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The electrostatic self-energy of the liquid-drop-model nucleus has been divided into two parts, one of 
which has been evaluated. The problems arising due to difficulties in choosing limits of integration—diffi­
culties which occur due to the presence in the integrand of the factor ru~l—are all contained in the formu­
lation of that part of the self-energy which we have obtained. The evaluation of the other part of the self-
energy poses no such limit problems. 

The shapes which we consider for the drop are the shapes adopted by a nucleus undergoing symmetric 
fission. 

The self-energy is expressed as a multiple-power series in the deformation parameters an. The part of the 
self-energy which we calculate is zero through the general seventh-power term in the multiple-power series 
for the self-energy. 

IT has been shown in a recent paper1 that in calcu­
lating the electrostatic self-energy for the liquid-drop 

model of the nucleus one finds it convenient to formu­
late two contributions to the energy. In this paper we 
shall consider in detail one of the two contributions. 

CHARACTERIZATION OF THE DEFORMED DROP 

The drop is allowed to have deformations which 
preserve an axis of symmetry (the s-axis) and a plane 
of symmetry (the #,y-plane). For the equation of the 
surface of any such drop, the distance from the origin 
to a point in the surface can be represented by 

R(cos$) = R([x) =Ro\ 
finite 

l+a0+ E «»P„(M)|, (1) 
n=2, even ' ] • 

where # is the colatitude (/z=cos#), Pn is the Legendre 
polynomial of degree n, and an [ = ^ ( 0 ] is a distortion 
parameter. (A set of values an defines a given shape.) 
We further demand that any spherical surface con­
structed with its center at the origin of coordinates 
either has no intersection with the drop's surface or 
intersects this surface twice: a t # = # o and at#=7r—#o. 

In Fig. 1 we have the profile of a deformed drop 
which satisfies these conditions. The largest sphere 
which can be placed inside the drop has radius b. A 
somewhat larger spherical surface with radius r inter­
sects the drop twice. The shaded region outside the 
drop's profile represents an annular region interior to 
the sphere of radius r and exterior to the drop. 

-J-*J 

DROPT PROFILE 

FIG. 1. Profile of a deformed drop (with constructions). 

[ W, Pr Poland *md R. P , Present, Phys, Rev, 113, 613 (1959). 

FORMULATION OF THE PROBLEM FOR 
ELECTROSTATIC SELF-ENERGY 

The electrostatic self-energy of the drop is 

drip2dr2 r-i/JV (2) 
ru 

with pi=p2=p=Ze/(4xi?o3/3) for a drop with charge 
Ze. In terms of the electrostatic potential this becomes 

in which 

V= I pdn/ri2. 

(3) 

(4) 

We expand r\<rl in. terms of Piinu), where nu is the 
cosine of the angle between ri and r2, to get 

r2v r l r r r i °° r%1 

V(rhm)=p I d<p2 I dfi2 I f dr2r2
2H PICMW) 

J 0 J_t \_JQ i=orji+i 

dnrfY. PiO*«) . (5) 
n z=o r2

l+1 J 

We now note that the equation for F(ri,/*i) is valid 
only when ri<b. (See Fig. 1.) For r{>b the limits of 
integration include regions outside the drop. We may 
use this expression for the potential for the entire drop 
provided we then compensate for the error introduced 
by using it for regions where it is incorrect. Using this 
potential for the entire drop, we get a contribution Uoc 

to the electrostatic energy of the drop. We then calcu­
late a correction, Uic, to the energy such that 

U'^Uo'+U!*. (6) 

For regions where r{> b we add to the above potential 
a potential correction AV 

/»2T /»Mo(n) Y rn «> r2
l 

AV=p I d(p2 I dm — I dr2 ri £ Pi(jiu) 
•Jo •J-MCn) L JR(V2) i=0fil+l 

drifts PiO*«) • (?) 
n J=O r2

l+l J 
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where Mof/i) defines the intersection of the drop's 
surface with a sphere of radius r\\ i.e., R(fjLo) = ri. One 
sees that this potential corrects for the error introduced 
by using V(rhm) in the regions for which r£>b. The 
correction AV is to be added then when r±>b. Thus 

Uic=b\ dipx I dm I dnrMV 

= 2TTVE I 4«IPJO»0 I * i f i ' 
z=o t/_1 J & 

X I C/M2 - ? * « I df2 r2
2( ) (8) 

= 2TTV £ I 4n ^0*0 I **2 Pi(m) 

: ( - ) , (9) 

as one sees upon using the addition theorem for Pi (JJLU) 
and then interchanging the order of integration for r± 
and m- Our surface demands have required that R(fx) 
be an even function of /x, so the equation for Uic can 
finally be written as 

U!<=W£ JdmPi(m)j dmPi(m) 
even I v Q »̂ {) 

/ fl* f2* \ 
2( ). (io) 
W + 1 rx

l+1/ 

z=o« 

X I dri f i2 1 dr2 r2
2 

JR(U9) J R( 'R(m) ' Rim) 

Equation (10) has already been given in reference 1 
where it was shown that U\c vanishes through terms in 
ai. I t is this contribution to the electrostatic self-energy 

The first general differentiation of e is 

de a ./»i /-MI /.B(MI) 

da 

of the drop that we are considering now in greater 
detail and to higher orders of approximation. 

EVALUATION OF THE CONTRIBUTION U? 

For any given nuclide Z and R0 are fixed, and Ui° 
is a multiple-power series in the parameters ao, #2, #4, 
• • • .2 In order to establish the coefficients of the terms 
in this series, we shall differentiate Eq. (10) the requisite 
number of times for each term. We find it convenient 
to reduce the problems of notation by defining 

(1) ease=£V/87r2p2 , (11) 

(2) R0 as the unit of length [see Eq. (1)], 

and (3) G(rhm,r2,m) as 

G(ri,An,r2,A*2)=i £ Pi(m)Pi(m)\ 
Z=0,even 

(12) 

We then have the problem of evaluating the function 

dm I tf>2 I rfri I rff2G(ri,/ii,r2,M2), (13) 
0 «^0 •'fi(/*2) ^ 18 0*2) 

after which we let JV —» oo. 
We can use a general &-fold differentiation of e to 

find the coefficients of all terms of &th power3 in the 
multiple-power series. In order to obtain these general 
differentiations and the resulting general terms we 
introduce two devices in notation: (1) To denote an 
arbitrary an we shall use the notation aij. The index i 
is used to keep the an's arbitrary; the index j is used 
to allow a distinction between the arbitrary an

ys. Thus 
will represent any general kth power 

member of the power series (including <i2k, a2
k~1a41, 

etc.). (2) To denote any general £-fold differentiation 
we shall use the symbol dk/(dai)k. This will include 
any arbitrary choice of the a%j [d3/(da*)3 includes 
d3/dau3, dz/daix2dai2, dz/dahdai£, and &/daiidaiidaii]. 

—= I din I dm I dri I dr2 G(rhm,r2,m) 
h dah J0 Jo JR(M) JR(M) 

= I dm I dm I dr2G(rhm,r2,m)\ D/ % I 

or 

dai 

Jn. G(ri: ,m,r2,m) 

e z*1 /•« / . ^ w r a^(juij dî U*J 
—= I dm I M̂2 I I dr% G(R(m),V>i>r2,m) driG(ri,m,R(ji2),ii2) 

6>i?(/x2) 

r2==i2(M2) ^ a < 1 

, (14) 

(15) 

Upon interchanging rx and R(m) in G(rhm,R(m),m) in the second term of the integrand and then interchanging 
the names of t\ and r2 in the resulting term, one finds that Eq. (15) becomes 

•B<MI) r ai?(Mi) ^ _ & R W " 
(16) 

6 af 

^e /-1 z*̂ 1 /«B^i) r ai?(Mi) 5JR(M2)"J 

= I M̂i I dm I ^2 G(i?(Mi),Mi/2,M2) \-G(R(m),m,r2,m) . 
dah Jo JQ JR(M) L dah dah J 

2 The parameter a0 is ultimately obtained as a function of the other an by using the condition of constant^ volume; we are here 
giving it (seemingly) independent status in Uic. For the operations which we shall perform this status for a0 is desirable. ̂  

3 By a £th power term we shall mean a term for which the sum of exponents of the an is k: aipmm
Pman

Pn • • • «sPa is a Mh power 
term if pi+pm+pn-\ \-ps=k. 
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Here we have used the antisymmetry of G with respect to an interchange of f\ and r2 [see Eq. (12)]. The equation 
for R(n) is linear in the a%j. We write Eq. (16), then, as 

= I idin I dfi2 I dr2 [ G ( ^ ( M I ) , M I / 2 , M 2 ) P U ( M I ; + ^ ( ^ ( M 2 ) , M I / 2 , M 2 ) P U ( M 2 ) ] . (17) 
de r n*1 /•R(»ti 

= I l^Mi I dfx2 I 
dah «̂ o ^o JR(ti2) 

Let S(ri,Mi/2,/*2) be an indefinite integral of fdr2 G{rhin,r 2,112); then Eq. (17) becomes 

= 1 din I dp% {[g(i?(Mi),Mi,i?(iUi)3M2)-S(.^(Mi),MiJ^(M2),M2)]-Fu(/ii) 

+ CS(^(M2) ,M1^(MI) ,M2) -8 (^ (M2) ,M1,^ (M2) ,M2)]PH(M2)} . (18) 
We now differentiate n additional times 

— = I dm I d\x2 \ -8(^(Mi),Mi,-^(Mi),M2)- -S(jR(/xi),Mi,^(M2),M2) P U ( M I ) 

r dn dn i ) 
+ — — 8(^(M2),Ml,^(Ml),M2)- -~r8(^(M2),Mi,^(M2)JM2) lP<iG*t) . (19) 

L(do*)n (da*)* J J 

When the indicated differentiations have been performed and the ay remaining in the integrand have been set 
equal to zero, the resulting expression is proportional to the coefficient of the general (n+1)-power term in e. 
The particular coefficient being evaluated is determined by the choice of the n+1 ay's. Let the coefficient of the 
term ahai2ah • • * atn+i in e be Nn+i. (This coefficient obviously depends on the choice of the ay.) We define K as4 

ai\ai2' -'ain+i, (20) 
(da^1 

and Mn+1 as tfiVn+i. Then we have 

Mn+i= I din I dii2{\ -Q(R(in),iihR(iii),ii2)- -—-Q(R(in),in,R(ii2),ii2) \Ph(»i) 
Jo JQ \l(dai)n (da,)n J 

[ dn dn 1 

-——Q(R(n2),m,R(in),ii2)- ——g(UOi2)^i^O*0,/*2) P<i0*2) 
(da*)w (a^)» J 

(21) 

SetallJR(Mi) = l = i?(M2).] 
For the differentiations arising we have 

dn n /n\ dn~8 d8 n+i 

—— 8(^(/z1),Ml,^(Mi),M2)= E ( ) 8 I I P<M, 
(ddi)n *=o V J / drin~* dr2

8 t-z 
(22) 

d n n dn~8 68 n-s+l n+1 —-—QiRMifiiM^),^!: s i n ^ w n p̂ w, 
(dai)n 8=0 drin~* dr2

8 an y=2 fc=n-«+2 
where E»n sums all possible, nonrepeating permutations of indices ij and 4 . Some care must be excised in forming 
the an summation. (1) The summation must be performed before the actual choice of the ay is made—the permu­
tations are made with the ah, a%2, ah, etc., and not on the a2, #4, #e, etc. (2) A permutation, to be accepted, must 
give a term that has not already been included: interchanging indices among either the in, or ii2 polynomials does 
not produce new terms for the summation—for example P%2(JX i)Ph(in) PhM i s the same as PizQi i)P%2(}ii) Pufa), 
and of the two expressions only one is included in an an summation. 

We now note that no term arising from a differentiation (d0/6V2
0) 8 can contribute to the value of Mn+i •' These 

terms arise from differentiations fdr2 (dnG/drin); and upon entering the limits for the Mn+\ evaluation, one 
finds these terms, J+i+1dr2 (dnG/drin), are all zero. This result means that all summations Es=ow in Eqs. (22) 
can be replaced, for our purposes, by £ s = = i n summations. The fact that 1 is the lowest necessary value of s allows 
us to replace dsQ/dr2

s by ds~1G/dr2
s~1—our indefinite integral 8 is, then, not needed as an explicit function. 

4 The value of K ranges from 1—the case for which none of the aij are chosen to be the same—to (n+1) !—the case for which ah 
= dh= • • • = ain+i* 
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The integrand for Mn+i has become 

n\ 6n~8 3s-1 n+i 
^(^(Mi),Mi,i?(/x1),M2)Pu(Mi) I I PiM) 

n /n\ dn~ 

M )— 
«=i \s'drin' 

r2
s~l y=2 

n /n\ dn~8 6s-1 n+i n /n\ dn~8 

-E( ) -G(J?(/x2),/xi,̂ (M2),M2)i)n(M2) I I Piji^) 
r2

s~1 y=2 

n dn~8 d8"1 n-s+l n + 1 

^(Rifl^lfRM^Pil^yL' II PiM) II Pikfa) 
a n y=2 k= n— s+2 

n dn~s Ss~l n - * f l n + 1 

+ E G(i?(M2),Mî (Mi),M2)Pu(M2)E I I P f i W I I P<*G*i). (23) 
s = l oVi7*""5 6 ^ 2 S _ 1 «n i=2 k=>n-s+2 

When one has performed the differentiations in expression (23), he then sets R(JJLI) = 1 = R(/JL2) (this is equivalent 
to setting all aij equal to zero). Upon entering these limits, one finds a single expression for the four types of 
differentiation demanded in expression (23) : 

dn~s 8s-1 (/+2)!/p-2+(*-l)]! [l-2+(n-s)~]\ 
- G t W ^ M - D - 1 L Pi(»i)Pi(»2) - ( - ~-+(^^ ^ 

r2
8~l j-o.even (I-2)!V [ 7 + 2 - (n-*)]! [ 7 + 2 - ( * - ! ) ] ! 

With Eq. (24) one can write for Mn+i 
/ . l /.Ml „ fins Q8-1 t / n \ V n+l n + 1 1 

I <*Mi I fel ^(1,MI,1,M2) ( ) n ^ y ( M i ) - n ^ i ( M 2 ) 

n—s+1 n + 1 n— s+1 n + 1 

•p̂ OiOE n p*yO*o n P ^ W + P ^ W E n ^ w n P<*G»I) 
a » y==2 A==n—s+2 a n i=2 k—n— s+2 

. (25) 

EXPLICIT EXPRESSIONS FOR Mi THROUGH M7 

One can see from Eq. (13) that e will have no general first or second-power terms in the aiji the ranges of inte­
gration for ri and r2 are of first power in the aij, and G(ri,iii,r2,ix2) is of first or higher power in the aij. We thus 
see that 

Mi=0=M2. (26) 

Of the higher orders in the Mn+i we have found the integrals for Mz through M% and have evaluated these 
integrals for Mz through Mi. The integrals for Mz through Mn are: 

M3= I dm j dn2 £ (2/+l)PiO*i)Pi(M2)II [ ^ 0 * 0 - ^ 0 * 2 ) ] , (27) 
«/() « /Q Z—O.even j=l 

Mt= f dm { dp, E 2(2/+l)Pe(Mi)P{(M2) 
*/Q t/Q J=0,even 

x{ i \ n p<iW- n P o w l + z DP*w-PnO^r n p<yw+ n p<ywl L6 (28) 

M6= \ fa I ^2 E /a+i)(2/+i)PiO*i)i,j&«oncp</0'i)-i,«iO'i)] 
*/n «^n Z=0,even j=2 

- I dm I + I <fci I 4 n E 2(2/+l)P!(Mi)i,KM2) 
' 0 • ' o Z=0,even a4 y=2 &=>4 

, (29) +P<IO»OE n PiiW n P«*O*I)+P*I(MI)E P<*G*I) n PuW-PuWE PMTL PM \ 
«4 3=2 &—4 ct4 k=Z ai j=Z 

Me=0. (30) 
5The 2/W is a sum of permutations different from the a permutation: for a one permutes the index on the two functions in the 

first factor—this index takes, one at a time, all four values n, i^ h, and n\ and the index j takes the remaining three of the four values 
for any summand. The a' permutation allows the negative term —Ph(iL2)Ph(p.2)Ph(n2)Ph(ji2) and the positive term PuO*i)P*2 0*i) 
XPhiydPhivi) to occur four times each in the summation; the a permutation would have allowed only one of each. 
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(All fourth-order derivatives of G are zero when ri= l = r2.) 

M7=fdnf dvt E ( 2 Z + 1 ) P K M I ) P * ( M 2 ^ (31) 
*/Q J Q Z=0,even j=*l 

We have not been able to evaluate Ms and M$\ we have formulated the integrals for these two quantities, 
using Eq. (25) and the results of the differentiations. For Af8 we have the differentiation 

dQG 
- = ( - 1 ) * E (2/+ 1)PI(MOPIG*2)(H-2)(H- 1)W-Df(p) 

dri&~~pdf2P Z=0,even 

[/(0) = - 6 = - / ( 6 ) ; / ( l ) = - 4 = - / ( 5 ) ; / ( 2 ) = - 2 = - / ( 4 ) ; / ( 3 ) = 0], (32) 

and for M9 the differentiation 

d7G 
dri7~pdr2P 1=0,even 

[g(0) = 36=g(7);g(l) = 18=g(6);g(2)=6=g(5);g(3)=0=g(4)]. (33) 

We have not considered Ms and M$ to be of sufficient importance to merit numerical calculations: in performing 
calculations for the liquid-drop model, one terminates his power series after a few, low-order terms. We find 
that i f 3 through Mi are zero. [Equation (26) gave M"i=0=M"2.] 

Three general integrals are evaluated in an appendix to this paper. With these three integrals we can evaluate 
M3, M4, Mz, and Mi. These integrals are 

L f dx f dy E (2n+l)Pn(x)Pn(y)(x*-f)F(x,y) = 0, (34) 
#"-"» J Q J 0 n=0,even 

pi px N 

L I dx I rfy E (2^+l)^(^+l)Pn(x)Pn(y)(x2~3;2)3F(^) = 0, (35) 
N~^cc JQ JQ n=0feven 

L f dx f dy E ( 2 » 4 4 ) » ( » + l ) ( » - l ) ( » + 2 ) P n ^ ^ (36) 

These integrals are valid for any F(x,y) whose power-series expansion (in x and y): (1) contains only even-integral, 
positive powers of x and y and (2) terminates with some finite power for each of x and y. Equation (34) shows 
that M3 and MA and the second integral in i f 5 are zero.6 The first integral in M$ is shown to be zero by Eq, (35), 
and M7 is shown to be zero by Eq. (36) alone. We thus see that Mn+i~0 for 0<n<6. This statement tells us that 
e and thus U\c has no term of order less than eight in its multiple-power series. 
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APPENDIX 

By twice using the recurrence formula for Legendre polynomials on each of Pn(%) and Pn(y), one can show that 

(2n+l)(x*-f)Pn(x)Pn(y) = (n+l)(n+2)/(2n+3)£Pn+z(x)Pn(y)-Pn+2(y)Pn(x)l 
- (n- l)n/(2n- \)lPn(x)Pn^(y)~Pn(y)Pn^(x)'}. 

From this expression one obtains immediately 

E (2n+l)(x*-f)Pn(x)Pn(y)=(N+\)(N+2)/^ 
n=0,even 

6 That the integrands of Mn+i's meet the requirements needed for the validity of Eqs. (34), (35), and (36) is assured by the require­
ment of finite n in Eq. (1)—the F(x,y) can be found in every case. 
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We shall now use this summation to show that 

L fdxfdy Z (2n+l)(x*-f)Pn(x)Pn(y)F(x,y) = 0 (I) 
N—>°° * / Q JQ n=0,even 

provided that F(x,y) is an even-multiple power series of x and y with only finite powers of either occurring. So 

MA M,A both finite 

M x n, X positive, integral 

Use the above summation in this integrand, and consider one of the two terms of the summation 

(N+l)(N+2) ) r1 rx 

I dxPN+2(x)\ dyPN(y)F(x,y). 2N+3 •/„ 

Express F(x,y) in terms of Legendre polynomials 

F(*,y) = i: T,A(l,m)P,i(x)P2m(y), 
I m 

and consider the contribution of one of these terms to the last integral above 

(N+l)(N+2) 

2N+3 J '" J0 "a 
-A(j,k)\ dx PN+2(x)P2i(x) I dy PN(y)P2k(y). 

Remove the products of polynomials by using the summation formula, and consider one of the terms arising 

A(j,k)B I dxPnix) I dyP*.(y). 
2N+3 Jo J0 

Perform the y integration 

(N+l)(N+2) 1 r1 

-A(j,k)B——- & P » ( * ) [ P B . + I ( * ) - P J I . _ I ( * ) ] . 
27V+3 25R 

We now note that (1) A (j,k) is independent of iV and is some finite number, (2) B is a number arising from 
products PN+2{X)PH{X) and PN(y)Pn(y), and for large N is of zero order7 in N, and (3) 9̂  and 9?' are both even 
numbers, and both are nearly equal7 to N. As 

X dx Pgt(x)Pw+i(x) 

behaves like N~l as N —> °o, each of the two terms of the integral being considered becomes zero in the limit. 
We have considered now only two of many terms of the original integral; these terms have a zero limit. In each 

of the four cases where we have considered a single term of a number of terms, the number of terms was finite— 
i.e., independent of TV. We can thus add all terms to show that 

L f dx f dy E (2n+l)(x2-y2)Pn(x)Pn(y)F(x,y)-> L N~l 

^->°° J0 J0 n=0,even ^-*°° 

which establishes Eq. (I). 
We shall now use Eq. (I) to show that 

L I dx I dy £ (2n+l)n(n+l)Pn(x)Pn(y)(x2-fyQ(x,y) = 0 (II) 
^->0° J 0 J 0 w=0,even 

provided Q{x,y) satisfies the demands placed on F(x,y) in Eq. (I). 
7 The demand for finite powers of x and y in F(x,y) allows one to choose N so large that 2k and 2j are both quite small compared 

with N. 
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Rewrite the left side of Eq. (II) as 

- f dx f dy £ (2n+l)Pn(x)-\(l-f)-Pn(y)](x*-fyQ(x,y) 
JQ JQ w=o,even dyL dy J 

Integrate once by parts (on y) 

+ fdxfdy £ (2n+l)Pn(x)-Pn(y)(l-f)-l(x*-fyQ(xyn 
JQ t/Q n=0,even dy dy 

and now a second time, to obtain 

I dx I dy £ (2n+l)n(n+l)Pn(x)Pn(y)(x2-y2yQ(x,y) 
^0 •'O n=0,even 

= - fdxfdy £ (2«+l)PB(x)PB(y)—l(l-3;2)-[(x2-^)3<2(x,3;)]|. 
•'O •'O n=0,even dy l (fy I 

The integrand on the right has a factor (x2—y2) — (x2—y2)z—is differentiated at most two times—and 

(d/dy){(l~y2) {d/dy)i{x2-y2YQ{x,y)-]} 

can be written as (x2—y2)-F(x,y) for some F(x,y) satisfying the demands on F(x,y) of Eq. (I). Thus Eq. (II) 
is established. 

We finally use Eq. (II) to establish 

X1 nx N 

dx I dy E (2n+l)n(n+l)(n-l)(n+2)Pn(x)Pn(y)(x2-y2yS(x,y) = 0, (III) 
w t/Q n=0,even 

2V-»oo 

provided that S(x,y) satisfies the demands placed on F(x,y) in Eq. (I). 
Replace (n—l)(n+2) by n(n+l) — 2 and note that 

•.1 ~x iv 

I dx I dy Yi 
JQ •-'o w=0,e O.even 

has the same value as the left side of Eq. (Ill): the difference between the two is shown to be zero by Eq. (II). 
Repetition of the partial integrations performed in establishing Eq. (II) for this last integral shows that 

f dx f dy L (2n+l)n(n+l)n(n+l)Pn(x)Pn(y)(x2-y2yS(xyy) 
C/Q J n=0,even 

= - fdxfdy £ (2n+\)n{n+\)Pn{x)Pn{y)-\(l-f)-[(x*-?yS(x,y)-]\. 
J0 JQ n=o,even dy I dy I 

The integrand on the right has a factor (x2—y2)z and 

(d/dy){ (1-y2) (d/dy)l{x2-y2yS{x,y)-]} 

can be written as (x2—y2)sQ(x,y) for some Q(x,y) satisfying the demands on Q(x,y) of Eq. (II). We thus have 
established the validity of Eq. (III). 


