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We show that the experimentally observed fact that the number of X~ mesons stopping on hydrogen in
nuclear emulsion is significantly larger than the number of 7~ is consistent with other known properties of
these mesons. The reason is chiefly that the zero energy =~ cross section is anomalously low.

1. INTRODUCTION

XPERIMENTAL information on the stopping of
7~ and K~ mesons in nuclear emulsion reveals a
very curious state of affairs. It has been known for some
time that the number of 7~ mesons stopped on hydrogen
was almost undetectible.! (These results would appear
to correspond to less than 0.03%, stopping on hydrogen
in emulsion.) This apparent contradiction to the Z law
of Fermi and Teller? which predicts that the number of
mesons stopping on an atom is roughly proportional to
the number of atomic electrons has been explained® by
observing that when a meson is captured by hydrogen,
the single atomic electron is ejected and so the mesic
hydrogen-atom cannot be dec-excited by the rapid
Fermi-Teller process of electron ejection. “It can reach
the mesic K shell only via optical transitions. Since the
probability for optical transitions is quite small,* the
neutral, mesic hydrogen-atom will generally diffuse
around and collide with other atoms before the mesic
K shell in hydrogen is reached. During the course of
these collisions, there is an excellent chance for the =
meson to be transferred from hydrogen to a heavier
atom. Hence it is not surprising that the Z law for the
capture of negative mesons in mixtures is contradicted
by an experiment in which hydrogen is one of the ele-
ments.”? In light of this explanation, it seems very
curious that a significantly larger number of K~ mesons
should stop on hydrogen under similar conditions.5 It is
the purpose of this study to explain this curious phenom-
enon. We shall show that it is in fact in accord with the
known properties of the 7~ and K~ mesons.

Our approach is quite straightforward. We simply
follow the history of the meson from the time it is
moving slowly through the emulsion to the time of its
absorption by nuclear interaction. An exact prediction
of the fraction of mesons captured on hydrogen would
be very difficult because of the complex processes which
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occur. We shall therefore content ourselves with crude
estimates, which will retain only the qualitative fea-
tures of the results. We shall neglect almost entirely
the molecular structure of the emulsion and treat it as
a gas of monoatomic particles, and we shall employ
first-order perturbation theory throughout. We shall
also make the Born-Oppenheimer approximation that
the mass of the meson may be neglected with respect
to that of the proton. These approximations, while
admittedly crude, are not so crude as to obscure the
basic physical explanation.

We find that while atomic processes tend to militate
against the K~ meson relative to the =, the =~ cross
section is so much smaller than that of the K~ that
many more K~ mesons can be expected to be retained
on hydrogen than =~.

2. INITIAL CAPTURE PHASE

Let us consider the capture of negatively charged
mesons into bound states in the Coulomb fields of the
various atoms of a nuclear emulsion. The emulsion is
composed of gelatin and silver halide crystals. The
problem therefore separates into two parts®: the par-
ticles which stop in gelatin and those which stop in the
silver halide crystals. We shall concern ourselves with
the former part of the problem. The competition which
we must consider is that between hydrogen and the
carbon, oxygen, nitrogen group.

We imagine the initial capture process to proceed
by the meson being captured by either (i) exciting an
electron or (ii) by direct Coulomb capture emitting a
gamma ray. At the low energies we are considering, the
direct nuclear-capture cross sections will be many orders
of magnitude smaller” than the capture cross section
into Coulomb states, We expect the direct nuclear-
capture to be important only “in flight.” We must
calculate the ratio of the initial capture probabilities for
hydrogen and for the carbon, oxygen, nitrogen group,
and the distribution of the captured meson in the vari-
ous hydrogenlike bound-states about the proton. Direct
Coulomb capture will be seen to be relatively unim-
portant compared to the electron-ejection mechanism.

6 Page 171, reference 3 above, and also, W. F. Fry, Nuovo
cimento 10, 490 (1953).

7 One can easily extrapolate the results quoted in reference 3
above and see that at “zero” energy the ‘“total interaction” cross

section is quite small compared to the cross section for the
processes we are considering.
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The method of calculation for electron ejection will be
first order perturbation theory, using the exact Cou-
lomb-wave functions. We also make the Born-Oppen-
heimer approximation that the proton “remains fixed”
throughout the interaction. As we have mentioned,
while these approximations are definitely approxima-
tions, they are not so poor that they will obscure the
basic physical results.

3. DIRECT COULOMB CAPTURE

We will now calculate the cross section for direct
Coulomb capture into the ground state of a mesic
atom. According to Schiff,® Section 50, the transition
probability in the dipole approximation (here satisfied)
is given by

w= (4€’w?/3%c) | (1) nrn|? (3.1)

where (r).5 is the matrix element of the coordinate of
the meson in the unperturbed system. From this for-
mula we see that it will be the low-lying states of the
system which will be most important because of the
factor of .

As the ground state of the mesic atom lies so far
below that of an electronic atom, the meson ground
state is essentially a pure hydrogenlike ground state.
In large nuclei the finite extension will be important
but as direct Coulomb capture is neglectible, we will
not consider it.

Approximating the free-state wave function by
L1 exp(ik-r), we may evaluate (3.1) and obtain

w= (4e%w®)[16mad(mZ)~5(ao/L)?/%c*]

X[144K2(14+K%)~%], (3.2)
where
— 72,2 2
w=2%2m(14+K?)/(2ah), 3.3)
K=ak/mZ.
The cross section is given by
o=meaoL*w/ZhK. (3.4)
Thus
o/mag*= (552K)/[m*(ch/eP(14+K2)*].  (3.5)

The maximum is for K= (5)~%, we have, for the largest
case, that of 7,

O/ TaE=1.34X 108, (3.6)

This maximum corresponds, for hydrogen, to an energy
of the incident 7~ meson of about 650 ev. As we shall
see, this cross section is quite small compared to those
for electron ejection.

4. ELECTRON EXCITATION

We shall treat the case where the electron is com-
pletely ejected from a hydrogen atom. Our unperturbed
Hamiltonian is (let the subscript 1 denote the meson

8 L. I. Schiff, Quantum Mechanics (McGraw-Hill Book Com-
pany, New York, 1949).
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quantities, and 2 denote electron quantities),

Ho= (p2*/2m1)~+ (p2/ 2m2) — (&/r1) — (¢*/r2), (4.1)
and the perturbation is
H'=e2/([r1—r2|). (42)

The masses are, of course, the customary reduced
masses. The reason for breaking the total Hamiltonian
up in this way is so that there will be eigenstates of Ho
which will closely approximate the bound states of the
total system. Further as the meson and electron vari-
ables are completely separated in H,, there can never
occur a capture in the system described by it.

The transition rate, w, is then, according to first
order perturbation theory,

» w= (Zr/h) ! Hkm, I Zp(k),

where p(k) is the density of final states. We wish to
calculate the probability of the capture of a meson into
a hydrogenlike state described by #, !, m (principle
quantum number, total angular momentum, z com-
ponent of angular momentum) from a free state which
is the appropriate Coulomb modification of a plane
wave, by hydrogen in its ground state.
Our initial conditions are®1

(4.3)

electron wave function= (ra®)~? exp(—rs/a0), (4.4)
meson wave function = (L)*C(ky,r1), (4.5)
where
C(kl,r1) = Z (2l+ 1)ilCl(k1,1’1)Pz(COSt9), (46)
=0
with
cosf= (ky- 1)/ (k1r1),
and
Cz(kl,ﬁ)
exp(Gwty) [T (1414t | (k1) =
_ p(3mty) | T'( 1) | (ki S as(barn)i, (A7)
241! =0
where
a;j=— (2ha;ata;)/[ 7+ (2+1)7], (4.8)
Qo= 1, o= "[h(l"l‘l):l_l, t1= (M162)/ (thl)-
Our final conditions are:
meson wave function
=Yuim(71) = Rn1(71) Ot (01)®m(01), (4.9)
where, if we define
o1= (2mr1)/ (nao), m=my/ms, (4.10)

9 P, M. Morse and H. Feshbach, Methods of Theoretical Physics
(McGraw-Hill Book Company, Inc., New York, 1953).

10 G, Breit, Tables of Coulomb Wave Functions, U. S. National
Bureau of Standards, Applied Mathematics Series-17 (U. S.
Government Printing Office, Washington, D. C., 1952), Vol. I.
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then

(n—1—1)!
Ru(r)=— ((zm/ndo) m)
X oLy # 1 (pr)e e,
(24+1) (= |m])!
®lm 1
o= ( 20+ |ml)!
®u( 1) = (2m)~* exp(imer),

(4.11)

) P (COSHl), (412)

(4.13)

where the Ly® and P* are the associated Laguerre and
Legendre polynomials, respectively. The electron wave
function is

(L)7C (ky12), (4.14)

which is the same as C(ky,r;) except that the subscript
2 instead of 1 appears throughout the definition. We
determine k2 by conservation of energy as

ky=[ (m/n*)— 14 (ackr)*/mT}/ao. ~ (4.15)
We may now write down the square of the matrix
element of the transition-causing perturbation. It is
| H' nimiy |2

—[e4/(vra03L6)]] f f Clk1r) exp(—7s/ac)

2

X (| 11— 12| ) ICH* (Ko, Xo)¥nim™* (r1)BridPra| . (4.16)

Now, using the well-known expansion of the Coulomb
potential in spherical harmonics,® we get

(n—15])= 1*47r/r1z Z (ro/r))—3EOHD

A=0 p=—\
X On*(01) O (02)2,* (01) B (2)/ (2M+1),  (4.17)
where the upper sign is used when 7,<r; and the lower

sign otherwise. Let us re-express (4.14) by the addition
theorem for Legendre polynomials® as

CH(koyr)=(4m) 5 % (—4)Cy(kayr2) ©,.(62)

=0 e=—p

X®ve(02,)¢é*(¢2)¢s(€02l): (418)

where (62,¢2") is the direction of k.. If we multiply
(4.17) by (4.18) we obtain,

(1672/r) Z S % (r/n) 0 (i)

A=0 p=—\ r=0 e=—v
X Cy(ka,ra) 2A41)7105,* (01) Or,u (02)P,* (1) P, (02)
X ®v¢*(02)®v5(02/)¢'e*(¢2)®e(¢2’)~ (4'19)

When we integrate over all solid angles in electron
space, we get, by orthonormality

—(1671'2/71) Z Z (7’2/1’1) %io‘ﬂ)cx(kz,rz)(—'i))‘

A=0 p=—M\

X (2A41)"10,,%(01) Oru (02D, * (1)@, (02").  (4.20)

GEORGE A.
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Since (4.20) appears as an absolute square, we may
square and then average over all final directions of k.
This operation yields

[(64n%¢*)/ (as’LF) ]
XE ¥

A=) p=—A\

X Ou* (01)Pm( 1) Ors*(01)2,* (1) (20 +1)(r1)

2

X C)\(kz,fz) exp ( — 1’2/(10) (rZ/rl)—%:i:()\+é) .

f 722d72fd37’1 C(ky,11)Rui(r1)
0

(4.21)

The cross terms vanish by the orthogonality relations.
If we now re-express (4.6) by the addition theorem for
Legendre polynomials we have

c<k1,r1)=<4w)§0 z_ P7C, (k1) ©,(0:) 0, (61")
XP(01)P*(01).

Making this substitution and averaging over all initial
meson directions we get

(4.22)

00

f 7 22dr 2
0

2

[(256#364)/(ao3L6)]é jé é’ ;

A

Xf ri2dry Cy(k1,r1) Rua(r1) (1)1
0

X (r9/ 1) HEMDC, (kyyr2) exp(—72/ao)

X l fdﬂl ®lm* (9l)q>m* ( ‘Pl) ®)\n* (ol)q)p* ( Sol)
2

X (2A+1)710,.0:)®(e1)| . (4.23)

We may evaluate the angular part of (4.23) for, if we
sum over u and ¢, we have, by the addition theorem for
Legendre polynomials,

ffdﬂldﬂl, @lm (01)@"»( <P1) ®lm* (01,)q>m*( ‘Pl’)

X [(2A+1)/47]Px(cos®)[ (2v+1)/47P,(cosd), (4.24)

where (01, ¢1") now denotes the direction of r,’ and ¢ is
the angle between r; and ry’. According to Whittaker
and Watson,!!

min(a,»)

P)\ (COS"’) Pv (COS",) = Z [(A A—rA rA v— r)/A AMr f]

X[ (A +2r—4dr+1)/ (2N 420 —2r+1)]

X Pyyy—2-(cosd), (4.25)

UE. T. Whittaker and G. M. Watson, 4 Course of Modern
Analysis (Cambridge University Press, New York, 1927), 4th ed.,
p. 331, Ex. 11.
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where

Ap=1-3-5---Qm—1)/m!, Ao=1. (4.26)

By the addition theorem for Legendre polynomials we
expand (4.25) as

min(\,») Mv—2r
(47") Z Z I: (A )\—rA rA v—-r)/A )\+v—r]
=0  p=—A—rt2r

X (2N 20— 2r+1)" Ot s—2r,, (61)
X @)\+y~2r.u* (91')<I’u( <P1)‘1’u* ( ‘Pl’)-

If we now integrate over all directions of r; and 1/,
we get, by orthonormality for (4.23)

(64m2et/aLE)

(4.27)

X3 Y D@D A1)

A=0 p=|N~I|
steps of two

X[(Ayo—rnAsomr—nAsoin)/ (Aiosn)]

X f 7’22d1’2f ri%dry Rui(r)C,(kyyry) (r)
0 0

2

X (ro/r) " HEODC (ko rs) exp(—re/a0)| . (4.28)

The density of final states will be (see, for instance,
Schiffs).

p(R)AE= (L/2w)*4nkem(2+1)42dE, (4.29)
which, on substitution for %k, becomes
o(k) =4m (214-1) (21)(a/) (L/ a0
X[ (m/n?) =14 (ackr)?/mIE.  (4.30)

To obtain the partial Coulomb capture cross sections
we make use of the relation

o= Ldw/v=[(2xL3)/vh]| H'|?p (k). (4.31)
Thus
‘T(”,l 3 kl)
7r(1«()2

@ v 4
— 6o/l 3 (2v+1)(2i41)
=0 A==l (A1) A+v+i+1)

steps of two

M-

X [(Aso-mnAisor—ndioain)/ (Asosn) Jac™

X[ f dry r=Cy (k7)) Rua(r1)

0 _
1

X f dra r#Cy(ka,rs) exp(—ra/a0)
0

+f d7‘1 1’12+)‘Cv(k1;7'1)Rnl(7'1)
0

© 2
Xf drz 1’21—)‘C)\(k2,72) exp(—rz/ao)] . (432)
71
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We have coded Eq. (4.32) for the IBM 704 and
calculated numerically values of o(n,l; k1). The details
of this calculation are described in Appendix A. We find
that our results for ¢(n)=2_ 10" ‘o (n,}) may be repre-
sented within 429, for both k; and #S+/m by

o (n,mk) =~ An*[1—exp(—Bn)]

Xexp{—[(C+Dn?)}—Ct]}, (4.33)
where
A=[26.8+ (138/+/m)—268/m]/ (k:i*m?),
B=0.123+2.60/+/m, (4.34)

C=40.6(k2/m)/[1+4.44(k2/m)],
D={[(0.615)2+27.1(k2/m) Jt—0.615} /o/m.

Tt is to be noted that because of the 2,72 factor, most
of the captures will be of thermal mesons and the rela-
tive distribution of mesic atoms will be essentially that
of (4.33) with k;=0. The %5 factor insures that most of
the mesons will be captured in the highest » state
allowed by energy conservation (n<+/m). (We com-
pared this formula in the range 9 <m <630.)

Figures 1 and 2 show the distributions for #~ and K~
mesic atoms in the different (n,l) states. Figure 3 shows
the probability of finding a meson between r and 7-dr

107! T

102 -

103 4

n=15

/

(nd) /o oraL

o,
&

7" meson

106

R

107

F1c. 1. Partial Coulomb capture cross sections as fractions of
the total cross section for 7~ mesons on hydrogen at nearly zero
energy. The lines represent constant principle quantum number, 7.



1134

on)/ CroTAL
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107

K~ meson

108 .
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Fi16. 2. Partial Coulomb capture cross sections as fractions of
the total cross section for K~ mesons on hydrogen at nearly zero
energy. The lines represent constant principle quantum number, 7.
Values for both # and / large are somewhat uncertain due to the
calculational difficulty.

in an ensemble of mesic atoms. It is a plot of

tvml n—1 g (n,l)

Pin=r 3 X

n=1 =0 Ootal

[Rui(r) . (4.35)

One can see in this plot that both the »~ and the K~
mesons are captured at approximately the same radial
distances. It is easy to show that the fractions of mesons
captured between E and E4-dE is also approximately
the same for 7~ and K—. This result follows because o (%)
is approximately proportional to # to some power.

Figure 4 shows a comparison for large values of %, of
(4.33) and our numerical results for the cross sections
for a meson of reduced mass 100. A factor of the form
[1+4E exp(F#)] would appear to correct (4.33) properly,
but the computational difficulties connected with large
k, n, and m make it difficult to determine such a cor-
rection reliably.

5. CAPTURE PROCESS IN THE CARBON,
OXYGEN, NITROGEN GROUP

For our purposes, a crude estimate of the capture
process will suffice. We shall simply adopt the estimate

GEORGE A. BAKER, JR.

0.7%

T
0.50 N
3
o
X
a
0.25 4
Il ]2 1
o 1.0 20 30 40
r/ae

Fic. 3. Probability distributions for captured =~ and K~ mesons
on hydrogen at nearly zero energy.

of Fermi and Teller.? (See also, Burbridge and deBrode,?
Ferretti,® Rosenberg,* and Wightman.'®) They find
that the total capture cross section is roughly propor-
tional to Z, the number of atomic electrons. After the
meson is captured, it descends rapidly by electron ejec-
tion, and in the last stages by radiative transition, to a
low-lying state where it is absorbed by means of strong
interactions with the nucleus. All this transpires in a
time of the order of 10~ seconds, which is short com-
pared to the lifetime of the #— or K~ and with respect
to a close collision time in the emulsion.

6. MESIC HYDROGEN ATOM PHASE

Shortly after (about 10~ second) a meson has been
captured, if it lands on a carbon, oxygen, or nitrogen
atom, it will be absorbed by a nuclear reaction. On the
other hand if it lands on hydrogen, it will have ejected
the single electron and be unable to descend to a lower
state by the Fermi-Teller process. It cannot decay by
gamma emission, as this process is too slow.

The transition rate for direct nuclear capture'® from

( 2 G, R. Burbridge and A. H. deBrode, Phys. Rev. 89, 189
1953).
18 B, Ferretti, Nuovo cimento 5, 325 (1948).

14 R, L. Rosenberg, Phil. Mag. 40, 759 (1949).

16 A, S. Wightman, Phys. Rev. 77, 521 (1953).

16 {, A. Bethe and F. deHoffmann, Mesons and Fields (Row,
Peterson and Company, Evanston, 1955), Vol. II, p. 101.
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S states is for the =

W= (7.0X10%/%3) sec, (6.1)
including both of the relatively slow reactions
—+P—N
TP = N, (6.2)
7+ P — N+4n°

The transition rate for direct nuclear capture!” from .§
states is, for the K~

W g=4.7X10"7 /%3 sect, (6.3)

Day, Snow, and Sucher'® point out that the Stark
effect is strong enough to produce very good mixing
between the #? different eigenstates with principle
quantum number #. In the solid state the mesic atom
will be almost continuously subject to fields which
produce Stark transitions at a significant rate. Adopt-
ing the estimates of Day, Snow, and Sucher we see that
almost all the mesons captured will be subject to Stark
transitions at rates of 10*® to 410 sec™’. These rates
are larger than the depletion rates of most states be-
cause of the direct capture (n >4 for K—, n>2 for =7),
radiative transitions and collisional transfer or de-
excitation. Thus we will assume that Stark “pumping”
maintains an equidistribution between the #? eigen-
states with principle quantum number %. As there is
only one S state per %, the depletion rate due to direct
capture may be found by dividing (6.1) and (6.3) by n?2.

We assume that the transfer rate to other atoms, Wr,
is the same in all states. It is probably higher for larger
n but as its effect is chiefly to transfer the mesons out
of the higher # states and allow direct capture from the
lower # states, this assumption should not seriously
affect the conclusions. We also assume the de-excitation
probability rate, Wp, for n— n—1 is a constant. The
results are not very sensitive to Wp so long as WpS Wr.
Under these assumptions, if ¥,(f) denotes the popula-
tion of the #th level at time ¢ after capture and Wp¢(#)
the direct capture rate from the #'th level, then

Yn(l) =—W.;Y;(), (6.4)

where

Wu=Wr+Wpc(1), Wi=Wr+Wp+Woe(j) j#1,

Wi ip1=—Wp. (6.5)
The total loss caused by nuclear capture will be
® [ym]
> Woe(m)Y . (t)dt
0 n=1
[vm] [vm]
= Zl 2 Woe(n)[W1a;Y;(0). (6.6)
n= =1

Equation (6.6) is easy to evluate as W; is a triangular

matrix. Barkas et al.b find about 0.439, K— mesons

stopping on hydrogen in nuclear emulsion out of 4700
17 G. Frye, Phys. Rev. 113, 688 (1959).

18T, B. Day, G. A. Snow, and J. Sucher, Phys. Rev. Letters 3,
61 (1959).
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Fic. 4. Comparison of Eq. (4.33) with Eq. (4.32) for large %,
for a meson of reduced mass 100. The lines represent Eq. (4.33),
and the dots Eq. (4.32).

observed stoppings. Estimating roughly from the Z law,
we find about 659, stop initially on the heavy elements,
30.5%, on carbon nitrogen, or oxygen and 4.5%, on
hydrogen. Hence a little less than 109, of those origi-
nally captured on hydrogen are retained. We find that
this percentage may be approximately reproduced with
either

Wr=13X102sec™?, Wp=0, (6.7a)
or

Wor=Wp=1.7X10" sec™™. (6.7b)

These rates are in reasonable agreement with estimates
for close collision rates in emulsion analogous to those
given by Day, Snow, and Sucher!® for liquid hydrogen.
If we assume that these rates are the same for #~ mesons
then we get 0.25%, from (6.7a) and 0.649, from (6.7b).
These results imply that the number of =~ observed
stopping on hydrogen should be of the order of 2X10~%,

That so many fewer =~ undergo nuclear capture on
hydrogen than K~ is caused chiefly by the anomalously
low 7~ nuclear interaction cross section at zero energy,
but, due to the Coulomb capture distribution, the
number of =~ is larger than one might suppose from a
simple comparison of the direct capture rates.
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APPENDIX A

In order to evaluate (4.32) we first calculated the
various wave functions. The free state electron wave
functions were calculated by integrating the differential
equation!® for [Cy (ks,rs)/72*] to the edge of the angular
momentum barrier and then the differential equation!®
for [Ca(korz)] to the maximum value of 7. This in-
tegration was performed for the two largest values of A
occurring and the rest of the wave functions were cal-
culated by the standard recursion relations.!® A similar
procedure was followed for the free state meson wave
functions, except inside the angular momentum barrier
[C,(k1,r1)/r1"] was calculated by means of a “double
precision” power series because of the difficulty in
integrating the differential equation for it. For the
bound state meson wave functions we calculated the
two highest / values for each value of # directly from
(4.11) and calculated the rest from the easily derivable

recursion relation

I /n?— (1)

Roia(r)=——{ ———
n2,__l2

b
1 ) Rn,l+1(7'1)

n(214+1) 1(IH1)\ Ry, i(r1)
o )
I+1 (n?—1)%

where 7; is in units of the electron Bohr radius and  in
units of the electron mass. The indefinite electron in-
tegrals were formed by Simpson’s rule integration. In
order to accommodate the different rate of variation of
the meson wave functions at different values of » we
used 300 integration steps and varied the step size by
a factor of 64 between  small and 7 large.

In order to prevent the use of an inordinately large
number of integration steps for large  when &, is large

(A-1)

mri

we have generalized Simpson’s rule for a weight func- -

tion which is not a constant, following Filon.!® It is
easy to show by expanding f(x) in a power series that
to Simpson’s rule accuracy,

f o (x)d~ {a(b,A)f(B)—ala,A)f(a)
F308(a,4)/(@)+8(5,0)/(8)]
+§1 Ha+@r—1)A)y(a+(2r—1)A, A)

Y flat2r8)8(at-208, A)}A, (A-2)

r=1

BT, N. G. Filon, Proc. Roy. Soc. (Edinburgh) 49, 38 (1928-
1929).

GEORGE A. BAKER,

JR.

where
a+2mA="b. (A-3)

and we define

1 pH
a(s0)=- f @+0)

X[w(x—A(1—6))—w(x+A(1—0)) 10, (A-4)

1 pH
B0 = f REY
X[w(—A(1—0))Fw(s-+A1—0)1ds, (A-S)

+1
v(x,A)= f (1—6)w(x+A6)d6. (A-6)

It will be noted that for w=1, we obtain Simpson’s rule.
This generalization of Simpson’s rule is useful when w
varies rapidly with respect to f. We used it for » larger
than about two Bohr radii where R,;(7) vary relatively
slowly compared to C,(k1,r) for ky large. We approxi-
mated (A-4-6) by a Simpson’s rule integration and
obtained

a(r,8)=~+§[wl+{A)—w(x—{A)]

+Hilwr—1A)—w(x+3A)], (A7)
B(x,8)=—i[w(x—iA)tw(x+i4)]

+ilw(r—18)+w(r+iA) Hw(), (A-8)

v(@,4)=3[w(x—1A)+w(r+14) Hw(x). (A-9)

_ In order to check the accuracy of our calculations we
compared the results of numerical integration with the
following analytically done integrals

AT (\+1+4i/ks) | (2k2)*
(ag2+k?)M2
Xexp{[7—4 tan~(aoks) ]/ (2k2a0)}.
and for n4-A—»=1

00
f d?’z 7’2)‘+2C)\ (kg,rg)e'”/“o =
0

(A-10)

f 0Odrl 112 Ry a1 (r1)C,(ky,r1)
L 2T (o 14im k) | (2k1)* (2m) nag)
B w[(2n—1) 1]t
y [(Zm/do)l:l— (v+1)/n]
L(m/nao)*+ k.2 ]+

m nagk,
Xexp{ [r—4 tan‘l( )] } (A-11)
2k1ao m

We found the accuracy to be sufficiently good to lead
us to believe that the cross sections herein reported
are good to at least a few percent.

We found that it was only necessary to carry the
summation over A to a maximum value of 3 to get
almost all the cross sections good to about 0.1%,.




