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Equations of motion for small-amplitude plasma oscillations interacting with the electromagnetic field 
in slowly varying density or temperature gradients are set up. We then make a calculation of the radio 
noise excited by a wave packet of plasma oscillations traversing such gradients using the WKB approxima­
tion. A similar calculation is also made for a density discontinuity. 

1. INTRODUCTION 

IN this paper we are concerned with the excitation 
of electromagnetic radiation inside a plasma by 

plasma oscillations. The source of radiation will be 
that which derives from the coupling between the 
longitudinal electric vector and the transverse electro­
magnetic field as a result of density or temperature 
gradients. We shall suppose that there is no externally 
applied magnetostatic field so that the electromagnetic 
fields present are those alternating fields associated 
with the electron oscillations. In the first section we 
set up an equation for the electric field in the plasma 
supposing that the temperature and density are slowly 
varying functions of position, and neglect all quantities 
second order in their gradients. We then calculate the 
radio noise excited by plasma oscillations for two 
extreme cases, namely, gradients with a length scale 
J K > \ for which we make use of the WKB approxima­
tion, and the case of density discontinuities L = 0 , 
where X is the wavelength of the plasma oscillations. 
A discussion of the propagation of purely longitudinal 
waves using the WKB solutions for slowly varying 
gradients has been given by Watson.1 

Field2 previously considered this problem. He gave 
equations for the case of a slowly varying density 
(JK>X) and also explicitly calculated the radio emission 
produced by plasma oscillations striking a plasma-
vacuum boundary (L=0) . In his derivation of the 
electric field equations for large L, however, he omits 
the anisotropy of the pressure in a tenuous plasma and 
the restraining field E' discussed below. Gould,3 starting 
with the same moment equations as Field, has made 
calculations of the radiation excited by plasma oscilla­
tions in a region of random density fluctuations which 
he characterized by a mean square fluctuation and a 
correlation length. He developed a theory in which the 
irregularities were treated as a perturbation from the 
uniform case and his approach can be considered as 
complementary to ours. 

2. BASIC EQUATIONS 

Consider a plasma which is so tenuous that collisions 
of the electrons may be neglected and in which the ion 

* Supported by the U. S. Atomic Energy Commission. 
1 K. M. Watson, Los Alamos Report L. A.-2055, Part V-C, 1955 

(unpublished). 
2 G. B. Field, Astrophys. J. 124, 555 (1956). 
3 R. W. Gould, Oak Ridge National Laboratory Technical 

Report ORNL No. 4, November, 1955 (unpublished). 

temperature T0(xi) and density N(xi) are slowly varying 
functions of position. The plasma will, of course, not be 
in hydrostatic equilibrium as a result of the nonvanish-
ing pressure gradient 2v(NkTo) of the electrons and 
ions. However, any disturbances in the electron com­
ponent will propagate much more rapidly than the bulk 
streaming of the plasma which will proceed with about 
the ion thermal velocity. Thus one may approximately 
consider the electron plasma motions to take place in 
the presence of a static nonuniform ion distribution, 
and our basic equations become the Boltzmann equa­
tion for the electron distribution function f(ui,Xi,t), 

df/dl+U'Vf-e/m(s+-uXB.ydf/du==0) (I) 

together with Maxwell's equations. We shall use the 
following standard4 kinetic theory definitions of the 
electron fluid velocity »», density 2 , pressure 11^-, tem­
perature T, and heat tensor Qijk, 

Vi = — I Uifdu, 
S J 

m r 
T= C*fdu, (2) 

3£S J 

Uij=m I dCjfdu, 

m n 
Qijk^— I CiCjCkfdu. 

The random thermal velocity C» is simply u — Vi. The 
first three moments of Eq. (1) become, neglecting terms 
in the square of the electron fluid velocity, 

as d 
—+—(v&) = 0, 
dt dXi 

dvi 1 d e 
—+ n i 7=—| 
dt mL dXj 

S{-\—€ijkVjHk , 

(3) 

(4) 

4 S. Chapman and T. Cowling. Mathematical Theory of Non­
uniform Gases (Cambridge University Press, New York, 1958). 

366 



R A D I O E M I S S I O N BY P L A S M A O S C I L L A T I O N S 367 

d d d 
—Rij+2 Qijk+ [Villjk+Vjllijc+Vjjlii] 
dt dXk dXk 

+e2(8iVj+ SjVi)-\ LemHhIlik+eikhHhIljk] = 0, (5) 
mc 

where e^k is the unit antisymetric tensor. Now we can 
close the set of coupled moment equations at the second 
moment only if we make some assumption about the 
third moment Qijk occurring in (5). In the following 
calculation we neglect this heat flow term in the plasma, 
as is frequently done.1-3 We shall also in the following 
discussion use suffix notation for vectors only when 
they occur in equations with tensors. 

Now consider an initial state in which the electron 
fluid is in equilibrium with the background ions of 
nonuniform density N(x) and temperature T0(x). The 
momentum Eq. (4) then gives an expression for the 
electrostatic field E' which balances the gradient of the 
electron pressure in this equilibrium state,5 

VP=-e(N+ri)E'. (6) 

The small density deviation nr of the electrons from 
that of the background protons N is from Maxwell's 
equation 4?re(2—N) = — V£, 

1 / VP 
n' = v f 

47re2 \N+riJ 
(7) 

This is of order Lr2 where L is the scale of the density 
or temperature nonuniformities and will be neglected. 
Thus insofar as we neglect such terms, the equilibrium 
state will be characterized by a distribution function fo 
with its corresponding density N, pressure Pdij, fluid 
velocity zero, temperature T0, and a restraining elec­
trostatic field W=—VP/eN with zero magnetic field. 
Now suppose we perturb this system by writing the 
distribution function as / o + / ' . The perturbed moments 
will then be represented by 

2 = N+n=f(fo+f')du, (8) 

TLi^PSii+pij^mCCtCjifo+ffdu, (9) 

Vi= I Uifdu, 

T=T0+T' = -
m 

- fc*(fo+f')d*. ( ID 
n) J 3k(N+n) 

The change n in the electron density will produce an 
additional electric field E{ such that 

6 The assumption of a scalar pressure for the quasi-equilibrium 
state in the presence of arbitrary density and pressure gradients 
is correct to order L~2. 

1 d 
(*+» ' ) = (Ei+EJ). 

Aire dxi 
(12) 

Using the expressions (8)—(11) in the set of Eqs. (3)-(5) 
and dropping terms in the perturbations squared, we 
obtain the linearized set of equations: 

dn d 
—+—(Nvi) = 0, 
dt d%i 

dvi n dP 1 d Ne 
N + :Pa+—E*=0, 

dt mN dxi m dxj m 

dpij dvi dvj d 
+P—+P—+ (vtPdij) = 0, 

dt dXj dxi dXic 

igether with Maxwell's equations, 

VE=—4irew, 

c V X H = dE/dt-iwNe\, 

c V X E = - d H / & . 

(13) 

(14) 

(15) 

(16) 

(17) 

(18) 

The energy flux transported in the plasma by the 
electromagnetic field and electron fluid motions corre­
sponding to the above equations is readily shown to be 

Si=—eijkEjHk+ivipjj+Vjpi 
47T 

(19) 

We next require an equation for the electric field in 
the nonuniform plasma. First differentiate (14) twice 
with respect to time and use (13) and (15) to eliminate 
dn/dt and dpij/dt, respectively. Then differentiating 
(17) with respect to time, and using (18) to eliminate 
dH/dt, we obtain 

where 

dvi d2Ei 
N—= +Qi9 

dt dt2 

d dEn 

\si~C €ijk €kmn 
(J X j OXffl 

(20) 

(21) 

We now use (20) to eliminate dv/dt obtaining finally 
an equation for the electric field, namely 

d2 r d2Ei 

(10) dt2\ dt2 
-co2(x)E. 

kT\d2E{ d2Ej 

m I OXj OJi/<iCfXj 

1 dTo/dEi dE 
+ ( +2-

To dxj \dxj dx 

kT0rd2Qi 1 dTodQj 1 dNdQi 

; y \ 1 dW 

i / N dxj 

1 dN dEi 2 dN dEj 

dxj N dxi dx: ;]) 
m L dx} To dxj dxi N dxj dx, ] 

d*Qi 1 dTo/dQi dQj\ 
— + : ( — + )• (22) 

dt2 TodXj\dXj dX{/ 

file:///si~C
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3. RADIATION EQUATIONS 

In order to exhibit the coupling which occurs between 
the electromagnetic field and plasma oscillations, we 
shall first split the electric field E into its longitudinal 
and transverse parts EL and Er defined by 

E = E L + E r , v - E r = 0 , V X E L = 0 . (23) 

Using these, and denoting the root mean square 
thermal velocity in the electron plasma by 

V= (3kT0/m)* 

and the plasma frequency 

w ' = ( ) > 
\ m / 

Eq. (22) for the electric field becomes 

r / d 2 d2 \d2 V2 d2 / d2 d2\i 
( —+a>2-c2 ) — + ( c2 ) \ETi 

Wdt2 dxk
2/dt2 3 dxk

2\ dxj2 dt2/ A 

d2vd2 

+ — —+C0e
2-

dt2ldt2 

d2 

2 

dxk\ 

d2 

]ELi=—(SNi+Sr<), (24) 
J dt2 

where 

d2SNi 

dt2 

2V2 d2 dN dELj V2 d2 dN dEi 

3N dt2 dXi dXj 3N dt2 dXj dXj 

+ 
V2c2dN d d2 

and 

d2STi 2V2d2dT0dEj 

dt2 3TQ dt2 dxj dXi 

3N dXj dXj dxk 
-ETi, (25) 

2V2c2dT0 d d2 

3TQ dxj dXi dXk2 
-E. Tj 

+~ 
V2 d2 dT0 6E{ V2c2 6T0 d d2 

3TQ dt2 dXj dXj 3TQ dXj dxj dx^ 
ir». (26) 

Consider first the case in which the density and tempera­
ture gradients are zero, i.e., d2SNi/dt2=d2Sri/dt2=0, 
Then (24) gives for the equations describing the propa­
gation of a pure longitudinal plasma wave, or a pure 
transverse electromagnetic wave, respectively: 

( — + c o e
2 ~ F 2 V 2 ) E L = 0 , 

\dt2 / 
(27) 

= 0. 

and 

r/d2 \d2 V2 / d2\i 
I —+C0e

2-C2V2 ) — + — V 2 ( C2V2 ) 
Wdt2 /dt2 3 \ dt2/\ ~ (28) 

Equation (27) yields the familiar dispersion relation 

co2=«.2+*2F2 , (29) 

for the plasma oscillations of a uniform plasma. Further, 
the second term in the square bracket of (28) is only 

important for a relativistically hot electron gas, and 
will be neglected here since we did not start with a 
relativistic Boltzmann equation anyway. Thus insofar 
as c2^>V2, Eq. (28) yields the usual dispersion relation 
for electromagnetic waves in a uniform plasma, 

a)2=a)e2+k2c2, (30) 

Now we shall make a number of simplifications. 
First consider separately the two cases of a tempera­
ture gradient only and a density gradient only, setting 
the gradients along the x direction l in each case. 
Then taking the curl of (24) for these two cases, we 
obtain a pair of inhomogeneous wave equations for 
VX(d2E r /d*2), namely: 

(—+u2(x)-c2V2) 
\dt2 / vx-

a2ET 

dt2 

d2$N a2E 
= VX (Vcoe

2)X , (31) 
dt2 dt2 

for the case of constant temperature, and 

(—+a> 2 - c 2 V 2 ) 
\dt2 / vx-

d2ET 

dt2 

d2ST d2EL 
-VX—+(VF2)XV2 , (32) 

dt2 dt2 

for constant density. In the source terms on the right 
of the radiation Eqs. (31) and (32) we can neglect the 
transverse field. This is because terms involving the 
transverse field are of order Xe/Xr times those for the 
longitudinal field, where Xe and \T are the plasma 
oscillation and radiation wavelengths, respectively, i.e., 
Xe/Xr=(F/c)<3Cl. Also the transverse field will be con­
sidered as a perturbation on the longitudinal field. Under 
these circumstances we can reduce (31) and (32) to two 
radiation equations for V X E r with fairly simple sources 
dependent on the longitudinal field, i.e., on the presence 
of plasma oscillations. For To constant, the density 
gradient equation becomes 

( — + U 2 ( X ) - C 2 V 2 ) V X ' E T 
\dt2 / 

= (Vcoe
2)x[Y—^V2-I)EL1, (33) 

and with N constant, the temperature gradient equation 
becomes 

[ ( a 2 / a / 2 )+ W e
2 - c 2 V 2 ]VXE r = (VF2)X (V2EL). (34) 

Thus if we specify the longitudinal field EL, say, for 
a wave packet of plasma oscillations, we may calculate 
the radiation produced from temperature or density 
gradients. The longitudinal field will first be calculated 
from (24) by setting E r = 0 , since as far as the propaga-
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tion of plasma oscillations goes the radiation field will 
make only a small perturbation. From (33) and (34) 
we see that the component of E L across the gradient is 
the radiative one. 

4. PLASMA OSCILLATION SOLUTION 
IN GRADIENTS 

If one sets the perturbation transverse field E r = 0 , 
the wave equation for plasma oscillations in a density 
gradient along the x direction i becomes, from (24), 

/a2 

\a/2 +o>e
2(x)- . ) , •F2V2 j E L 

2V2dN V2 dN d 
V - E L EL . 

3iV dx 3N dx dx 
(35) 

If we now write the irrotational vector E L as V<£ in (35) 
and drop terms 0(L~2), we find a wave equation for the 
scalar potential <£, 

/a2 

\dt2 
+u2(x)-V2V2W<t> 

> 

d(f>dco2 V2dw2 d<f> 
+ — + — — V 2 — = 0 . (36) 

We shall examine the behavior of an infinite plane 
plasma wave with its propagation vector k in the xy 
plane. 

^r(o),ky,x) exp(—ia)t-\-ikyy). (37) 

Equation (36) then becomes for ^ , 

d^ 1 du2d^ d2* 

dx* co e
2 dx dxz dx2 

\Ky 

+-
dV 

dx 
where 

( 1 dw2 ky
2 dcoe

2 \ 
)+k2k2*=0, (38) 

V2 dx oje
2 dx / 

k2(x)V2-- •0)2 — Cx)e
2(x)- •kyW

2. (39) 

This is now in a form suitable for solution by the WKB 
approximation since the characteristic length L of the 
density gradient is >̂>X, i.e., kx(x) is slowly varying. 
Thus writing 

¥ = exp(S 0 +.S i+- - - ) , 

and calculating So and Si from (38) in the usual way, 
yields for an arbitrary wave packet defined by ypN, 

<£=(2< doodh, 
\pN(u,ky)ae(x) 

k(x)kj(x) 

\-io>t+ikyy+i\ kx(x')dx'\ (40) 

from which the electric field E L = V<j> is easily calculated. 
In a way similar to the foregoing, the behavior of a 

Xexp 

wave packet of plasma oscillations in a temperature 
gradient can be calculated from (24), which becomes 

\ 2V2dT 
—+a>e

2-V2(x)V2 ) E L = — — VELx+ 
/d2 

\dt2 " "" ' ' " / 3T dx 

and gives for the WKB solution, 

V2 dT d 
1 

3T dx dx 

$ = (2ir)~l I dcodky 
kxHx)V2(x)k2(x) 

Xexp —io)t+ikyy+i I kx(x
f)dxf . (41) 

The plasma oscillations given by (40) and (41) are 
refracted out of the direction of increasing N or T, i.e., 

Kx) IBir-44 V2(x) 

Further, the electric vector rotates about an elongated 
ellipse whose major axis along the direction of propa­
gation is of order LA-1 times the minor axis. The ampli­
tude of the electric vector given by (40) decreases in 
the direction of decreasing N, the energy being trans­
ferred to the temperature fluctuation as the wave tends 
to propagate more like a sound wave. 

The energies YN and YT carried by the wave packets 
(40) and (41) are obtained by integrating the flux S 
over t and y. Using (14) and (17), (19) becomes for our 
longitudinal field, 

S=-
kT0 

3 2 T W L 2 dt 

r7 dEL /dEL \ i 
(VEL*)+2( V ) E L * , 

12 dt \ dt / J 
(42) 

where we have neglected terms OiLr1). Thus from (40) 
and (41), we find 

SJydt= I do)dkya>\l/N2, (43) 
48TT J 

I do)dkyO)k~~2\f/T2' YT= 
487r72a)2 • 

(44) 

The slow dependence of YT on x derives simply from 
the neglect of terms in Lr1 in the approximate ex­
pression (42). 

5. RADIATION BY PLASMA OSCILLATIONS 

Basically there are two extreme cases of gradients 
which we are able to investigate from the point of view 
of radiation. The first are slowly varying gradients for 
which LS>\ and to which the radiation Eqs. (33) and 
(34) apply. The second, which for practical purposes 
will be considered as density discontinuities, are those 
for which Z^CX. These can be treated by applying 
boundary conditions to the solutions of the homo­
geneous wave equation across a discontinuity. 
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Case 1, L » ^ 

We shall consider the density radiation equation first. 
We also consider a two-dimensional radiation problem 
by using a plasma wave packet localized with its 
propagation vector in the xy plane, but of infinite 
extent in the z direction. This will be incident on a 
region of infinite plane density variation N(x). The 
source term in Eq. (33) then gives rise to a z component 
of VXEy, i.e., essentially the magnetic field. Thus 
writing # = ( V X E r ) 3 = —Hz/c, we need to solve 

(b2 \ da>2/2V2 \ 
[ —+a>2(x)-c2V2 k>= ( V 2 - l )ELy. (45) 
\dt2 / dx \3cce

2 / 

We shall take for ELV that given by the two-dimensional 
wave packet (40) with wave numbers k and frequencies 
co. Those of the radiation field will be written K and v. 
Then taking Fourier transforms over y and /, 

$ = ( 2 7 r ) - 1 f dvdKyk(x,v,Ky) exp(-ivt+iKyy), (46) 

(45) becomes 

where 

(—+Kx
2(x)) 

Xdx2 / 
A=g(a) , 

Kx 

-co/ 
-K 2 

I\y 

(47) 

(48) 

and 

g(x)=-
1 d03e 

dx 
-\l/N(v,Ky) 

iK^e/2V2k2 

kjk V 3coe
2 

Xexp I i I kx{x')dxf 

with now 

and 
-K2V2 

(49) 

(50) 

W2=v2-u2. 

The amplitude A of the radiation in (46) is determined 
by (47) in which the source g(x) derives from those 
frequencies w=v and wave numbers ky=Ky in the 
plasma oscillation packet. An approximate solution of 
(47) can now be generated from the two WKB solutions 
of the homogeneous equation, 

M,&Kx-*(x) exp| =fci f X,(^)<fa/I, (51) 

as 
Ai rx A2 rx 

A = — I A2gdxf I Aigdx' 
2i J a 2i Jh 

(52) 

Suppose we now consider the density gradient region 
to be confined between two infinite planes, | # | < L , 

about the origin and the plasma to be of uniform 
density outside this region. Then for large \x\ >L the 
two terms of (52) correspond to waves traveling to the 
right and left, respectively. In the plasma to the left 
of the gradient region there should be no transverse 
wave traveling to the right, and similarly on the right 
of the gradient there should be no wave traveling to 
the left. Thus we take the constants a= — QO , b=<x>. 
Equation (46) then breaks up into two radiation wave 
packets for large |x|^>>L, <&NI traveling to the right 
in the positive x region, and $#2 to the left in the region 
x negative, i.e., 

with 

$ A 

where 

+NKV 

dvdKy GiAv.Ky) 
KJ 

• (w)-1 r 

Xexp \-ivt+iKyy±il Kx(x')dxfV (53) 

? ! . , - / 
dXG)e(x) do) 2 /2V2k2 

\ 3coe
2 / 

G 1 ' 2 = — 7 — I — — + 1 

_̂oo Kx*kkx* dx V 3coe
2 J 

Xexp T i j Kx(x')dx'+i\ kx{x')dx'V (54) 

The integrand of Gi,2 is a product of a rapidly oscillating 
function with a slowly varying wavelength X, and a 
slowly varying function with a gradient scale L. Ex­
plicit calculation of the radiation field now depends on 
evaluating these integrals for a particular density 
gradient N(x) and wave packet of plasma oscillations 
defined by \pN-

In a similar way the radiation field resulting from 
plasma oscillations traversing a temperature gradient 
follows from the wave equation (34). Writing $ r for the 
z component of V X Er, we again have 2 waves traveling 
to the right and left, respectively,. 

where 

J r. 

KyM^Ky) 
dvdKv 

Kx 
•FiAy,K») 

and 
X exp[—ivt+iKyydoiKxx] (55) 

- J C 
dx dV2 

exp :¥iKxx+ 
V2kJ dx L 

i J kx(x')dxf . (56) 

We shall require in the following discussion the 
radiated energies represented by the radiation wave 
packets (53) and (55). These are derived from the flux 
in a similar way to that for the plasma oscillations, 
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namely, by using 

c r™ 
T=— EyH*dydt. 

8 x J ™ 
(57) 

We shall attach suffixes TN1, TN2, TTi, TT2 for the 
energies of the two waves originating in the density or 
temperature gradients respectively. The electric and 
magnetic vectors E and H of the four radiation fields 
required in (57) can be obtained from $ M , $#2, $ n , and 
&T2 using MaxwelPs equations <£= —Hz/c and V • E = 0 . 
Thus for example the components of the magnetic and 
electric fields of wave 1 for a density gradient are 

Hiz— • 

Eix~-

Ely^1' 

where 

Eiz—Hix—Hiy—0, 

i r™ dvdK. 

i 

Awe2 

i 

Awe2 

<?I 

/ 

00 dvdKyKy_ 
•Gi, 

/ 

K2 

00 dvdKyKx 

K* 
<?!, 

_ KyiN [ 
Gi= Gi exp — ivt-\-iKyy-\-

Kx* L 
if Kx(x')dx'\ (58) 

Similar expressions are easily obtained for the other 
radiation waves. Using these in (57), the radiated 
energies become 

J
w dvdKy 

| G i , 2 | W ^ / 
.~ K2v >-oo K*V 

from the density gradient, and 

*°° dvdKy 

(59) 

TTI,2-(S2WC2)- -
- o o V. KJO 

\Fli2\
2$T

2Ky
2 (60) 

from a temperature gradient. We next calculated the 
functions G and F for a particular physically plausible 
gradient. 

Approximate Evaluation of F and G 

The WKB solutions (53) and (55) obviously break 
down at the classical turning points represented by the 
zeros of Kx or kx. Better solutions are obtainable but 
we shall restrict ourselves here to this simpler case 
\Kx~HKx/d%\<£\. Further, the functions F and G 
contain exponentially decaying factors as soon as 
Kx becomes complex. Thus the condition we need 
to satisfy in order to obtain radiation capable of 
propagating is 

v2-u2 

Ky
2>0, 

K2(x}.* 

FIG. 1. Radiation by 
plasma oscillations tra­
versing a slowly varying 
density gradient in the 
neighborhood | x | ^ L. 

i.e., the angle \l/=3LYcta,n(Ky/Kx) which the two radia­
tion waves make with the dzx axis at the point of 
emission (Fig. 1) must be less than 7r/2. The radiated 
waves have the same frequencies v=a) and wave number 
components Ky=ky as the plasma oscillations. Only the 
x component of the wave number changes so that the 
condition for radiation can also be written 

t an (9 i=~< 
ky V V 

kx (c2-V*)l c 
(61) 

where di is the angle the plasma oscillation wave 
number k makes with the gradient direction; i.e., the 
plasma oscillations must propagate in a narrow "radia­
tion cone" about the gradient direction in order to 
produce radiation capable of propagating in the plasma. 

Now both the quantities F and G of (54) and (56) 
may be written in the form 

I dxg(x) 
_ o o dx 

X e x p =Fi f Kx(x')dx'+i I kx{x')dxf , (62) 

-oo dV2 

Fit2= I dx f(x) 
«/_^ dx 

Xexp ^FiKxX+i \ kx(x')dxr , (63) 

where g and / are slowly varying provided we avoid 
the zero of Kx or kx. We next choose particular func­
tions to represent the gradient regions in the plasma, 
namely, 

(co2
2-coi2) rx / *2> 

ooe
2(x)=o)i2-' 

V2(x) = Vi2+ 

Lw* 

(PV-PY) C
x 

Lw* 

/

* / x*\ 
da exp I 1, (64) 

J^expf I, (65) 
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i.e., either the density changes from Ni to N2 or the 
temperature from T\ to T2 in a region | x\ <L about the 
origin. Such gradients might, for example, describe the 
density or temperature transition through a shock wave. 
The integrals (62) and (63) are complicated and we 
shall here only approximately evaluate them. Consider 
first (62). Expanding the slowly varying wave numbers 
Kx(x) and kx(x), we can write for the exponentials in 
(62) approximately 

exp[^(^ i C (0 )T^ i C (0 ) )+^ 2 (^ c c
, ( 0 ) ^ ^ / ( 0 ) ) ] , (66) 

which is valid for | # | < L . The integrand vanishes 
rapidly for larger x. Similarly for the functions f(x) 
and g(x): 

/ ( a 0 = / o + * / o ' , 

g(x)=gQ+xgo, 
(67) 

with 
/ o = F - 2 ^ - * U = 0 , 

KjkkJ 

Thus (62) becomes 

(co2
2—coi2) 

/2V2k2 

\ 3,., 2 3<j)e 

l)l 

Gi.: 
LT> J dx(go+xgo) 

- 0 0 

r °°2 1 
Xexp \-iax-\-ibx2 , (69) 

L L2 J 
where fl=^(0)Tl,(0) and b= (kx'(0)^FKJ{$))/!, and 
the suffixes 1 and 2 on G correspond to the — or + 
values, respectively, in a or b. The above Fourier in­
tegral becomes simply 

(co2
2-co!2)f go'iaL2 1 f" a2L2 1 

Gi,2^- go exp , 
(l-iL2b)*L 2(ibL2-l)J L 4(l-ibL2)] 

i.e., 

I G i i 2 1 2 ^ -
( « 2 2 - « l 2 ) S 

L2\b\ 
(go-—) e x p f — — \ (70) 
V l i t V 262L2/ 

since &=0(X -1L_1), i.e., L~2<£Jb2. Further since Kx<£kx 

and Kj<£kJ, we have a^Jfe^O) and b^kj (0)/2 so that 
I Gi 1 2 ~ IG212 and the energies of the two radiated wave 
packets from (59) become 

VW\du2\ •/•« dvdKy K2$N
2A2 

I dx \J-< 

Xexp 

K2vKxk
2 

8wkxW* 

where 
I • 
'J x=0 

(71) 

/ 2kW2\\ 

\ 3a>e2/l 

L (0J2
2 —COl2)2JU=0 

k2V2 k2 k2V2(u2+2k2V2)) 

2K2c2 k2 a2(2k2V2+3cc2) J 

and we have also used 

*,'(0) = -
1 do)e

2 

2kxV
2 dx 

(a>22—wi2) 

2kxV
2Lw^ 

In a similar way to the above, the functions Fi,2 may 
be approximated and yield for the radiated energies 
in a temperature gradient 

TTI^TT2^-
1 \dV2\ r™ dvdKyK

2^T
2 / 2&X

2F2\2 

-oo vKxK
2k2V2 V u2 ) 

r 8TTF4 i l 
Xexp 

L (7a
2-7i2)JJLo 

Radiation Efficiency for Slowly 
Varying Gradients 

The radiation efficiencies for these plasma waves 
propagating in the xy plane and encountering a region 
of density or temperature variation will be defined as 
RN= (TN1+TN2)/YN a n d R T = (TTi+TT2)/YT, i.e., the 
fractional energy radiated away in traversing the in­
finite plane inhomogeneity considered here. Taking ^jy 
and \pT to be highly peaked functions about some partic­
ular values v and Ky for which we use the same notation, 
the above efficiencies become from (43), (44), (71), and 
(72), 

12x|^we
2| /coA2 sin2#i 

RN& — ( - ) A2 

I k 2 dx\\o>/ K2KX 

Xexp 
f 8<irkx*V* I 

> (73) 
L (co^-cox2)2] L o 

and 

RT=-
f12w\dV2\ 

'llc2\ dx 

/coA2 sm20i / k \ 2 / 2k2V2\ 

Vco/ Kx \K/ V a>2 ) 

muJ 
Xexp! 

8TTF4 

L {V* 
(74) 

where smOi=Ky/k. I t should be emphasized that these 
expressions are restricted both to large L^>\ and to 
angles Q\ of the plasma oscillation across the gradient 
which are sufficiently smaller than V/c that we avoid 
the singularity at Kx~0, i.e., the classical turning 
points of the WKB solutions. Oscillations propagating 
at an angle 0i> V/c do not produce radiation capable 
of propagating. 

We shall next consider radiation by plasma oscilla­
tions incident on density discontinuities, i.e., L = 0 . 
The radiation Eq. (33) will not be applicable to this 
case since it was derived neglecting terms of order X2/L2 

and above. 

file:///-iax-/-ibx2
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Case 2, L = 0 

Consider a sharp density transition from Ni to N2 

inside the plasma (e.g., a shock front) and long wave­
length plasma oscillations incident on it (\^>L), i.e., 
the opposite extreme to the case above. Then we may 
again calculate a radiation efficiency for such an en­
counter by treating the sharp transition as a discon­
tinuity and applying boundary conditions to the uni­
form plasma solutions on either side. The boundary 
conditions are obtained from the exact Eqs. (3)-(5), 
together with Maxwell's equations by considering a 
sharp but continuous density variation from Ni to N2 

and then performing the usual limiting processes.6 In 
crossing the density "discontinuity," we shall hold the 
temperature of the electron component of the plasma 
constant. Thus, for example, such a discontinuity might 
correspond to a plasma shock wave in which the 
characteristic length over which the electrons are 
heated by the shocked ions is somewhat larger than 
the shock thickness. 

Writing Ei, E2, Hi, and H2 for the total electric and 
magnetic fields on the sides 1 and 2 of the boundary, 
we find the boundary conditions at x = 0 , 

H i - H ^ O , 

i X ( E 2 - E 0 = O , 

(75) 

(76) 

i-(E2-E1)=47rei(^2c2- iViC1) , (77) 

P-y(2)-p.y(l) = 0, (78) 

where i is a unit vector in the x direction pointing 
towards the side 2 of the discontinuity. pxj are the x 
components of the pressure tensor fluctuation. Equation 
(77) reduces to 

i - ( V X H 2 - V X H i ) = 0. (79) 

I t should be noted that these do not reduce to Field's2 

boundary conditions for a plasma vacuum boundary. 
He neglected the surface charge in the condition on the 
normal component of electric field. Now consider a 
plasma wave ei(ki) incident on the side 1 of the 
boundary. The boundary conditions are then satisfied 
by a reflected and transmitted plasma wave e2(k2) and 
e3(k3), together with two radiation waves ei(Ki) and 
e2(K2) (see Fig. 2). These waves have wave numbers 
ki, k2, etc. We shall further consider them as plane 
waves, expp(k-x—oot)~] propagating in the xy plane 
with a frequency o>. Thus we have five dispersion rela­
tions for these waves, 

= a>2
2+h2V2=a>2

2+K2
2c2, (80) 

where 

FIG. 2. Radiation by a plasma wave incident 
on a discontinuity in density. 

oj1>2
2~4:we2Nit2/m (81) 

are the plasma frequencies on either side of the 
discontinuity. 

Now in simplifying the boundary conditions (75)-
(79), we note that E i = e i + e 2 + £ i and E 2 = e3+£2. 
Further we use Maxwell's Eqs. (17) and (18) to express 
the electron fluid velocities Vi and v2 and Hi and H2 in 
terms of the electric fields, together with (15) for the 
pressure tensor pij. They then reduce to the four 
relations : 

e1K1-e2K2 = 0, (82) 

e2 sin#2—ez sin03+ei cos^i+e2 cos^2= —ei sin0i (S3) 

— e2 cos62—e% cos^3+ei(sinVi— cosVi)wi2/2co2 sin^i 

— e2 (sinV2—cos2\f/2)o)2
2/2o^2 sin^2= — e\ cos#i (84) 

e 2£ 2( l+2 cos 20 2)-e 3£ 3( l+2 cos26>3) 

— €i2Ki cos\pi sin^i(w1
2/co2) 

— e22Z"2 cos^2 sin^2(o?2
2/co2) 

= - t e ( l + 2 c o s 2 0 1 ) . (85) 

We have used a further relation between the angles and 
wave numbers, namely the equality of phase for the 
various waves along the boundary, i.e., 

ki sin0i=&2 sin02=:^3 sin03=Z'1 sin^i=iT2 sin^2. (86) 

The angles in these equations are between the wave 
numbers and the x axis as shown in Fig. 2. Thus, for 
example, from (80) and (86), ki=k2 and 6i=02. 

The solution of Eqs. (82)-(85) for the amplitudes ei 
and e2 of the radiated waves are then simply 

.€ i=2TW*i=[€i] /Z>, (87) 

where the determinants [e J and D reduce to 

6 J. A. Stratton, Electromagnetic 
Company, New York, 1941). 

Theory (McGraw-Hill Book [ e i ] = 6ei 0-sinfli cos01(co2
2-coi2)/F2, (88) 
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FIG. 3. Radiation effi­
ciency RN(L) for long-
wavelength plasma oscil­
lations incident at small 
0i on a density change 
from Ni to Ni/2. 

and 

D= (k$Ki cos^2 co$0i-\-kiK2 cos^i cos03) 

X(3~2c2Ki2 sm2di/cc2)+kiKi cos^2 cos03 

X (3~2c2K2
2 sin2d1/o)2)+ksK2 cosiAi cosfli 

X(3-2c2^1
2sin%/co2) 

3(co2
2-coi2)2r 

2cA2 
j l - 2 s i n 2 0 i ( - ) — ^ — 1 . 
L \VJ co2-a;22J 

Next, consider the relations (80) and (86) between 
0i, \pi and ^2. We see that as 0i increases, fa and fa 
increase. Since fa and fa cannot increase beyond T/2, 
the maximum value of sin0i for which the first radiation 
wave exists is given by 

smd^Krfki^V/c, (90) 

and for the second radiation wave 

K2 V fo32-u2
2\x* 

sin0i<—=—I ) . 
ki c \o)2—coi2/ 

(91) 

For both radiated waves to be propagated, the plasma 
oscillations must be incident within a very narrow cone 
around the normal to the density discontinuity. 

Radiation Efficiency for a Discontinuity 

We also require to calculate the fraction RN of the 
energy Y of a wave packet of plasma oscillations which 
is emitted as radiation at the discontinuity. We shall 
restrict ourselves here to angles 0i sufficiently less than 
V/c so that both radiation waves contribute. Further, 
since (V/c)<Kl, we shall neglect terms of relative 
magnitude (V/c)2 in the derivation of Eq. (92). Using 
the expressions (19) and (42) for the energy fluxes, the 
components of the fluxes for the five waves at the dis­
continuity become 

Si 
llahe^ikT) 

647r2iW 

for the plasma waves, and 

Six 

S2/ad — 

C2Ki€i2 COSlpi 

J 

87TCO 

C2K2€22 COS^2 

87TC0 

for the radiation. Thus the fractional energy of the 
incident plasma wave radiated becomes, for a 
discontinuity, 

2CO!2 

RN(6I)-
lWk vr) 

x 

; ( 

fc(~) ™$fa+K2(-\ cosfcj, (92) 

where ei and e2 are given by (87)-(89). 

6. DISCUSSION 

The expressions (73) and (92) for the radiation effi­
ciency in slowly varying gradients or at a discontinuity 
are in general complicated. We shall here give numerical 
results for a simple limiting case of plasma waves 
propagating almost directly along the gradient, i.e., 
0i<3C(FA). We further consider the special case of long-
wavelength plasma waves incident from the dense side 
Ni with NX=2N2. Thus 

£iF«coi£k> and &2F^coi/v2^co2, 

i.e., on the tenuous side, plasma waves with a short 
wavelength just above the Debye radius are trans­
mitted. Under these limiting cases we find for a 
discontinuity, 

-RN(dhL=0) 
01-+o G> 

24 fe­

ll 

and for our exponential gradient (64) of scale L the 
WKB result (73) becomes 

1 

012" 
-J?iv(0i,L) = 1.110-2 

01->0 G)FF> 
These expressions are plotted in Fig. 3. We note that 
in going from a discontinuity to a gradient for which L 
is a few wavelengths, the radiation efficiency drops by 
two orders of magnitude which makes interpolation 
across the region L=K only very rough. Once in the 
slowly varying gradient region L2>\, however, the 
radiation efficiency varies simply as Lr1. 
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