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equivalent to exclude the events which, upon reflection, 
would hit the unreflected AC counter. If the above 
conditions are met, each event will have a different 
normalizing factor, but these factors will be independent 
of P. The true likelihood of all of the events will then 
be expressed by (2') 

L= (constant) f[ (1+PPC(6,E)% sin*). (2') 

About 30% of the scatterings were discarded because 
they did not satisfy this reflection criterion. 

APPENDIX II. TZ--p POLARIZATION FORMULA 

The derivation of the polarization formula for pion-
proton scattering, in which only s and p orbital angular 
momentum states contribute, is given in reference 6. 
The resulting formula is given below. 

If a normal right-hand set of axes, x, y, z, are defined, 
with the incident pion momentum along the + 2 axis, 
and the recoil proton momentum in the (x,z) plane 
with a component in the -\-x direction, the polarization 

1. INTRODUCTION 

THE two-dimensional relativistic model introduced 
by Thirring1 has served as a valuable tool for 

the exploration of the structure of quantum field theory. 
There are, however, two aspects of the original model 
that limit its usefulness. Because of the small number of 
dimensions, an infrared divergence is present in the 
wave function renormalization constant, and therefore 
some renormalized products of a finite number of field 
operators do not exist. Furthermore, the S matrix is 
diagonal in the physical particle representation so that 
creation of matter does not occur. 

In this paper we discuss a modified, but still soluble, 
version of the Thirring model with variable coupling, 

* U. S. National Science Foundation Fellow on leave from the 
University of Washington, Seattle, Washington. 
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will be given by Eq. (1"), 

p(+y direction)—p(—y direction) 
P = : : : , (1") 

p(-\-y direction)+p(—y direction) 

where the p's are probabilities of the spin being along 
the direction specified. 

For the case of IT mesons scattered from protons, 
there are two isotopic spin states, T = f and T = | , and 
three total angular momentum states, y=f , J for p 
waves, and j — \ for s waves. There are thus six phase 
shifts. The probability of spin-flip scattering will, in 
general, be different than for non-spin flip scattering, 
thus giving rise to a polarization, 

sin0(X*Z-XZ*)+sin0 cos0(F*Z- YZ*) 
p=i _ . - (2") 

| X + F c o s 0 | 2 + | Z s i n 0 | 2 

where X=as+2ah Y= (2a3d+azi)+2(2an+an), and 
Z=(an—azz)-{-2(au—au). The a^ are the p-w&ve 
scattering amplitudes, the a% the s-wave amplitudes. 
In terms of the phase shifts, a%j, 

aij= (l/2i)[exp(2^Xv) —1]. 

X=Ao/(#,/). In general, the S matrix is not diagonal 
and for a large class of functions f(x,t) no infrared di­
vergence appears. Consequences of adiabatic variations 
or discontinuous changes in X may also be examined 
with the extended model. 

Section 2 contains a discussion of the equations of 
motion, their operator solutions and the construction 
of state vectors. Although energy and momentum are 
not conserved, the particle-number operators remain 
diagonal. I t is shown that the S matrix is identical to 
the U matrix for certain forms of / , suggesting that the 
former is ill-defined in the sense of Haag's theorem. 

In Sec. 3, the Heisenberg operators for \fs and \p\j/* 
are ordered and renormalized by using configuration 
space techniques which are related to Glaser's methods 
for the original model. Matrix elements of these opera­
tors are employed to discuss the elementary production 
processes in Sec. 4, and the conclusions are summarized 
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The Thirring model is solved with a variable coupling constant, X = \of(x,t). It is found that the infrared 
divergence is eliminated if / tends to zero along the past light cone. The S matrix is no longer diagonal in 
the physical particle representation and is generally not well-defined in the sense of Haag's theorem. The 
ordered, renormalized Heisenberg operators for \}/, \p \p* are computed and production processes are analyzed 
by examining matrix elements. 
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in the last section. The integral equations encountered 
in the ordering of \[/ and ^ * are solved in the appendix. 

2. EQUATION OF MOTION 

The field operators for the Thirring model satisfy 
iylidtl\l/+2\(\^l/)\l/=0. In the representation with Y ( 1 ) 

= iai, Y ( 2 ) =J#=<72, the equations of motion are 

d\[/i/du=ikyp^^i, d\l/2/dv = ihl/i*\pi\l/2, (1) 

where u—l+x, v=t—x, and the operator relation 
bPr(x)~]2=0 has been assumed. For X=Xo/0M)> the 
general solutions to these equations are 

$i(x,t) = <l>i(v) exp i\Q I dur /(«/,v)02*(«/)02(«/) , 

1 (2) 

yp2 (x,t) = <t>2 (u) exp iXo I dv' / ( « / ) * i * W)4>\ W) , 

and <£i, 02 are completely arbitrary. The stress-energy 
tensor, r / = ^ ( d ^ ) — ( 0 ^ ) 7 ^ — g / £ , no longer satis­
fies dM7V=0, reflecting the role of f(x,t) as an external 
field which supplies energy and momentum to the 
system. However, the equations of motion still yield 
conservation laws, dli(\pyti/) = 0, dM(^7M7(5¥) = 0, 7 ( 5 ) 

= 7 (1 )7 (2 ) , and these lead to two constants of motion, 

iVi,2= I dx\f/it2*(x,t)fat2(x,f) 

= I dy<t>lt2*(y)<l>i,2(y). (3) 

The theory is quantized by treating 0T(=#T*n) as 
free spinor operators, as in Glaser's treatment2 for 
f(x,t) = l. Then <j> has the properties 

(4) 
0i,2= (2ir)-* I dp Ci,2(p) expip(u,v), 

{C T (#)A ' (# , )}=0 ,{C r (^ ) > C T ' * (# , )}=8r r ' f i (# -^) , 

and the CT may be decomposed into particle [_a{p)~] 
and antiparticle [b{p)~] operators as follows 

Cit2(p) = Ld(±p)a(p)+e(^p)b*(-p)J (5) 

With the definition pr=<l>T*4>T=^r*^T9 Eq,. (4) yields 
[pT(a) ,pT / (^)]=[:p r(a) : , :p rK5):] = 0.3 Since [pi,02] 
= [:pi:,02]=O, etc., Eqs. (2), (3) may be interpreted 
as operator equations as they stand, or with the re­
placement pT—> :p r : . We choose to make the latter 
identification so that Eq. (3) becomes 

tfii2= f dpd(±p)ta*(p)a(p)-b*(p)b(pn (6) 

In the representation with a |0) = 6 |0 )=0 , |a,/3) 
= (a*)a(6*)0|O), the operators Ni,2 are clearly diagonal 
and correspond to the net number of particles travelling 
to the right and left, respectively. The state vectors of 
the system are simply the eigenstates of Nr. 

The relations $T{x,t) = U*(t)tT
in(xj)U{t), U*U=1, 

define a unitary matrix which yields Eq. (1) if 

U(t) = exp\-i\o f dtf f dx'f(x'/) 

X:pi(tf-xf)::p2(f+xf):\ (7) 

and the S matrix, S=U(t= + <x>), is not diagonal in 
the representation discussed above, although C^iVV] 
= 0. The reason for this becomes apparent if one sets 
N=N(a)-N(b). Then, in a state with | l ,0>=a*|0>, 
N(a)\lfl)=\l,0), N(b)\lfi) = 0. However, the same 
eigenvalue of N occurs for a state \l+m9m) with 
N(a)\l+m, m)=(l+m)\l+m, m), N(b)\l+m, m) 
= m\l+m,m). Thus, | lfl)0Ut=S\ 1,0} is a state con­
taining 11,0) plus an infinite number of real parti-
cle-antiparticle pairs (when / = 1 , such production is 
forbidden by energy-momentum conservation4). In 
principle, it is possible to diagonalize S and NT simultane­
ously, but it is more interesting to consider \afi) as a 
physical particle state and to allow production of real 
pairs. 

Finally, we note that for many discontinuous changes 
in X [for example, f=0(T—t)2 the S matrix is identical 
to the U matrix of a problem with / = 1. Since Haag's 
theorem5 applies to the latter, it may be inferred that 
the S matrix is not a well-defined quantity when X 
varies with space and time. 

3. ORDERING AND RENORMALIZATION 

In a representation with <£|0) = 0, the above expres­
sions for \f/T and U [Eqs. (2), (7)], or those for products 
such as ypr(ci)^T*(p), are well-defined, but in the physical 
representation, a|0) = b10)=0, they are not. To obtain 
well-defined operators, the exponentials must be re­
written as ordered products so that, for example 

iMdOlW (b) = 0i Oa)0i* (*>&) ei (ua,va) er1 (ub,vb), (8a) 

ei(u,v) = exp i\o I durf(u',v):p2(u'): I, (8b) 

becomes 

^ i (a )^ 1 *® = 0 1 W0 1 *K)^ i ( a ) e r 1 ( ^ ) )o 

X:\expfdzfdy Sifey; a,b)4>2*{z)<t>2{y)\. (9) 

2 V. Glaser, Nuovo cimento 9. 990 (1958). 
3 F. L. Scarf, Nuclear Phys. 11, 475 (1959). 

4 W. E. Thirring, Nuovo cimento 9, 1007 (1958). 
5 R. Haag, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 

29, 12 (1955). 
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An analysis equivalent to that already made for the 
Thirring model with / = 1 6 shows that gi is given by 

When Eq. (8) is differentiated with respect to Xo, and 
the expectation value is taken, one finds [using Eq. (9)] 

d\o (2TT)2 

X J du'f(u',Va)~J du'f(u',vb)\ 

dy Qi(z,y, a,b) 
X fdz f— 

(u'—z—it) (u'—y—it) 
(ID 

The ordering of ^ I ( G ) is carried out by setting 
Ub=z _ oo in Eqs. (8)-(11) [for this calculation, the 
second integral over u' must be omitted from Eq. (11) 
before the integration is performed]. Equation (11) shows 
that the renormalization "constant," Zi*=(ei(#))o, 
formally depends on x, t, if fj^l. 

The kernel gi is computed by using 

ei<l>2(z)er1=exip[—i\of(z,v)0(u—z)']<t>2(z), (12) 

which leads to 

[ ^ W ^ i ^ e r K ^ l ^ l C l - e x p i X o / f e ^ a ) ] ^ ^ - ^ 
+expi\of(z,va) [1 — exp—i\of(z,vb) ]0 (ub—z)} 

X<h(*)ei(o)erl(b). (13) 

[Equation (12) is derived by noting that both sides obey 
the same first order differential equation in Xo and have 
the same initial value.] The transition from Eq. (13) to 
Eq. (10) is effected by applying positive and negative 
frequency projection operators to (13) and by rearrang-
ing^terms. The algebraic details are identical to those 
already encountered in the calculation with / = 1 , 6 and 
we merely quote the results: the integral operator G\ 
equals Gi ( _ )—Gi ( + ) where Gi ( ± ) are defined by the 
solutions g = [ l + G i ( ± ) ] & to the following integral 
equations 

/

ua j 

dy 

u« [l-exp=FiXo/(;y,0]g(:y) 

iTriiy—z^iz) 

ub [1 - expd=iX0/(3',^)][exp=:FiXo/(^^a)]^(3;) --Jdy 
2iri(y—zzFi€) 

= *(*). (14) 

These equations are solved in the appendix and the 
kernels of Gi(±) are 

Si(+Hz,y>-

\j>i{z),ei(a)er1(b)'] = Gi;<t>2{z)ei.er1; 

= \dy qi{z,y;a,b) 

XL<t>2<-+Ky)e1el-
1+e1e1-W-Kyn (10) where 

{[ow/ewj-KW/ew]} 
2iri(y—z—ie) 

=C8i H M]*, (15) 

Xo / rUa dxf(x,va) ruh dxf(x,vb) \ 
Q(z+) = exp~I I I 1 

27r\^_oo (x—z—ie) _̂oo (x—z—ie)/ 

6 F. L. Scarf, Phys. Rev. 115, 463 (1959), 

= K(*-)]*. (16) 

When ua>m, g i = 0 if (z,y)>ua, etc. At this point, the 
calculation of \(/i and ^1^1* as explicit ordered and re-
normalized functionals of the incoming field operators, 
0T, has been reduced to a sequence of quadratures. The 
corresponding expressions for ^2, ^2^2* follow by space 
reflection; ^ 2 and ^ 2 * are already ordered if ^1 , ^2 

are. 
In general {ee~l)oR(=(ee~1)oZ~^Z^~i) does not exist, 

but if /—>0 as u,v—* — 00, there is no infrared di­
vergence and the renormalized matrix element is finite. 
In order to proceed, the functional form of f(u,v) must 
be specified. The choice f(u,v) = 6(u+L)0(v+L) leads 
to particularly simple expressions for (ee_1)o and Z* 
[see reference 6 ] ; this value yields 

= i*(va-vb)( — - ) , (17) 
\ \ua—ubf / 

where m=X0X0'/&n-2, X0'=X0+27ra and |X072TT| < 1 . All 
other causal functions have the same Xo-dependent 
singular factor. Inspection of the renormalized operator 
{^1,^1* } R shows that it can be written as c+O (c is a 
singular c-number, 0 is a bounded operator) near ua=ub 

but that it has the form c-0 for vac^vb. Thus, the de­
composition {\l/,\l/*}R = c+0 is not valid on the entire 
light cone. I t also follows from Eq. (17) that an ex­
pansion in u/L or Xo is not meaningful as L —> 00. These 
results are insensitive to the precise form of f(u,v) as 
long as /—> 0, u, v —> — 00. 

4. MATRIX ELEMENTS 

In order to understand how real pairs of physical 
particles are created, we examine the temporal de­
velopment of the bare particle operators. Consider 
(0\^iR(xyf)\n), the amplitude for finding one bare 
particle in a state of n physical particles. If 11)=ci(p) | 0) 
= d(-p)b*(-p)\0), then < 0 | ^ | 1 > = < 0 | 4 > I W | 1 > , and 
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a bare particle in state r = l "contains" a physical par­
ticle going to the left at all times. 

For n=3, the only nonvanishing matrix element has 
\3)=ci(p)c2*(q)c*(k)\0); this gives 

6(k)d(~q) 
<0|*!*|3>= ( O | 0 i W | l ) 

2w 

dz I dySi(y,z) expi(qy-kz), (18) 

are the positive and negative frequency parts of / , and 

<0|*i*|3>« 
-=e(k)e(--q) I dz I dy 

{Q\ypiR\l)in 

expi{\lf^(z,v)-f^(yM+qy~kz} 
X-

(2w)2i(y— z+ie) 
(19) 

' —00 — 00 

showing that \f/iR also develops into pairs of physical 
particles going to the right. The amplitudes for n=5, 7, 
etc., simply represent iterations of the fundamental 
radiation process and no pairs going to the left appear; 
the diagram which changes a right-pair into a left-pair 
is not prohibited by energy-momentum conservation in 
this model, but it is still ruled out by the differential 
conservation laws, dpi/du=0,dp2/dv=Q. Thus, at a 
finite time a bare particle going to the left is a physical 
particle going to the left plus radiated pairs of bare or 
physical (^2*^2=02*^2) particles going to the right. 

The limit of (0 |^ i B | 3 ) as u~^ — <*> is zero since 
\l/in=(j). For the wtf-fields, ( K % ) = e x P D = ^ W ( ± ) feO ] 
[Eq. (16) with ua= + <x>, va=vf ub= — <*>] where f(±) 

6(-p) 

[the matrix element for \p2 depends on / ( _ ) ] . In the 
interaction representation, \t)=U(t)\in) has virtual 
pairs for any / , but if / = 1, they are all reabsorbed as 
/—* + 00 so that \out)= \in) to within a phase factor. 
If / i s not constant, the reabsorption is incomplete; | out) 
contains real pairs and Eq. (19) is a measure of the 
pair population. In the high-energy limit, k —> 00 , 
(&+#)< 00, the distribution tends to zero since 
<0 |*i* |3>-»0. 

The behavior of the wave function X12
R(a,b) 

= (21 ̂ 1(0)^2 (#) 10) illustrates the effect of matter 
creation on the two-body interaction. Equation (12) 
enables one to factor Xi2

R as 

XnR(a,b) = Xl2
in exp£~-i\of(ub,va)0(ua—ub)'] 

XFi(afi)F2(b9a)9 (20) 
where 

Fr(x,y) = (l\4>T(*)er(y) 10>/<l \<j>T (x) |0>. 
For (2\=6(-p)S(q)(0\b(-q)b(~p) the matrix ele­
ments can be evaluated with the ordered expressions 
for er, giving 

/ 0{—p) rvb rvb 

?i(o,b)=ll -J dzj dy 
\ 2wi J- 00 " —on 

&(z,y; - 00, ft) expip(y-va) 

2wi ^ _ o o •'_«> (va~z+ie) 

$(q) f»a ^ pua fafay; a, - 00) eXpiq(y-Ub) 

> 

( 0(a) rUa fUa 

1 + — J dz I dy 
LTV1 ** -co ^—oo (ub—z—ie) ) 

(21) 

The m-operators are defined by ̂ 0 = ^ = — co5 and %ow' When / is constant, Fout=l, \X12
out/X12

in\ = 1, and 
has ua— ^6= + °° • The phase shift [Eq. (20)3 contains the phase shift is the only effect of the scattering.7 How-
\of(u,v) at u=Ub, v=va, which is the point of collision, ever, when / is variable the final state has 

6(-p) r°° e x p O ^ - ^ ) - X o / ^ ( ^ & ) + X o / ( + ) ( ^ ^ ) ] l f 0(-p) f °° -
F1

0Ut(a)b)=\U — I dy-
I 2wi «/_oo (va—y—ie) 

9(q) r™ e x p C g ( ^ - ^ ) + X o / ( - ) ( ^ a ) - X 0 / c - ) K ^ ) ] 
F2

0Ut(b,a)=\l 
/

w e 
dy-

2wi _̂_( 

Thus, \Xi2
0Ut/Xi2

in\ is not unity and real particles are 
radiated during the two-body scattering. For high-
energy collisions, the matter production is again negli­
gible and the above ratio tends to its value for constant / . 

5. CONCLUSIONS 

When \=\of(x,t)j the Thirring model has several 
new features of interest. For instance, the wave func-

(ub—y—ie) I-
(22) 

tion renormalization constant depends on %,t, although 
Z~l is still represented by a divergent integral. For a 
large class of couplings the divergence is merely of the 
ultraviolet variety, so that renormalized propagators, 
such as 5 ( + ) / , are well-defined and contain no infinite 
constants. With a particular choice of / , it has been 
shown that the anticommutator does not have the form 
predicted by Heisenberg8 [i.e., {^,^*}B9£c+O near the 

7 F. L Scarf, Phys. Rev. I l l , 1433 (1958). 8 W. E. Heisenberg, Revs. Modern Phys. 29, 269 (1957). 
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light cone]. Moreover, arguments previously advanced 
for the ill-defined / = 1 case6 now can be applied rigor­
ously to show that perturbation theory and expansion 
over intermediate states give poor approximations to 
the exact causal functions. 

When / is not constant, production of real physical 
particle pairs occurs. This creation can be attributed 
directly to the variation of X as a source of energy and 
momentum. Although the S matrix is ill-defined, ex­
amination of the matrix elements of ip(x,t) shows how 
the production occurs and yields the energy spectrum. 

We conclude that the Thirring model with variable 
interaction provides a soluble relativistic quantum field 
theory which contains production processes, and for 
which all renormalized quantities exist if X —> 0 along 
the past light cone. 
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APPENDIX 

Let p(z) = g(z)-k(z), A(y) = exp[-i\0f(y,va)'], B(y) 
= exp[^Xo/(y,fl&)]. Then the first of the equations given 
by (14) is (ua>Ub) 

-X 

">drfl-A(y)l\j(y)+k(y)l 

dy 

2Tri{y—z—ie) 

A(y)li~B(y)Tp(y)+Hyn 
27ri(y—z—ie) 

= 0. (A.1) 

We assume that p(z), as given by (A.l), is the limit­
ing value of a function, p(z+), analytic in the entire 
complex plane except for branch cuts between — °o and 
ua, — °° and ub. We define a function p(zJ) by letting 
i(y—z—ie) go to its complex conjugate in (A.l). Then, 
using £(y—z—ie)~l— (y—z+ie)-1'] = 2'7rid(y—z), Eq. 
(A.l) becomes 

p(z+)-p(zJ) = 0, z>ua, 

A(z)p(z+)-p(zJ) = [l-A(z)2k(z), ua>z>ubj (A.2) 

A(z)B(z)p(z+)-p(zJ) = \:i-A(z)B(z)2Hz)J ub>z, 

and p(zJ) may be interpreted as the continuation of 
p(z+) below the branch cuts. 

We now wish to construct a function, Q(z), which is 
analytic everywhere except for the above branch cuts 
and has 

Q(zJ = ll'iA(z);A(z)B(z)M*+) for 
[z>Ua]Ua>Z>Uh)Uh>Z~]. 

If f(y,v) is sufficiently well-behaved, the function given 
in Eq. (16) has all of these properties. [ I am indebted 
to Professor V. Glaser for suggesting the form of Q.~] 
With this definition, the relation p(z) = Q(z)s(z) allows 
one to rewrite Eq. (A.2) as s(z+) — s(zJ) = {[l/Q(zJ)'] 
— Ll/Q(z+)l}k(z)> a n d contour integration gives 

J^lQCy-) Q(y+)\ 

k(y)dy 

Q(y-) Q{y+)i2Tri{y-z~ie) 
(A.3) 

Equation (15) follows after the substitution s(z+) 
— (g—k)/Q(z+) is made. A similar analysis leads to 
g i ( - ) when the lower set of signs in Eq. (14) is used. 


