

d ia g2 ia /•$ 

d% f 8x 2 f J 2 s 

With aid of the boundary condition 

ff(§-|„|=2*) = 0, 

which follows from (65), (72), and (75a), we may 
integrate the previous equation to give 

g2 /•« 1 1 rv 

#(£) = —(ia)F(Q dy I dxF{x) 
8TT2 J,. F(v) v J,. 

final result. One finds 

H(u^L, v=L)Q 
(2*> ' (TH 

2k 
1 (ia) 

6 

2k 8a k 
+-a2\n(L/s) + {-±+(ia)t*(l+ia)-*(l) 

€ 7T € 

8a k 
- l - l n ( 6 / 4 A ) ] } l n ( L A ) + — - [ ^ ( l + i a ) - ^ ( l ) 

T € 

1- -\n(e/4k)+(ia)*'(l+ia)l\ (81) 

x[/(#,:y)—/(#,#)]. 

If we now take note of the relation 

ia 1 d 1 

y f W dyFiy) 

and integrate by parts with respect to y, we can write 

g2 r* g2 

#(£) = d*F(*)U(*&'-I(x,*)l+—F(& 
Sir2 J2s 8TT2 

X Z I /*y F(x) w e s e e nnaiiy irom [pi) ana ^si; ma t 

-. F ( y ) ^ 2 s h2(x-y)2-k2(x+y)2 — = ( — 1 l + - a 2 ( l - 2 coth™) ln(LA) 
dtt \dtt/Rl e 

where ty(x)= (d/dx) lnT(^) and ty'(x) is its derivative; 
we have in (81) omitted terms of order higher than k/e 
and also terms which go to zero for vanishing s/L. 

I t is interesting to notice that s and L appear together 
in the combination L/s, so that, from a practical 
standpoint, we have effectively introduced only one 
parameter L/s, which tends to infinity. I t will also be 
observed that, this time, the infrared divergence does 
not occur wholly in a phase factor. 

With aid of the identity 

^(l+ia)— \F(1 — ia)= (l/ia)(l — ira cothxa), 

we see finally from (62) and (81) that 

da /d(T\ f 4& 

where we have made use of Eq. (78). This result, 
together with (77), yields 16 & 

H a{^(l+ia)+^(l-ia)']+lial^f(l+ia) 
g2 ^.e-m 

Gi(f,i?)= dxF(x)[I(x,£+\v\) 
16TT2 «/9. ] • 

/(*,*-M)]+—HS-\v\)[ "dy 
8TT2 J 2 S F(y) 

X 
F(x) f V {X 

Jzs \<?(x— y)2— {x—y)i—ki{x-\-y)'i 
(80) 

Next, we calculate H(u=L,v=L) and the scattering 
cross section. From Eqs. (66), (72), (75b), (76), and 
(80), we find 

H(u=L, v = L) 

^Go( f=2L , i ? = 0)+Gi(€=2L, i 7 = 0) 

\ s / (27r)4L € e 

g2 r2L ry xia i 
H I dyy-ia\ dx . 

8TT2 J 2 . ^2S h2(x~y)2-k2{x+y)2\ 

The evaluation of the integral in the preceding equation 
is quite complicated. We shall here simply quote the 

- ¥ ' ( l - i d ) ] - ¥ ( l ) - l - l n ( e / 4 J 0 } , (82) 

so that we have obtained corrections of order k/e with 
respect to the Rutherford formula. However, unlike 
the simple Coulomb-scattering problem, we still have 
an infrared divergence (d<r/dtt-^ <*> as L/s—* <*>), 
which should be canceled by taking into account the 
cross section for the emission of soft photons. That one 
encounters an infrared divergence in the first-order 
corrections to the Rutherford formula, but not in the 
Rutherford formula itself, is explained roughly by the 
fact that higher-order corrections to the nonrelativistic 
Coulomb potential contain terms such as r_ 1 Inr; these 
are of too long range to allow the existence of the usual 
scattering solutions. 

Next, we consider the Green's-function method. As 
we saw in Sec. IV, it will be necessary in this case to 
carry out an amplitude renormalization. I t will turn 
out that this is feasible in the lowest-order approxi­
mation in k/e, but difficulties appear when we calculate 
higher-order corrections. 

We must solve Eq. (32) subject to the boundary 
conditions (33). Introducing the variables £, rj and the 
function G, defined by Eqs. (63) and (66), respectively, 
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we find that Eqs. (32) and (33) assume the following 
form: 
/ d2 d2\ 

( — - — Ms*) 

= , (83) 
16TT2 h27)2-k2e- (k2-q2)^-ib 

G&r, = ±Q = -?/(2Vy. (84) 

Of course, if we set q2=k2, Eq. (S3) goes over into (64). 
In the lowest-order approximation, i.e., for k/e —> 0, 

we can use the relation 
1 7ri 2 

> 6(r,), (85) 
ie2rj2-k2e- (k2-q2)$-ib ke (^+/30* 

where ft is defined by (48b); it is clear that Eq. (85) is 
an extension of (67). The solution of Eqs. (84, 85) is 
then given by 

G&v)=F(Z-\v\), 

/7(s) = - - £ - , (86) 
(2ir)A.(x2+^x)--x\ 

where a is defined by (69). This result corresponds to 
Eq. (42) of Sec. IV. 

We can next calculate the cross section, and we obtain 
Eqs. (50) or (SO7). To determine the amplitude re-
normalization constants, we compute the wave function 
in coordinate space in the manner discussed in Sec. I l l ; 
we find that the wave function is once again given by 
Eq. (52), and so the renormalization constants Z2 are 
the same as (55) and (56). Thus, in the lowest-order 
approximation, everything is essentially the same as in 
the nonrelativistic approximation treated in Sec. IV, 
except for the fact that the formalism that we are 
using here is covariant. Actually, it can be shown that 
our Green's function goes over into the nonrelativistic 
Green's function for the Coulomb-scattering problem 
in the nonrelativistic limit. 

We go on to consider corrections of order k/e with 
respect to the nonrelativistic result. By using a de­
composition similar to (71) and (72), we obtain a set 
of equations which are the analogs of (73) and (74), viz., 

The same method which was used in solving (73) and 
(74) can be applied here; one finds that 

Go(f,u)SF(f- h | ) 1 - -(ia) In J — , 
L e F(0) J 

2k 

€ 
(89a) 

r 2k 2k Fti+v)l 
Go(^)^F^+rj)\ 1 - -(ia)- -(ia) I n — — -

L € € F(0) J 

r 2k 2k F(£-.vi)-] 

L e e F(0) J 

[hi <-(*>+«)*], (89b) 

where F(x) is defined by (86), and where we have 
omitted terms of order (k/e)2 and higher. 

The solution of (88) parallels that of (74); we obtain 

G i ( * r t ) = — I dxF(x)lI(x,£+\r,\) 
16TT2 

g2 /.5-UI 
-i(x,z-\v\n+—m-\v\) a 

Sir2 J Q 
dy 

1 

F(y) 

X 
C 
I dx • 

J, ieHx-

F(x) 

'o te
2(x-y)2-k2(x+y)2- 2k2t3(x+y) 

where I(x,y) is now given by 

1 
I(x J ie2(x (x-y)2-k2(x+y)2-2k2(3(x+y) 

(90) 

(91) 

Unlike the cutoff procedure, we cannot now use the 
formula (22) to calculate the cross section, because 
H(u— oo, »= oo) does not exist. Instead, we calculate 
the T matrix from (23), replacing \p by G(p,q,E) which 
is defined by (6) with M = 0 ; using Eqs. (10), (26), (63), 
and (66), we find 

/ d2 

W 
ta 

— )Go= 

analogs ui \IOJ a im \i-±),mz., - 2 , j w2 r 

Mv+^ie+ps-y] Tp,t~~(&y\(p-qy ~ 7 K 

+«[*-
a2' 

2k -11 

2k 

(87) 'A 
dt 

1 

( — — ) G I = - — - s t,+—(e+K)* X-

{ W-W+vpE+iP-q)* 

G(*,!0 

(?+p& 
hW+vqE-k2?- (k2-q2)£-i5 iS/ 

(92) 

+in- —(?+P&*\ [GX 

i 

16ir2hY-k2(e+^) 
(88) 

Once again, we must let p2, q2 —* k2. The T matrix will 
depend on the nature of the limiting process, as was the 
case in our discussion of Coulomb scattering. Assuming 
the inequality (47), for definiteness [note that the 
fourth components of p and q can be taken to be zero 
in view of (8)3, we can evaluate (92) by using (89a, b) 
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and (90). Neglecting terms of order (k/e)2, we find, in tion constant Z2, we need to calculate the wave function 
the limit p2, q2 —> k2

} the following result: in coordinate space, viz., 

J- v,q=z . 
1 

(27r)4(^-g)2sinhxo:V^ 
(lY"[4+£ln(4//301 (93) *(*) =Jm § dtp ei^ld(p-q)+F(p,q,E)2 

where 

A = l- {-
wi 

-(1 —7ra coth7ra) + 2 [ ^ r ( l + ^ ) 

-^(l)-l-ln(€/4*)+fa^f(l+fa)] 

4-lim i \ dU dri G(f ,ij) 

x[d*p 
Assuming 

te(p2-k2)+vpE+(p-q)2J 

k2>q2, 

•• (96) 

(l—wa cothwa){~l+2ia\Jf(l+ia) 
ira 

and setting #4=0, we can calculate ^(x) up to and 

)
including terms of order k/e. This task is quite compli-

(94a) cated, and, again, we do not reproduce the details here. 
If we put, for simplicity, B=-

4TT2 ( 

~{(7fa/2)-l+2ial^(l+ia) k=(0,0,*), 

-^fl>) —1 — lnf /4:k)l\ (94b} anc* m a ^ e u s e °^ (^9) and (90), the result is to find, in 
' the limit as p —» 0, 

where /3' and a are defined by (48) and (69), respectively. . ia 

We do not give the details of the complicated calcu- ^ / x w / _ J eihz iFAia l'ik(r-z)) 
lation leading to (93) and (94). \f$/ sinh7ra 

- l n ( - ) + — dt 
:2 V /3 / 87T2 ^0 

K<)-~]-

In the lowest order in k/e, Eqs. (93) and (94) are 
essentially equivalent to (49) except for a nonessential 
constant factor which has its origin in the difference in 
normalization of the relativistic and nonrelativistic T 
matrices. 

In the lowest-order approximation, the cross section 
is given by (50), and the amplitude renormalization 
constant by (55). We can, of course, calculate the cross 
section with relativistic corrections from (93) and (94); 
the result is given by 

X I 

X-

ig2 
ag 

47T€2 8TT€2 

ie2(l-/)2-£2(l+0 

<4 

da 
r 

! VsinhTra:/ \dtt/Rl TTVV 

( 4\*« ira / 

- 1 eik8l (IT) cothra iFi(ia, 1; ik(r—z)) 
(3 / sinh7ra V 

Cdt 
d \/agz 

iF^ia, 1; ik(r-z)) ) I 4 
d(ia) /V87T62 8TT2^0 

ta 
+ ^ ( l » z a ) ] - ^ ( l ) - l - l n ( € / 4 ^ ) + — [ ^ / ( l + ^ ) 

2 
1 

—^,(l — ia)2+~(l-Ta cothira){^\Jr(l+ia) 

+^(l-«a)]-^(l)-l-ln(c/4*)} J 

g2 /ira 1 ia 

+ ( +_[*(!+&) 
?r2e2 V -

x-\e2(\-t)2-k2(\+t)2, ) 
+ * « , (97) 

where all the notations are the same as in Sec. IV, and 
0(x) is a function which goes to zero quite rapidly at 
infinity, and so does not have to be considered. 

Unfortunately, Eq, (97) contains the term 

d 
iFx(ia, l;ik(r—z)), 

2 2 

-*(!-&)]) ln(-)]. (95) 

Notice that the last term of (95) depends on ln(4//3')> 
and so our expression for the cross section is divergent. 

To obtain the correct cross section, we must carry out 
an amplitude renormalization; to find the renormaliza-

d(ia) 

which has the asymptotic form 

( - f a ) \n(kr~kz)( eikz~ia ln(kr~ 
T(l-ia) V 

•kz) 

Y(\ ia) eikr~^ia in(kr~kz) 

T(l+ia) k(r~z) ) 
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In other words, the amplitudes of the incoming and 
outgoing waves will now contain the factor ln(kr~kz) 
which diverges at infinity. In this case, therefore, we 
have difficulty in giving physical meaning to the wave 
function ^(x), and so we can calculate neither the cross 
section nor the renormalization constant Z2. 

The appearance of a logarithmically diverging ampli­
tude may be due to the failure of the expansion in k/e. 
As we have noted earlier, a calculation of the potential 
in terms of such an expansion leads, in the lowest-order 
approximation, to the ordinary Coulomb potential; the 
next-order approximation contains an r~l \nr term. This 

INTRODUCTION 

TH E question of gravitational radiation has always 
been a central issue in the General Theory of 

Relativity. Long ago, Einstein1 and Eddington2 studied 
the problem and predicted that very small amounts of 
energy would be radiated by a spinning rod or a double 
star. A great deal of theoretical work on the radiation 
problem has appeared, during the past four decades. 

Experimental work along these lines now appears 
possible. Two avenues of approach will be considered.3 

First we should like to detect the presence of gravita­
tional radiation incident on earth from either the sun 
or outside the solar system. Secondly it would be highly 
desirable to be able to generate and detect this radiation 
in a small laboratory. 

Devices for detection of the radiation operate essen­
tially by measuring the Fourier transform of the 

* Supported by the National Science Foundation. 
1 A. Einstein, Sitzber. deut. Akad. Wiss. Berlin, Kl. Math. 

Physik u. Tech. (1916), p. 688; (1918), p. 154. 
2 A. S. Eddington, Proc. Roy. Soc. (London) A102, 268 (1923). 
3 A number of the results discussed here were given without 

proof in the author's Gravity Research Foundation Prize Essays, 
April 1958 and April 1959, and at the Royaumont Conference on 
the Relativistic Theories of Gravitation, Royaumont, France, 
June, 1959 (unpublished). 

r~~l lnr potential has a much longer range than the 
ordinary Coulomb potential 1/V and so would inevitably 
lead to an additional distortion of the incoming and 
outgoing waves. There remains the possibility that we 
can circumvent these difficulties by avoiding a pertur­
bation-theoretical calculation in k/e. Unfortunately, 
this general case is extremely difficult to solve. 
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Riemann tensor. These will be discussed first. This will 
then be followed by proposals for generation of gravita­
tional radiation which may give an increase of many 
orders over the gravitational radiation from a spin­
ning rod. 

DETECTION OF GRAVITATIONAL RADIATION 

Suppose we have a system of masses which may 
interact with each other. We start with the action 
principle 

dl=d\-cm j ds+w\ = 0. (1) 

In (1) m is the rest mass and W is the part of the action 
function associated with forces arising from the motion 
of the mass relative to other masses with which it 
interacts. The line element ds is given by 

ds2=gtiVdx^dxv. (2) 

For 6W we assume a function given by 

-cbW= f FJctPds; (3) 

(3) identifies F^ as the four-force. The Euler-Lagrange 
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Methods are proposed for measurement of the Riemann tensor and detection of gravitational waves. 
These make use of the fact that relative motion of mass points, or strains in a crystal, can be produced by 
second derivatives of the gravitational fields. The strains in a crystal may result in electric polarization 
in consequence of the piezoelectric effect. Measurement of voltages then enables certain components of the 
Riemann tensor to be determined. Mathematical analysis of the limitations is given. Arrangements are 
presented for search for gravitational radiation. 

The generation of gravitational waves in the laboratory is discussed. New methods are proposed which 
employ electrically induced stresses in crystals. These give approximately a seventeen-order increase in 
radiation over a spinning rod of the same length as the crystal. At the same frequency the crystal gives 
radiation which is about thirty-nine orders greater than that of a spinning rod. 


